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Abstract: This work investigates a coupled generalized Schrodinger-Boussinesq system with a p-
power nonlinearity. These equations appear in several physical applications. To begin, we present a
complete classification of infinitesimal point symmetries for the system. Then, low-order local conser-
vation laws are derived using the multiplier method, providing conserved quantities such as momen-
tum, mass, and charge. By introducing a potential variable, we derive a Lagrangian formulation for
the potential system and find nonlocal conservation laws via Noether’s theorem. Finally, we explore
travelling wave solutions by reducing the governing equations to a coupled autonomous system of or-
dinary differential equations. Several families of solutions are constructed, and their physical relevance
is discussed.
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1. Introduction

Nonlinear dispersive equations provide a fundamental framework for modelling a wide class of
physical wave propagation phenomena [1,2]. These systems arise naturally in many areas of applied
mathematics and physics, serving as essential models for wave dynamics in fluids, plasmas, and elastic
media.

In particular, nonlinear generalizations of integrable wave equations, such as the Boussinesq equa-
tion with p-power nonlinearity, are of great analytical interest due to their critical behavior and appli-
cations [3]. The ordinary Boussinesq equation w;, = Wy, + ¥(W?),y + BWye 1S an integrable system
obtained as a dimensional reduction of the Kadomtsev-Petviashvili (KP) equation [4] and serves as a
physically relevant model for bidirectional shallow water waves.
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In more complex physical systems, nonlinear dispersive wave motion couples with high-frequency
waves. This is typically modeled by the nonlinear Schrédinger (NLS) equation iE,+E,,+0E+2Ew = 0,
where w(t, x) acts as a potential for the complex field E(¢, x). Physical applications include electron
propagation coupled to nonlinear ion-acoustic waves in collisionless plasmas [5, 6], resonant inter-
actions of capillary-gravity and internal water waves [7], electron motion along deformable molec-
ular chains [8-10], and electron energy transport in anharmonic lattices [11, 12]. In the context of
plasma physics, such interactions are traditionally described by the Zakharov equations, where the
low-frequency motion satisfies a standard wave equation [13].

This motivates studying the coupled generalized Schrodinger-Boussinesq equations

iE,+E,, +0E+2Ew=0,

) (1.1)

Wi — AWy _ﬁwxxxx - y(wp)xx - (lEl Jxx = 0,
where p > 1 is the power of the nonlinearity, vy its coefficient, @ and g are dispersion coeflicients, and &
is a constant coefficient. All parameters are nonzero real constants. Here, the complex function E(¢, x)
denotes the envelope of high-frequency waves (or the electron wave function), and the real function
w(t, x) represents the amplitude of low-frequency waves.

Some papers have recently been published applying direct methods to solve different versions of
system (1.1). For example, the extended simplest equation method was used in Ref. [14] to construct
travelling wave solutions involving hyperbolic and rational functions. Similarly, the tanh method has
been successfully applied to obtain periodic and soliton solutions for various coupled nonlinear evolu-
tion equations in the complex domain [15]. Other studies have focused on more complex structures,
such as higher-order rogue waves. In this regard, the bilinear reduction method of the KP hierarchy
has been used to derive rogue wave patterns that include bright, dark, and four-petal states [16, 17].
Furthermore, the principle of undetermined coeflicients and Bernoulli sub-ODE methods have been
used to explore topological and algebraic solutions [18]. All these works deal with the quadratic case
p =2

Complementary to the construction of explicit solutions, the asymptotic behavior of solutions of in-
tegrable nonlinear wave equations has been extensively studied through the inverse scattering transform
and the Deift-Zhou nonlinear steepest descent method for the associated Riemann-Hilbert problems,
both for decaying initial data [19,20] and for step-like initial data [21]. In this direction, d-techniques
have been used to establish the soliton resolution conjecture and the asymptotic stability of N-soliton
solutions on a nonzero background [22], while suitable decompositions in the complex plane of unified-
transform representation formulae have revealed new long-range wave phenomena in initial-boundary
value problems [23].

Despite these advances, the p-power nonlinearity generalization of the Boussinesq equation coupled
to the complex NLS equation has not previously been studied in this general form. In the present work,
we focus on determining symmetries, conservation laws, and travelling wave solutions for system (1.1).

To study these aspects of the generalized Schrodinger-Boussinesq system (1.1), we write the com-
plex envelope as

E(t, x) = u(t, x) + iv(t, x), (1.2)

where u(t, x) and v(¢, x) are real functions. Substituting this expression of the complex envelope (1.2)
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into system (1.1) and separating real and imaginary parts yields

U + Vi + 0V +2vw =0,
Vi — Uy — OU — 2uw = 0, (1.3)

2 2
Wi — AWy _ﬁwxxxx - Y(Wp)xx - (Lt +v )xx =0.

The outline of the paper is as follows. In Section 2, we present a complete classification of all point
symmetries, providing their physical meaning and their commutator structure. In Section 3, a complete
classification of local low-order conservation laws is derived using the multiplier method. The physical
meaning of the conserved quantities is discussed. In Section 4, we seek nonlocal conservation laws by
introducing a potential variable. To begin, it is shown that the potential system admits a Lagrangian
formulation; consequently, we study its conservation laws through Noether’s theorem. Furthermore, a
Hamiltonian structure is determined by introducing an additional potential variable into the potential
system. Then, we obtain the symmetries of the potential system and identify which of them are varia-
tional, leading to the conservation laws of the potential system. Finally, in Section 5, several families
of travelling wave solutions are constructed and their physical properties are described. Conclusions
are summarized in Section 6.

The mathematical setting used in the paper is calculus on jet spaces [24]. A detailed mathematical
formulation of symmetries, conservation laws, and their applications to partial differential equations
(PDEs) can be found in Refs. [24,25].

2. Point symmetries

A point symmetry is a continuous transformation group on the space of independent and dependent
variables (¢, x, u, v, w) such that the coupled generalized Schrodinger-Boussinesq equations (1.3) are
invariant. The infinitesimal form of this transformation group consists of infinitesimal transformations
on (¢, x,u,v,w) given by

t>t+et(t,x,u,v,w)+ 0(62),

x = x+eét, x,u,v,w) + 0(62),
u—u+en(t,x,uv,w)+ 0(é), (2.1)
vov+en'(tx,uv,w)+ 0(é>),
w—ow+en’(t,x,u,v,w) + O0(€?)
where € € R is the group parameter. These transformations can be written in operator form by the

infinitesimal generator
X =10,+&0,+n"0,+nd,+n"0,. 2.2)

The resulting transformation group will be a point symmetry if and only if (invariance condition)

prPX @, + vy + v + 2vw)lg = 0,
prPX v, =y, — 6u — 2uw)lg = 0, (2.3)

Pr(4)X(th — AWy _ﬁwxxxx - V(Wp)xx - (uz + Vz)xx)lS = O,

where pr is the ith-order prolongation of X and & is the solution space of system (1.3). These symme-
try determining Eqs (2.3) split with respect to derivatives of u, v, w, thereby yielding an overdetermined
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linear system of equations for the infinitesimals 7, &, n%, ¥, ", along with the real parameters «, 3, v,
6, and p > 1. The following solution is obtained using MAPLE.

Theorem 1. The infinitesimal point symmetries of the coupled generalized Schrodinger-Boussinesq
equations (1.3) with p > 1 are comprised by the linear span of a time-translation, a space-translation,
and a phase rotation:

X, =0, X,=0,, X;=v0,—ud,. (2.4)
An additional point symmetry is admitted by Eqgs (1.3) only for p = 2:

Xy =210, + x0, — 2((6 - %)tv +u)d, +2((6 - %)tu -v)d, — 2w + %)6W. (2.5)

This symmetry (2.5) represents a dilation in space-time combined with a scaling, a time-dependent
phase rotation in (u,v), and a shift in w.

The only nonzero commutators for these symmetry generators are given by
(X4, X4] = =2X, +2(6 - $)XG, [X4, X5] = =Xo. (2.6)

For arbitrary p > 1, the span of the symmetry generators (2.4) comprises a three-dimensional abelian
group. For p = 2, the span of the symmetry generators (2.4) and (2.5) represents a four-dimensional
nonabelian group.

Each symmetry generator X yields a one-parameter (€) transformation group given in operator form
by exp(eX) =1+ >, %G"X”, where I denotes the identity operator. The resulting finite transforma-

tions on the variables (¢, x, u, v, w) consist of the point transformations
(t, x,u,v,w) — exp(eX)(t, x, u, v, w). 2.7)

From Theorem 1, the point symmetries of the coupled generalized Schrodinger-Boussinesq equa-
tions (1.3) with p > 1 produce the following symmetry transformation groups. For simplicity, the
variables in the transformations will be arranged as ¢, x, u, v, w.

Proposition 1. (i) The two translations and the phase rotation (2.4) yield the point transformation
symmetry groups
X, t>t+e,

X, x> x+e, (2.8)
X3 : (u,v) = (vsin(e) + ucos(e), vcos(e) — u sin(e)),

which together comprise a 3-dimensional abelian group.
(ii) If p = 2, the symmetry generator (2.5) yields the point transformation symmetry group

X,:t—  te*,
x—  xe,
u— e (ucos ((6 — Hre* — 1)) — vsin ((6 — Hr(e* — 1)), 2:9)

v— e *(usin((6 - %)t(ek — 1)) +veos ((6 - %)t(ek - D),

6_2E

w — W+ 3)— 5=

2y 2y’

which together with these transformations (2.8) comprises a 4-dimensional nonabelian group.
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There is an alternative way to formulate infinitesimal symmetries, which will be useful for Section 4.
A symmetry generator (2.2) has an equivalent evolutionary form which is given by

X = P'9, + P'6, + P9, (2.10)

where
P = = T, - £u,,
P’ =n" —1v, - év,, (2.11)

w w
P" =n" — 1w, — éw,,

are called the characteristics of the generator. The characteristic functions of the symmetry generators
(2.4) and (2.5) are given by

P’it:_ut, PY:_VI, PT):_W;,
Py=—uy, Py=-vy, Py=-wyg
Py =-2((6 - )ty + u) — 2tu, — xu,, Py =2((0 - S)iu — V) = 2tv, — Xxvy,

Py =-Q2w+ %) = 2tw; — XW,.
3. Local conservation laws

A local conservation law of the coupled generalized Schrodinger-Boussinesq equations (1.3) is
given by the continuity equation

(D,T + D,®)|lg =0 3.1

holding on the solution space & of Eqs (1.3). Here D, and D, denote total derivatives and 7" and @,
depending on ¢, x, u, v, w, and derivatives of u, v, w, are the conserved density and spatial flux, respec-
tively.

Integrating the continuity Eq (3.1) over a spatial domain 2 C R yields a physical balance (conser-
vation) equation

€€ = —@lyg, (3.2)

where
C = f T dx|,. (3.3)
Q

This states that the rate of change of the integral quantity (3.3) equals the net spatial flux leaving the
domain Q through its boundary Q. For solutions of the coupled generalized Schrodinger-Boussinesq
equations (1.3) with vanishing net flux, the conserved integral (3.3) is a conserved quantity.

A conservation law (3.1) is locally trivial if, for all solutions, 7 = D,® and ® = —D,® for some
function © of ¢, x,u,v,w and derivatives of u,v,w. In this case, the balance equation (3.2) gives no
useful information about the solutions u(z, x), v(z, x), w(t, x). Likewise, two local conservation laws that
differ by a locally trivial one are locally equivalent, since they contain the same information about
u(t, x), v(t, x), w(t, x) on Q.
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For PDEs with a Lagrangian formulation, Noether’s theorem gives a correspondence between local
conservation laws and symmetries. However, the coupled generalized Schrodinger-Boussinesq equa-
tions (1.3) admit no local Lagrangian in terms of u(¢, x), v(¢, x), w(t, x), and their derivatives. Therefore,
their symmetries do not generate conservation laws.

For non-variational PDE:s, there is a modern generalization of Noether’s theorem, which uses mul-
tipliers instead of symmetries. See Ref. [26] for a review and Refs. [27, 28] for further background.
We now apply this generalization to determine local conservation laws.

A multiplier for the coupled generalized Schrodinger-Boussinesq equations (1.3) is a function Q
of ¢, x, u, v, w and derivatives of u, v, w such that it is non-singular on solutions u(¢, x), v(t, x), w(t, x) of
Eqgs (1.3) and whose product with the governing equations is identically equal to a space-time total
divergence

(U + Vi + 0V +20W) 0" + (v; — Uy — Ou — 2uw) Q"
+ (Wlt — AWy _ﬁwxxxx - y(wp)xx - (ul + vz)xx)Qw =D,T + DD,

where Q = (Q", Q", 0"). Consequently, on the solution space, this divergence expression gives a
local conservation law (3.1). There is a one-to-one correspondence between conserved quantities (up
to equivalence) and multipliers. Next, it is useful to introduce the Euler operator from variational
calculus [24,25]. This operator annihilates a function of ¢, x, u, v, w and derivatives of u, v, w if and only
if the function is a space-time total divergence. Thus, all multipliers are determined by the condition

(3.4)

E((u; + vy + 6V +20w)0" + (v; — e — Ou — 2uw) Q"

+ (Wi = Wiy = BWeax = YW )i = (1 + 7)) Q") = 0,
E,(u; + vy + 6V +2vw) 0" + (v, — Uy, — St — 2uw) Q"

+ (Wit = AW = W = YW ) = (@ +7),) Q") = 0,
E,((u; + vy + 0V +2vw)0" + (v; — Uy, — Ou — 2uw)Q’

+ (th — AWy _waxxx - '}/(Wp)xx - (u2 + Vz)xx)Qw) = 0’

(3.5)

holding identically (off of &), which follows from Eq (3.4). This condition yields an overdetermined
linear system for Q. Typically, basic conservation laws, such as energy, momentum, and angular mo-
mentum, arise from multipliers whose differential order is lower than that of the original equations
themselves. For the coupled generalized Schrodinger-Boussinesq equations (1.3), such low-order mul-
tipliers have the form

Q= (0"(t, x,u,v,w,vy), Q"(t, X, u, v, W, y), Q" (2, X, Uy V, W, Wy, U, Vi, Wy Wi, W) (3.6)

We classify these multipliers by solving the determining equations arising from system (3.5) for Q with
p > 1. Using MapLE, we obtain the following result.

Proposition 2. The low-order multipliers for the coupled generalized Schrodinger-Boussinesq equa-
tions (1.3) with p > 1 are comprised by the linear span of

01 =(0,0,1), 0,=0(0,0,n, Q3=(0,0,x), ©Q4=100,0,1x), 0Os=u,v,0). (3.7

The resulting conservation laws follow directly from integration by parts applied to the multiplier
equation (3.4), yielding all low-order conservation laws explicitly. They can also be obtained by other
methods (see Ref. [26] for details).
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Theorem 2. The local low-order conservation laws for the coupled generalized Schrodinger-
Boussinesq equations (1.3) with p > 1 consist of

T\ = w,, D) = —((@ + ypw’ Yw, + Bwoy + 2unt, + vvy)), (3.8)

T, =tw, —w, D, = —t((@ + ypwW” Wy + Bwrr + 2(uity + vvy)), (3.9

T3 = xw,, D3 = —x((@ + ypw” Hw, + Bwirr + 2(uity, + vvy)) (3.10)
+ (@ + YW Hw + Bwy + 1 +17,

Ty = x(tw; —w), D, = —t(x((@ + ypw” Wy + Bwrr + 2ty + vvy)) 3.11)
— (@ + YW YW + Bwyy + 17 +17)),

Ts = 3(u® +v7), D5 = uv, — vu,. (3.12)

3.1. Conserved quantities

The physical meaning of the previous conservation laws is now discussed.
The conserved integral associated with the first conservation law (3.8) is

P = fwtdx, (3.13)
Q

which describes conservation of momentum. The conserved quantity arising from the second conser-
vation law (3.9) can be written as

szftw,—wdx:tP—M, (3.14)
Q

relating the conservation of momentum to the conservation of mass M, where M = fQ wdx. Next, the
conserved quantity corresponding to the third conservation law (3.10)

C3=fxwzdx (3.15)
Q

is related to the center of the momentum Cs3/%. The fourth conservation law (3.11) yields a conserved
quantity that can be expressed as

Cy = fx(tw, -w)dx =1tC; — X, (3.16)
Q

which relates the center of the momentum to the conservation of the center of mass X, where X =
fQ xw dx. Finally, the conserved integral associated with the last conservation law (3.12)

7= f L + 1) dx (3.17)
Q
represents charge.
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4. Nonlocal conservation laws

Wave equations often admit nonlocal conservation laws that provide conserved quantities beyond
those derived from local conservation laws [25,28]. A common approach to identifying these nonlocal
conservation laws involves the introduction of a potential variable typically by reformulating the den-
sity and flux of a local conservation law into a trivial (nonlocal) form. Although the multiplier method
is frequently used to identify these conservation laws expressed in terms of the potential variable, our
approach for these coupled generalized Schrodinger-Boussinesq equations (1.3) focuses on identifying
a potential that yields a potential system allowing a Lagrangian formulation. This enables the direct
derivation of nonlocal conservation laws from variational symmetries through Noether’s theorem.

4.1. Variational structure

A potential ¢(, x) via w = ¢, can be introduced in system (1.3) yielding the potential system

U+ Ve +0v+2ve, =0, (4.1a)
V, — Uy, — OU — 2u¢p, = 0, (4.1b)
¢tt - a¢xx _ﬁ¢xxxx - ’)/((‘ﬁx)p)x - (MZ + Vz)x = O, (410)
which possesses a Lagrangian given by
L= 3(uv, = viy) + 5 +v) = (B + D@ +V7) + 397 - §07 + 567, - (0. (42)

Note that these Euler-Lagrange equations are twisted in the sense that the variational derivative of
L with respect to u and v yields Eqs (4.1b) and (4.1a), respectively. This Lagrangian formulation
motivates studying the symmetries and conservation laws of the potential system (4.1) using Noether’s
theorem.

Furthermore, by introducing an additional potential variable Y = ¢,, the potential system (4.1) can
be expressed in the evolution form

Uy = Ve —O0V—2v¢,,
Vi = Uy +Ou+2ud,, 4.3)
lﬁt = a’¢xx +,8¢xxxx + 7((¢x)p)x + (l/l2 + Vz)xa ’
¢ = Y.
Consequently, the Hamiltonian structure is given by
u O0H/éu
v  |6H/6v
v _J5H/(5¢/ , 4.4)
o), \oH/sp
with the Hamiltonian operator [24]
0O 1 0 O
-1 0 0 O
J = 00 o 1l 4.5)
0 0 -1 0
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and the Hamiltonian given by
H= f (3G +D) = (B + D@’ +7) = 397 = 467 + 507, — L1(9)" )dx. (4.6)

4.2. Point symmetries of the potential system

The formulation of the point symmetries of the potential system (4.1) proceeds in the same way as
in Section 2.
The infinitesimal point symmetries for the potential system (4.1) are given by the generator

X? =10, + &0, + 110, + 10, + 179, 4.7)
where 7, &, 1, ", n’ are functions of (¢, x, u, v, ¢). The characteristic form is
X? = P9, + P'd, + P*d, (4.8)

where
P* =n" —1u, - &u,,

P’ =n"—1v, = v, (4.9)
P¢ = 77¢ _T¢t _f¢x-
The following determining equations are solved using MAPLE:
prEXOu, + vy + v + 2v¢,)|gs = 0,
PrOXO(v, =ty = 6 = 2ug)les = 0, (4.10)
pr(4)X¢(¢tt - a¢xx _:8¢xxxx - 7((¢x)p)x - (I/t2 + Vz)x)l&"i’ = 0’
where pr is the ith-order prolongation of X? and &? is the solution space of system (4.1).

Theorem 3. The infinitesimal point symmetries of the potential system (4.1) with p > 1 are comprised
by the linear span of a time-translation, a space-translation, a phase rotation, a translation in ¢, and
a time-dependent shift in ¢:

X{=0, X}=0d, X{=vd,-ud, Xi=0, X=1d, (4.11)
An additional point symmetry is admitted by system (4.1) only for p = 2:
Xz =210, + x0, — 2((6 — %)tv +u)d, +2((6 - %)tu -v)d, — (¢ + gx)a¢. (4.12)

This symmetry (4.12) represents a dilation in space-time combined with a scaling, a time-dependent
phase rotation in (u,v), and a space-dependent shift in ¢.

These point symmetries have the following characteristic functions:

Pi=-u, P|=-v, P'=-¢; *.13)
Py=-uy, Py=-v. Pj=-¢y .19
Pi=v, Py=-u, P{=0; (4.15)
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Pi=0, P,=0, Pi=1; (4.16)
Pi=0, P:=0, Pi=t (4.17)
P¢=-2((6 - v + u) — 2tu, — xu,, Py =2((6 - S)tu — v) = 2tv, — xvy,

P = ~(¢ + 2x) = 2i¢y, — x¢,. (4.18)

Symmetries X?, Xg, Xﬁ, and Xﬁ are inherited from the coupled generalized Schrodinger-Boussinesq
equations (1.3) via the projection
PY =D.P?, (4.19)

which arises directly from w = ¢,. The translation Xf and the time-dependent shift X? are “hidden”
symmetries which exist only for the potential system (4.1).

The specific correspondence between the inherited point symmetries of the potential system (4.1)
and the point symmetries of system (1.3) is given by

XloX; XoX: XeoX; X oX. (4.20)

4.3. Variational symmetries and Noether’s theorem

Next, we determine which of the symmetries (4.13)—(4.18) admitted by the potential system (4.1)
are variational. Since the potential system (4.1) has a Lagrangian formulation (4.2), Noether’s theorem
is used to obtain conservation laws arising from variational symmetries.

The condition for a symmetry to be a variational symmetry is given by

E.(E.(L)P)=0 4.21)

where E,, denotes the Euler operator with respect to a variable w and L is the Lagrangian (4.2). Substi-
tuting each of the point symmetries (4.13)—(4.18) into the variational symmetry condition (4.21) yields
the variational symmetries that will lead to conservation laws. A straightforward computation gives
the following result.

Proposition 3. The infinitesimal point symmetries (4.11) of the potential system (4.1) are variational
symmetries. The infinitesimal point symmetry (4.12) is not variational.

Then, we apply integration by parts to obtain the resulting conservation laws.

Theorem 4. The conservation laws produced by the variational point symmetries (4.11) of the poten-
tial system (4.1) with p > 1 are given, respectively, by

T) = 50 + S(agh + 20 + V), + 6’ +V7) = BE, + 6] — Vi —11d), (4.22)

DY =~y ) — (s + Pbrnx + U+ VIGy + Prxbas + ViV + Uglhy;

TS = ¢ — vus, (4.23)

(Dg = —[%¢§+1 - %(a(ﬁi + 2ﬂ¢xxx¢x - 6(1/‘2 + Vz) _ﬁ¢ix + ¢t2 - Vi - l/tf, - 2Vl/t[);

Tf =1+, (4.24)
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<Df = UV, — VUl

T) = ¢, (4.25)
(Di = —(Q’ + 7¢§_1)¢x _ﬁ¢xxx - u2 - VZ;

T! = td, — ¢, (4.26)
Df = —t((@ + Y7 )by + Ppuax + U +17).
Note that ¢, = 6;1(Wt) arises from w = ¢,. Therefore, the conservation laws involving ¢,, such as

(T¢, (D‘f), (T¢, CD?), (T¢, (Df), and (T‘/’, (D;.b), are nonlocal conservation laws for system (1.3). It can also
be seen that (T¢, @ﬁ) is locally equivalent to (7’5, ®s) (3.12) from the original system (1.3).

5. Travelling wave solutions

A travelling wave solution of the coupled generalized Schrodinger-Boussinesq equations (1.3) is of
the form

u=UQ), v=V(), w=W(Q), (5.1

where { = x — ct is the invariant of the symmetry X; + ¢X, and c is the wave speed.
Substitution of expressions (5.1) into Eqgs (1.3) yields the nonlinear ordinary differential equations
(ODEs)

V" —cU + 6V +2VW =0, (5.2a)
U’ +cV' +6U +2UW =0, (5.2b)
BW" +(a—c*+ypWP YW + y(p — DpWP2W? + 2(VV'Y + 2UU’Y = 0. (5.2¢)

By integrating the third equation (5.2c) twice with respect to £, we obtain
BW +(@-+yW YW+ V2 + U + k¢ + ko =0, (5.3)

where k; and k( are two integration constants.
The difference between multiplying the first equation (5.2a) by U and the second equation (5.2b)
by V yields
uv’'—-vU” —c(VV' +UU’) = 0. (5.4)

Integrating this Eq (5.4) leads to
UV —=VU' = Le(V*+ U + ky = 0, (5.5)
where k; is an integration constant and which can be solved in terms of V setting k, = 0,
V() = tan(z¢{ + {)U(Q) (5.6)

with £ an integration constant. This choice of k; is strictly required for localized solitary waves in order
to satisfy the asymptotic boundary conditions, where U and V, along with their derivatives, vanish at
infinity.
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Substituting this expression of V (5.6) into the first and second equations (5.2a) and (5.2b), we
observe that these two equations are proportional, and thus we only focus on the simplest one

U” + ctan (Aed + L)V’ + 1P tan(bel + 4)°U + (A2 + 6+ 2W)U = 0. (5.7)

We also substitute the expression of V' (5.6) in the integrated third equation (5.3) and, to preserve the
same localized asymptotic behavior, we set k; = 0 and ky = 0, obtaining

BW” + (= +yW’ YW + (1 +tan (el + £))U? = 0. (5.8)

Furthermore, for periodic wave solutions, this choice of k; and k, uniquely isolates the fundamental
family of symmetric Jacobi elliptic solutions without introducing non-physical background shifts, en-
suring a natural and direct reduction to the solitary wave limit. The structure of Eq (5.8) naturally leads
to the following transformation of the dependent variable U,

U(Q) = cos (3¢ + () U (). (5.9)

Then, the non-autonomous system formed by (5.7) and (5.8) is reduced to the coupled autonomous
system given by

U+ +2W)U =0, (5.10a)
BW” + (u+yWPHw + 0? =0, (5.10b)

with
A=5+6,  u=a-c. (5.11)

Multiplying Egs (5.10a) and (5.10b) by U’ and W', respectively, and adding the resulting equations
leads to the following relation:

U0 +BWW + 200" + uWW’' +yWPW' +200'W + U*W’ = 0, (5.12)

which can be directly integrated with respect to . This yields a first integral of system (5.10) that
represents its Hamiltonian,

H = L0 + W)+ 20% + EW? + LW + OPW = E,, (5.13)

where E, represents a constant energy. It is important to note that this Hamiltonian is valid for an
arbitrary power p. The energy of the system can also be expressed in terms of a potential

Ey =3O +5(W)* + P(U, W) (5.14)

1
2

where
A A0 2 1, 72
P(U,W):%U +§W +[%Wer + U“W. (5.15)

There are now different ways to find solutions U (&) and W({) of system (5.10).
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5.1. Periodic elliptic and soliton solutions

A first way is to consider a form for W(¢) depending on the form of U(¢). We consider a generalized
algebraic ansatz of the form
W) = CiU () + Ca, (5.16)

where C; # 0, r # 0, and C, are arbitrary constants to be determined. Substituting W (5.16) into Eq
(5.10a), we obtain
U =-(1+2C)U -2C, 0. (5.17)

Without loss of generality, we assume r # —2, since the following algebraic procedure yields only
constant solutions when r = 2.
Multiplying Eq (5.17) by U’ and integrating with respect to , yields

WOy =-Y@a+20)0* - 50 — i, (5.18)

where k is an integration constant.
For the proposed ansatz to yield an exact solution, Eq (5.18) must identically satisfy the Hamiltonian
defined in Eq (5.13). Substituting the ansatz (5.16) into Eq (5.14), we get

LU’y +BCir U2 + P(U) = Eo (5.19)

where
P0) = 5(C\U" + Co)* + 5(C U + Co)P* !+ 5(A+ 26, +2C, 0N 0? (5.20)

is obtained by substituting W into the potential P (5.15).
Eliminating the common term %(U ")? between Eqgs (5.18) and (5.19) yields

—(k+ 1A +2C)0% + 22072 (1 + BCIr* 0% %) + P(0) = E,. (5.21)

Now, we balance the highest power of U arising from the product of the first two terms in Eq (5.21),
that is, U, and the highest power emerging from P(U), U"”*V. Equating these dominant exponents
gives 3r = r(p + 1). This equation yields a specific power of p = 2 for the nonlinearity required for
system (5.10) to admit exact solutions of the form (5.16).

Having established p = 2, we proceed to analyze the remaining powers in Eq (5.21) which takes
the form

3 N 2 A
Lo +2)y - 6780 + FQCy(y - BrY) - Brra+ w0

A A N 2
+ Qg _IBCHAOY 2 4 C\Co(Coy + U + 2 (Bu+2Cay) — k = E.

r+2

(5.22)

To ensure the existence of periodic wave solutions, the term k8C f r2U? 2 cannot be isolated. Therefore,
it requires a balancing term among the powers in Eq (5.22), namely U, U, U2, U, and U°. This
naturally leads to the case r = 2. Setting r = 2 prevents the system from becoming overdetermined
and thus restricting the generality of the solution. From a mathematical perspective, however, it is also
of significant interest to examine the admissible cases r = 1 and r = 4. Unlike r = 2, where the wave
speed c is a free parameter, the cases r = 1 and r = 4 yield a residual term in the balancing process that
uniquely determines the wave speed.
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5.1.1. Solutions for r = 2

Setting p = 2 and r = 2 in Eq (5.21), the resulting polynomial in U involves the powers U®, U*,
U2, and U°. The coefficient of the highest power U° is proportional to y — 63 and cannot be balanced
by any other term, so its vanishing is forced by the ansatz itself, yielding

y = 68. (5.23)

Beyond its algebraic origin, condition (5.23) has an independent meaning: y = 68 is precisely the
value at which system (1.3) with p = 2 reduces, after a suitable scaling, to the classical Schrodinger-
Boussinesq system, which is integrable, possessing the Painlevé property and admitting Béacklund
transformations [29]. For generic 8 and 7y the system is therefore not integrable.

Now, we equate the coefficients of the remaining powers in Eq (5.21), namely U*, U2, and U°,
which lead to the following system:

1+Ci(u+4B8(C, - ) = 0, (5.24a)
Cou + 2,8(3C§ -2Cik) = 0, (5.24b)
2(Ey+k)— C3(4C8+p) = 0. (5.24c)
From Eq (5.24a) we obtain

Equation (5.24b) dictates the fundamental nature of the resulting dynamics, establishing the conditions
for periodic elliptic solutions (k # 0) and solitons (k = 0).

Soliton solutions:
We examine the case of localized solitary waves. A soliton requires the integration constant to be
identically zero (i.e., k = 0) to ensure appropriate decay at infinity. Setting k = 0 in Eq (5.24b) leads to

Cr(u+6B8C,) = 0. (5.26)
This constraint yields two different subcases.

e IfC, =0,thenC; = m, and Eq (5.18) takes the form

27V 2 rd
(U = -AU? - mU , (5.27)

whose solution is given by

U(0) = +-A(4BA — wysech( V-2 - &), (5.28)

with £; an arbitrary constant. Using ansatz (5.16), and transformations (5.9) and (5.6), we obtain
the following solution of system (5.2),

UQ) = =+/-A(4BA - p)cos(ied + o)sech( V=A(L - &), (5.29)
V() = ++/-A@BA- wsin(iel + &o)sech( V=-A(L - &), (5.30)
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Figure 1. Solutions from Eqs (5.29) (left), (5.30) (middle), and (5.31) (right) where a = -3,
0=-5,c=4,=1,¢ =0, and ; = 0, with positive signs in U, V and A, u defined by Eq
(5.11).

W) = —Asech(N=A(Z -2) (5.31)

Square-root arguments are always taken as positive, which sets the parameter constraints for each
solution in this section.
Since the trigonometric factors cancel in U? + V2, the modulus of the complex envelope (1.2),
|[E| = YU? + V2, and the long-wave component W are both bright (elevation) solitons on a zero
background (see Figure 1). Physically, the solutions for U and V represent wave packets where
high-frequency oscillations from the cos and sin terms are confined within a localized envelope.
Their spatial localization is set by the hyperbolic secant function, which concentrates the solu-
tion’s energy in a finite region and yields exponential decay as { — +oo. The sech term controls
the width and peak amplitude of the soliton and thus the global dynamics, while the trigonometric
terms only fix the internal phase structure.
Here the envelope |E| has amplitude /—A(454 — u), the long-wave component W has amplitude
—A, and both share the common width 1/ V=4, so that A alone controls the localization, taller
humps of W being necessarily narrower, while p only rescales the amplitude of the envelope.
This illustrates a general feature of the reduction: since system (5.10) depends on the original
parameters only through A and pu, together with 5 and 7, all the solutions constructed below
are governed by these combinations rather than by ¢, 6, and «, separately; the argument of the
hyperbolic or elliptic function fixes the spatial scale of each profile and the prefactor fixes its
amplitude.
o If C, # 0, then
C = C=-L, E,=3 (5.32)

and Eq (5.18) takes the form

(0 = (-0 + F550°, (5.33)
whose solution is given by
0() = £ 1540 = 36882 — 12 /B sech( N/ GB) — AL ~ &), (5.34)
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Figure 2. Solutions from Eqgs (5.35) (left), (5.36) (middle), and (5.37) (right) where a = 150,
0=-10,c=10,=1,¢ =0, and ; = 0, with positive signs in U, V and A, u defined by

Eq (5.11).

with {; an arbitrary constant. Using ansatz (5.16), and transformations (5.9) and (5.6), we obtain

the following solution of system (5.2),

UQ) = +5 154 = 3682 — 2/Beos (1el + Lo)sech(Nu/GB) — AL - ), (5.35)
V() = +3V1500= 3680 — 12/Bsin (Scf + do)sech(yu/(GB) — AL - &), (5.36)
W) = (- Dsech(Vi/GB) — AC - 0) - &. (5.37)

These solutions share the same localized oscillatory structure as the previous case (see Figure 2):
the trigonometric factors cancel in U? + V2, so the envelope modulus is again a bright soliton
decaying to zero and the oscillations of U and V are pure phase modulations. The difference
lies in W (5.37), which now rides on the nonzero background — £ ; reality of the argument of the

68’
hyperbolic secant forces % — A > 0, so W still forms an elevation above its asymptotic level. This

pedestal shifts the effective potential felt by U in (5.10a) from A to A + 2C,, so that the width of

the pair is now governed by 1/ 3"—[3 — Ainstead of 1/ V—-A.

Periodic elliptic solutions:

Consider k # 0. From system (5.24) we obtain that C; is given by Eq (5.25), and k and E|, are given

by
CZ
k= %(6@,3 +EBA—-Cy) —p), Eo=35@CB+p) —k (5.38)
Therefore, Eq (5.18) takes the form
(U = 2k +0U* - C,U*, (5.39)
with
o=-<-2C,-4, (5.40)
which admits the solution given by
() = T+ Vo2 -8kE, 2 _ Vaer 11 o 41
U(f) + 2C, CIl((O' Skcl) ({ é/l), 2( + \/oTkC]))’ (5 )
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Figure 3. Solutions from Eqs (5.42) (left), (5.43) (middle), and (5.44) (right) where a = -2,
0=02,¢=0.1,=0.5,C, =0.05, ¢ =0, and ¢; = 0, with positive signs in U, V and o, £,
C, defined respectively by Eqs (5.40), (5.38), (5.25).

where cn denotes the Jacobi elliptic cosine function with {; an arbitrary constant. Using ansatz (5.16),
and transformations (5.9) and (5.6), we obtain the following solution of system (5.2),

U + ) T “TLM'COS(%%“ +&o)en((0? = 8kCD'H(E - 4), 5(1 + =2=)),  (5.42)

2C, VT
V() = x4/ Vzél‘gkc sin (¢¢ + Zo)en((o™® — 8kC)'* (¢ = &1), 11 + \/G;iTCI)), (5.43)
W) = Yo+ Vo2 —8kCi)en((0? = 8kC)'4(¢ - &), 2(1 + —=< )’ + C. (5.44)

Vo?-8kCy

The periodic profiles in Figure 3 are cnoidal wave solutions expressed with the Jacobi elliptic func-
tion cn({, m) [30], representing a train of nonlinear waves. A key property of these elliptic solutions is
their connection to the solitary waves discussed earlier: localized solitons (on zero and nonzero back-
grounds) arise as a limiting case of these periodic patterns. As the elliptic modulus m — 1, the cnoidal
wave period diverges, the pulse train breaks, and one obtains a sech-type soliton.

5.1.2. Solutions forr = 1

Next, we seek solutions for Eq (5.18) for r = 1. To determine U, V, and W of system (5.2), ansatz
(5.16) and transformations (5.9) and (5.6) can be employed.

Analogously to the previous case, we equate the coeflicients of the different powers in Eq (5.21),
namely U3, U2, U, and U°, and we get the following system:

1+Ciy-28) = O, (5.45a)
Co(Cyy +u) = 0, (5.45b)
26,B=y)+pl-p = 0, (5.45¢)
6(Eq + k) + 6CTkB — C5(2Cyy +3u) = O. (5.45d)
From Eq (5.45a), we obtain
C,=F——, (5.46)

26—

<
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with 28 > y. Equation (5.45b) leads to two different subcases: C, = 0 and C, = —’é.
o If C, =0, from Eqs (5.45¢) and (5.45d) we obtain

E, = 2, (5.48)
and Eq (5.18) takes the form
Uy = 2k-2202+ A0, (5.49)

4+B 3 4 I2ﬁ_,y

Condition (5.47) implies that the wave speed ¢ cannot be arbitrary; rather, it is uniquely deter-
mined by a consistency condition that involves the parameters of the original PDE system, given
by

¢ = dop (5.50)
Equation (5.49) can be mapped into the canonical form of the Weierstrass elliptic function ¢({)
defined by the ODE
(') =490’ - 820(0) — &3 (5.51)
through the transformation
0Q) = £y28 -G + 9. (5.52)
where X
_ 0 _ 9o 2k
82 =17 83 = 556 + 525—)° (553)
with
=97 (5.54)
Thus, we find that the solution to Eq (5.49) is given by
U@ =+ V2B-yBp( ~ £1382.89) + D). (5.55)

with ; an arbitrary constant, and g,, g3, and Q respectively given by Eqs (5.53) and (5.54).
In order to obtain real bounded solutions, we assume that the associated cubic polynomial

A,

4 73 2 _ 9y
* 3 2ﬂ_yU QU*-2k=0 (5.56)

:

has three real roots.
Let us first assume that we have three distinct real roots u;, u,, and uz (therefore k # 0). We define
an auxiliary angle

_ 48k
6 = arccos (1 + Q3(2B—7)) (5.57)
for -2 < Q3?2£Z<—7> < 0, in order that 6 is a real number. By using Vieta’s trigonometric method, we
obtain that the roots are given by
w o= = Y2TC(1 4 2cos(9)),
w = +YETC(1 4 2cos(B)), (5.58)
wy = = YPTC(1 42 cos(t)).

Now, we distinguish different subcases depending on the coefficients of U? and U? in the original
ODE (5.49).
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— Original equation sign (+) and Q > 0, then u; > u, > u3 and the wave is confined to the
lower bound of the potential well, oscillating between the smallest roots (i.e., u3 < U < u,)
which leads to the sn-type periodic solution given by

2

U(Q) = uz + (uz — uz)sn( 3\#—;(( —d0. =0 (5.59)

— Original equation sign (+) and Q < 0, then u3 > u, > u; and the wave remains confined at
the bottom of the potential well, bounded by the smallest roots (i.e., u; < U < up) which
leads to the sn-type periodic solution given by

2

0@ =+ e = u)sn( [ 220 = 2,250 (5.60)

— Original equation sign (-) and Q > 0, then u; > u, > u; and the wave is confined to the peak
of the inverted potential, oscillating between the two largest roots (i.e., uy < U < u3) which
leads to the cn-type periodic solution given by

2

U(Q) = up + (u3 — up)en( 3\3/?—;({ R =) (5.61)

— Original equation sign (-) and Q < 0, then u; > u, > u3 and the wave remains confined to the
potential crest, bounded by the largest roots (i.e., u, < U < u;) which leads to the cn-type
periodic solution given by

2
U() = uy + (uy — up)en( 311/%(5 -4, =k (5.62)
In solutions (5.59)—(5.62), u;, u,, and u3 are given by Eq (5.58) and {; represents an arbitrary
constant.

These solutions illustrated in Figure 4 clearly represent periodic wave solutions, distinct from
the localized solitary waves. These profiles describe a continuous train of nonlinear waves that
maintain a constant amplitude and wavelength across the spatial domain.

Assuming k = 0, the lack of a linear term in the original governing equation (5.49) implies that
the double root must occur precisely at the origin and the asymptotic background of the wave
is strictly forced to vanish. Consequently, Jacobi elliptic functions reduce to hyperbolic secant
functions, excluding the existence of standard dark solitons. The existence of a physical solitary
wave requires O < 0 to maintain a real-valued phase velocity. Under this necessary constraint,
Eq (5.49) with k = 0 admits the localized soliton solution given by

0@ = ih/zf__yQ sech(3 V-0 - &))", (5.63)

with ; an arbitrary constant and Q given by Eq (5.54). Depending on the sign (+) in the original
equation, solution (5.63) is a localized pulse of positive or negative amplitude, both decaying
exponentially to the vanishing background at a rate governed by Q. In either case the envelope
modulus |E| is a bright soliton, since the sign of U only affects the internal phase of the wave
packet.
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Figure 4. Left panel: Solutions from Egs (5.59) (top) and (5.61) (bottom) where @ = 10,
o=1,p=1,y=1,k=-1,and {; = 0, with positive (top) and negative (bottom) signs in u;,
u,, and u3. Right panel: Solutions from Egs (5.60) (top) and (5.62) (bottom) where @ = 10,
o0=1,=-5y=-11,k =1, and {; = 0, with positive (top) and negative (bottom) signs in
uy, up, and uz. Here, u;, u,, and uz are given by Eq (5.58). Parameters Q and 6 are defined by
Eqgs (5.57) and (5.54).

o IfC, = —%, from Eqs (5.45¢) and (5.45d) we obtain

po= 4 (5.64)
— k=3P By &
B = Ty s (5.63)

and Eq (5.18) takes the form

N2 — 9 (@B(a+dd)  2BA \FT2 4 73
(U = =2k- Gy, — 555U * NmU : (5.66)
Analogously, condition (5.64) implies that the wave speed ¢ cannot be arbitrary; rather, it is
uniquely determined by a consistency condition that involves the parameters of the original PDE
system, given by

o2 = Y2ap-ay-Byd) (5.67)

B@+y)—4y
Equation (5.66) can be mapped into the canonical form of the Weierstrass elliptic (5.51) through
the transformation

0(0) = 28— yGp0) + ), (5.68)
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where

>
S}

- _ 0 2%k
82 = 713> 83 = 216 + 92B-v)’ (569)

—
(3]

with
A — @Bya+dd)  2B4
Q= BB+y)—4y 2B-y" (5.70)

Thus, we find that the solution to Eq (5.49) is given by

0(0) = 2B yBp - 1:82,83) + D), (5.71)

with ¢; an arbitrary constant, and g», g3, and Q, respectively, given by Egs (5.69) and (5.70).
Real bounded solutions can be obtained for this case following the same procedure as previously
for C, = 0, substituting Q by 0.

5.1.3. Solutions forr = 4

Finally, we seek solutions for Eq (5.18) for » = 4. Similarly to the previous cases, one can determine
U, V,and W of system (5.2), using ansatz (5.16) along with transformations (5.9) and (5.6).

First, the coefficient of the highest power U'? is proportional to y — 1683 and cannot be balanced by
any other term, so its vanishing is forced by the ansatz itself, yielding

y = 168. (5.72)

Then, equating the coefficients of the remaining powers in Eq (5.21), namely U®, U°, U*, and U°, we
obtain the following system

1-24Ckg = 0, (5.73a)
Cy(Cyy+p) = 0, (5.73b)
u—=16p1 = 0, (5.73c¢)
6(Ey + k) — C5(32C,B8+3u) = O. (5.73d)
Equation (5.73a) yields
C, =~ (5.74)

24k8°
This condition ensures the non-existence of soliton solutions. Moreover, condition (5.73c) implies that
the wave speed ¢ cannot be arbitrary; and it is determined by a consistency condition that involves the
parameters of the original PDE system, given by
=B (5.75)

1+48 *

Equation (5.73b) leads to two different subcases: C; = 0 and C, = —‘;‘.

o If C, =0, from Eq (5.73d) we obtain

Ey = —k, (5.76)
and Eq (5.18) takes the form
A2 a+4s 172 16
Uy = -2k - 4;6‘;U — WU . (5.77)
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This Eq (5.77) can be mapped into the canonical form of the Weierstrass elliptic (5.51) through

the transformation
U) = [ %
@)=+ P()+0/12° (5.78)

where A A
n=% s=f+d (5.79)
with
0= (5.80)

Thus, we find that the solution to Eq (5.77) is given by

0@) = i\/ % (5.81)

P—01382.89)+0/127
with ¢; an arbitrary constant, and g5, g3, and Q respectively given by Egs (5.79) and (5.80).
IfC, = —’é, from Eq (5.73d) we obtain

Ey=—k+% (5.82)

24 2

where Q is given by Eqgs (5.80) and (5.18) takes the form

(0/)2 = Dk + ﬁ:-l‘g;ﬁz — ﬁ06 (5.83)

This Eq (5.83) can be mapped into the canonical form of the Weierstrass elliptic (5.51) through

the transformation
2 _ 2k
Ul =+ ,/ pTSTITL (5.84)

A2 A3
gz = %, g3 = —% =+ ng, (585)

where

with O given by Eq (5.80). Thus, we find that the solution to Eq (5.83) is given by

0@) = i\/ TR (5.86)

T V1182.89)-0/127
with £, an arbitrary constant, and g, g3, and O, respectively, given by Eqs (5.85) and (5.80).

Bounded real solutions for these cases can be obtained in the same way as in the previous case.

5.2. Explicit sech-type solutions

A second way to find solutions for system (5.10) is by starting with a specified form for (/) and

W(). Let us consider p = 2. We now seek sech-type solutions for U(¢) and W(¢) by applying the
extended tanh method [31]. Consider two polynomials

0(()=ap+ Y ajtanh (mg) + " b;tanh (m)/, (5.87)
=1 i=1
’ q ’ q

W) = so + Z s, tanh (m¢)! + Z hy tanh (md) ™, (5.88)
=1 =1
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where m, n, q, and a;, bj, s;, h (j=1,...,n,1=1,...,q) are unknown constants. The degrees n and
g are determined by balancing the respective powers of tanh (m{) that occur in the highest nonlinear
terms and in the highest derivative terms in system (5.10). This yields

n=2, q=2. (5.89)

Therefore, U (&) and W(¢) have the following form:

U(¢) = ap + a; tanh (m) + a, tanh (m¢)* + mnf;m 5+ tanhb;m 5 (5.90)
W() = so + 51 tanh (m¢) + s, tanh (md)* + —— + — (5.91)

tanh (m) ' tanh (mg)? "

We next substitute this ansatz (5.90) and (5.91) into system (5.10), rewrite the resulting expression in
terms of tanh (m(), and separately put to zero the coefficient of each power of tanh (m(). This yields a
system of algebraic equations for m, ay, a1, a», by, ba, So, S1, $2, h1, hp. Solving this system with the aid
of MAPLE, we obtain the following solutions.

5.2.1. Solution family (i)
This solution family has
4BA% — Au, by =0, (5.92)
2

so==5, s1=0, =4 m=0, h=4 y=68 m=z3"

Substitution of this algebraic solution into the ansatz (5.90) and (5.91) and then the expressions ob-
tained into Eqs (5.9) and (5.6) yield the solution

U@) = +1+4BA% — ducos(3cd + o)(tanh(mg) — coth(my)), (5.93)
V() = +14B22 — Ausin(ic¢ + &)(tanh(m?) — coth(my)), (5.94)
W) = -2+ 4(tanh(m¢)* + coth(md)?). (5.95)

Arguments within the square roots are always taken as positive. This sets parametric constraints for
each solution in this section.

The solution families of this section have 4 = % + ¢ and u = @ — ¢? as previously determined in
Eq (5.11).

A remarkable feature of this family is the different roles played by the trigonometric functions; see
Figure 5. The coth terms make U and W blow up at the origin, whereas the sin factor compensates the
simple pole of the hyperbolic cotangent and keeps V bounded, provided ¢, = O as in Figure 5. These
solutions are therefore singular: they solve the reduced system classically only on the half-lines ¢ < 0
and ¢ > 0 separately, but they do not represent physical solutions on the whole line, unlike the bounded
solutions obtained above.

5.2.2. Solution family (i1)

This solution family has

ay=0, ay =L JPEEPED g, =0, by =l [P g 20, (5.96)
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Figure 5. Solutions from Eqgs (5.93) (left), (5.94) (middle), and (5.95) (right) where a = 2,
6=-l,c=1,=1, =0,and m = V-1/2, with positive signs in U, V and A, u defined

by Eq (5.11).

1071

Figure 6. Solutions from Eqgs (5.97) (left), (5.98) (middle), and (5.99) (right) where a = 2,

o=-l,c=1,8=1,{(,=0,and m = \/(u — 364)/(12pB), with positive signs in U, V and A4,

u defined by Eq (5.11).

P!

So = —73

51 =0,

3B1— 38,1
=45 =0, h=%Z y=68 m

HU=3B1
+ 4/ 5

Substitution of this algebraic solution into the ansatz (5.90) and (5.91) and then the expressions ob-
tained into Eqs (5.9) and (5.6) yield the solution

L, / w cos(3c + ¢o)(tanh(m{) — coth(my)), (5.97)

H

+2 ,/w sin(3¢Z + )(tanh(m¢) — coth(m)), (5.98)
—4 4 %(tanh(m{)z + coth(m)?). (5.99)

This second solution family in Figure 6 behaves qualitatively like the previous one, differing mainly
in its specific parametric constraints on the amplitudes.
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Figure 7. Solutions from Egs (5.101) (left), (5.102) (middle), and (5.103) (right) where
a=1/2,6=1,c=1,=1,{,=0,and m = %\/—,u/ﬁ, with positive signs in U, V and 4, u
defined by Eq (5.11).

5.2.3. Solution family (iii)

This solution family has

_ - 2 _ _ 2 _ _
a0 = FU\ 3G @ = 0, a==3u G by=0, b, =0, (5.100)
28143 3 2 1
So = ——'34; 'u, ST = 0, Sy = —42, h] = 0, ]’lz = O, Y= B—/{fu, m = ii —%.

Substitution of this algebraic solution into the ansatz (5.90) and (5.91) and then the expressions ob-
tained into Eqgs (5.9) and (5.6) yield the solution

U = Fu\sgm cos(3c + o)(1 - 3 tanh(m)?), (5.101)
V) = Fulsgims sinGed + o)(1 = 3 tanh(md)?), (5.102)
W) = -2+ Lanh(m)’. (5.103)

The third solution family in Figure 7 differs markedly from the previous two, remaining finite and
smooth for all / € (=00, o). Since the factor (1 — 3 tanh(m)?) tends to —2 as || — oo and equals 1
at the origin, the envelope modulus |E| does not decay, it approaches a nonzero oscillatory background
and forms a localized depression around { = 0, where its value is half the asymptotic one, vanishing
at the two points where tanh(m()? = 1/3. The long-wave component W is a localized elevation on the
nonzero background —A/2, the departure from that level being —3u/(485), which is always positive by
the reality condition u/B < 0, so that |E]| is of dark type on a nonzero background, while W is of bright

type.

5.2.4. Solution family (iv)

This solution family has

+1\BAABI—@), b =0, by=Fi\BI@BI-p), (5.104)

Electronic Research Archive Volume 34, Issue 11, 8174-8202.

a=0, a =0, a



8199

-800[4

-10- -1000-

Figure 8. Solutions from Eqgs (5.105) (left), (5.106) (middle), and (5.107) (right) where
a=17,0=-5,c=4,8=1,{ =0,and m = V-4/2, with positive signs in U, V and 4, u
defined by Eq (5.11).

B

— _3 — _ 34 _ _ 3 — 2Bltu — -
so=—%, s1=0, =3, m=0, =, y=757-, m=+-3-

Substitution of this algebraic solution into the ansatz (5.90) and (5.91) and then the expressions ob-
tained into Eqgs (5.9) and (5.6) yield the solution

UQ) = +1BA@BA- p)cos(ied + &)(tanh(md)? — coth(md)?), (5.105)
V() = £1\BAEBA- wsin(Led + &)(tanh(md)? — coth(md)?), (5.106)
W) = -2+ E(tanh(md)* + coth(md)?)). (5.107)

Unlike the first singular families, where the sin factor kept V bounded, the coth? term here introduces
a second-order singularity. As shown in Figure 8, all functions blow up at the origin. The trigonometric
functions sin and cos cannot cancel this quadratic divergence, producing vertical asymptotes with
amplitudes tending to +co, depending on the coefficient signs. As |[{| — oo, the term (tanh?(m¢) —
coth?(m¢)) vanishes because both factors approach 1, so U and V decay to zero. Likewise, W vanishes
in the far field, as the constant term —37” is exactly cancelled by the asymptotic limit of the hyperbolic
terms. Thus, the entire solution family approaches a vacuum state at infinity. As in the previous cases,
these solutions are singular (non-physical) and are defined classically only on each of the half-lines
{<0and ¢ > 0.

6. Conclusions

In this work, we have investigated several fundamental aspects of a generalized Schrodinger-
Boussinesq system with a p-power nonlinearity, focusing on its symmetries, conservation laws, and
travelling wave solutions.

First, a complete classification of infinitesimal point symmetries has been presented, along with
a description of their physical significance. For a general power p > 1, the system admits a three-
dimensional Lie algebra. In particular, for the specific case p = 2, the symmetry group extends to
a four-dimensional algebra due to the emergence of an additional scaling symmetry. Using the mul-
tiplier method, we have derived low-order local conservation laws, including conservation of mass,
momentum, and charge.
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Furthermore, the introduction of a potential variable has enabled a Lagrangian formulation for the
potential system, allowing Noether’s theorem to be applied. We have demonstrated that all point
symmetries of the potential system are variational, with the exception of the scaling symmetry for
p = 2. Consequently, these variational symmetries have yielded all conservation laws for the potential
system. As a result, nonlocal conservation laws have been found for the original system.

Finally, the system of PDEs has been reduced to a system of ODEs through a travelling wave
reduction. This reduction has allowed the construction of several families of travelling wave solutions.
We have also identified the parametric constraints to ensure the real value of these solutions. Graphical
representations are provided, and their meaning is discussed.

While the Riemann-Hilbert and d-techniques used to prove soliton resolution and asymptotic stabil-
ity [22] require an underlying Lax pair, the methods employed here need no integrability assumption,
and our solutions provide explicit candidates for such an analysis when p = 2 and y = 68, which
is a case known to be integrable [29]. The results presented here contribute to the understanding of
nonlinear wave interactions in dispersive media and provide a rigorous mathematical framework for
further studies on the stability and long-term dynamics of coupled Schrodinger-Boussinesq equations.

Use of AI tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

A.PM., TM.G., and R.d.I.LR. are supported by the research group FQM-201 from Junta de An-
dalucia, Spain. G.S. is funded by the Science Committee of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (Grant No. AP23487348). The authors sincerely thank the
referees for the helpful remarks and careful review of the manuscript.

Conflict of interest

The authors declare there is no conflicts of interest.

References

1. G. B. Whitham, Linear and Nonlinear Waves, John Wiley & Sons, 1974.

2. M. ]J. Ablowitz, H. Segur, Solitons and the Inverse Scattering Transform, Society for Industrial
and Applied Mathematics, 1981.

3. S. C. Anco, M. L. Gandarias, E. Recio, Conservation laws, symmetries, and line soliton solu-
tions of generalized KP and Boussinesq equations with p-power nonlinearities in two dimensions,
Theor. Math. Phys., 197 (2018), 1393—-1411. https://doi.org/10.1134/S004057791810001X

4. A. P. Méarquez, M. L. Gandarias, S. C. Anco, Conservation laws, symmetries, and
line solitons of a Kawahara-KP equation, J. Comput. Appl. Math., 436 (2024), 115412.
https://doi.org/10.1016/j.cam.2023.115412

Electronic Research Archive Volume 34, Issue 11, 8174-8202.


https://dx.doi.org/https://doi.org/10.1134/S004057791810001X
https://dx.doi.org/https://doi.org/10.1016/j.cam.2023.115412

8201

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

K. Nishikawa, H. Hojo, K. Mima, H. Ikezi, Coupled nonlinear electron-plasma and ion-acoustic
waves, Phys. Rev. Lett., 33 (1974), 148—151. https://doi.org/10.1103/PhysRevLett.33.148

N. N. Rao, Nonlinear wave modulations in plasmas, Pramana J. Phys., 49 (1997), 109-127.
https://doi.org/10.1007/BF02856342

T. Kawahara, N. Sugimoto, T. Kakutani, Nonlinear interaction between short and long capillary-
gravity waves, J. Phys. Soc. Jpn., 39 (1975), 1379-1386. https://doi.org/10.1143/JPSJ.39.1379

S. Davydov, Solitons in Molecular Systems, Reidel: Dordrecht, 1987.

A. S. Davydov, A. V. Zolotariuk, Subsonic and supersonic solitons in nonlinear molecular chains,
Phys. Scr., 30 (1984), 426. https://doi.org/10.1088/0031-8949/30/6/010

A. V. Zolotaryuk, K. H. Spatschek, A. V. Savin, Supersonic mechanisms for charge
and energy transfers in anharmonic molecular chains, Phys. Rev. B, 54 (1996), 266.
https://doi.org/10.1103/PhysRevB.54.266

L. A. Cisneros-Ake, J. F. Solano-Peldez, Bright and dark solitons in the unidirectional long
wave limit for the energy transfer on anharmonic crystal lattices, Physica D, 346 (2017), 20-27.
https://doi.org/10.1016/j.physd.2017.02.001

L. A. Cisneros-Ake, H. P. Prado, D. J. Lopez-Villatoro, R. Carretero-Gonzdilez, Multi-
hump bright solitons in a Schrodinger-mKdV system, Phys. Lett. A, 382 (2018), 837-845.
https://doi.org/10.1016/j.physleta.2018.01.031

E. Buhe, G. W. Bluman, Symmetry reductions, exact solutions, and conservation laws of the gener-
alized Zakharov equations, J. Math. Phys., 56 (2015), 101501. https://doi.org/10.1063/1.4931962

S. Bilige, T. Chaolu, X. Wang, Application of the extended simplest equation method to
the coupled Schrodinger-Boussinesq equation, Appl. Math. Comput., 224 (2013), 517-523.
https://doi.org/10.1016/j.amc.2013.08.083

M. A. Abdelkawy, A. H. Bhrawy, E. Zerrad, A. Biswas, Application of tanh method to complex
coupled nonlinear evolution equations, Acta Phys. Pol. A, 129 (2016), 278-283.

J. Rao, D. Mihalache, J. He, Y. Cheng, Dynamics of general higher-order rogue waves in the
two-component nonlinear Schrodinger equation coupled to the Boussinesq equation, Commun.
Nonlinear Sci. Numer. Simul., 110 (2022), 106382. https://doi.org/10.1016/j.cnsns.2022.106382

H. Li, Y. Chen, D. Zhou, Rogue wave patterns of two-component nonlinear Schrodinger equation
coupled to the Boussinesq equation, Commun. Nonlinear Sci. Numer. Simul., 140 (2025), 108406.
https://doi.org/10.1016/j.cnsns.2024.108406

D. Baleanu, M. Inc, A. I. Aliyu, A. Yusuf, The investigation of soliton solutions and conservation
laws to the coupled generalized Schrodinger-Boussinesq system, Waves Random Complex Media,
29 (2019), 77-92. https://doi.org/10.1080/17455030.2017.1412539

L. Huang, D. S. Wang, X. Zhu, Long-time asymptotics of the Tzitzéica equation on the line, Math.
Ann., 395 (2026), 18. https://doi.org/10.1007/s00208-026-03445-1

D. S. Wang, X. Zhu, Long-time asymptotics of the Sawada—Kotera equation on the line, SIAM J.
Math. Anal., 58 (2026), 3325-3388. https://doi.org/10.1137/25M 1777827

Electronic Research Archive Volume 34, Issue 11, 8174-8202.


https://dx.doi.org/https://doi.org/10.1103/PhysRevLett.33.148
https://dx.doi.org/https://doi.org/10.1007/BF02856342
https://dx.doi.org/https://doi.org/10.1143/JPSJ.39.1379
https://dx.doi.org/https://doi.org/10.1088/0031-8949/30/6/010
https://dx.doi.org/https://doi.org/10.1103/PhysRevB.54.266
https://dx.doi.org/https://doi.org/10.1016/j.physd.2017.02.001
https://dx.doi.org/https://doi.org/10.1016/j.physleta.2018.01.031
https://dx.doi.org/https://doi.org/10.1063/1.4931962
https://dx.doi.org/https://doi.org/10.1016/j.amc.2013.08.083
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2022.106382
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2024.108406
https://dx.doi.org/https://doi.org/10.1080/17455030.2017.1412539
https://dx.doi.org/https://doi.org/10.1007/s00208-026-03445-1
https://dx.doi.org/https://doi.org/10.1137/25M1777827

8202

21. D. S. Wang, P. Yan, Rigorous asymptotic analysis for the Riemann problem of

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

AR

the defocusing nonlinear Schrodinger hydrodynamics, Nonlinearity, 38 (2025), 125006.
https://doi.org/10.1088/1361-6544/ae1dc4

J.J. Yang, S. F. Tian, Z. Q. Li, The modified Camassa—Holm equation with nonzero background:
soliton resolution conjecture and asymptotic stability of N-soliton solutions, Adv. Math., 484
(2026), 110552. https://doi.org/10.1016/j.aim.2025.110552

A. Chatziafratis, T. Ozawa, S. F. Tian, Rigorous analysis of the unified transform method and long-
range instabilities for the inhomogeneous time-dependent Schrodinger equation on the quarter-
plane, Math. Ann., 389 (2024), 3535-3602. https://doi.org/10.1007/s00208-023-02698-4

P. J. Olver, Applications of Lie Groups to Differential Equations, Springer-Verlag: New York,
1986.

G. W. Bluman, A. F. Cheviakov, S. C. Anco, Applications of Symmetry Methods to Partial

Differential Equations, Springer Applied Mathematics Series 168, Springer: New York, 2010.
https://doi.org/10.1007/978-0-387-68028-6

S. C. Anco, Generalization of Noether’s theorem in modern form to non-variational partial differ-
ential equations, in Recent progress and Modern Challenges in Applied Mathematics, Modeling
and Computational Science, 79 (2017), 119-182. https://doi.org/10.1007/978-1-4939-6969-2 _5

S. C. Anco, G. W. Bluman, Direct construction method for conservation laws of partial differential
equations Part I: Examples of conservation law classifications, Eur. J. Appl. Math., 13 (2002),
545-566. https://doi.org/10.1017/S095679250100465X

S. C. Anco, G. W. Bluman, Direct construction method for conservation laws of partial
differential equations Part II: General treatment, Eur J. Appl. Math., 13 (2002), 567-585.
https://doi.org/10.1017/S0956792501004661

A. R. Chowdhury, N. N. Rao, Painlevé analysis and Bécklund transformations for coupled
generalized Schrodinger-Boussinesq system, Chaos, Solitons Fractals, 9 (1998), 1747-1753.
https://doi.org/10.1016/S0960-0779(98)00005-8

M. Abramowitz, 1. Stegun, Handbook of Mathematical Functions, Applied Mathematics Series
55, National Bureau of Standards, 1964.

W. Malfliet, W. Hereman, The tanh method: I. Exact solutions of nonlinear evolution and wave
equations, Phys. Scr., 54 (1996), 563-568. https://doi.org/10.1088/0031-8949/54/6/003

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

s AIMS Press

Electronic Research Archive Volume 34, Issue 11, 8174-8202.


https://dx.doi.org/https://doi.org/10.1088/1361-6544/ae1dc4
https://dx.doi.org/https://doi.org/10.1016/j.aim.2025.110552
https://dx.doi.org/https://doi.org/10.1007/s00208-023-02698-4
https://dx.doi.org/https://doi.org/10.1007/978-0-387-68028-6
https://dx.doi.org/https://doi.org/10.1007/978-1-4939-6969-2_5
https://dx.doi.org/https://doi.org/10.1017/S095679250100465X
https://dx.doi.org/https://doi.org/10.1017/S0956792501004661
https://dx.doi.org/https://doi.org/10.1016/S0960-0779(98)00005-8
https://dx.doi.org/https://doi.org/10.1088/0031-8949/54/6/003
https://creativecommons.org/licenses/by/4.0

	Introduction
	Point symmetries
	Local conservation laws
	Conserved quantities

	Nonlocal conservation laws
	Variational structure
	Point symmetries of the potential system
	Variational symmetries and Noether's theorem

	Travelling wave solutions
	Periodic elliptic and soliton solutions
	Solutions for r=2
	Solutions for r=1
	Solutions for r=4

	Explicit sech-type solutions
	Solution family (i)
	Solution family (ii)
	Solution family (iii)
	Solution family (iv)


	Conclusions

