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Abstract: Graphs associated to algebraic objects have been widely used to encode algebraic
information through pairwise relations. Many algebraic relations, however, naturally involve finite
collections rather than pairs. Simplicial complexes therefore provide a higher-dimensional framework
for studying algebraic objects: after encoding algebraic data as a simplicial complex, one investigates
the homology and homotopy type of its geometric realization. In this paper, we present several
such constructions arising from commutative rings, finite groups, and cyclotomic polynomials. These
examples illustrate how simplicial complexes can retain higher-order algebraic information and how
the resulting topological invariants can reflect structural properties of the underlying algebraic object.
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1. Introduction

A common topic in algebra is to associate a combinatorial object to an algebraic structure and then
study how the properties of this object reflect the properties of the original structure. One of the most
developed forms of this idea is the association of graphs to algebraic objects. In such constructions,
vertices usually represent algebraic objects while edges record a chosen pairwise algebraic relation.

In particular, graphs associated to commutative rings have been studied extensively in different
ways. The zero-divisor graph of a commutative ring, studied by Anderson and Livingston [1], has
vertices corresponding to non-zero zero-divisors, with vertices being adjacent if their product is zero.
Related ideal-based versions were considered by Akhtar and Lee [2], where zero-divisors are replaced
by ideals in order to better reflect the ideal structure of the ring. Other important examples include the
intersection graph of ideals, introduced by Chakrabarty et al. [3], and the comaximal graph, introduced
by Sharma and Bhatwadekar [4]. These graphs show that combinatorial methods can successfully
encode ring-theoretic information.
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However, many algebraic relations are not merely pairwise. For instance, one may record whether
a finite collection of ideals forms a chain under inclusion, has non-zero intersection, or has non-zero
product. Also, one can consider which finite sets of ring elements fail to generate the ring. On the other
hand, for groups one can consider subsets of the set of irreducible character degrees with a common
divisor, or sets of prime divisors occurring simultaneously in a character degree. In the cyclotomic
setting, the facets of the associated complex are indexed by residue classes.

Simplicial complexes provide a natural way for encoding this higher-order information. A graph
records relations among pairs of vertices, while a simplicial complex records relations among
arbitrary finite collections of vertices. The main idea of this paper is that once an algebraic object is
encoded as a simplicial complex, one can study the homotopy type of its geometric realization. Here
we present a unified overview of several constructions of this kind. We begin with commutative rings
in Section 3. Several different simplicial complexes can be associated to a ring by using ideals or
elements as vertices. These include the order complex of ideals, the intersection complex of ideals,
the ideal zero-divisor complex, and independence complexes of comaximal graphs and hypergraphs.

We then turn to finite groups through the set of irreducible character degrees in Section 4. The
common divisor complex and the prime divisor complex associated to a set of positive integers extend
the classical common divisor and prime vertex graphs. When applied to character degrees, these
complexes provide a higher-dimensional viewpoint on divisibility relations among character degrees.
For solvable groups, their topology is constrained by character-theoretic properties of the group, and
the fundamental group can be described and bounded in terms of the corresponding prime divisors.

Finally, in Section 5, we discuss simplicial complexes associated to cyclotomic polynomials. In
this case, the construction uses residues associated to the index of the cyclotomic polynomial and the
homology of the resulting complexes is related to the coefficients of the polynomial. The ternary case,
where the index is a product of three distinct primes, shows that homotopy type of the associated
complex can carry more information than the homological interpretation.

2. Definitions and notation

In this section we recall the basic notions from combinatorial topology that will be used throughout
the paper. For more details we refer the reader to [5, 6].

An abstract simplicial complex K on a vertex set V is a collection of finite subsets of V such that,
whenever σ ∈ K and τ ⊆ σ, one also has τ ∈ K. The elements of K are called simplices. If σ has n+ 1
vertices, then σ is called an n-simplex and we write its dimension as dimσ = n. The dimension of K is

dim K = sup{dimσ | σ ∈ K}.

A 0-simplex is called a vertex, a 1-simplex an edge, and a 2-simplex a triangle. A nonempty subset β
of α in K is called a face of α, and a simplex which is not properly contained in any other simplex of
K is called a maximal face or facet. A subcollection of a simplicial complex K that contains all faces
of its elements is another abstract simplicial complex called a simplicial subcomplex. In particular, the
d-skeleton of Kis a subcomplex of K that contains all simplices of dimension d or less.

If σ ∈ K, then the star of σ in K is the subcomplex

StK(σ) = {τ ∈ K | τ ∪ σ ∈ K}.
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When it is clear from the context, we simply write St(σ), and if σ = {v} is a vertex, we write St(v).
The join of two simplicial complexes K and L, with disjoint vertex sets, is the simplicial complex

K ∗ L = {σ ∪ τ | σ ∈ K, τ ∈ L}.

More generally, one may form iterated joins K1 ∗ · · · ∗ Kd.
The geometric realization of an abstract simplicial complex K, denoted by |K|, is the topological

space obtained by replacing every abstract n-simplex by a geometric n-simplex and gluing these
simplices along their common faces. In what follows, we will often identify a simplicial complex with
its geometric realization when no confusion can arise.

Throughout the paper, H̃∗(K) denotes the reduced homology of the geometric realization |K|. Two
simplicial complexes K and L are said to be homotopy equivalent, and we write

K ≃ L,

if their geometric realizations |K| and |L| are homotopy equivalent. A complex is contractible if it is
homotopy equivalent to a point. We denote by Sn the n-sphere and by Bn the n-ball. A wedge of
spheres means a one-point union of finitely many spheres.

The homotopy type of a simplicial complex can often be studied by simplifying the complex without
changing its homotopy type. One such simplification is given by elementary collapses. A simplex τ is
called a free face of a simplex σ if τ is a proper face of σ and σ is the unique maximal simplex of K
containing τ. Removing σ together with all of its faces that contain τ is called an elementary collapse.
If a complex K can be transformed into a subcomplex L by a sequence of elementary collapses, then
K and L are homotopy equivalent.

Discrete Morse theory, introduced by Forman [7, 8], provides a systematic way of organizing such
collapses. We recall only the basic consequence that will be used later. A discrete vector field V on
a finite simplicial complex K is a collection of pairs {α, β} where α is a codimension-one face of β,
meaning that α ⊂ β and dim β = dimα + 1. Each simplex of K is allowed to occur in at most one such
pair. Simplices which do not occur in any pair are called critical simplices.

The discrete vector field V is called acyclic if the pairings do not create any closed paths
α0, β0, α1, β1, α2, . . . , βr, αr+1 where for each i = 0, . . . r, r > 0, {αi, βi} are pairs in V , βi ⊃ αi+1 , αi and
α0 = αr+1. In that case, the complex K is homotopy equivalent to a CW complex with exactly one cell
of dimension p for each critical p-simplex.

Thus, if one constructs an acyclic discrete vector field with very few critical simplices, then the
homotopy type of the original complex can often be read off from these critical simplices. This is the
main role of discrete Morse theory in some of the examples discussed below.

3. Complexes associated to commutative rings

In this section we recall several constructions which associate simplicial complexes to a
commutative ring with identity. The common feature of these constructions is that algebraic relations
among ideals or elements of the ring are encoded as simplices. The homotopy type of the resulting
complex then reflects structural properties of the ring.

We shall not reproduce the full proofs of the results stated below. Instead, we emphasize the
construction, the resulting homotopy type, and the algebraic information captured by the topology,
and refer the reader to detailed proofs in relevant papers.
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Throughout this section, R denotes a commutative ring with identity. We write Max(R) for the set
of maximal ideals of R, J(R) for the Jacobson radical of R, and I∗(R) for the set of all non-zero proper
ideals of R. The first three complexes described in this section consider the set of all proper non-zero
ideals of R as the vertex set, so we assume R is not a field.

3.1. Order complex of ideals

Order complexes are classical objects in poset topology.
For a partially ordered set P, the order complex of P, denoted by ∆(P), is the simplicial complex

whose vertices are the elements of P, and whose simplices are finite chains in P. Thus, p0, p1, . . . , pn ∈

∆(P) if, after reindexing if necessary, p0 < p1 < · · · < pn.
Since many algebraic objects naturally give rise to partially ordered sets, order complexes provide a

natural way of associating a simplicial complex to algebraic data. In the context of commutative rings,
in [9] Vassiliev suggested studying the order complex associated to the poset of non-trivial ideals of a
commutative ring. Following this suggestion, the homotopy type of the order complex of ideals was
determined in [10].

Let R be a commutative ring with identity, and let I∗(R) denote the set of all proper non-zero ideals
of R. The order complex of ideals of R, denoted by ∆ord(R), is the simplicial complex whose vertex set
is I∗(R), and whose simplices are finite chains of ideals. Thus,

{I0, I1, . . . , In} ∈ ∆ord(R)

if and only if, after reindexing if necessary,

I0 ⊂ I1 ⊂ · · · ⊂ In.

For example, Figure 1 illustrates both the poset I∗(Z60) and |∆ord(Z60)|.

Figure 1. Poset I∗(Z60) and the complex |∆ord(Z60)|.

The homotopy type of ∆ord(R) is completely determined in [10]. The result has a particularly simple
form: the complex is contractible except in the case of semilocal rings with trivial Jacobson radical.

More precisely, if R is local with maximal ideal M, then every proper ideal is contained in M.
Hence, every chain may be extended by adding M and ∆ord(R) is a cone with apex M. Therefore,

|∆ord(R)| ≃ ∗.
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If R is semilocal, |Max(R)| = m > 1, and J(R) = 0, then by the Chinese remainder theorem

R � F1 × · · · × Fm,

where F1, . . . , Fm are fields. In this case, the non-zero proper ideals of R correspond to the proper
non-empty subsets of 1, . . . ,m. Consequently, ∆ord(R) is the barycentric subdivision of the boundary
of an (m − 1)-simplex. Hence,

|∆ord(R)| ≃ ∂∆m−1 ≃ S m−2.

In all remaining cases, including semilocal rings with J(R) , 0 and rings with infinitely many
maximal ideals, the complex is contractible. Therefore, the order complex of ideals is either
contractible or homotopy equivalent to a sphere, with the spherical case occurring precisely for
semilocal rings with trivial Jacobson radical.

3.2. Intersection complex of ideals

Another natural construction with the same vertex set is obtained by using intersections of ideals.
This construction, introduced in [11], is motivated by the intersection graph of ideals, whose vertices
are non-zero proper ideals and where two ideals are adjacent whenever their intersection is
non-zero [3].

Let R be a commutative ring with identity, and let I∗(R) denote the set of all non-zero proper ideals
of R. The intersection complex of ideals of R, denoted by ∆int(R), is the simplicial complex with vertex
set I∗(R) in which

{I0, I1, . . . , In} ∈ ∆int(R) ⇐⇒ I0 ∩ I1 ∩ · · · ∩ In , 0.

This is indeed a simplicial complex, since if the intersection of a family of ideals is non-zero, then the
intersection of any subfamily is also non-zero.

The 1-skeleton of ∆int(R) is the intersection graph of ideals. The homotopy type of ∆int(R) was
determined in [11]. The result has the same general pattern as the order complex of ideals. If R is
local, if R is semilocal with J(R) , 0, or if R has infinitely many maximal ideals, then ∆int(R) is
contractible. The only non-contractible case occurs when

R � F1 × · · · × Fm

is a finite product of fields, with m > 1. In that case,

|∆int(R)| ≃ Sm−2.

Thus, as with the order complex of ideals, the intersection complex detects the number of maximal
ideals when R is semilocal with J(R) = 0.

3.3. The ideal zero-divisor complex

A second construction uses the multiplicative structure of the ideals of R. The ideal zero-divisor
complex, denoted by ∆zd(R) is the simplicial complex with vertex set I∗(R), where

{I0, I1, . . . , In} ∈ ∆zd(R) if and only if I0I1 · · · In , 0.

Electronic Research Archive Volume 34, Issue 11, 8278–8294.
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This construction is motivated by zero-divisor graphs, but it records more than pairwise annihilation.
Instead of considering only whether two ideals have zero product, the complex records which finite
collections of ideals have non-zero product. An example of such complex is given for R = Z/p9Z.
We will abuse notation and by pi denote the ideal I = ⟨pi⟩. Geometric realization of this complex is
represented in Figure 2.

Figure 2. |∆zd(Z/p9Z)|.

The homotopy type of ∆zd(R) was determined in [12] for finite rings and for rings with infinitely
many maximal ideals.

If Max(R) is infinite, then |∆zd(R)| ≃ ∗. The proof follows a pattern that appears frequently in
these constructions: every finite subcomplex is contained in a larger subcomplex which is a cone. This
implies, by a compactness argument and Whitehead’s theorem, that the entire complex is contractible.

For finite rings, the situation is more subtle. Discrete Morse theory is used to construct an acyclic
discrete vector field on ∆zd(R). The unmatched, or critical, simplices determine a CW complex
homotopy equivalent to ∆zd(R). In this way, the complex may be reduced to a wedge of spheres,
together with some exceptional disconnected cases.

For finite local rings with maximal ideal M, the homotopy type depends on the annihilator of the
maximal ideal Ann(M):

Ann(M) = 0 =⇒ ∆zd(R) is contractible,
Ann(M) = M =⇒ ∆zd(R) is homotopy equivalent to a finite disjoint union of

points,
Ann(M) , 0, =⇒ ∆zd(R) is a disjoint union of finitely many points and a
Ann(M) , M complex homotopy equivalent to a wedge of spheres.

For finite non-local rings

|∆zd(R)| ≃
k∨

i=1

S di ,

where k is the number of critical simplices of the discrete vector field and the dimensions di are
determined by those critical simplices.
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In particular, when R is a product of two fields, the complex is homotopy equivalent to two isolated
points, that is S 0, and when R is a product of m > 2 fields, it is a connected complex with two critical
simplices (of dimensions 0 and m − 2) and therefore homotopy equivalent to S m−2.

This construction illustrates a recurring theme: the initial simplicial complex may be
combinatorially large, but its homotopy type can often be obtained by reducing it to a small collection
of essential cells. The algebraic information is then reflected in the critical simplices and in the
dimensions of the resulting spheres.

3.4. Independence complexes of comaximal graphs and hypergraphs

Since the fourth construction is based on independence complexes of certain graphs and
hypergraphs, we first give a definition of an independence complex.

Let Γ be a simple graph with vertex set V(Γ). A subset σ ⊆ V(Γ) is independent if no two distinct
vertices of σ are joined by an edge. The independence complex of Γ, denoted by Ind(Γ), is the
simplicial complex whose simplices are the independent sets of Γ.

More generally, let H be a hypergraph with vertex set V(H) and hyperedge set E(H). A subset
σ ⊆ V(H) is independent if it contains no hyperedge of H. The independence complex of H is the
simplicial complex whose simplices are independent sets of H.

Now, recall that the comaximal graph Γ(R), introduced by Sharma and Bhatwadekar [4], has vertex
set R, with two distinct vertices x, y ∈ R adjacent whenever

Rx + Ry = R.

Similarly, one may define the comaximal hypergraph H(R), whose hyperedges are finite subsets
{x0, . . . , xn} ⊆ R satisfying

Rx0 + · · · + Rxn = R.

The corresponding independence complexes encode non-generation. In order to avoid trivial cone
points, one usually restricts the vertex set by removing units and elements of the Jacobson radical.
Thus, one considers R \ (U(R) ∪ J(R)) as the relevant vertex set and denotes the corresponding graph
and hypergraph by Γ′2(R) and H′(R), respectively.

For the comaximal hypergraph, the independence complex Ind H′(R) consists of finite sets which
do not generate the entire ring:

{x0, . . . , xn} ∈ Ind H′(R) ⇐⇒ Rx0 + · · · + Rxn , R.

Equivalently, the elements x0, . . . , xn are contained in a common maximal ideal.
For the comaximal graph, the independence complex Ind Γ′2(R) is defined by the pairwise condition

{x0, . . . , xn} ∈ IndΓ′2(R) ⇐⇒ Rxi + Rx j , R

for all i , j.
The homotopy types of these complexes were determined in [13]. If R is local, then both complexes

are empty since every non-unit lies in the maximal ideal and J(R) is the maximal ideal. If Max(R) is
infinite, then both complexes are contractible:

| Ind H′(R)| ≃ ∗ and | IndΓ′2(R)| ≃ ∗.
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For semilocal rings, the hypergraph and graph cases differ. If R is semilocal and |Max(R)| = m > 1,
then | IndH′(R) | ≃ ∂∆

m−1 ≃ S m−2. Thus, the independence complex of the comaximal hypergraph again
detects the number of maximal ideals through the dimension of a sphere.

On the other hand, for the comaximal graph one obtains

| IndΓ′2(R) | ≃

two discrete points, m = 2,
∗, m > 2.

This comparison shows that the choice of algebraic relation used to define simplices is essential. The
comaximal graph records only pairwise generation of the unit ideal, while the comaximal hypergraph
records generation by arbitrary finite subsets. As a result, the hypergraph independence complex retains
higher-dimensional information which is not visible in the graph case and its homotopy type reflects
the number of maximal ideals of the ring.

3.5. Remarks on the ring-theoretic constructions

The constructions discussed in this section show that a single algebraic object, a commutative ring
R, may give rise to several different simplicial complexes depending on which algebraic relation is
chosen to define the simplices. In the order complex of ideals, simplices are chains under inclusion.
In the intersection complex, simplices are families of ideals with non-zero total intersection. In the
ideal zero-divisor complex, simplices are families of ideals whose product is non-zero. Finally, in the
independence complexes of comaximal graphs and hypergraphs, simplices are determined by failure
to generate the unit ideal.

Although these constructions use different algebraic relations, their homotopy types often reflect
similar structural features of the ring. At the same time, the different constructions do not encode
exactly the same information. The order complex records the poset structure of ideals, the intersection
and zero-divisor complexes record different multiplicative or intersection-theoretic relations among
ideals, while the comaximal constructions record how elements generate the whole ring. Thus, the
choice of simplicial complex determines which part of the ring structure becomes visible topologically.

4. Complexes associated to finite groups

In this section we discuss simplicial complexes associated to finite groups through their irreducible
character degrees. Graphs associated to character degrees have been extensively studied as a way of
extracting information about the structure of the underlying group; see, for example, the
overview [14]. A natural higher-dimensional analogue is obtained by replacing these graphs with
simplicial complexes.

This approach was proposed by Isaacs (see [14] Section 12), who suggested studying simplicial
complexes associated to character degrees. In particular, one considers the common divisor simplicial
complex and the prime divisor simplicial complex. These complexes were later studied by Jensen [15]
and Wheeler [16]. Jensen investigated the character degree simplicial complex of a finite group, and
Wheeler studied fundamental groups of these complexes. The results discussed below continue this
line of work by comparing the two complexes up to homotopy and by studying the fundamental group
in the solvable case.

Electronic Research Archive Volume 34, Issue 11, 8278–8294.
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Let G be a finite group and let Irr(G) denote the set of irreducible complex characters of G. The set
of irreducible character degrees is

cd(G) = {χ(1) | χ ∈ Irr(G)}.

It is well known that cd(G) contains important information about the structure of G. A classical way
to study this set is through associated graphs, such as the common divisor graph and the prime vertex
graph. The simplicial complexes considered below extend these graph constructions by retaining
higher-dimensional divisibility information.

4.1. Common divisor and prime divisor complexes

We first define the relevant complexes for an arbitrary set X of positive integers. Let X∗ = X \ {1}.
The common divisor complex associated to X, denoted byG(X), is the simplicial complex whose vertex
set is X∗, and whose simplices are finite subsets of X∗ with non-trivial common divisor. Thus,

σ ∈ G(X) ⇐⇒ σ ⊆ X∗, σ is finite, and gcd(σ) , 1.

In particular, the 1-skeleton of G(X) is the common divisor graph of X.
Let π(x) denote the set of prime divisors of a positive integer x, and let ρ(X) =

⋃
x∈X π(x) be the set

of all primes dividing elements of X. The prime divisor complex associated to X, denoted byD(X), is
the simplicial complex whose vertex set is ρ(X), and whose simplices are finite sets of primes whose
product divides some element of X. Equivalently,

τ ∈ D(X) ⇐⇒ τ ⊆ ρ(X), τ is finite, and there exists x ∈ X such that
∏
p∈τ

p | x.

The 1-skeleton ofD(X) is the prime vertex graph associated to X.
Although the complexes G(X) andD(X) have different vertex sets, they encode the same divisibility

data from complementary points of view. The common divisor complex records which elements of X
share a common prime divisor, while the prime divisor complex records which sets of primes occur
simultaneously in some element of X.

A relationship between these two complexes was already observed at the level of fundamental
groups by Wheeler [16]. The stronger statement is that the complexes are in fact homotopy equivalent:

|G(X)| ≃ |D(X)|.

This was proved in [17] by considering both complexes as posets and defining order-reversing maps
between them. A simplex in G(X) is sent to the set of prime divisors of the greatest common divisor
of its vertices, while a simplex in D(X) is sent to the set of elements of X divisible by the product of
the primes in that simplex. By using Quillen’s homotopy property 1.3 (see [18]), these maps induce
homotopy equivalences on the corresponding order complexes.

There is also a useful reduction on the common divisor side. An element x ∈ X is called prime-
divisor-maximal if π(x) is maximal, with respect to inclusion, among the sets π(y) for y ∈ X. If Ω ⊆ X
is a set of representatives of the prime-divisor-maximal classes, then

|G(X)| ≃ |G(Ω)|.

Thus, one may often replace X by a smaller set without changing the homotopy type of the
associated complex.
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Example 1. A simple example illustrates the relation between the two complexes. Let X = {6, 10, 15}.
Then, the common divisor complex G(X) has vertices 6, 10, 15. Any two of these integers have a non-
trivial common divisor but gcd(6, 10, 15) = 1. Therefore, G(X) is the boundary of a 2-simplex, and
hence, |G(X)| ≃ S1.

On the other hand, ρ(X) = {2, 3, 5}. The prime divisor complex D(X) has edges {2, 3}, {2, 5},
and {3, 5}, corresponding respectively to 6, 10, and 15, but it has no 2-simplex because no element of
X is divisible by 2 · 3 · 5. Hence,D(X) is also the boundary of a 2-simplex, so |D(X)| ≃ S1.

This example shows explicitly how the same homotopy type may arise from two different but related
descriptions of divisibility data.

4.2. Character degree complexes

We now apply these constructions to the set of irreducible character degrees of a finite group G.
We define

G(G) := G(cd(G)) and D(G) := D(cd(G)).

The complex G(G) is the common divisor complex of the character degrees of G, while D(G) is the
corresponding prime divisor complex. The 1-skeleton ofD(G) is the usual character degree graph.

Since G(X) and D(X) are homotopy equivalent for every set X of positive integers, we
immediately obtain

|G(G)| ≃ |D(G)|.

Therefore, from the point of view of homotopy type, one may work either with character degrees as
vertices or with primes as vertices.

This equivalence is useful because the two complexes emphasize different aspects of the same
algebraic information. The complex G(G) keeps the character degrees themselves as vertices and
records their common divisors. The complex D(G) replaces character degrees by their prime divisors
and records which primes occur together in a character degree, and passing between these two
viewpoints preserves the homotopy type.

4.3. Character degree complexes for solvable groups

The topology of these complexes becomes meaningful when G is solvable. Classical results about
character degree graphs of solvable groups impose strong restrictions on the possible shape of D(G),
and hence also on G(G).

If G is solvable andD(G) is disconnected, then it has at most two connected components, and these
components are simplices. Thus, in the disconnected case, the homotopy type is comparatively simple.

The connected case is more subtle. When |ρ(cd(G))| = 1 the common divisor complex is a cone and
the prime divisor complex is a point and hence contractible. When |ρ(cd(G))| ≥ 2, the fundamental
group of the common divisor complex is free. More precisely, if G is a finite solvable group and G(G)
is connected, then π1(G(G)) is a free group. Since G(G) and D(G) are homotopy equivalent, the same
conclusion holds forD(G).

Moreover, the rank of this free group can be bounded in terms of the number of primes which divide
irreducible character degrees. So, assuming |ρ(cd(G))| ≥ 2,

rk π1(D(G)) ≤ |ρ(cd(G))| − 2.
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This shows that the fundamental group of the associated complex is constrained by purely character-
theoretic data.

The proof, given in [17], uses a standard presentation of the fundamental group of a connected
simplicial complex. One chooses a maximal tree in the 1-skeleton, assigns generators to the
remaining edges, and imposes relations coming from 2-simplices. In the solvable case,
character-theoretic restrictions imply that the resulting group is free and that many of the potential
generators are redundant.

4.4. Remarks on the group-theoretic construction

The constructions in this section differ from the ring-theoretic constructions of the previous section
in an important way. In the ring case, the simplices are defined directly from algebraic relations among
ideals or elements of the ring. In the group-theoretic case, the group is first represented by an arithmetic
invariant, the set cd(G), and the simplicial complexes are then built from divisibility relations inside
this set.

Nevertheless, the same general principle remains: algebraic information is encoded
combinatorially, and the homotopy type of the resulting complex reveals structural constraints. In the
case of finite solvable groups, the topology of the character degree complexes is not arbitrary; the
number of connected components, the freeness of the fundamental group, and bounds on its rank are
all controlled by character-theoretic properties of the group.

5. Complexes associated to cyclotomic polynomials

In this section, we discuss simplicial complexes associated to cyclotomic polynomials. The idea for
these simplicial complexes originally appeared in the work of Bolker [19] on the transportation problem
of higher dimensional rectangular arrays and later in Kalai [20] and Adin [21] on higher-dimensional
matrix-tree theorems.

This construction, studied by Musiker and Reiner in [22], gives a topological interpretation of the
coefficients of the cyclotomic polynomial. It is especially interesting because, in most cases, the
homotopy type of the associated complex reflects the coefficients completely, while in the ternary case
additional homotopical phenomena appear.

Let n be a positive integer and let Φn(x) denote the n-th cyclotomic polynomial. Thus, Φn(x) is the
minimal polynomial over Q of a primitive n-th root of unity. It is monic and irreducible, with degree
φ(n), and can be written as

Φn(x) =
∏

j∈(Z/nZ)×
(x − ζ j),

where ζ is a primitive n-th root of unity.
The coefficients of cyclotomic polynomials are integers and have been studied from many different

points of view. The construction described below associates to Φn(x) a family of simplicial complexes
whose homology, and in favorable cases homotopy type, encodes these coefficients.

Since the coefficients of Φn(x) for a general n may be reduced to the squarefree case, it is enough to
consider n = p1 p2 · · · pd where p1, . . . , pd are distinct primes.
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5.1. The Musiker-Reiner construction

For each prime pi, let Kpi be the 0-dimensional simplicial complex with pi vertices labeled by
the residues

0 mod pi, 1 mod pi, . . . , (pi − 1) mod pi.

Consider the simplicial join
Kp1,...,pd := Kp1 ∗ · · · ∗ Kpd .

This is a pure (d − 1)-dimensional simplicial complex. Its facets are labeled by residues { j1 mod
p1, . . . , jd mod pd}. By the Chinese remainder theorem, each corresponds to a unique residue modulo
n. We denote the corresponding facet by F j mod n.

For a subset A ⊆ {0, 1, . . . , φ(n)}, let KA be the subcomplex of Kp1,...,pd generated by the facets
F j mod n, where

j ∈ A ∪ {φ(n) + 1, φ(n) + 2, . . . , n − 1}.

In particular, K∅ is generated by the facets indexed by residues strictly larger than φ(n), while the
complexes K{ j} are obtained from K∅ by adding one additional facet K{ j} = K∅ ∪ F j mod n. Thus, the
transition from K∅ to K{ j} records the effect of attaching the facet corresponding to the coefficient c j

of Φn(x).
The main point of the construction is that the topology of K∅ and of the complexes K{ j} reflects the

coefficients of the cyclotomic polynomial.

5.2. Homology and coefficients

Write

Φn(x) =
φ(n)∑
j=0

c jx j,

and let [z j mod n] denote the oriented boundary of the facet F j mod n. In [22], Musiker and Reiner
proved that

H̃∗(K∅) � H̃∗(Sd−2),

and that H̃d−2(K∅) � Z is generated by the cycle [zφ(n) mod n]. Moreover, for every j = 0, 1, . . . , φ(n),
one has

[z j mod n] = c j[zφ(n) mod n] in H̃d−2(K∅) � Z.

Thus, the coefficient c j appears as the degree with which the boundary of the facet F j mod n represents
the fundamental homology class of K∅.

Equivalently, the homology of K{ j} is the same as the homology of a space obtained by attaching a
(d − 1)-ball to Sd−2 by a map of degree c j:

H̃∗(K{ j}) � H̃∗(Bd−1 ∪ f j S
d−2), deg( f j) = c j.

Therefore, the coefficients of Φn(x) are recovered from the homology of these associated
simplicial complexes.
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5.3. From homology to homotopy

The homological statement above has a stronger homotopical form in almost all dimensions.
Musiker and Reiner proved in [22] that for d ≥ 4 and every A ⊆ {0, 1, . . . , φ(n)} the complex KA is
simply connected. Consequently, for d , 3, one has

K∅ ≃ Sd−2 and K{ j} ≃ Sd−2 ∪ f j B
d−1, where deg( f j) = c j.

In these cases, the homotopy type of K{ j} recovers the magnitude of the coefficient c j through the degree
of the attaching map. Thus, for d , 3, homology and homotopy are aligned: the homology calculation
not only detects the coefficient c j, but also describes the homotopy type of the corresponding complex.

The exceptional case is d = 3, that is, when n = pqr is a product of three distinct primes. In this
case, the complexes K∅ and K{ j} are two-dimensional and the homology computation alone does not
determine the homotopy type. Musiker and Reiner asked whether the same homotopical conclusion
remains true in this ternary case, is K∅ ≃ S1, and K{ j} ≃ S1 ∪ f j B

2, where deg( f j) = c j?
It turns out that the answer is not uniform: in some ternary cases the expected homotopy type holds,

while in others it fails.

5.4. The first counterexample: n = 105

The smallest ternary case in which the expected homotopy type fails is n = 105 = 3 · 5 · 7. In [23],
it was shown that K∅ is not homotopy equivalent to S1. Although

H̃∗(K∅) � H̃∗(S1),

the fundamental group of K∅ is not isomorphic to Z.
More precisely, by choosing a maximal tree in the 1-skeleton and using the standard presentation

of the fundamental group of a two-dimensional simplicial complex, one obtains

π1(K∅) � ⟨a, b | ab2a−1b−2a−1bab−1a−1b−1 = 1⟩.

This group has abelianization Z, as expected from the homology computation. However, the group
itself is non-abelian. For example, one may construct an epimorphism from this group onto the non-
abelian group S 3. Hence,

π1(K∅) � Z, and therefore K∅ ; S1.

The same phenomenon occurs for a complex obtained by adding one facet. For j = 7, the complex
K{7} has the homology predicted by the coefficient c7 = −2, but its fundamental group is not isomorphic
to Z2. Therefore, K{7} is not homotopy equivalent to the expected space S1 ∪ f7 B

2, where deg( f7) = −2.
This example is important because it shows that the homological interpretation of the coefficients

remains valid, but the homotopy type can carry more information.
In addition to n = 105, the reference [23] also considers the case n = 385 = 5 · 7 · 11 which exhibits

nontrivial behavior. There, the value |c119| of Φ385(x) equals 3, so the expected fundamental group of
K{119} would be Z3. Nevertheless, a more delicate analysis using Fox calculus and elementary ideals
shows that the corresponding fundamental group is not isomorphic to Z3. Similarly, the fundamental
group of K∅ is not isomorphic to Z.
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5.5. The family n = 3 · 5 · p

A more systematic analysis of the ternary case was carried out in [24] for n = 3 · 5 · p, where p ≥ 7
is a prime. In this family, the homotopy type depends on the residue class of p modulo 15.

The positive cases are
p ≡ 1, 2, 13, 14 (mod 15).

For these congruence classes, one has K∅ ≃ S1. Moreover, for every j = 0, 1, . . . , φ(n), we have
K{ j} ≃ S1 ∪ f j B

2, where deg( f j) = c j.
The negative cases are

p ≡ 4, 7, 8, 11 (mod 15).

For these congruence classes, K∅ ; S1.
The case p = 7, corresponding to n = 105, was the first counterexample obtained in [23], and the

remaining congruence classes in this family are treated in [24] where the proof uses discrete Morse
theory. The complex K∅ is decomposed into a union of star subcomplexes. For n = 3 · 5 · p, one
can write

K∅ =
p+7⋃
i=8

St(i),

after labeling the vertices in a convenient way. The stars St(8), . . . ,St(p) admit acyclic discrete vector
fields with no critical 2-simplices. Therefore, the main difficulty is transferred to the
smaller subcomplex

p+7⋃
i=p+1

St(i).

For primes in the positive congruence classes, one constructs acyclic discrete vector fields whose
only critical cells are one 0-simplex and one 1-simplex. By Forman’s theorem (see [7,8]), the complex
is then homotopy equivalent to a CW complex with one 0-cell and one 1-cell. Since the homology is
already known to be that of S1, this gives K∅ ≃ S1.

For primes in the negative congruence classes, the complex K∅ is shown to have a non-cyclic or non-
abelian fundamental group. In several cases, the resulting fundamental groups are related to Baumslag-
Solitar groups or to the group obtained in the case n = 105. Hence, the complex cannot be homotopy
equivalent to S1.

Thus, the family n = 3 · 5 · p shows that the homotopy type of the cyclotomic complex is sensitive
to arithmetic congruence conditions on the prime p.

5.6. Further positive results for n = pqr

The previous results show that the expected homotopy type does not always hold in the ternary
case. Nevertheless, there are broad classes of ternary cyclotomic polynomials for which the expected
homotopy type does hold.

Let n = pqr, where p < q < r are primes. If

r ≡ ±1 (mod pq),

then K∅ ≃ S1. Moreover, for every j = 0, 1, . . . , φ(n), K{ j} ≃ S1 ∪ f j B
2, where deg( f j) = c j.
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This was proved in [25] and the proof is based on simplifying the complex without changing its
homotopy type. When r is sufficiently large compared to p and q, and in particular when r ≡ ±1
(mod pq), many facets of K∅ can be removed by elementary collapses. After these collapses, the
remaining complex decomposes into star subcomplexes whose structure can be controlled explicitly.
The congruence condition determines the pattern in which these stars intersect and allows one to reduce
the complex to a one-dimensional complex with the homotopy type of S1.

This result gives a positive answer to the Musiker-Reiner question for a large class of ternary
cyclotomic polynomials.

5.7. Remarks on the polynomial construction

The cyclotomic construction differs from the ring and group constructions discussed in the previous
sections. In the ring case, simplices are defined directly by relations among ideals or elements of the
ring, while in the group case, simplices are defined by divisibility relations among character degrees.
Here, the simplicial complex is built from residue data associated to the index n of the cyclotomic
polynomial, and the topology of the complex reflects the coefficients of Φn(x).

This makes the cyclotomic example useful for illustrating the distinction between homological and
homotopical information. The Musiker-Reiner theorem shows that the homology of the complexes K∅
and K{ j} is closely related to the coefficients of Φn(x). In the ternary case, however, the homotopy type
need not be determined by this homological information alone. In particular, the fundamental group
may distinguish complexes which have the expected homology but are not homotopy equivalent to the
expected spaces.

6. Conclusions and perspectives

The examples discussed in this paper show that simplicial complexes provide a useful and flexible
way of translating algebraic information into topology. Although commutative rings, finite groups,
and cyclotomic polynomials are different types of algebraic objects, the constructions considered here
follow a common pattern: one begins with an algebraic relation, encodes finite collections satisfying
that relation as simplices, and then studies the homotopy type of the resulting complex.

A natural direction for further research is to associate simplicial complexes to algebraic objects in
other meaningful ways. Many algebraic structures come with natural families of subobjects,
invariants, or relations among finite collections of elements. Whenever such relations are genuinely
higher-dimensional, rather than only pairwise, studying the associated simplicial complex may be
suitable. One may therefore look for new constructions associated to groups, modules,
non-commutative rings, semigroups, or other algebraic objects, with the aim of identifying which
algebraic properties are reflected in the homotopy type of the resulting complex.

Another possible direction is to revisit existing graph constructions in algebra and ask whether
they admit natural higher-dimensional analogues as passing from such graphs to simplicial complexes
may give additional information. The examples reviewed here suggest that this approach can have
meaningful interpretation and provide a useful bridge between algebra, combinatorics, and topology.
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