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Abstract: We studied the two-dimensional cubic-quintic-septic nonlinear Schrodinger equation. We
first established its continuous mass, energy, and momentum conservation laws, and then proposed an
alternating direction implicit (ADI) compact finite difference scheme combined with Strang splitting.
The splitting technique isolates the nonlinear term for an exact analytical solution via phase rotation,
while a 3-point Pad€ approximation resolves the linear term to fourth-order spatial accuracy without
requiring boundary ghost points. We rigorously proved the scheme is unconditionally stable with a
convergence rate of O(t> + ht + h;f). Numerical experiments validated the theoretical analysis and
demonstrated the method’s high-order accuracy and efficiency.
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1. Introduction

The dynamics of nonlinear wave propagation in two spatial dimensions plays a central role in modern
photonics and quantum matter research, governing phenomena ranging from spatial soliton formation in
bulk nonlinear media to the evolution of Bose-Einstein condensates in pancake-shaped traps [1,2]. In
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these settings, the cubic (Kerr) nonlinear Schrodinger equation (NLSE) has traditionally served as the
canonical model. Nevertheless, as optical power densities increase or ultracold atomic interactions are
tuned into strongly nonlinear regimes, the Kerr description alone becomes insufficient. Higher-order
self-phase modulation terms—quintic and septic—must then be retained in the polynomial expansion of
the refractive index or scattering length, leading to the cubic-quintic-septic NLSE [3,4].

In this paper, we extend our recent research on the one-dimensional cubic-quintic-septic NLSE in [5]
to the two-dimensional case on a bounded rectangular domain. The governing initial-boundary value
problem reads:

itt, + @ity + ttyy) + [by [ + by ul* + b3 ul | u =0, (x.y,1) € Q% (0,71, (1a)
u(x,y,0) = ¢(x.y), (x.y) €Q, (1b)
u(x,y,1) =0, (x,y)€0Q, tel[0,T], (Ic)

where u(x, y, t) is a complex-valued wave function, Q = (x;, x,) X (y;,y,) C R? is an open rectangular
domain with closure Q = [x;, x,] X [y;,y,], and 0Q denotes its boundary. In the context of nonlinear
optics, u represents the slowly varying envelope of the optical field, and the terms b |ul*u, b>ul*u,
and b3|ul®u account for the cubic (Kerr), quintic, and septic self-phase modulation arising from the
polynomial expansion of the nonlinear refractive index [3,4]; the same equation models pancake-shaped
Bose—Einstein condensates with higher-order interactions [6,7]. The dispersion coeflicient satisfies
a > 0, while ¢(x,y) is a prescribed smooth initial profile. Homogeneous Dirichlet conditions in Eq
(1c) are imposed under the physical assumption that the localized wave packet does not reach the
computational boundary during the simulation.

Owing to the non-integrable nature of the polynomial nonlinearity and the failure of the Painlevé
test [4], closed-form analytical solutions for generic initial data are generally unavailable. Consequently,
accurate and efficient numerical simulation becomes indispensable for exploring the rich dynamics—
including vortex solitons, collapse arrest, and transverse instability—that distinguish two-dimensional
septic nonlinearities from their one-dimensional counterparts [6,7].

Over the past decade, substantial progress has been made in the numerical treatment of nonlinear
Schrodinger-type equations. For spatial discretization, compact finite difference schemes based on Padé
approximations have attracted considerable attention [8—12]. On the temporal side, operator splitting
offers a structure-preserving method for separating linear dispersion from nonlinear phase modulation,
with recent analyses establishing uniform-in-time error bounds and long-time stability [13, 14]. The
synergy between these two strands was demonstrated by Liu et al. [15], who devised conservative high-
order finite difference schemes for coupled NLSE systems, and by Wang et al. [16, 17], who developed
sixth-order energy-preserving compact discretizations for nonlinear wave equations. In the specific
context of two-dimensional problems, Zhang et al. [18] constructed a high-order compact ADI scheme
for fractional-in-time NLSE, while Bai et al. [19] proposed novel mass- and energy-conserving Runge-
Kutta-type integrators that avoid iterative nonlinear solvers altogether. Very recently, Chai et al. [20]
developed two families of weighted-6 compact ADI difference schemes for the three-dimensional space-
fractional complex Ginzburg—Landau equation. We emphasize that the closely related two-dimensional
compact ADI schemes [18,21] are designed for fractional NLSEs with cubic-only nonlinearities, and
the time-fractional scheme in [18] is dissipative. In contrast, the present scheme targets the classical
cubic-quintic-septic NLSE and, through Strang splitting, solves the nonlinear sub-problem exactly
without any iteration while conserving the discrete mass exactly.
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Despite these advances, the cubic-quintic-septic NLSE in two dimensions presents a set of intertwined
challenges that have not been fully addressed in the existing literature. First, the septic term |u[%u
introduces severe stiffness, producing solitary waves with sharp transverse gradients that demand high
spatial resolution. Second, direct implicit treatment of the full two-dimensional Laplacian at each
time step leads to large, non-banded linear systems whose solutions are computationally expensive.
Third, standard fully implicit conservative schemes require iterative nonlinear solvers at every time
step, significantly increasing the overall computational cost. These considerations motivate a numerical
strategy that combines the efficiency of ADI factorization, the accuracy of compact Padé discretization,
and the exact treatability of the nonlinearity via Strang splitting.

To meet these requirements, we propose an ADI compact finite difference scheme coupled with Strang
splitting for the two-dimensional cubic-quintic-septic NLSE, which is completely different from our
previous work for the nonlinear numerical scheme in the 1D case [5]. Strang splitting [22,23] decomposes
the evolution into a linear dispersive sub-problem, solved by the compact ADI method [21,24], and a
nonlinear sub-problem that admits an exact pointwise phase-rotation solution. Because the nonlinear
step is solved analytically, no Newton-type iteration used in [5] is needed. ADI factorization reduces
each linear step to a sequence of one-dimensional tridiagonal solves, preserving the O(JK) complexity
per time step. Meanwhile, the compact Padé formulation achieves fourth-order spatial accuracy on a
three-point stencil without introducing ghost points beyond the physical boundary.

Compared with the one-dimensional setting in [5], the two-dimensional extension brings new
technical challenges. First, ADI factorization introduces an additional mixed cross term into the error
analysis. In addition, H' stability analysis relies on the commutativity of the directional operators.
Finally, the maximum-norm estimate involves the two-dimensional discrete Sobolev embedding with a
logarithmic factor.

The remainder of the paper is structured as follows. Section 2 derives the continuous conservation
laws for mass, energy, and momentum. Section 3 presents the ADI compact scheme with Strang splitting
in detail. Section 4 establishes the unconditional stability and convergence theory. Finally, Section 5
reports numerical experiments that confirm the theoretical convergence orders and demonstrate the
long-term stability of the method.

2. Conservation laws

The cubic-quintic-septic NLSE inherits a Hamiltonian structure that gives rise to three fundamental
conserved quantities: mass, energy, and momentum. These invariants not only certify the physical
consistency of the model but also serve as benchmarks for assessing the structural fidelity of numerical
approximations. In this section, we state the conservation laws for the two-dimensional IBVP Eqgs (1a)—(1c)
and sketch their derivations, emphasizing the aspects that differ from the one-dimensional setting.

It is convenient to encapsulate the polynomial nonlinearity through the real-valued potential

V(s) = bilsl’ + balsl* + bslsl°, s €C, (2)

and the associated energy density

b b b
H(s) = Els2+§2s3+z3s4, sER, (3)
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so that V(u) = H'([ul*) and consequently
0 0
—H(u*) = — |uf*. 4
o (lul”) = V(u) 6x|u| 4)
With this compact notation, the governing (1a) becomes
i, + aAu + V(uwu = 0, (x,y,1) € QA x(0,T], (5

where A = 0, + d,, denotes the two-dimensional Laplacian. Throughout this section, J(-) stands for
the imaginary part of the function.

2.1. Mass conservation

The total mass (or L? norm) of the wave function is conserved under homogeneous Dirichlet
boundary conditions.

Proposition 2.1 (Mass conservation). Let ¢ € HS(Q). Then the solution of Egs (1a)—(1c¢) satisfies
M(1) = f f lu(x, y, ) dxdy = M(0),  t€[0,T].
Q
Proof. Multiplying Eq (1a) by # (the complex conjugate of u) and taking the imaginary part yields
10
55'”'2 +a J(itAu) = 0. (6)

Using the identity J(zAu) = V - 3(aVu), integration over Q, together with the divergence theorem gives

d
—M(t) = —a J@ou)ds =0, (7)
dt 90

where the boundary integral vanishes because u|sq = 0. O

2.2. Energy conservation

For the energy functional, we must account for the gradient energy in both spatial directions.

Proposition 2.2 (Energy conservation). Let ¢ € HS(Q). Then the solution of Egs (1a)—(1c) satisfies

E(@) = f fg |l + Iy ) = Bluf* = 21ul® = 2 1ul®| dxdy = E(0). ®)

Proof. The result follows from the Hamiltonian structure of the gauge-invariant equation (1a), we refer
to [2] for the standard proof valid for general gauge-invariant nonlinearities. Briefly, one multiplies
Eq (1a) by u,, takes the real part, and integrates over Q by parts. The boundary terms vanish since the
homogeneous Dirichlet condition Eq (1c) implies u,|sq = O. O
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2.3. Momentum conservation

In two dimensions, the momentum is a vector field with components (P,, Py). On a bounded domain,
these quantities are not strictly conserved under homogeneous Dirichlet conditions because the fixed
boundaries break translation invariance. Nevertheless, if the localized wave packet remains well-
separated from dQ throughout the simulation, the boundary fluxes are negligible and the momentum is
effectively preserved. The following proposition makes this statement precise by working directly on
the bounded domain and tracking the boundary terms.

Proposition 2.3 (Momentum conservation). Let ¢ € Hé(Q) and assume that the solution satisfies
u, Vu € H'(Q). Then the momentum components

P.(t)=-9 ff iu, dxdy, Py(t)=-3 ff i uy dxdy 9)
Q Q

satisfy dP,/dt = dP,/dt = 0, provided the boundary terms that arise from the divergence theorem vanish.

Proof. We verify the invariance of P,, and the argument for P, is identical upon interchanging x and y.
Differentiating P, in time and integrating by parts gives

ap =-J ff(ﬁ,ux + ftityy) dxdy = =3 ff(ﬁ,ux — lyuy) dxdy. (10)

Inserting the expressions u, = i(aAu+ V(u)u) and it, = —i(aAu + V(u)it) from the governing equation, the
terms containing V(«) cancel because they contribute a purely real integrand. The remaining dispersive
part can be written as

~a J[i 8l — luy) + i Dy (uyit, + @yu,)], (1D)

which follows from the elementary identities O |uy|> = ity + it 1, and Oy (tyity + Uylty) = Uyyily + Uyylhy +
O, luy|*. Integrating over Q and applying the divergence theorem yields a boundary integral of the form

Sgg[(luxl2 — Juy ) + (uyit, + ﬁ),ux)ny] ds. (12)

Because ulso = 0, the tangential derivatives of u# vanish on each edge of the rectangular boundary:
u, = 0 on the top and bottom edges (where n, = +1) and u, = O on the left and right edges (where
n, = =1). Consequently, every term in the integrand is zero on 0€2, and the boundary integral vanishes.
Hence dP,/dt = 0, and by the same argument, dP,/dt = 0. O

3. ADI compact finite difference scheme

In this section, we construct an efficient numerical scheme combining the compact finite difference
method for spatial discretization, Strang splitting for temporal separation of linear and nonlinear parts,
and the ADI technique for dimensional reduction.

3.1. Strang splitting for the continuous problem

Operator splitting methods solve evolution equations by decomposing them into simpler sub-
problems. The theoretical foundation is based on the Lie-Trotter product formula and the Baker-
Campbell-Hausdorff (BCH) theory [25]. Consider the nonlinear Schrédinger equation in (1a), written
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abstractly as:

P
6—’;’ = Au + Bu, (13)

where Au = iaAu represents the linear dispersive part and Bu = —iV(u)u represents the nonlinear part.
Formally, the exact solution over a time step 7 is given by:

u(t + 1) = e Bu(r). (14)

Direct computation of e"*®) is generally infeasible due to the non-commutativity of A and B. The
splitting approach approximates this exponential by products of exponentials e™* and ™.

Strang splitting is a second-order symmetric method that improves upon first-order Lie-Trotter
splitting. For operators A and B, Lie-Trotter splitting:

l/ln+1 — e‘rBeTﬂun (15)
is only first-order accurate. Strang splitting achieves second order by the symmetric composition [22]:

un+l — e%Be‘rﬂe%Bun. (16)

The symmetry ensures that if we reverse time (7 — —7), the scheme remains in the same form, which
is necessary for even-order accuracy in splitting methods. We split Eq (1a) as follows:
Nonlinear sub-problem:
iu, = =Vu, tEe€lt,ti1], (17)

Linear sub-problem:
iy + a(uyg, +uyy) =0, 1€ [t th]. (18)

For a time step 7 = t,,1 — t,, the Strang splitting scheme is given by:
U™t = N(T/2) LON(T/2u", (19)

where N(7) denotes the solution operator for the nonlinear sub-problem Eq (17) over time 7, and £(7)
denotes the solution operator for the linear sub-problem Eq (18) over time 7.

The Strang splitting approach for the nonlinear Schrédinger equation has the following properties.
Since both sub-problem Eqs (17) and (18) are posed for ¢ € [¢,, #,.1], the elapsed time ¢ — ¢, appearing
below ranges over [0, 7]. The nonlinear sub-problem Eq (17) admits an exact solution given by

u(x, Y, t) = M(.X, ) tn) CXP (_lV (M()C, ) tn)) (t - tn)) s re [tna tn+l], (20)

which corresponds to a simple pointwise phase rotation. Meanwhile, the linear sub-problem Eq (18)
reduces to the free Schrodinger equation, which can be solved efficiently using the ADI technique.

Both solution operators £(7) and N(7) are unitary, preserving the L? norm ||u|| exactly at each
sub-step. This structural preservation is important for maintaining long-time stability of the numerical
scheme. Furthermore, the Strang splitting preserves the symplectic structure of the Hamiltonian system
up to second order, ensuring favorable long-time behavior and near-conservation of energy over extended
integration intervals.

From a computational perspective, the operator decomposition enables specialized solvers for each
sub-problem: tridiagonal linear system solvers for the dispersive part via an ADI scheme, and direct
explicit evaluation for the nonlinear part.

Lemma 3.1 (Local splitting error [22,26]). The Strang splitting in Eq (19) has a local truncation error
of order O(t3). Consequently, the global error due to splitting is O(?).
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3.2. Compact finite difference approximation

Let J, K, and N be positive integers, and let

Yr— Vi T
WETR T TN

he="2,
J
be the spatial and temporal step sizes, respectively. The uniform grid points are given by
xXj=x;+ jhy, Y=y +khy, " =nr,
in which j=0,1,...,/J,k=0,1,...,K,andn =0, 1,...,N. Let U;k ~ u(xj, yr, t") and denote
Z) ={U = (Uu) | Ujs = 0 for (j.k) € 0},

where 0€Q), = {(j,k) | j=0or j=Jor k =0 or k = K} denotes the set of boundary grid points.
The compact fourth-order approximation is defined by the following tridiagonal systems:

1 10 1 Ujnik =2Ujx + Ujarxe
E(CxU)j—l,k + E(CXU)j,k + E(CxU)jH,k =L hzj =, j=a -1,
1 10 1 Ujprr = 2U g+ Uy
O+ OV + (€U = = k=1 K~ L,
y

1)

(22)

(23)

(24a)

(24b)

with homogeneous boundary conditions (C.U)ox = (CU);x = 0 and (C,U);o = (C,U);x = 0. The

compact operators C, and C, satisfy the following truncation error estimates:

(Cxu)?,k = (uxx)?,k + O(hi)’ (C)'u)?,k = (uyy);k + O(hi)

(25)

To make the scheme more compact, we introduce the following operators: P, and P, are the Padé

averaging operators:

1 10 1 1 10 1
Uiip+ =Ujk+ =Ujrip, PyU)jk = EUj,k—l + —=Ujr + —=Ujis1,

P Wi =13 12 12 12 12

and L,, L, are the standard second-order difference operators:

Uik —2Uj; + Ujoyx

Ujre1 =2Ujx + Uy
h? ’ '
X

(Lx U) ik = h§

(Ly U)j,k =

Therefore, the compact fourth-order approximation can be rewritten as:
(PxCxU)j,k = (l:xU)j,k’ (Pycy U)j,k = (-Ly U)j,k-

Furthermore, we have C, = P;' £, and C, = P, L,.

(26)

(27)

(28)
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3.3. The ADI compact scheme with Strang splitting

We now present the complete numerical scheme. The numerical scheme consists of three sequential
stages. First, the nonlinear half-step is computed via

U]k—U;’kexp(ZV(U;‘k)) I<j<J-L1<k<K-1. (29)

Second, the linear full-step is performed via a locally one-dimensional ADI splitting. For the linear
full-step, we have:

[1 - f(c +C )] U = [1 4 —(c +C )] (30)
Notice that
iar a’r? ar iar
1-2hcr ey -4 ny—(I—TCx)(I—TCy), (3la)
2 2 . .
I+ —(cx rey-Lcc, = ( %C) (1 N %cy), (31b)

and by adding the extra term —” CC, Cy U””/ ? to the left-hand side of Eq (30) and the extra term

-4 4T C.C,U;, to its right-hand 51de, we have the combined ADI scheme
iat iat iar
I-—C|(1-=-C, U3 = (1+— )( — )U’f. 32
( 20)( 2C) 2 < 2 ) Vi G2

The influence of these extra terms on the accuracy of the scheme is analyzed in Lemma 4.6.
Since the equation is factored, we solve it in two steps: the X-sweep and the Y-sweep. Define

iar
= —., 33
@=- (33)
The X-direction sweep takes the form
Pr—aL) U =P +aly Uy, (34)

while the Y-direction sweep is given by
(Py = aLy) U2 = (P + aLy) U (35)

After solving the ADI scheme, the final nonlinear half-step completes the time step:

S e Xp( V(U;{;l/z)), l<j<i-11<k<K-1. (36)

2

The computational procedure consists of three phases. The initialization phase obtains the initial
approximation U° directly from the initial condition,

Ui =¢(xjy), 0<j<J0<k<K (37)

During the time-stepping phase, each step from 7" to #**! proceeds through four operations: computing
the nonlinear half-step via Eq (29), solving the X-sweep tridiagonal system Eq (34), solving the Y-
sweep tridiagonal system Eq (35), and computing the final nonlinear half-step via Eq (36). Finally, the
boundary treatment phase enforces homogeneous Dirichlet boundary conditions:
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Remark 3.1. The linear steps in Eqs (34) and (35) involve only tridiagonal systems in each direction:
the X-sweep solves K — 1 tridiagonal systems of size J — 1, and the Y-sweep solves J — 1 tridiagonal
systems of size K — 1, each by the Thomas algorithm, together with one explicit tridiagonal right-
hand-side evaluation per sweep. The total cost per time step is therefore c JK with a small constant ¢
accounting for two tridiagonal solves and two right-hand-side evaluations per grid point. The mass
conservation properties of the scheme are established rigorously in Theorem 4.1.

4. Stability and convergence analysis

In this section, we analyze the stability and convergence of the ADI compact scheme with Strang
splitting. We establish unconditional stability and derive error estimates.
We define the inner product and norms on Z,? as follows:

J-1 K-
U™, V") = hyhy (Vid's MU = KU U, U =  max |U - (39)

J=1 k=1 1<k<1< 1

,_.

We also define the discrete gradient norms:

J-1 K-1 J-1 K-1

16 UI? = hh, “”‘ Uil I6,U]]" = ., ”‘“ (40)
j=0 k=1 j=1 k=0 y
The discrete H' norm is defined by
2

uwmu:Jmm%umUW+HQML (41)

and the discrete H' seminorm is given by

2

Ul = \/||6XU||2 + 6,0 (42)

Furthermore, for a symmetric positive definite operator A, we define the A-weighted inner product and
its induced norm as:

(U,VYa =(AU, V), |Ulla= VAU, U). (43)
Specifically, we utilize the norm induced by the inverse Padé operator, |0, U || =(P'6.U,6.U).

To unify the notation for discrete gradients, we define the forward and backward difference operators
0, and d5 as:
Ujrix — Ujk G.U) o = Uix = Uj-rx
hx ) X Jk = hx )
with analogous definitions for ¢, and ¢y in the y-direction. The standard second-order difference operator
can then be expressed as £, = §,0z. Consequently, the compact operators are consistently represented
asC, = P;IL,C, where L, = 0,0;. With this notation, the discrete gradient norms become

0:0)ju = (44)

5 J-1 K-1 5 ) J-1 K- )
16U = hyhy |6 |6, U = hehy 6,0 4] - (45)
Jj=0 k=1 =1 k=0

—

~.
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4.1. Preliminary lemmas
We first recall several fundamental results that will be used in our analysis.

Lemma 4.1 ( [27]). For any mesh functions U,V € Z°, the following identities hold:

(LU, V) =—,U,0,V)=(U, L,V), (46)
P:U, V) =(U,P:V), (47)
(LU, Vy=(U,LYV). (48)

Lemma 4.2 ( [27]). The Padé averaging operator P, is self-adjoint and positive definite. For any
U e Zg, we have

%IIUII2 <(PU, Uy < |IUI”. (49)
Furthermore, the compact operator C, = P.' L, satisfies:
€U U)=- ||5xU||520;1 < —6:UIP. (50)
Lemma 4.3 ( [27]). Let {€"} and {g"} be non-negative sequences satisfying
et <(+Cre"+18", n=0,1,...,N-1, (51)

where C > 0 is a constant. Then

n—1
e"SeCT(eO+TZg’"], 0<nr<T. (52)

m=0

Lemma 4.4 (2D discrete Sobolev inequality [28]). For any mesh function U € Z\ and sufficiently small
h = min(hy, hy), there exists a constant C > 0 independent of hy, h, such that

1Ull < €Il (l6. U1l + ||6,U]]) - (53)
Proof. Let Ly = x, — x;and L, = y, — y;. Since U vanishes on the boundary, it can be expanded in the

discrete sine basis:
J-1 K-1
Z (P J) - (qﬂk)
g SIN sin| —|.
K
=1 q=

<

The sine family is orthogonal with Y’ j=_1 sin(prj/J)sin(p'nj/J) = gdpp/. Moreover, the difference
quotient maps the sine functions onto the half-node cosine family,

J-1 K1 .
pr(j+3 X
0:U)jx = Z U, —sm( ﬂ)cos[(fz)]sin(%),
p=1 g=1

which is also orthogonal, with Z 0 cos (pn (] + ) /]) cos (p n (j + %) /J) = é(‘im,/. Parseval’s identity
therefore gives

LXL J-1 K- .
6. U1 + |8, U[[" = = Apa| ]

p=1 g=1

Electronic Research Archive Volume 34, Issue 11, 8203—-8231.
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where 4 1
_ . o[ PTT .2 4q7 2 2
Apg = h_)% sin (Z_J) + h_§ sin (ﬁ) > Co(p™+q°)
for some constant Cy > 0 independent of A, h,, since sin x > 27T_x for x € [0, Z]. Because |sin(-)| < 1, we

have [|Ull, < X, ‘ﬁp,q , and the Cauchy—Schwarz inequality yields

T G V251 k-1 5 172
Wle<| > > — 3 0|0,
p=1 g=1 Pq p=1 g=1

+ ¢?

By the integral comparison test, the double sum is bounded by the integral over a quarter annulus,

VIPTRE
! <Cf QSCIH%,
1

2= r

where VJ2 + K2 < V2 max(L,, Ly)/h. Since h is sufficiently small, In(1/k) < C|In k|, and the case of
large h is absorbed into the constant. Combining the above estimates completes the proof. O

4.2. Stability analysis and mass conservation

We now establish the unconditional stability and mass conservation of the proposed scheme. The

discrete mass is defined as )
, (54)

M" = |U"P = hohy Y [U%
Jik

which corresponds to the discretization of the continuous mass M(t) defined in Proposition 2.1.

Theorem 4.1 (Discrete mass conservation). The ADI compact scheme with Strang splitting preserves
the discrete mass exactly. For any time step T > 0 and spatial steps hy, h, > 0, we have

1o = |u°

, n=1,2,...,N, (55)

i.e., the discrete mass M" = ||U"||* is conserved exactly at every time level.

Proof. The proof proceeds by establishing that each sub-step in the Strang splitting procedure preserves
the L? norm, so the composition inherits this conservation property. For the first nonlinear half-step
Eq (29), the pointwise identity

Ul = o3l lexo (5 (v3)) = |0 (56)
holds, since |exp(it9)| = 1 for any real . Summation over all grid points yields
* * 2 n 2 n
U = hohy Y UL = hohy D" (UL = 10"1P (57)
.j’k j’k
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An identical argument applies to the second nonlinear step Eq (36), giving ||U n+l || = ||U ntl/ 2||
For the linear ADI evolution, we express the X-sweep Eq (34) and Y-sweep Eq (35) in operator form:

(z-ﬂc) —( @c) (58)
(I—T(J)U"“/2 ( @c) (58b)

ita
2

a unitary evolution step. Specifically, for any V € Z}?.

iTa
J— —
fir-Fe)v

The self-adjointness of C, implies that (I ) and (I + ”" ) are mutual adjoints, which preserves

2 . .
— (V- %cxv, V- Ecm

—(V.Vy = (V. c V) —< Taovvy +< ’mcxv> (59)

=i+ (5 ) ICLVIE.

With the same calculation, we have:

I

Application of this identity to both sweeps yields ||[U**|| = ||U*|| and ||U"+”2|| = |lU™]], so ||U”+‘/2|| =
[IU*||. The composition of these conservation properties gives

2

Ta\?
= VIR + (3) IC.VIP . (60)

lom1[| = [lo"=2]| = joi = o (61)
By mathematical induction, ||U"|| = ||U °|| for all n > 0, with completes the proof. O

Remark 4.1. While the scheme preserves the discrete mass exactly, it does not exactly conserve the
discrete energy E(t) or momentum P(t), Py(t) defined in Section 2. This is due to the fundamental
nature of operator splitting methods. The Strang splitting operator satisfies

ezBe‘rﬂeZB + eT(.?HB)’ (62)

where A and B are the linear and nonlinear operators, respectively. This non-commutativity means the
numerical solution actually evolves according to a slightly modified Hamiltonian, rather than the exact
energy functional E(t).

Remark 4.2. Although the discrete energy is not exactly conserved, its error is expected to exhibit
bounded O(1?) oscillations over long time intervals, consistent with the second numerical example.
Such a bound cannot be claimed uniformly for all times in regimes approaching blow-up, where the
boundedness assumption fails.

Electronic Research Archive Volume 34, Issue 11, 8203-8231.



8215

4.3. Convergence analysis
Before proceeding, we analyze the Lipschitz continuity:

Lemma 4.5. Let the nonlinear phase function be defined as
£(s) = sexp (%V(s)) , (63)

where V(s) = b Is|* + by |s|* + b3 |s|°. For any complex values X and Y bounded by a positive constant
M (ie., |X| < M and |Y| < M), there exists a Lipschitz constant C; > 0, dependent on M and the
coefficients by, by, bs, such that:

fX)-fMI<A+Cn)|X-Y]. (64)

Proof. We bound the absolute difference directly. Adding and subtracting the intermediate term
Xexp (i3V(Y)) gives:

FOXO - f(¥) = (X = V)exp (i%V(Y)) + X [exp (i%V(X)) ~ exp (%V(Y))] . (65)
Applying the triangle inequality and noting that |exp(ix)| = 1 for any real x, we have:

IfX) - fDI < X = Y]+ X]

exp (i%V(X)) _ exp (i%V(Y))' . (66)

For any real numbers x and y, the complex exponential satisfies the Lipschitz condition
|exp(ix) - exp(iy)| < |x —y|. Applying this inequality to the phase difference gives:

exp (i%V(X)) — exp (%V(Y))’ < g V(X) - V(Y). 67)

Since V(s) is a polynomial in |s|?, its derivative is bounded. Therefore, V(s) is locally Lipschitz with
some constant Cy > 0 depending on M, by, by, and b;. Thus, |V(X) — V(Y)| < Cy |X — Y|. Substituting
these estimates into Eq (66) and using the bound |X| < M, we obtain:

F(X) = F(V) < |X — Y]+ %CVM X — V| = (1 + %CVM) X - 7. (68)

By defining C; = %C vM, we arrive at the desired estimate:
fFX) - <d+Cn)|X =Y, (69)
which completes the proof. O

Lemma 4.6 (Local truncation error). Assume that the exact solution u € CZ:Z,”S Q% [0,T]). Then one

step of the scheme, Eqs (29) and (34)—(36), applied to the exact solution satisfies
W= @)+ TR, IR < Cr(7+ A+ ),

where @, denotes the one-step map of the scheme and Cr > 0 is a constant depending on the exact
solution but independent of T, h,, and h,.
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Proof. The nonlinear half-steps, Eqs (29) and (36),are exact flows of the nonlinear sub-problem Eq (17)
and introduce no error. The linear stage contributes three terms. (i) By the Baker-Campbell-Hausdorff
formula, Strang splitting contributes a local error of order O(?) (cf. Lemma 3.1). (ii) Taylor expansion
of the Padé¢ relation gives (Cu);x = (Uyo)jr + O(hi) and (Cyu)jrx = (uy)jx + O(h;‘), contributing
0 (T(l’li + hﬁ)) over one time step. (iii) The ADI factorization adds the cross term ¢*C,C, with @ = 4T
to both sides of Eq (30), whose net contribution is @*C,C,(u"'/? — u*) = O(z?), since u"*'/? — u* = O(1)
and C,C, is bounded by the mixed derivative Hiaﬁu. Summing the three contributions shows that the
local error of one full step is T O (72 +ht+ h;%), and dividing by 7 yields the claimed estimate, with Cg

bounded under the assumption u € CZC:;’? Qx1[0,T). O

We now establish the convergence of the proposed scheme. Let u(x, y, f) be the exact solution and
U" be the numerical solution. Define the error at time " as

el = u(x, yi 1") = Ujy. (70)

Theorem 4.2 (Convergence). Assume that the exact solution u € CZ:;:E (Q % [0,T)) and the initial data
¢ € HS(Q). Then the numerical solution U" converges to the exact solution u" with the following
error estimate:

le"ll < C(T) (> + ki + 1if), 0<nT<T, (71)

where C(T) is a constant depending on T and the regularity of the exact solution, but independent of T,
hy, and h,,.

Proof. Let u" denote the exact solution evaluated at time ¢ = 7,, and U" be the numerical solution. We
can rewrite the full numerical scheme in operator form. Define the nonlinear solution operator

T
Nep(X) = X exp(i7 V(X)) (72)
and the linear ADI solution operator
iar _\"! iart iar _\"! iart
L=(1-Fe) (v Fe)(i-Fe) (1+5e) (73)

The exact solution satisfies the perturbed recurrence relation:

W™ = Nejp (L (Nep(h)) + 7R, (74)
where R" is the local truncation error. By Lemma 4.6, under the regularity assumption u € Cz;f (Qx
[0, T']), there exists a regularity constant Cg > O such that:

IR"| < C (7> + b} + h}). (75)

Subtracting the numerical scheme U™ = Ny, (L, (N;2(U™))) from the exact solution equation, and
letting ¢" = 4" — U", we obtain the error evolution equation:

" = Nojp (Le Nep ")) = Neja (Le (No2(UM)) + 7R (76)
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Taking the discrete L?>-norm on both sides and using the triangle inequality yields:

| < |Nej2 (Le Nepp @) = Noja (Le Nepp(U™))|| + 7 IR (77)

To bound the first term, applying the local Lipschitz condition established in Lemma 4.5 to the nonlinear
operator yields:

[Ne2(X) = Nepo(D)|| < 4+ Cro) IX = Y. (78)

Furthermore, as shown in the mass conservation analysis, the linear ADI operator £, is exactly unitary,
preserving the L>-norm:

I1L:(X) = LDl = I L(X = VIl = [IX - YII. (79)

Substituting Eqgs (78) and (79) sequentially into Eq (77), we obtain:

| < (1 + CLr) | Le (Nepp (") = Lo (Neja(U™)
= (1 + C17) [Nepp (") = Nepp(U™)|| + T IR
< (1+Cro) |lu” = U™ + T ||IR"|
< (1+3Co) " = U"|| + 7 |IR"|

|+ IR

(80)

for sufficiently small 7, where we use (1 + C;7)> < 1 + 3C,7 when C;7 < 1. Applying the discrete
Gronwall inequality in Lemma 4.3 and noting that e° = 0, we obtain:

n—1
lle"|| < et TZ Cr (T2 +hi+ hi) < TTCy (7'2 +h+ h;‘) : (81)

m=0

By letting C(T) = €*“tTTCp, which depends only on T and the regularity of the exact solution, we
establish the desired unconditional convergence estimate:

le"ll < C(T) (7 + ki + hij), 0<nr<T. (82)
O

4.4. Convergence in the maximum norm

Using the discrete Sobolev embedding in Lemma 4.4, we establish convergence in the maximum
norm. To apply Lemma 4.4, we first establish the H' convergence of the scheme.

Lemma 4.7. Assume that the problem is posed on a rectangular domain with a uniform grid, constant
coefficients, and homogeneous Dirichlet boundary conditions, so that the operators L, L,,P., Py are
self-adjoint and mutually commutative. Then the ADI linear steps, Eqs (34) and (35), are unconditionally
stable in the H' norm. Specifically, for the solution U"*'/? obtained from U*, we have

5 U2 + o, U2 = o, U1 + 6, U7

(83)
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Proof. The complete linear step from the intermediate state U* to U"*!/? can be expressed in factored
form by combining the X-sweep and Y-sweep. Using C, = P;' L, and C, = Py 'L, the combined ADI
scheme is:

(1-i5c)(1- e ) o = (1+i%c)(1+i%e,)v. (84)
This allows us to express the linear ADI operator £, (as defined in Theorem 4.2) as the composition
L =858,.=8.S,, (85)

where the individual directional sweep operators are

at __\! ar
s.=(1-i5e) {1+

-1

S, = (1 - i%Cy) (1 + ia—zTCy),
such that U"*1/2 = £ .U*. Due to the commutativity of the spatial operators over the rectangular domain,
the order of composition does not matter (i.e., S,S, = S,S,).

To establish H' stability, we analyze the unitary properties of £;. On a uniform grid with homoge-
neous Dirichlet boundary conditions, the discrete difference operators (L, £,) and the Pad€é averaging
operators (Py, P,) are self-adjoint and commute. Because P, and L, are self-adjoint and commute, their
product C, = P! L, is also self-adjoint in the standard L? inner product (C* = C,).

Since C; is self-adjoint and % is real, the operators (I - i“Z—TCx) and (I + i%Cx) are adjoints to one
another. Consequently, the sweep operator S, is unitary. By identical reasoning, S, is also unitary. Because
the composition of unitary operators is unitary, £, = S, S, preserves the standard L? inner product:

(LX, LY)=(X,Y) VX, YeZ. (87)

(86)

Because all spatial operators involved act along orthogonal grid lines with constant coefficients, they
commute with one another over the rectangular domain. This guarantees that £, commutes with the
discrete differential operators L, and L.

Using summation by parts, the discrete H' seminorm for the grid function U is

16, UIP = (LU, U), (88)
and then in the X-direction, we have
||6xUn+1/2||2 — (LU Uy = (_p LU, LU, (89)
Using the commutativity (-£,L; = L(—ZL,)) and the unitary property in Eq (87):
(L (LU, LU =(-LU U = [l6.U°|I”. (90)
An identical procedure for the Y-direction gives:

2

||5yUn+l/2||2 — <—.£y.£TU*,.£TU*> — <_‘£yU*, U*> — ||5)U*

O

Adding these two conservation properties establishes the preservation of the discrete H' seminorm
across the linear ADI step:
2

5. U™ 2| + |, U2 = s U I + |6, U 92)

This completes the proof. O
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Lemma 4.8. [H' error estimate] Assume that the exact solution u € CZZ? Q% [0,T)). Then the error
satisfies
16" + ||ye”

<) (7 + i+ h}). (93)

Proof. The proof follows from analyzing the error equation for the discrete gradient. Let the global
error be ¢" = u" — U”. From the splitting scheme, the error satisfies the recurrence relation:

" = Nopy (Lr (Nep ") = Neja (Le (Nep(UM)) + 7R, ©4)

where R" is the local truncation error of the full step.
Define the discrete gradients " = ¢,e" and &" = 6,e". Applying the forward difference operator 6 to
the error equation, we obtain:

7 = 6 [Naja (Lo Naa @) = Nopa (Le (Nep(UM))] + T6.R". 95)

The local truncation error for the gradient is derived by applying the discrete difference operators
to the truncation error of the original scheme. Assuming the regularity of the exact solution u €
Cz:;f (Q x [0, T]), taking the discrete spatial derivative reduces one degree of spatial regularity, so ,R"
remains bounded by the same asymptotic order:

I6.R"| < Cr (7 + bt + 1) (96)

Next, we analyze the propagation of the gradient error through the linear and nonlinear operators.
Since the compact operators commute with the difference operators up to O(h*), we can commute &,
through the linear ADI operator £,. Using the stability result from Lemma 4.7, the linear step preserves
the discrete H' seminorm, meaning it does not amplify the gradient error.

For the nonlinear operator N;,, applying the discrete difference operator to the product
U exp(i5V(U)) uses the discrete product rule. Because the nonlinear potential V(s) has bounded
derivatives for bounded inputs, and using the a priori assumption that ||U"||,, < M (verified via induc-
tion), the discrete gradient of the nonlinear step is bounded by a combination of the gradient error and
the L? error. Using the Lipschitz constant C; from Lemma 4.5:

|6 (N2 X = NeppY)|| < (1 + CLo) 164X = DIl + Cor|IX - Y], 97)

where C is the Lipschitz constant depending on M and the coefficients by, b,, bs.

Applying this bound iteratively through the Strang splitting sequence, and using the known L?
convergence bound |le"|| < C(T)(r* + h} + k) from Theorem 4.2, the L* error term is absorbed into
the truncation order. We obtain recurrence relations for ||77"|| and ||£”|| with the local truncation error
bounded by ||0,.R"||:

7| < (L + Coo) Il + 7 l16.R"| - (98)

An identical derivation applies to the Y-direction gradient &£":

& < (1 + Co) €] + 7|6, R"

: (99)
Applying the discrete Gronwall inequality yields the desired bound for both components independently:

l"ll < CUT) (7 + hy + 1), 1IE") < Cu(T) (7 + Bt + b)) (100)
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Summing these results, we obtain the same convergence order for the H' seminorm as for the L? norm:

lI6.e"]] + ||6ye"

< C(T) (7 + s+ 1Y), (101)
which completes the proof. O

Theorem 4.3 (Maximum norm convergence). Under the assumptions of Theorem 4.2 and Lemma 4.8,
we have

le"llce < C(T)NIInAI (7 + K+ h}),  h=min(h,, hy). (102)

y
Proof. The maximum norm convergence follows from the discrete Sobolev embedding theorem com-
bined with the discrete H'! error estimates.
Let e;i o= u(x, v ") — U;{k be the global error at the grid point (x;, y;) at time . By the discrete
Sobolev embedding inequality in Lemma 4.4, there exists a constant C > 0, independent of the spatial
step sizes h, and h,, such that the maximum norm of the error is bounded by its discrete H' seminorm:

le"llce < C Al ([18,€7]| + ||6,e”

). (103)

where h = min(h,, h,).
From Lemma 4.8, under the regularity assumption u € Ci:f (Q %[0, T]), the discrete gradients of the
error are bounded by the truncation error. Specifically, we have:

16."]] + ||6ye”

< Co(T) (72 + b + hy). (104)

where Cg(T) depends on the final time 7" and the regularity of the exact solution, but is independent of
7, hy, and h,.
Substituting the H' error bound in Eq (104) into the discrete Sobolev inequality in Eq (103) gives:

le"le < C Vit Al |Cr(T) (7 + It + 1if)| = C(T) ikl (72 + 1t + hS) (105)

where C(T) = C - Cgr(T) depends only on T and the regularity of the exact solution.

We now close the a priori boundedness assumption made in the proofs of Theorem 4.2 and Lemma 4.8.
We previously assumed that the numerical solution satisfies ||U"||,, < M to bound the local Lipschitz
constant of the nonlinear terms.

Since the exact solution u(x, y, t) is continuous on the compact domain Q X [0, T'], it is bounded by
some maximum amplitude M* = max, ||u(-, t)||. By choosing the induction constant M = M* + 1, we
require the discretization step sizes (7, h,, hy) to be sufficiently small such that the global error satisfies:

CNIInh| (7 + b} + ) < 1. (106)

Under this mesh constraint, we guarantee that ||e"||,, < 1. Consequently, by the reverse triangle inequality

applied to the maximum norm, the numerical solution is strictly bounded by:

10l < lu"loo + lle"llee < M™+ 1 =M. (107)

This validates the boundedness of the numerical solution at time step ¢, allowing the mathematical
induction hypothesis to proceed to step #**!. This completes the convergence proof. O
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5. Numerical experiments

In this section, we present numerical experiments to verify the theoretical convergence analysis and
demonstrate the efficiency of the proposed ADI compact scheme with Strang splitting. The numerical
validation proceeds in two stages: first, the spatial and temporal convergence rates are verified using the
septic NLSE, for which an exact solution is available, and second, the scheme’s capability for the full
cubic-quintic-septic NLSE is demonstrated using Cauchy error analysis. This validation confirms the
theoretical convergence order O(1? + h4 + h ") established in Theorem 4.2.

5.1. Error norms and convergence rates

In all experiments, uniform spatial discretization with 4 = h, = hy is employed. When an exact
solution is available, the accuracy is measured by the discrete L,- and L.,-norm errors ||e"||, and ||e"||.
defined in Section 4, where ¢” = = u(xj, yr, t,) — U",. With the time step scaling quadratically with the
spatial step (7 oc h?), the spat1a1 convergence rates are computed by the standard refinement formulas

B le" (. Dl B le" (. Dl
u2 = log, (nen(h/z, r/4>||2) + oo = logs (nen(h/z, r/4)||m) ’ (108)

and the temporal convergence rates r;», r;« are defined analogously with the refinement 7 — 7/2 at
fixed small A.

When the exact solution is not available, Cauchy (self-convergence) errors between successive grid
levels are used instead:

1

J-1 K-1 2 2
2 n | _ ‘ n ( n ) |
e = max (U, . — (U 109
h/2 2j 2/(‘ ’ Cauchy || s 1<j<i—1 h,jk h/2 2.2k ’ ( )
j=1 k=1 1<k<K-1

with the Cauchy convergence rates r“*“" computed by the same refinement formulas.

5.2. Example 1: Septic NLSE with an exact solution
Setting by = b, = 0 yields the septic nonlinear Schrédinger equation:
iu; + a(iy, + utyy) + b3 lul®u = 0. (110)

This equation admits the exact bright soliton solution [29]:
B ,
1) = et [Trz (G 30 + O+ y0) — 2atk, + ky>t)] eilktsmrbno-e) (111
where the parameters satisfy:

3A% [b b3A®

— 3 _ 2 12
B==— w—a(kx+ky)—T, (112)
with the focusing condition abs; > 0. Using the parameters:
a=1, by=1, A=1, k.,=k =05, (x0,y0)=(5,5) (113)
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yields B = 3/2 and w = 1/4. The exact solution becomes:

1
uexact(x’ y, t) = sech3

22

(x+y+10-2p)|e

i(0.5(x+y+10)-0.25¢) (114)

Numerical tests are conducted on Q = [-20,20] x [-20,20]upto T = 1.

Table 1. Spatial errors and convergence rates for Example 1 (Septic NLSE) when h, = h, = h,

=0T =1.

h lle”l2 Th2 lle" |l Fhoo
1/4  1.4579%x 1072 \ 37770 x 1073\

1/8  9.4495x 107* 3.9475 2.4172x10™* 3.9658
1/16 5.9241 x 107 3.9956 1.5068 x 107> 4.0038
1/32 3.7040 x 107°  3.9994 9.4442 x 1077 3.9959
1/64 23153 x 1077 3.9998 5.9095x 107% 3.9983

Table 2. Temporal errors and convergence rates for Example 1 (Septic NLSE) when &, =

hy=1/16,T = 1.
T lle" [l rr2 lle"lloo Froo
1/16 1.5422 x 1072\ 4.0022 x 1073\
1/32 39558 x 1073 1.9629 1.0106 x 10~ 1.9856
1/64 99357 x 107 1.9933 2.5214 x 10™* 2.0029
1/128 2.4637x 107 2.0118 6.2265x 107 2.0177
1/256 5.9241x 107> 2.0561 1.5068 x 10> 2.0470

The results in Tables 1 and 2 show that the spatial convergence rates approach 4.0 and the temporal
convergence rates approach 2.0, validating the theoretical convergence order for the septic NLSE. These
results confirm that the proposed scheme maintains high-order accuracy for the stronger |u|® nonlinearity.

To demonstrate the computational efficiency of ADI factorization, Table 3 compares the CPU
time of the proposed scheme with that of the non-ADI implicit compact scheme, i.e., the unfactored
Crank—Nicolson-type system Eq (30) solved by a sparse direct solver with a one-time Lower-Upper
factorization. The ADI scheme is several times faster already at moderate resolutions, and the advantage
grows with the mesh size: its cost scales linearly with the number of grid points, whereas the cost of the
two-dimensional banded solve grows superlinearly. At 2 = 1/32, the non-ADI scheme did not complete
within a practical time frame, while the ADI scheme required only about 193 seconds.

Table 3. CPU time comparison between the proposed ADI scheme and the non-ADI implicit
compact scheme for Example 1 (Septic NLSE), when r = 4%, T = 1.

h ADI scheme (s) non-ADI scheme (s)

speedup

1/8 0.75
1/16 11.56
1/32 192.65

5.35

62.85

7.2
54

Electronic Research Archive

Volume 34, Issue 11, 8203-8231.



8223

t=0.0 t=2.0
1.05
0.90
15 15 0.90
10 0.7 10
0.75
5 0.60 5
0.60
- 0 > 0
0.45 0.45
5 5
0.30 0.30
-10 -10
15 0.15 15 0.15
0.00 0.00
15 10 5 0 5 10 15 15 10 5 0 5 10 15
X X
t=4.0 t=6.0
1.05 1.05
15 0.90 15 0.90
10 10
0.75 0.75
5 5
0.60 0.60
> 0 > 0
0.45 0.45
5 5
0.30 0.30
.10 -10
15 0.15 15 0.15
0.00 0.00
15 10 5 0 5 10 15 15 10 5 0 5 10 15
X X

t=10.0

t=8.0

1.05 1.05
15 0.90 15 0.90
10 10

0.75 0.75
5 5

0.60 0.60

> >

0.45 0.45
-5 -5

0.30 0.30
-10 -10
15 0.15 15 0.15

0.00 0.00

-5 <10 -5 0 5 10 15 -5 <10 -5 0 5 10 15
X X

Figure 1. Wave propagation for Example 1 (Septic NLSE) with b; =0, b, =0, b3 = 1. The
contour plots show the amplitude |u| at times t = 0,2,4, 6,8, 10.

(=
(=

Figure 1 illustrates the two-dimensional wave propagation for the septic NLSE with |u|° nonlinearity.
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The septic nonlinearity produces a compact soliton profile with sharp gradients near the peak. The
contour plots at times ¢ = 0, 2,4, 6, 8, 10 show that the numerical scheme captures the propagation of
this higher-order soliton while maintaining its localized structure. The stronger nonlinearity results in a
slightly different propagation characteristic, yet the scheme preserves the essential soliton properties
without numerical instability. Figure 2 displays the corresponding diagonal cross-sections for the
septic NLSE.

Amplitude along diagonal

Exact (t=0) Exact (t=6)
Numerical (t=0) Numerical (t=6)
Exact (t=2) Exact (t=8)
Numerical (t=2) ¢ Numerical (t=8)

- Exact (t=4) — = Exact (t=10)
Numerical (t=4) ©  Numerical (t=10)

1.0 A

0.8

0.6

lul

0.4

0.2

0.0 1

20 15 10 5 0 5 10 15 20
x =y (diagonal)
Figure 2. Cross-sectional view along the diagonal x = y for Example 1 (Septic NLSE). The
amplitude profiles |u| at times ¢ = 0,2, 4,6, 8, 10.

5.3. Example 2: Cubic-quintic-septic NLSE

We now consider the general case where cubic, quintic, and septic nonlinearities are present si-
multaneously. This test verifies that the scheme preserves its convergence properties when multiple
nonlinear mechanisms interact. We consider the full cubic-quintic-septic NLSE with b; = 1, b, = 0.1,
and b3 = 0.01, where an exact solution is not available. The computation is initialized with a Gaussian
pulse with momentum:

(115)

(x+5)%+ (y+5)* X+y+10
u(x,y,0) =exp|— expli————|.

4 2

Since no exact solution exists for this case, we employ Cauchy error analysis to verify the convergence
properties of the scheme. The computation is performed on the domain Q = [-50, 50] x [-50, 50]. The
results are summarized in Tables 4 and 5.

As shown in Table 4, the spatial convergence rates r;,, and ry, ., approach 4.0, confirming fourth-order
accuracy in space. Similarly, Table 5 demonstrates second-order temporal accuracy, with convergence
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Table 4. Cauchy spatial errors and convergence rates for Example 2 (Cubic-quintic-septic
NLSE) when h, = hy = h, 7= h*, T = 1.

Coarse h  Fine h  |l€"||, Tho lle"| o Thoo
1/4 1/8 9.7424 x 1073\ 3.6132x 1073 '\
1/8 1/16  6.1828 x 107 3.9779 22219 x 10™* 4.0234

1/16 1/32  3.8674x 107> 3.9988 1.3881x 107> 4.0006
1/32 1/64  2.4172x107° 4.0000 8.6775x 1077 3.9997

Table 5. Cauchy temporal errors and convergence rates for Example 2 (Cubic-quintic-septic
NLSE) when h, = h, = 1/8,T = 1.

Coarse r Finet |l€"|, ) [l€"]|oo Froo

1/8 1/16  2.8270x 1072 \ 1.1490 x 1072\

1/16 1/32  7.3550x 107 1.9425 2.7074 x 107 2.0854

1/32 1/64  1.8641x 1072 1.9802 6.6728 x 10™* 2.0205

1/64 1/128 4.6777x 107 1.9946 1.6624 x 107* 2.0050

rates approaching 2.0 under refinement. These results validate that the ADI compact scheme with Strang
splitting maintains its high-order accuracy for the full polynomial nonlinearity when the three nonlinear
terms interact.

To demonstrate the stability and accuracy of the scheme for extended integration times, we compute
the numerical solution on Q = [-50,50] x [-50,50] with 4~ = 0.1 and 7 = h*> up to T = 10. The
evolution of the wave amplitude is visualized in Figures 3 and 4.

Figure 5 presents the time evolution of the relative errors in mass M(¢) and energy E(¢) conservation
over the interval [0, 10]. The mass is preserved to machine precision (relative error on the order of
10~19), confirming the exact mass conservation property established in Theorem 4.1. The energy exhibits
relative oscillations on the order of 107, which remain bounded throughout the integration period. These
oscillations are characteristic of symplectic integrators and reflect the Hamiltonian structure preservation
of the Strang splitting method. Figure 6 shows the relative errors in the momentum components P, ()
and P,(z) over the same time interval. Due to the symmetric initial condition and diagonal propagation
direction, both momentum components exhibit similar error patterns. The relative errors remain on
the order of 10~ throughout the simulation, confirming that the scheme maintains the momentum-
conservation properties of the continuous system.

6. Conclusions

We have presented an efficient numerical framework for the two-dimensional cubic-quintic-septic
nonlinear Schrodinger equation based on the synergistic coupling of Strang splitting, compact Padé
discretization, and ADI factorization. The resulting scheme achieves fourth-order spatial accuracy on a
three-point stencil without auxiliary boundary points, while the splitting strategy eliminates the need for
iterative nonlinear solvers by treating the septic nonlinearity through exact phase rotation.

Our theoretical contributions encompass three main aspects. First, we derived the continuous
conservation laws governing mass, energy, and momentum in the two-dimensional setting, providing
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Figure 3. Wave propagation for Example 2 (Cubic-quintic-septic NLSE) with b; = 1, b, = 0.1,
b3 = 0.01. The contour plots show the amplitude || at times ¢ = 0, 2,4, 6, 8, 10.
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Figure 4. Cross-sectional view along the diagonal x = y for Example 2 (Cubic-quintic-
septic NLSE). The amplitude profiles || at times t = 0, 2,4, 6, 8, 10 demonstrate the pulse
propagation and deformation along the direction of motion.
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Figure 5. Mass and energy conservation for Example 2 (Cubic-quintic-septic NLSE). The
relative errors of mass M(t) and energy E(f) are shown over the time interval [0, 10].
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Figure 6. Momentum conservation for Example 2 (Cubic-quintic-septic NLSE). The relative
errors of momentum components P,(¢) and Py(?) are shown over the time interval [0, 10].

the physical invariants that structure-preserving discretizations must respect. Second, we proved that
the proposed ADI compact scheme is unconditionally stable in the discrete L?> norm and conserves
mass exactly at every time step, a property inherited from the unitary character of both the linear
ADI sweeps and the nonlinear sub-flow. Third, we established an unconditional convergence rate of
O(7* + ki, + k) in the discrete L norm, together with a maximum-norm bound obtained through discrete
Sobolev embedding, thereby rigorously accounting for the combined effects of Strang splitting, ADI
factorization, and compact spatial truncation.

The numerical experiments confirm the predicted convergence orders and reveal that the scheme
maintains machine-precision mass conservation over long integration times, while the energy and
momentum exhibit the bounded oscillations typical of symplectic splitting methods. These features
make the proposed algorithm particularly attractive for simulating high-intensity optical beams and Bose—
Einstein condensates, where the septic nonlinearity induces sharp transverse gradients and long-time
accuracy is essential.

Several extensions of the present work are worth pursuing. In particular, the ADI framework can
be naturally extended to three-dimensional problems, as demonstrated for related models in recent
works [30-32]. The incorporation of external trapping potentials or spatially varying dispersion would
broaden the applicability to ultracold atom systems and inhomogeneous optical media. Moreover,
adaptive time-stepping strategies tailored to the operator-splitting structure could further enhance
computational efficiency near transient events such as collapse or vortex nucleation. Finally, the rigorous
treatment of soliton radiation and transient dynamics in the two-dimensional septic regime remains an
open analytical challenge that we hope to address in subsequent investigations.
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