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Abstract: In this paper, we propose an iterative method for optimal control problems governed by
elliptic PDEs based on the generalized multiscale finite element method (GMsFEM). In the iterative
method, we first reformulate the original optimal control system into a new system with parameter-
independent coefficients and parameter-dependent right-hand sides. Subsequently, we adopt the fixed-
point iteration method to solve the reformulated system to get the optimal solutions. To quantify the
statistics of the optimal control problems, we need to solve a coupled optimality system for a large
number of samples in the stochastic space. Therefore, the computational cost is extremely large, and
it may even lead to the “curse-of-dimensionality”. When the diffusion coefficient exhibits multiscale
features, the iterative process can be performed in the reduced multiscale space via GMsFEM to en-
hance computational efficiency. The proposed iterative method can be split into two stages: an offline
stage and an online stage. In the offline stage, local multiscale basis functions are constructed from the
deterministic optimality system to build the reduced space. In the online stage, the reformulated model
is projected onto the reduced space and solved via fixed-point iteration. Finally, we will present two
numerical examples to verify the effectiveness of the proposed iterative method.

Keywords: stochastic optimal control problem; iterative method; generalized multiscale finite
element method; random inputs

1. Introduction

Optimal control problems constrained by partial differential equations (PDEs) are widely employed
in engineering and applied sciences to characterize design problems. For the deterministic optimal
control problems, foundational theoretical frameworks and computational approaches have been rigor-
ously developed in works such as [1,2]. The author [3] discussed the first- and second-order sufficient
optimality conditions for the optimal control problems. The work [4] showed how to achieve optimal
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accuracy in the generalized finite element method for second-order elliptic PDEs describing fields in
heterogeneous media. However, due to incomplete knowledge, intrinsic system variability, or manu-
facturing imprecisions, the problems are often affected by uncertainties. Consequently, this work is
concerned with stochastic optimal control problems where the constraints are given by elliptic PDEs
with random inputs. Uncertainties, which are often modeled using random variables or random fields,
can arise in practical applications from many sources, such as coefficients in the PDE, boundary con-
ditions, external loads, and the shape of the physical domain. The uncertainty may have a significant
impact on the optimal solution. One simple example of stochastic optimal control problems reads:

1
st.du=f inD, wu=glx) ondD.

(1.1)

Here, o/ denotes a second-order elliptic partial differential operator that depends on the random inputs.

For the numerical simulation of optimization problems constrained by PDEs, there is a choice be-
tween discretizing then optimizing and optimizing then discretizing, and different opinions exist as to
which route to take (see Collis and Heinkenschloss [5] for more discussion). In this work, we adopt the
the second framework. In the work [6], the authors have investigated the existence and uniqueness of an
optimal solution to stochastic optimal control problems via the finite element (FE) method. The general
theory for saddle-point problems that arise from Lagrange multipliers was developed in the work [7].
The paper [8] described a new approach to error control and mesh adaptivity in the discretization of
elliptic optimal control problems. From uncoupled optimality conditions, we need to incur a signifi-
cant computational cost to obtain the optimal solutions of the optimal control problem, particularly for
the many-query setting. In the high-dimensional stochastic spaces, the computational cost may lead to
the so-called “curse of dimensionality”, i.e., the exponential growth of complexity with respect to the
stochastic dimension. This exponential growth renders standard grid-based methods infeasible. Hence,
a reduced-order method is needed to solve these optimal control problems.

In the past several years, there have been some efficient methods proposed for solving the opti-
mal control problems constrained by stochastic PDEs. As one of the most straightforward approaches
for stochastic problems, the Monte Carlo method [9, 10] generates a large number of independent
random samples from the underlying probability distributions, runs the deterministic model for each
sample, and then computes statistical estimators directly from the ensemble of outputs. However,
this straightforwardness comes with a significant drawback: the convergence is notoriously slow. To
achieve acceptable accuracy often demands a huge number of simulations. This computational burden
becomes especially critical in “many-query” contexts. The stochastic Galerkin method [11, 12] has
been developed as an efficient alternative, overcoming the slow convergence that plagues Monte Carlo-
based approaches for stochastic optimal control problems. The works [13, 14] employed the stochastic
collocation method [15, 16], a nonintrusive method that features both ease of implementation and fast
convergence, thereby avoiding the large tensor-product algebraic systems required by the intrusive
stochastic Galerkin method. Although the above methods achieve a higher convergence rate, they
require solving the optimality system at each collocation node, which can create a computational bur-
den, particularly in high-dimensional stochastic spaces. To address the computational difficulties and
challenges, a number of global model order reduction (MOR) techniques and their variants have been
proposed, such as the proper orthogonal decomposition (POD) method [17], the reduced basis (RB)
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method [18,19], the ensemble method [20-22], and the multi-modes method [23,24]. Besides these, lo-
cal model reduction methods such as the multiscale finite element method (MsFEM) [25,26] and mixed
GMSsFE basis methods [27] have also been proposed. Traditional CFEM often loses key physical in-
formation due to oversimplification, whereas the multiscale finite element method embeds mesoscale
physical information into the coarse-grid macroscopic model through the sophisticated construction of
multiscale basis functions, thereby achieving a better balance between accuracy and efficiency. The
generalized multiscale finite element method (GMsSFEM) [28, 29] can be viewed as an extension of
MSsFEM. Its main idea is to identify local dominant modes by solving the following spectral problem
in the local region:

Gu=AMu

where .7 denotes the weighted L?-inner operator induced by the multiscale diffusion coefficient. The
step is crucial for capturing high-contrast channels and regions. By combining the above two ap-
proaches, the works [30, 31] have successfully solved the stochastic optimal control problems con-
strained by elliptic and parabolic PDEs, respectively.

Except for the approaches discussed above for solving parameterized partial differential equations,
the iterative method [32] provides an efficient alternative. The iterative method is built on a core idea:
casting the original stochastic convection—diffusion problem into a new fixed-point form. In this new
form, the coefficients of the convection and diffusion operators become parameter-independent. All
parameter-dependent and solution-dependent terms are then moved to the right-hand side. This allows
the costly matrix factorization to be computed only once and then reused for every iteration and every
parameter sample, leading to dramatic savings in computational effort.

Inspired by GMsFEM and the iterative method, this work will develop an efficient iterative method
based on GMsFEM for solving parameter-dependent optimal control problems. The proposed iterative
method begins with a reformulation of the original optimality system into an equivalent form. In the
new system, the left-hand side has a parameter-independent diffusion coefficient, while the right-hand
side contains a parameter-dependent diffusion coefficient and right-hand sides. This reformulation
enables a key computational advantage: the multiscale reduced space, constructed via GMsFEM, needs
to be built only once in the offline stage. Then, for any given random sample, the reformulated system
is projected onto the low-dimensional multiscale space and solved by fixed-point iteration to obtain the
optimal control solution. Moreover, since neither the diffusion coefficients nor the iterations depend on
the random parameters, an efficient direct solver and a block Krylov subspace iterative solver can be
employed to solve the linear system with multiple right-hand vectors in every iteration. To render the
proposed iterative method more intelligible, we show a schematic overview of the Iter-GMs approach
in Figure 1.

The structure of the paper is organized as follows. Section 2 serves to set up the preliminaries
and notations, describe the stochastic optimal control problems, and assert the global existence and
uniqueness of optimal solutions. In Section 3, we describe in detail the iterative algorithm based
on FEM for solving the optimal control problem. In Section 4, we elaborate on the step-by-step
construction of the Iter-GMs framework for tackling the optimal control problem with random inputs.
Several numerical examples are presented in Section 5 to verify the rationality and effectiveness of the
proposed iterative method. Finally, the last section outlines some concluding remarks.
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Figure 1. Schema of Iter-GMs method.

2. Stochastic optimal control problems

In this section, we establish the notation employed in the remainder of the paper before introducing
the stochastic optimal control problems. Subsequently, we analyze stochastic elliptic optimal control
problems using the Lagrangian functional formalism.

2.1. Preliminaries and notations

We begin by establishing the basic probabilistic setup. We assume (Q, 7, P) is a complete prob-
ability space, where Q is the event space, ¥ is the o-algebra, and P is the probability measure. To
make the problem computationally tractable, we discretize the underlying random field using a finite-
dimensional random vector n(w) = {N(wW);(w), N(W) (W), - , (W) (W)}, i.e., NwW)) : Q - T C
R" (n > 1), which maps the sample space € to a subset I' ¢ R". This vector encapsulates all the

stochastic information required for the subsequent sections.
Let L;(Q) denote the space of the random variables as

LH(Q) = (n(w) : w € Q = n(w) € R; fg N(w)*Pdn(w)) < oo},

equipped with the standard inner product
(W), Oz, = Eln(w){] = fQ n(w)(w) Pldw),

and the induced norm ||p(w)|| = vVE[n(w)?]. With these notations, we define the tensor-product
Hilbert space

HS(D)®LZ(F) = {v :DOxI' > R ) v(-,n(w)) € H'(D) for all n(w) € I, n(w) = |v(:, f(w)lmso) € L/%(I“)}.
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The shorthand notation of the space is denoted by J7°(D) := H*(D) ® le)(l"), whose natural norm is

given by
1/2

Vs o) = ( f VG, H(@)lzps() P(W)) dip(w)
r

The corresponding Sobolev space with homogeneous Dirichlet boundary condition is denoted by
(D). In the special case s = 0, we simply write £?(D) in place of H#°(D).

2.2. Problem definition

Let D be a bounded domain occupied by a body. The temperature u is controlled by a distributed
source f and fixed on the boundary d9. In the paper, we consider the specific case of a diffusion
problem. The elliptic operator defined in (1.1) is taken as &/u = —div(k(x; n(w))Vu). Then, the weak
form of the constraint can be given as:

a(u, v;n(w)) = (f,vin(w)) Yv e A (D), 2.1

subject to the Dirichlet boundary condition u|y5 = g(x). Here, the bilinear form and linear functional
are defined as

a(u, v;n(w)) = f k(x; n(w))Vu(x) - Vv(x)dx,
D

and

(f,v;n(w)) = Lf(x; n(w))v(x) + LD k(x; n(w))Vg(x) - Vv(x)dx.

We seek the optimal temperature distribution u,,, on O that matches a given target pattern it as
closely as possible, with minimal expenditure of the heat source. This leads to the following optimal
control problem: minimize the cost functional

1
j(l/l, f) = Ellu - ﬁ”fyza)) +ﬁ||f||;2(g_)) (22)

over (u, f) € (D) x L*(D), subject to the state equation (2.1). Here, 8 denotes a positive regu-
larization parameter, which serves to penalize large controls and thereby guarantees the existence of a
minimizer.

We assume that the bilinear form a(-, -; 5(w)) is uniformly coercive and bounded on H'(D) for all
n(w) €T, i.e., there exist &y, @; > 0 such that

~ 2 . ~ 2
a,O”v”Hl(Z)) < a(V, Vs n((,l))) < a]llv”Hl(z))v

for all v € H'(D) and n(w) € T. This ensures well-posedness of (2.1). Additionally, we assume global
Lipschitz continuity of a(:, -; n(w)) in D X I to guarantee spatial regularity of the solution u.

2.3. Lagrangian functional formulation

Following the standard Lagrangian approach [3, 8], we construct the stochastic Lagrangian func-
tional for the constrained optimization problem (2.1) and (2.2):

1
L, f, @) = Sl = il g, + Bl + altts 7(w)) = (f, (), (2.3)
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with A € 77 (D) serving as the Lagrange multiplier for the PDE constraint. The first-order optimality
conditions are then derived by setting the Fréchet derivatives of £ with respect to u, f, and A to zero at
the optimum. This yields the following coupled system:

State equation: a(u, w, n(w)) = (f, 1, n(w)) Vu € (D),
Adjoint equation:  a(A, 1;(w)) = —(u — &, L;p(w)) YA € H(D), (2.4)
Gradient equation: 28(f, f;n(w)) = (f, ;n(w)) Vfe Z2XD).

Here, a(ﬁ, A;n(w)) denotes the adjoint bilinear form, and (-, -; n(w)) represents the standard L>-inner
product.

3. The iterative-FEM framework of optimal control problem

In this section, we develop a finite element based iterative solution strategy for the optimal con-
trol problem (2.1) and (2.2). The proposed framework hinges on a reformulation that decouples the
diffusion coefficients from the parameter dependence, yielding a parameter-independent left-hand side
while shifting the parameter dependence to the right-hand side. This reformulated system is then solved
by means of a fixed-point iteration. In addition, to address the multiscale nature of the constraint PDE
(2.1), we employ the generalized multiscale finite element method (GMsFEM) to construct a local
reduced-order model that efficiently captures the multiscale features. A comprehensive description of
the FEM-based iterative procedure is presented in the following subsections.

3.1. The iterative method

We begin by assuming that the diffusion coefficient can be decomposed into two parts:

K(x, () = £(x) + k' (x, n(w)),

where «°(x) is the deterministic component exhibiting multiscale characteristics, and «' (x, n(w)) repre-
sents the random fluctuation. The bilinear forms can be rewritten as

a(u, , n(w)) = a®(u, 1) + a' (u, w; n(w)), (3.1

where a’(u, ) is a n(w)-independent bilinear form, and a'(u, w; n(w)) is a n(w)-dependent bilinear form.
Consequently, the optimality system (2.4) takes the following equivalent form:

a’(u, ) = (f, u;n(w)) — a' (u, w; n(w)) Vi € (D),
a®(A, ) = —(u — &, ,n(w)) — a' (A, Ln(w)) VA € A (D), (3.2)
28(f, fin1(w)) = (f> 4; n(w)) Vf e LAD).

We now state the iterative algorithm for solving the optimal control problem (2.1) and (2.2).
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Algorithm 1 An iterative algorithm in variational setting.
Step 1: For each n(w) € Q, find (uy, Ay, fo) by solving the following problem

a’(uo, 1) — (f, ) = 0, Vi € (D)
a® (o, ) + (g, D) = (i1, 1;n(w)), YA € H(D), (3.3)
28(fo. ) = (f. do) = 0.V f € LXD)
Step 2: For each n(w) € Q, determine {(u,, A,,, f,)},>1 recursively by solving the problem
a’(uy, w) = (fs ) = —a' (o1, W p(w)), Yt € (D)
", ) + (1, ) = =a' (g, D) + (@1, 1 n(w)), VA € H1(D), 34
2B(fo fin(w)) = (f, din(w)) = 0. Y f € L(D)

Following the analysis in [32], we enforce a specific condition on the choice of a( to ensure the
convergence of Algorithm 1.

Lemma 3.1. ( [32]) Criterion for selecting ay:
(a) ao(u,v) must satisfy bi-linearity, boundedness, and coercivity on the tensor product space H'(D)x
H'(D).
(i) ao(u,v) is bilinear for on H' (D) x H' (D).
(ii) There exists a constant Ay > 0 such that
ao(u,v) < Aollullg Vg, Yu,v € H' (D).

(iii) There exists a constant Ay > 0 such that

ao(v,v) > Ao|vI? Vv € H(D).

H!
(b) Relative dominance: There exists a p € (0, 1) such that

llay (77(60))||L(H1xH1 3]
<p
Ao

Vn(w) €T.

3.2. The approximation of optimal control problem based on FEM

We first discretize the spatial domain 9 by a uniform fine mesh 7. On this mesh, we construct the
finite element space V*(D) c H'(D), with Vg(Z)) denoting the subspace of functions satisfying zero
Dirichlet boundary conditions. The mesh parameters are denoted by N, (vertices), N, (elements), and
N := dim V*(D). The associated stochastic tensor-product space is defined as 7" (D) := V(D)L (D).
Likewise, let M;,(D) C L*(D) be finite-dimensional, and define M, (D) := M;(D) ® L(I).

The Galerkin discretization of (2.4) consists of, for any n(w) € T, finding (uy, f, As) € ”f/oh(i)) X
M(D) x ¥(D) such that the following equations hold:

a(uh,zh; n(w)) = (fu, tp; n(ci)) \@ e YD),
a(Ap, A N(w)) = —(uy — 1, Ay n(w)) YA, € VD), (3.5)

2B(fir fis @) = (for A 1)) Vfi € Mu(D).

Electronic Research Archive Volume 34, Issue 11, 8000-8025.
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Let {(5,-}?2’1 and {ﬁk}szg , be the basis functions for the finite-dimensional spaces ”//Oh(l)) and M, (D),
respectively. Accordingly, the finite element solutions (u;, f, 4;,) admit the following expansions:

N/l Ne Nh
up = Z Up,i0;, Jn = th,jﬂj, Ay = Z Ap jOk. (3.6)
P = =1

The algebraic formulation of (3.5) reads

2BM, 1 0 -Mj, Fr(n(w)) 0
0 Ms, K (w) || wmw) |=| Umnw)) |- (3.7)
My, Ky(n(w)) 0 An(n(w)) d

Ah (T](w))ER(ZNh +Ne)X(2Np+Ne)

where

Mip)jy = W@,07), Moy = @y, 00), (Mzp)iv = (6, 0i),
(KD = a6 60), Uy = @y, S00),

with the index ranges 1 < j, j’ < N,, 1 < k,i,i’", k' <N, 1 < p<Q, and 1 < g < Q,. The assembled
quantities are

K@) = > Qln@)Kl,  Tow) = Y d(@)Ty.
q

p

Here, u(n(w)), F(n(w)), and A(n(w)) denote the coeflicient vectors corresponding to the finite ele-
ment approximations u,(n(w)), fr(n(w)), and A,(n(w)), respectively. The vector d represents the con-
tribution arising from the boundary values of u;,. For notational simplicity, the dimensions of the zero
blocks are omitted. In what follows, we will adjust these dimensions to match those of the correspond-
ing nonzero blocks.

Making use of the definitions of ay and a;, we can rewrite the system as follows:

AUy, 1) = (fy, ) = —a' (-1, w0 (W), Vit € 7](D)
(A ) + (U, ) = —a' (A,_1, D) + (2, ; p(w)), YA € (D), (3.8)
28(f;, f3 (@) = (f, As nw)) = 0. V. € My(D)

We are now ready to present the discrete version of Algorithm 1 for solving Eq (3.8).

Electronic Research Archive Volume 34, Issue 11, 8000-8025.
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Algorithm 2 An iterative algorithm in discrete setting.
Step 1: For each n(w) € Q, find (uy, Ay, fo) by solving the following problem:

GO(MO,ID - (fo,u) =0, Vu e %h(ﬂ)
a’ (Ao, D) + (uo, A) = (i1, ; n(w)), YA € YD), (3.9)
26(fo- ) = (f.do) = 0. Vf € My(D)
Step 2: For each n(w) € Q, solve the following problem recursively to obtain {(u,, 4,,, f,)}n>1:
a’ (U, W) = (f, 1) = —a' (uy1, W n(w)), Vi € V(D)
@A, A) + (tty, A) = —a' (A1, A) + (@, L, p(w)), YA € YD), (3.10)
2B(for fi1(w)) = (f. () = 0. Y f € My(D)

When dealing with a model that exhibits multiscale features, both the number of degrees of freedom
in the FE approximation and the number of iterations must be sufficiently large to achieve accurate
results. Moreover, when the model also incorporates uncertainty, Algorithm 2 must be implemented
repeatedly. This leads to significant computational cost and memory requirements. To overcome these
difficulties, we employ the GMSFEM as a local model reduction technique for the efficient solution of
the optimal control problem.

3.3. Matrix formulation based on FEM

Using the definition in (3.1) and the linear representation in (3.6), the matrix representation of (3.9)
and (3.10) can be expressed as

28My; O =M, || Fin(w)) 0
0 Ms, (KD u,nw) | =| Umw)) |- 3.11)
-M,, K 0 A)(n(w)) d
and
28Myy O =M7, ]| Fr(n(w)) 0 0 0 0 Fr-l(n(w))
0 Ms, (KD (W) | =| Umw)) || 0 0 (K, (n()" || wf ' (p(w)) |,
-M>;, K} 0 Ay (n(w)) d 0 K)(nw)) 0 A (n(w))

(3.12)
respectively.

Algorithm 3 presents the matrix-based formulation of the iterative finite element method, which
corresponds to the matrix discretization process in Algorithm 2.

Electronic Research Archive Volume 34, Issue 11, 8000-8025.
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Algorithm 3 Detailed procedure of iterative-FEM.
Input: The stochastic optimal control problem (2.2) and (2.1), maximum number of iteration Ny, and
the error tolerance €.
Output: The iterative-FEM solution (i) (n(w)), F}(n(w)), 4} (n(w))).
Offline phase: only perform once
1. Compute full order matrices M, ;, M, ;, M3, and K,? independent of n(w);
26My; 0 -MI,
2. Assemble and store the full matrix [ 0 M;, (K,?)T
My, K2 0
Online phase: for arbitrary sample n(w) € I’
1. With n = 0, solve (3.11) to get the solution coefficient () (n(w)), F(n(w)), A)(n(w))).

9

0 0 0 0
2. Renew the load vector | [J(n(w)) |and the matrix | 0 0 (K} () |;
d 0 K,(n(w)) 0

. Calculate the coefficients (i) (n(w)), F(n(w)), A} (n(w))) by (3.12);

. Compute the error €, = \/ (. (n(w)), Fj((w)), 4(p(w))) = (=" (p(w)), Fy~ ((w)), 4~ ())II?,
.while n < N, org, < edo

.n—>n+1;

. Return to the steps 3 and 4 in the online phase;

.end while

. Obtain the iterative-FEM solution (u,(n(w)), Fi(n(w)), An(n(w))).

O 00 N B~ W

4. The Iter-GMs method for solving optimal control problem

In this section, we outline the construction of our Iter-GMs (Iterative-GMsFEM) approach for solv-
ing optimal control problems in the presence of random inputs. To this end, we first give a short
overview of the GMsFEM. For a comprehensive account of the motivation, construction, and technical
details of GMsFEM, we refer to [28,29, 33,34] and the references therein.

4.1. The Iterative-GMsFEM framework

We start with a uniform coarse partition 75 of O with mesh size H, and obtain a fine partition 77,
of size h by refining 7. The coarse grid has N, vertices, denoted by {N,-}f:/fl. For each vertex N;, we
construct its coarse patch w; by collecting all coarse elements that have N; as a vertex:

w; = U {Ks:xl-efs}.
KeTh

We illustrate the numerical discretization in Figure 2.

Electronic Research Archive Volume 34, Issue 11, 8000-8025.
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Figure 2. Illustration of discretization configuration.

The GMsFEM involves an offline stage and an online stage. During the offline stage, we first build
the snapshot space vig)ap, from which local reduced basis functions are subsequently derived. The
snapshot space may be constructed in various ways [34], including the use of all fine-grid functions,
harmonic snapshots, oversampling harmonic snapshots, or force-based snapshots. Here, we adopt the
harmonic snapshot approach. Specifically, for each fine-grid function 5’}(x) (with 6’}(xk) = 0 for
J, k € Jy(w;), where J;,(w;) is the set of fine-grid nodes on dw;,), we define {;f"' (x) as the solution of

LEY) =0 inaw,

subject to g“;.”"(x) = 67(x) on dw;. The operator L is the differential operator appearing in the state and
adjoint equations of (2.4).

To simplify notation, we drop the explicit dependence on w; in the superscript; nevertheless, all
local reduced-space calculations are confined to the corresponding coarse subdomain throughout this
section. For each w;, let [; be the size of the snapshot space, which is spanned by the functions {;, i.e.,

Vsnap(a)i) = Span{é{j(x) 1< .] < ll}

The representation of these snapshot vectors in terms of fine-grid basis functions is encoded in the
coeflicient matrix

Rsnap = [gl’ O, ’gl,']-

Having obtained the snapshot space, we then follow an analogous procedure to build the local reduced
space V(D). This entails solving, for each coarse neighborhood w;, a local eigenvalue problem posed
on Vsnap(wi):

A" Y, = A ST ¢l 4.1)

If the state equation is a diffusion equation with diffusivity k(x), the matrices A” and S take the form
A= [ Ve Vaax sk = [ xoag

To accelerate the local eigenvalue solution, we replace «(x) with k(x) = k(x) 3.; H*|Vy;[*, where {y;} is
a partition of unity over 7 as introduced in [4,28,29, 34, 35].

Electronic Research Archive Volume 34, Issue 11, 8000-8025.
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The construction proceeds as follows. Let {L,(x)} be the fine-grid basis spanning V(D). Because
any snapshot in V,,,(w;) 1s a linear combination of these L, the reduced matrices A" and S satisfy

A" =Rl ARgups  S"=R"._S Roups

snap snap

where A and S are the fine-scale matrices:

Apg = f K(x)VLy, - VL, dx, Spg = f K(X)LpLy dx.

w;
Solving (4.1) yields eigenvalues A} < A5 < --- and eigenvectors i r, irz, .... These eigenvectors are
then projected back onto the local fine grid using the snapshot basis, producing fine-grid eigenfunctions
Pic ON W;.

To avoid confusion, we clarify that £, and L,, are spatial functions, while ¢f’ . and p; ; are vectors of
coeflicients. The corresponding continuous eigenfunctions of (4.1) are recovered as linear combina-
tions, such as ), lfm{m

We select the M; smallest eigenvalues A(li) <. < ’15{/1), from (4.1) and the corresponding eigenvectors

p(ll) s p;’} for each coarse neighborhood w;. These eigenvectors span the local reduced space Vl(ri) =

span{p, W1 << M.
The global reduced basis space is then assembled using the partition of unity functions {y;}:

Vil D) := spanfpis : pi = xipy 1 i< Ne, 1< €< My,

The total number of multiscale basis functions is M := }; M;, and their fine-grid coefficients are stored
in
R =[p1.p2-...pm)- 4.2)

These multiscale basis functions, once constructed in the offline stage, can be reused in the online
stage, yielding significant computational savings compared to full fine-grid simulations. It is important
to note that the GMsFEM reduction is applied exclusively to the state and adjoint variables; the control
variable is discretized on the original fine grid without reduction.

The resulting Iter-GMs algorithm is presented below, which differs from Algorithm 2 in that the
finite element discretization space is replaced by the multiscale reduced-order space.

Algorithm 4 The Iter-GMs algorithm.
Step 1 (Initialization): For each n(w) € Q, solve for (i

Iter—-GMs /llter—GMS flter—GMs).
9 O M

G (ulrer=GMs ) = (flier-GMs ), Vi € V(D)
a(Alrer-GMs JA) = (0 — uf oM A n(w)), VA€ Vi, (D), 4.3)
2ﬁ(f(:{ter GMs’f) — (f, /l{)ter GMS), Vf~€ Mh(D)

Step 2 (Iteration): For n > 1, recursively compute {(u!/er-6Ms plter=GMs _ flier-GMs)}.

O( Iter-GMs ~) — (f]ter—GMs ~) a (ulter GMs ’IT[ n(a))) v‘ﬁe Vlr(D)’
O(/llter GMs /1) _ (Lt Iter GMs /l n(w)) a (llter GMs /1,7](0.))), v:{ c Vlr(@)a (44)
2B, Fim(@)) = (F, 41 mw)), Ve M(D).
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4.2. Matrix formulation based on GMsFEM.

The previous section introduced the multiscale finite element space V(D) (the offline space) to-
gether with the corresponding matrix R!. Using these multiscale basis functions, we now assemble
them into an algebraic system for computation,

2BM, 0 -M; R Fier="(n(w)) 0
0 (RN Ms4R" (R (KR || uf M nw)) |=| RYTUmw)) |- (4.5)
~RY' My, (RY'K)R! 0 M (m(w)) (RH'd
and
2BM; 0 -M; R [Fy™Mn(w)
0 (RY MyR (R)T(KDR'|| e (p(w))
~RY My (R)'KIR! 0 A () ws
0 0 0 0 FlerGMS () '
= |(RY U(n(w))| - 0 (R Ky ()R | | uyer ™M (m(w)) | -
(R)'d 0 (R)'K,(m(w)R' 0 Ay M ((w))
respectively.
We assume that the block diagonal matrix is given by
R = [I(RZ)T(RI)T] c R(Ne+2M)><(Ne+2N,,),
28My, O —-Mj, 0 0 0
define A; =R 0 Ms, (K)' |R",A(nw))=R| 0 0 (K ()" |R",
-My,, K;? 0 0 K,i(n(a))) 0
0
Fr(n(w)) = | (RHT ﬁ(n(w)) . Then, (4.5)-(4.6) can be rewritten the following matrix form
(R)'d
F , =0,
AIPiter_GMs(I](a))) — ”(77(60)) o n (47)
Fr(n(w)) — A,(n(w)P, 7" (n(w)), n=1,

where PIer=6Ms(p(w)) = (FI'r=6Ms(n(w)), ul™*~Ms(n(w)), A1e~Ms(n(w)))T. Algorithm 5 describes the
Iter-GMSsFEM in the matrix formulation.

5. Numerical experiments

We present several numerical examples to illustrate the efficiency of the Iter-GMs method for
stochastic optimal control problems constrained by elliptic PDEs. Relative errors and computational
performance are reported for the state, control, and adjoint variables. In Section 5.1, we consider a
problem with random diffusion coefficient and random target function, and discuss the influence of the
coarse mesh size H and the regularization parameter 5. In Section 5.2, the Iter-GMs method is applied
to a problem where both the diffusion coeflicient and the target function are high-dimensional random
fields. The convergence behavior of the iterative scheme is verified by plotting the relative error against
iteration steps.
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Algorithm 5 Detailed procedure of Iter-GMs method.

Input: The stochastic optimal control problem (2.1) and (2.2), the maximum number of iterations Nje,,
and the error tolerance &.

Output: The Iter-GMs solution P ~SMs(n(w)).

Offline phase: only perform once

1. Compute full order matrices M, ,, M>;, M, ; and K}? independent of n(w);
2. Calculate projective matrix R by GMsFEM;
3. Assemble the reduced stiffness matrix Aj;

Online phase: for arbitrary sample n(w) € Q

With n = 0, solve the Eq (4.7) to get the solution coefficient P{"~“M*(n(w));
Renew the load vector F,(17(w)) and the matrix A,(n(w));

Calculate the coefficient P/ ~6M5(n(w)) by Eq (4.7);

Compute the error &, = |[PY M (n(w)) — P~ M5 (n(w))|loo;

While n < Ny, org, > &

n—-n+l1;

Return to the steps 3 and 4 in the online phase;

End While

Obtain the Iter-GMs solution P~Ms((w)) by matrix R.

WO WD =

5.1. Stochastic optimal control problem with one-dimensional random inputs

We take the physical domain to be the two-dimensional unit square D = [0, 1]%. The model problem
is the following optimal control problem subject to a stochastic diffusion equation:

i 1 .
min J, f) = 5l = 8l g, + Al
~V - (k(x, f(@))Vu) = f(x,p(w)) in D, 6.1
u=gx) onadD.

The random coeflicient « and the target function i are defined as

k(x, n(w)) = k1 (x) + (1 + p(w)*)ka(x), (5.2)
iu(x,n(w)) = x1x2(x; + D)(xp — D1 + n(w)z) + x%xz(xl — D(x2 + 1)(2 + cos n(w)). (5.3)

In this problem, x = (x;,x;) denotes the position in the unit square 9, and n(w) is a uniform
random variable on [0, 1]. The two deterministic functions «;(x) and k,(x) are independent of n(w).
The coefficient (x) is of high contrast, and its distribution on the domain is depicted in Figure 3.

In this numerical experiment, the reference solutions (u,.f, frer, Arer) are computed on a 120 X
120 uniform fine grid using the standard finite element method, while the reduced-order solutions
(Umrs furs Amr) are obtained on a 10 x 10 coarse mesh, where the subscript mr indicates either GMsFEM
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or Iter-GMs. The relative errors for the state, control, and adjoint variables are defined as follows:

e

2

w1 i 7 (x, 7:(0)) = (2, D120
‘N & llutre p (x, (D2
N

o= 1 Z | frer(x, ni(w)) = four(x, ni)ll12(0)
77N — Il fre (s miClr2o0)

L i 1 (2, 1)) = A (X, (@) 1200
tTONL e (s iC)lr2o) '

, (5.4)

permeability x10°

2
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14
0.6 1.2
1
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0.2
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0 02 04 06 08 1

Figure 3. High-contrast function «;(x).

-

In Figure 4, we depict the mean of the target function ii(x, n(w)).
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Figure 4. The mean of target function #(x, n(w)).
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To test the approximation capability of the proposed iterative method, we randomly pick 500 pa-
rameter points and compute their average L? errors. The numerical results for the state variable u and
the control variable f are presented in Figure 5, which were obtained with the parameters 8 = 2x 1077,
e=10"% Ny = 30,and L = 5.
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Figure 5. The mean of u(x, n(w)) (1st row) and f(x,n(w)) (2nd row) by different methods.

The means of the solutions u(x, n(w)) and f(x,n(w)) obtained by different methods are plotted in
the first and second rows, respectively. The figure shows that the moments of u(x, n(w)) and f(x, n(w))
computed using GMsFEM and the proposed iterative method are in good agreement with the reference
results. Furthermore, we will find that the trends of the state variables are consistent with the trends of
the target function. The consistency between the trend of state variables and that of the target function
implies that the currently applied control action is effectively driving the objective function in the
desired direction; in other words, the control strategy is aligned with the optimization goal. Thus, our
proposed iterative method is effective.

Table 1. Relative L? errors of the state variable u for varying coarse mesh size H.

Coarse mesh size

H=1/2 H=1/4 H=1/6 H=1/8

H=1/10 H=1/12

GMs
€y

lter-GMs
€y

3.7787E-01 6.2556E-02 6.0131E-02 8.1250E-02 4.8136E-05 6.0139E-05

3.8323E-01 6.5142E-02 6.1034E-02 7.8785E-02 8.3887E-04 8.1617E-04

To investigate how the coarse mesh size affects the error, we test a range of values in the example:
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H ={1/2,1/4,1/6,1/10,1/12}. Tables 1 and 2 give the relative L? errors for u(x, n(w)) and f(x, n(w)),
respectively.

From the table, we observe that the errors in the approximations of the state variable u(x, n(w)) and
control variable f(x,n(w)) decrease monotonically as the coarse mesh size is refined.

Table 2. Relative L? errors of the control variable f vs. different coarse mesh size H.

Coarse mesh size | H=1/2 H=1/4 H=1/6 H=1/8 H=1/10 H=1/12

e?MS 5.2869E-01 3.9231E-01 2.9810E-01 2.9317E-01 1.9340E-04 2.9098E-04

e}’"‘GM“ 5.2963E-01 3.8435E-01 2.8952E-01 2.8156E-01 6.3212E-04 5.7037E-04

u,3=2x= 1072 u,3=2x 1077 u,G=2x 1078
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Figure 6. Means of u (top) and f (bottom) computed by different methods.

The choice of the regularization parameter § significantly influences the solution of the stochastic
optimal control problem with an elliptic PDE constraint. In particular, a smaller § leads to a weaker
penalty on the control, and consequently the state stays closer to the desired state. Conversely, increas-
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ing B raises the contribution of the control term to the objective functional, thereby hindering the state
variable from attaining the target in the relative L?>-norm. Figure 6 displays the contour lines of the
state and control variables for three distinct 8 values.

In the Table 3, we list the minimal value of the cost functional J,,;,(u, f) for the three values of S.

Table 3. The minimal value of cost functional J(u, f) for different values of S.

B Jref GMs Jlter-GMs

min min min

2x 1072 | 1.5987E-02 1.1063E-02 3.7152E-03
2x 1077 | 1.6021E-02 1.1206E-02  3.8005E-03

2x 1078 | 1.7409E-02 1.2331E-02 4.1767E-03

It is evident from the figures and the table that selecting an appropriate regularization parameter is
essential for the optimal solutions.

We then set the regularization parameter 8 and the number of local basis functions for each coarse
element, and select five global basis functions. Using FEM, the minimal value of the cost functional
Jmin(u, ) 1s 1.1063E-02. This values obtained by model reduction method are reported in Table 4 with
different mesh sizes.

As shown in the table, the minimum values of the cost functional approximate the reference values
monotonically as the coarse mesh becomes finer. This trend indicates that a finer coarse mesh leads
to a lower optimal cost, which is consistent with the expectation that mesh refinement improves the
accuracy of the numerical solution.

Table 4. Relative L? errors of the optimal cost J(u, f) for varying coarse mesh size H.

Coarse mesh size | H=1/2 H=1/4 H=1/6 H=1/8 H=1/10 H=1/12

JGMs 5.7341E-02 1.9692E-02 1.7158E-02 1.6484E-02 1.1206E-02 1.1147E-02
Jlter=GMs 5.8219E-02 2.0846E-02 1.8317E-02 1.7524E-02 1.2331E-02 1.2271E-02
10" 9 x10%
. eIl:er-GMs 4
B elfler-GMs 8.5 N\ ]
(] (7]
b pe4 |
g ) g 8 __-__e::er-GMs
010' (]
[ L Iter-GMs
2 275 B—e
kS k-
() (]
o '
1034 . N R R |
49———5———525 6 L L L L L L
1 2 3 4 5 6 7 10" 102 10 10* 10° 10° 107
Number of local basis functions L Different iteration values ¢

Figure 7. Relative errors vs. number of local basis functions or iteration values.
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Figure 7 shows, in its left subfigure, the evolution of the relative error against the number of local
basis functions L, and in its right panel, the relative error versus the iteration threshold . Both panels
show that the error decreases with decreasing L and &, and converges to a steady value after reaching a
certain accuracy, demonstrating the convergence stability of the proposed iterative method.

5.2. High-dimensional stochastic optimal control problem

In the second case, we impose the stochastic diffusion equation as the constraint, with the compu-
tational domain identical to that of Case I. The model is as follows:
. 1 .
minJ = > (. 1(@)) = A 1@y, + A @Dy
s.t. —divik(x,n(w))Vu) = f(x,n(w)) inD

ulap = g(x),

(5.5)

with the diffusion coefficient x(x, n(w)) and the target function specified as

k(x, n(w)) = k1 (x) + (1 + 7 (w) + 2sin(173(w) + na(w)ns(w)))ka(x),
a(x, n(w)) = 016500 = 1) = DA +mi(w)?) + sin(x)(1 = cos(mx))(2 + cos(i(w) + m(w))),

respectively. The random variable n(w) := (7;1(w), M2 (w)n3(w), Na(w), ns(w)). We set each n;(w) (i =
1,...,5) to be beta-distributed with Beta(2, 2). The coeflicient «;(x), being independent of n(w), has a
high-contrast nature. Its distribution is visualized in Figure 8.

permeability x107

1 25
0.8
0.6 1.5
0.4
0.2 0.5
0 0
0 0.2 0.4 0.6 0.8 1

Figure 8. High-contrast function «;(x).

N

-

Compared to the contrast function shown in Section 5.1, this highly oscillatory contrast function not
only possesses horizontal channels, but also vertical channels. In other words, it exhibits oscillatory
variations along both spatial directions, which allows it to capture anisotropic features in the medium.

The reference solutions (uef, fref, Arer) are computed on a 160 x 160 uniform fine grid, which
results in Ny = 25,921 finite element degrees of freedom. The proposed iterative method is then
applied to solve problem (5.5). The error assessment follows the same L?-norm formulas given in
(5.4), and we use 500 random samples in the numerical evaluation.
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We choose L = 5 local basis functions and set 8 = 3 x 10~ as the regularization parameter. Under
these settings, the mean and standard deviation of the state and control variables are shown in Figures 9
and 10 for both the reference and the reduced-order models. The coarse mesh size used in this case is
H =1/10.

FEM ] GMsFEM ; lter-GMs

0 0.5 1 0 0.5 1 0 0.5 1
GMsFEM x107° Iter-GMs %1079
3 3
2.5 2.5
12 12
115 11.5
11 11
0.5 0.5
o) 0
0.20.40.60.8 0.20.40.60.8 0.20.40.60.8

Figure 9. The mean of u(x, n(w)) (1st row) and f(x,n(w)) (2nd row) by different methods.

It can be observed from the figure that, on one hand, the mean and standard deviation of the state
variable u obtained via different methods are nearly identical; on the other hand, the moments of the
control variable f produced by the proposed iterative method are in good agreement with those of the
reference solution.

Based on the reference, GMsFEM and the iterative method, Figure 12 depicts the probability density
estimates of u(x, n(w)) and f(x,n(w)) at one random location.
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For verifying the convergence condition, we choose the infimum of «y(x) as 200, corresponding to
the background conductivity shown in Figure 8. In this experiment, we will change the supremum
of K} (x,n(w)) as {5.1723,7.6283,195.3998, 310.3620}. The relative L>-norm errors corresponding to

different ratios of &2 to k! are reported in Table 5.
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Figure 10. Standard deviations of state variable u(x, n(w)) and control variable f(x, n(w)).

It is observed that for ratios below unity, a smaller value of p/K_l leads to a corresponding reduc-
tion in the L?-errors for both the state and the control variables. This is consistent with the relative-
dominance condition in Lemma 3.1: a smaller ratio yields a smaller p < 1, which tightens the spectral-
radius bound of the iteration matrix and thus enhances the decay rate of the energy-norm error. Conse-
quently, the L?-errors decrease accordingly as the ratio becomes smaller.
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Table 5. History of convergence with 5 basis functions.

K2 /i ei/er‘fGMs eIfler—GMs

0.0259 | 2.4446E-04 | 1.5489E-03

0.0381 | 3.4539E-04 | 2.2802E-03

0.9770 | 8.9363E-02 | 3.3444E-01

1.5518 | 1.2363E+07 | 1.1858E+08

To assess the performance of the proposed iterative method, we define the absolute error in the
infinity norm as

Eus = max [P = f||.

ve{u,f,4}

We list in Figure 11 the absolute errors of the variables against the iteration number to illustrate their
convergence behavior.

100 L

105}

Absolute error

10-10 L

1078 L L L L L
0 5 10 15 20 25 30

Iteration number

Figure 11. Absolute errors of different iteration number.
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Figure 12. Probability density of state variable u(x, n(w)) and control variable f(x, n(w)).
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As can be seen from the figure, the absolute error is steadily reduced as the number of iterations
increases, and it eventually stabilizes.

In Figure 12, we display the probability densities of the state variable u and the control variable f
(both functions of x and n(w)).

As can be seen from the figures, the probability densities obtained by the Iter-GMs method agree
well with those of the reference solution and the GMsSFEM solution.

In Table 6, we describe the CPU time for FEM and the proposed Iter-GMs method.

Table 6. The CPU time for different methods.

Computational setting FE method Iter — GMs method
Total number of basis functions 25291 500

Offline time for reduced space / 2.0252E+01 s
Online average time for optimal solutions | 5.1602E+00s | 2.7203E+00 s

Total time for all optimal solutions 2.5801E+03s | 1.3733E+03 s

Compared with standard FE method, we can find: (1) the number of basis functions is reduced
by approximately 98%, indicating that the Iter-GMs method educes the degrees of freedom of the
optimal control problem; (2) Despite the extra offline time required for building the reduced-order
space, the iterative method reduces the average online solution time from 5.16 to 2.72 s and the total
time from 2.5801E+03 to 1.3733E+03 s, achieving an improvement in computational efficiency of
nearly twofold. This shows that the Iter-GMs method offers a reduction in computational cost while
preserving the desired level of accuracy.

6. Conclusions

In this paper, we have presented an Iter-GMsFEM for solving stochastic optimal control problems
constrained by elliptic PDE with random inputs. Our approach leverages the benefits of iterative meth-
ods combined with GMsFEM, offering an effective solution strategy for such stochastic problems. We
first transform the original optimality system into an equivalent form with a parameter-independent
multiscale coefficient and exchange term, at the cost of introducing a parameter-dependent right-hand
side. The resulting system is then solved via a fixed-point iteration. Due to the highly heterogeneous
nature and high-contrast regions of the problem, applying iterative methods directly to the full model
would incur substantial computational burden and memory requirements. To address this, we construct
a lower-dimensional space using GMsFEM to accelerate the iterative process. The entire solution pro-
cedure is divided into two stages: offline and online. Owing to the reformulation, the multiscale
basis functions are computed only once in the offline phase. The online phase is highly efficient, as
it leverages the reuse of precomputed matrix inverses and model reduction techniques. The numerical
experiments presented in this section demonstrate the effectiveness of the proposed iterative method for
stochastic optimal control problems with random inputs. The obtained results confirm that the method
achieves a satisfactory trade-off between solution accuracy and computational effort.
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