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Abstract: In this paper, we consider linear ill-posed inverse problems in Hilbert spaces under the
classical power-type source condition. We propose a block stochastic gradient descent (Block SGD)
algorithm, which generalizes the classical SGD method by allowing updates on data blocks rather than
single indices. Under the power-type source condition, we derive a novel mean squared error bound
between the true solution and the regularized solution, in terms of the step size, the batch size, and the
block number. In particular, our estimate shows that the stochastic error decreases as the batch size
increases, which is confirmed by numerical experiments.
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1. Introduction

This paper studies linear ill-posed inverse problems in the sense of Hadamard. For such problems,
the underlying operators are typically compact with non-closed range, so that the generalized inverse is
unbounded and small data errors can be amplified arbitrarily much. Hence, without additional a priori
information on the exact solution, no method, regularized or not, can yield an error estimate that is
uniform over all admissible data and tends to zero with the noise level [1]. The classical remedy is a
power-type source condition, which confines the exact solution to a relatively compact admissible set;
it is this compactness of the admissible set that keeps the modulus of continuity finite [2] and thereby
makes quantitative error estimates of optimal order available [1]. Source conditions of this power-type
form are standard in the analysis of stochastic gradient descent (SGD)-type methods [3-6], and we
adopt one of them as Assumption 2.2.
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Consider the linear ill-posed problem of finding x" € X such that
Axl =y, Vje{l,2,...,1, (1.1)

where x" denotes the unknown true solution to be recovered and each A ;X = Y is abounded linear
operator from a fixed Hilbert space X into a Hilbert space ; C Y (viewed as mutually orthogonal
subspaces of a common Hilbert space V). Let Q; : Y — Y; be the orthogonal projection onto Y; and

!
A= Z A;. (1.2)
=1
The ill-posed problem can be reformulated as the following inverse problem:

V= Ax' + &, (1.3)

where & represents the noise with noise level § = |||y, and y" = Ax' is the exact (noise-free) data, and
y;s. = Q;)° for 1 < j < I The ill-posed problem (1.1) arises in a broad range of applications including
imaging and inverse problems with discrete data (see [3,7]).

To solve such problems, stochastic gradient descent (SGD) and its variants—widely used and highly
effective optimization methods in machine learning, especially for neural network training—have been
adapted to the ill-posed setting (see [7-10]). In the block-structured setting introduced above, this
paper proposes a natural variant, which at each iteration randomly selects one block of the data to
update the approximation. More precisely, let r; be the dimension of Y;. The Block SGD algorithm
is defined as follows. At the k-th iteration, an index i; is drawn uniformly at random from {1,2,...,1}

and we choose a step size ni;. The approximate solution is then updated by

Xp, =Xy - ﬁA*Q,-,((Axi —y%). (1.4)

Uk

In the special case where |r;] = 1 (i.e., each block consists of a single index), the above algorithm
simplifies to the classical SGD method (see [3]). If the dimension |r;| is fixed and the subspaces Y;
are randomly reformulated at each iteration, the algorithm becomes the so-called Batch SGD, where a
random batch of indices is selected at each step. Thus, the Block SGD can be viewed as an interpolation
between classical SGD and Batch SGD. On the one hand, it utilizes more information per iteration than
classical SGD; on the other hand, unlike Batch SGD, it does not require random subspace reformulation
at each step.

Remark 1.1. Our Block SGD differs from classical SGD in that it updates using a block of data,
whereas classical SGD uses only a single data point per iteration. Unlike mini-batch SGD, which
uses equal-sized, resampled batches at every iteration to reduce gradient variance, our method uses
a fixed random partition with possibly unequal block sizes to reduce computational cost per update.
Compared with BCD (Block Coordinate Descent) methods [11], which exactly solve each selected
block and are thus restricted to tensor-product operators, our Block SGD updates one random block
via a single gradient step, avoiding costly solves and applying to broader Hilbert space operators.

Since the studies of [3, 12], the regularization property of SGD-type algorithms has received a lot
of attention and has been widely investigated and established. Specifically, for the standard SGD, a
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polynomially decaying step size was studied in [3], while [12] focused on a constant step size. Later,
the absence of saturation was proven in [13] if the initial step size of the schedule is sufficiently small
and the forward operator satisfies some constructive assumption. For Batch SGD, [5] established the
bounds for the root mean squared error in terms of the step size and the underlying smoothness in terms
of general source conditions. Recently, the investigation of convergence of SGD-type algorithms was
extended to Banach-space settings [12, 14, 15]. For more recent developments, we refer the reader
to [4,7,16-19]. Zhang and Chen [20] introduced stochastic asymptotical regularization (SAR) for
linear inverse problems in Hilbert spaces, extending classical asymptotical regularization by adding a
Q-Wiener process. They proved order-optimal convergence rates under range-type source conditions
and demonstrated that SAR enables uncertainty quantification of the estimated solution. Subsequently,
Long and Zhang [21] extended SAR to nonlinear problems, establishing mean-square convergence
and convergence rates under source conditions, and showing that SAR can escape local minima
and identify multiple solutions. Although both SAR and Block SGD are stochastic regularization
methods, their mechanisms are distinct. SAR obtains randomness from a continuous-time stochastic
differential equation; our Block SGD, by contrast, introduces stochasticity through block-wise random
data subsampling while retaining the classical discrete SGD structure. The two methods are therefore
complementary. It is worth pointing out that all of these papers rely on the power-type source
conditions (see [3-6]).

In this paper, under the power-type source condition (stated as Assumption 2.2 below), we establish
a novel mean-squared-error bound between the true solution and the regularized solution xi ., for the
Block SGD algorithm, in terms of the step size, the batch size, and the block number. In particular, our
novel error estimate quantifies the effect of the batch size and block number, showing that larger batches
improve the stochastic error. Thus, with a suitable batch size, Block SGD exhibits better numerical
performance than the classical SGD. Our numerical experiments further support that the stochastic
error decreases as the batch size increases, and Block SGD achieves better numerical performance in
concrete examples.

The outline of this paper is as follows: Section 2 is devoted to the statement of the main results,
whose proof is the main subject of Section 4. Several illustrative numerical examples are presented in
Section 5, which compare the Block SGD with the classical SGD and Batch SGD, including a case in
which the power-type source condition is not satisfied. Finally, the Appendix contains some technical
lemmas needed for our analysis.

2. Main results

In this section, we present the two main results of this paper, which address the plain convergence
and convergence rates of the Block SGD algorithm. Let us first give the precise definition of Block
SGD, and some settings for it.

Let us denote by {vy,---,v,} any (fixed) orthogonal basis in Y, and consider the one-dimensional
projection

O, :=v;dv; V1<i<n.
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Let the j-th subspace Y/; be indexed by some sub-index set J; C {1,2,--- ,n} such that

[
Jingj=¢ Vizj and | Jg;=112-n).

J=1

Let us define the size of 7;, and the maximum and minimum size as follows:

ri=19: VY1<i<l, 7r:=max{r;}, r:=min{r}. (2.1

I<i<i - I<i<l

Throughout this paper, since n is usually very large, for the sake of simplicity, we may assume that

1<-<2. (2.2)

IS 1=

For 1 < j <[ and the index set ;, the corresponding orthogonal projection is defined by

Q]’ = Z Qi-

iEJ Jj

Here, Q; denotes the projection onto the one-dimensional subspace spanned by v;, while Q; denotes
the projection onto the j-th block subspace YV, := span{v; : i € J;}. With all the settings above, we
can now present the precise Block SGD algorithm under the classical power-type source condition
(Assumption 2.2) as follows:

Algorithm 1 Block stochastic gradient descent (Block SGD) for inverse problems

Require: Initial guess x; € X, sub-indexes {i}f:], step sizes {mi}r>1 C RY, batch size r; = ||, noisy

data y°.
1. fork=1,2,...do
2:  Draw i; uniformly at random from {1, ..., [}.
3:  The iterate x| is then updated according to (1.4), where Q; is the orthogonal projection onto
Y.
4: end for

Before proceeding to the convergence analysis, we introduce the necessary probability frame-
work [22]. Let {i;};>; be the sequence of random block indices (chosen uniformly with replacement)
used in the Block SGD update (1.4). We denote by

Fr = 0(l1, 00, ..., i)

the o-algebra generated by the random indices up to the k-th iteration, with the convention that ¥, =
{0,Q2}. All expectations E[-] and conditional probabilities P(- | F;) considered in the sequel are with
respect to this filtration. Consequently, the stochastic iterate xi is F;_1-measurable, i.e., it depends
only on the randomness realized before the k-th step.

Our main results rely on the following two necessary standing assumptions: the step-size condition
and the source condition.
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Assumption 2.1 (Step-size condition). The step size is selected according to
nj=coj " forall jeN.
Here, a € (0, 1) and the constant c, satisfies co max ||Aj||i(x w <L
1<j<i ’

Assumption 2.2 (Source condition). There exist a constant p > 0 and a non-trivial element w € X
such that

x"'=x; = Bw, (2.3)
where
I QU
B = - —A'Q A
l Zl rj QJ

J

is a symmetric, positive semidefinite operator on X, and B? denotes the fractional power defined by
spectral decomposition.

Remark 2.3. We pause here to discuss the three main assumptions and their practical implications.

(i) (Step-size condition) The condition comax<j< ||A.,-||2 < 1 is standard in stochastic approximation
theory. It can always be met by scaling the operators or choosing cy sufficiently small. The
polynomial decay n; = coj* is common for deriving convergence rates in the SGD literature

[3,5,13].

(ii) (Source condition and spectral structure) The operator B is symmetric and positive semidefinite
on X, provided that each Q; is orthogonal. In particular, for discrete pointwise measurements at
{§,~}fi \» the measurement space Y is isometric to RY with the Euclidean inner product; hence each
measurement corresponds to a coordinate direction, making them mutually orthogonal.

Moreover, Lemma 4.3 shows that Assumption 2.2 is equivalent to the classical smoothness
condition (4.11) that has been widely used in regularization theory and SGD theory (see [3—
5,13,18,20]). Such a source condition holds trivially if x' — x; € R(A*), which corresponds to the
smoothness of x' — x| with respect to the forward problem. Subsection 5.1 examines a concrete
elliptic inverse problem in which the validity of this source condition is established.

Power-type source conditions of this kind are standard in the regularization literature; see the
classical monographs [1,23].

Under these assumptions, we first obtain the convergence result.

Theorem 2.4. Let Assumption 2.1 be fulfilled. If the stopping index k() satisfies
lim k() = c0 and lim k(§) 6 = 0,
0—0* 0—0*

then the iterate xi( 5 satisfies the convergence

lim E||xS .. — x||2 = 0.
lim l1Xzc5) 1%

Theorem 2.4 establishes a basic convergence result. Under the source condition (2.3), we can further
obtain the following error estimate.

Electronic Research Archive Volume 34, Issue 10, 7779-7810.



7784

Theorem 2.5. Let Assumptions 2.1 and 2.2 be fulfilled, and let r and | be given by (2.1). Then, we have

_ C . c .
E[”BS(XZ_H _ E[xi-;-l)]”i‘] < ﬁk_ min((1+2s)(1-a), 3a, 1 -2sa) Ink + ;52k— m1n((1—2s)a,(25+1)(1—&))’

co? c . _ c :
E”xi.;.l _ x'i‘”g( < Ck—Zp(l—a) + _kl—a + _zk—mm(:‘sa,l—a) ll'lk + _62k—mm(a,l—a)’
r r r

where ¢ > 0 depends on «, p, ||wllx, and ||Allgx.v)-

Remark 2.6. Compared to the previous work in [3], our error estimate quantifies the effect of the batch
size via r and 1, showing that larger batches improve the stochastic error E[lei T ]E[xi +1]|va]. Thus,
the Block SGD may outperform standard SGD by leveraging the block updates to reduce stochastic
error. The corresponding numerical experiments will be included in Section 5.

Next, let us discuss the convergence result of Block SGD under a posteriori stopping rules. Of
primary concern is the discrepancy principle, which determines the stopping index k() via

k() := min{k € N | [|AxS — y||y < 76}, (2.4)

where 7 > 1 is a fixed constant. The result below shows that the discrepancy principle (2.4) is a valid
a posteriori stopping rule for the Block SGD.

Theorem 2.7. Let Assumptions 2.1 and 2.2 be fulfilled, and k(9) is determined by the discrepancy
principle (2.4). Then, the following assertions are valid.

2
s ~ (I—a)(min{2p,r}+1)
T 1 ) + 2, we have

(1) ForallO<r<landt>71" > 1, withc:(ﬁ

2
P(k(é) < ¢ To@mnlpI D + 2) -1 as 66— 0+’

1 pt3
(p+3)(1-a)
2 ) [l

where Cp = (m

(i1) For all € > 0, it holds that
P(llxi((s) —xx=2e)—=0 as 6§—0,
where (xi)keN are Block SGD iterates independent of k() but using the same data (y°, 6).

Remark 2.8. The present work focuses on linear inverse problems. A natural future direction is to
extend Block SGD to nonlinear settings, e.g., by combining it with Gauss—Newton or Landweber-type
linearization, or by adopting stochastic variance-reduced methods adapted to blocks. Recent advances
in SGD for nonlinear inverse problems [17, 24] reveal several major challenges.

First, the tangential cone and range invariance conditions must be reformulated for block-
structured updates, requiring per-block verification and aggregation of estimates with constants that
may depend on the block size and number of blocks. Second, to keep iterates within the smoothness
region under random block updates, the step size should be scaled by the maximum block size (i.e., n; <
1/7), while still preserving variance reduction. Third, the bias and variance terms become coupled in
the nonlinear setting [17]; variance reduction or local linearization can help decouple the recursions,
enabling a block-adapted bias—variance analysis. These tailored implementations, along with adaptive
stopping rules, constitute the core of our planned future investigation for nonlinear problems.
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3. Technical results

In this section, we collect several technical lemmas that are used throughout the main body of the
paper. These include elementary inequalities, estimates for certain sums and integrals arising from
the step-size condition, and some basic properties of conditional expectations and source conditions in
Hilbert spaces.

3.1. Some technical inequalities

a

We begin with a basic estimate for the step sizes 17; = c¢oi”®, which follows from standard

integral comparisons.

Lemma 3.1. For the choice n; = coi™®, a € [0, 1), for any 1 <i <k, it holds that

k
L= otk + D)™ = j = D7 =@ = D1 - @) ek ™ = 7).

i=j+1

Proof. The right inequality has been proven in [3]. Since i7; = ¢pi™%, f(x) = x~® is decreasing on [1, oo],
by the monotonicity of integration, for j > 2, we have

Jj+1 J
f X %dx << f X “dx.
J J-1

Summing the right-hand inequality for j = ,k and treating the term j = 1 separately yields

Zk:m—zcol <Cto “dx<

i=j+1 i=j+1

e D )
—a

O

The next lemma provides a simple but useful inequality relating the linear function 1 — x to an
exponential bound on a bounded interval.

Lemma 3.2. For every a € (0, 1), there is a constant ¢ > 0, such that
l—x>e“ VYxe(0,a).

Proof. Let f(x) = e™* with ¢ = ln(l ~9 Then, f"(x) = c?e™* > 0, so f is convex on (0, a). By the
convexity of f, it follows that the secant line connecting (0, f(0)) and (a, f(a)) lies above the graph.
That is,

f(x><(1——)f<0>+ Yfa) Vxe(0,a).

ln(l —a)

Substituting f(0) = 1 and f(a) = e, and using ¢ = , we obtain

e—cxs(l_f)_i_fe—ca:1_{(1_e—ca):1_x.
a a a
O
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The following lemma provides a simple and useful bound for || ZI;-=1 n jSD'J‘. 188 | gy in terms of
the total step size (Zﬁ‘:1 n:)'~*, where s € [0, 1].

Lemma 3.3. Suppose that s € [0,1]. Let j,k € N with j < k, and let S be any symmetric positive
semidefinite operator with step sizes n; € (0, a||S ||E X)] with some a € (0,1). Then, we have that

k k
I Z NP1 ($)S ey < Ca(Z ',
Jj=1 i=1

where c, > 0 depends only on a and s.

Proof. (Step 1) Let {E,} be the spectral decomposition of S. Then, we have

k 1S {le.cx)
Yapas = [ e,
=1 0

where the function f : (0, [|S||zx)] — R is given by

k
f) = /1“'(2 1P} YA€ (O,11S llex)]-

=

Here, we set

k
P'j‘.(/l) = l_[(l -nd), 1< j<k, withtheconvention P§+1 = 1. (3.1

i=)
In this step, we aim at showing that
k

A 1
TO (=T ]a-nv)  vae @ISl (32)

i=1

Indeed, for every 1 < j < k, a direct computation yields
Pl;‘ = - nj/l)P];'H = P];'+1 - nj/lP];H'

Rearranging this and dividing by A gives

k
P

1
= /—1(P" - P).

j+l

Summing this equality from j = I to k, we find that
k L& |
DU = 3 2P = P = (P, = P
J=1 j=1

By the definition that Pi . = L, it follows that (3.2) holds.
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(Step 2) Now, we give an estimate of f as follows:

k

1 )

sup  [f(D] < \/ ln( ) max (x AN '
A€(0.JIS Tl —a x€(0x ,Z‘

Since 1;|S [lex) < a for all 1 < i < k, we infer from Lemma 3.2 that

X k
[ ] -md) = et Zam = eedSe with §,:= >,

i=1 i=1
where ¢, = —In(1 — a)/a. This, together with the fact that 0 < Hf-‘zl(l —n;A) < 1, implies
0 < f(A) < 71791 — e85k,

Writing x = ¢,AS, the decay behavior of t — #*!(1 —e™") at t = 0 and t = oo shows that

FDI < (€S0 ™x (1 —e™) = xrer(lglof)(x_”s(l —eNEST YAE[0, ISy -

For the proof of Lemmas 3.4 and 3.5, let us refer to [3].
Lemma 3.4. Letn; = coj* witha € (0,1), B € [0, 1], and r > 0. Then, it holds that

(41 7
( Jj )r 3 SCa’ﬁ’rk—r(1—a)+max(0,1—2a—ﬁ),
— \&i=j+17]i
k
Z ( < ¢y rk (@=rap)+max(0.1-r).
i §]+1 i= j+1771
where
2Qa+p- 1), Da+p>1,
caﬁ,—cér 2, 2+ B =1,
2r—1+2(t+ﬁ(1 —a _ﬁ)_l, 20 +ﬁ< 1’
(l" - 1)_1’ r> 19
c:y,ﬁ,r = 220/+,8C%—r = 1’ r = 1,

11—, r<l.

(3.3)

(3.4)

Lemma 3.5. Letn; = coj %, a € (0, 1). Suppose that a non-negative sequence {b; Jopar 20 and ¢;>0,

o .
{aj} e satisfies
k—1
ag+1 = Cq - 4a;+ czk_2“ak + bk.
j=1 l ]+1 i

If bj is nondecreasing, then for some c(a, ¢;) dependent of a amd c;, it holds that

Arey < cla, )k ™M@= 15 k 4 2p,.
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3.2. Stochastic analysis

We now recall several fundamental properties of conditional expectations for Hilbert-space-valued
random variables (see [22,25]), which are used extensively in the stochastic error analysis.

Lemma 3.6 (Properties of the conditional expectation for Hilbert-space-valued random variables). Let
(Q,F,P) be a probability space and (H, (-, -)) a separable Hilbert space. Let X : QO — H be strongly
measurable and satisfy E||X||y < co. Let G C F be a sub o-algebra. Then the conditional expectation
E[X | G] exists, is G measurable, i.e., E[|[E[X | G]||] < oo, and satisfies:

e (Linearity) For any 1 € R and any Y : Q — H with E[||Y]|]] < oo,

E[AX+Y |Gl =AE[X |G]+E[Y | G] a.s.

e (Taking out what is known) If Z : Q — R is G measurable and bounded (or such that ZX is
integrable), then E[ZX | G] = ZE[X | G].

o (Tower property) If H C G is another sub o-algebra, then we have

E[E[X | G]| H] = E[X | H].
e (Conditional variance) Assume E[||X||*] < co. Then, we have
Var(X | 6) = E[IX - EIX | G1I | 6] = E[IXI? | 6] - |[EIX | 61"
o (Independence) If X is independent of G, then E[X | G] = E[X].

4. Proof of main results

This section is devoted to proving Theorems 2.4 and 2.5. To this end, we decompose the mean
squared error (MSE) into three components: approximation error, propagation error, and stochastic
error. More precisely, by combining the bias-variance decomposition with the triangle inequality,
we obtain

Ellxg,, = X'l < 21EDuea] = x'1% + 2 IELxer — x3, 0I5 + EIEL, 1= 0,115 4.1)

approximation error propagation error stochastic error

where x; is the random iterate for exact data y'. This reduces the estimation of the MSE to the separate
estimation of these three parts. Lemmas 4.4 and 4.5 provide bounds for the approximation error and
the propagation error, respectively, while Lemma 4.6 bounds the stochastic error. Lemma 4.7 supplies
the necessary estimate for proving convergence of the MSE, after which the proof of the main result
is complete. Compared with the argument in [3], our approach yields novel improvements on the
propagation error and the stochastic error. Throughout this section, ¢ > 0 denotes a generic constant
depending on a, p, ||wllx, and [|A]| zx.v).
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4.1. Approximation and propagation errors

For our subsequent analysis, we first introduce auxiliary iterations. Define

f i

& :=x0—x" and e :=x—x

as the errors for the SGD iterates xJ (corresponding to noisy data y°) and x; (corresponding to exact
data y'), respectively. These errors satisfy the following recursions:

err = e — KA*Q, Ay, 4.2)
ik
&, =€ - EAQAL + LAQ,e. (4.3)

Ik s

Next, by a direct computation, we observe that
D 1 * A X 1 *
B=E[-A'QA| and A" =E[-A'Q]
ri ri

where i follows the independent and identically distributed (i.i.d.) uniform sampling and

Clearly, the identity B = A*A holds, and thus it is a symmetric positive semidefinite (SPD) operator. In
addition, we have the following observation:

Lemma 4.1. There exists a bounded operator U € ¥(Y, X) such that

- _1 - _ 1
A" =B0 with Ul < W (4.4)
r
In addition, we have
A" =BV with ||Vl < VIF. (4.5)
Proof. Consider the two operators C € L(X, Y) and Qe L(Y), given by
a-L3 La wmd ci-an
= — —Q@Q; an = QA.
NER
Obviously, 5 is an SPD operator, and
— 1 ~ _
1Qlle(y) < T and Q') < VIF.
r
A direct computation yields
B=CC and A’'=(@QA)Q=CQ (4.6)
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which implies that

_ . ~ 1
1Bllec < IAlkoesn A w0l Q%Moo < TIIAIE i y)- (4.7)

Then, by polar decomposition (see [26]), it follows that there exists a unitary operator U € L(X, V)
such that
C'=BU* andthus A'Q = B:U", (4.8)

which, together with the second identity of (4.6), implies that (4.4) holds with

o ) _ 1
U:=U0U'Q with |[Ullgw.x <IIUlkyxllQlew) < —.

NG

On the other hand, by (4.8), it follows that

A = B UQ! (4.9)

and thus
WU Q Ve wx < VIF. (4.10)
O

In the sequel, the following operator plays a central role:

[1e,d -mB), j<k

PB) =
1, j=k+1.

To estimate the operator P’;(B), we will utilize the following lemma (see [8, Lemma 15]).

Lemma 4.2. Let j,k € N with j < k, and let S be any symmetric positive semidefinite operator in X
with step sizes n; € (0, ||S||£(1X)]. Then for any p > 0,

k P
HD(I - mS)SpHLm < el)(é’w

Using this auxiliary lemma, let us begin by bounding the approximation error. As a preparation,
we present the following lemma, which establishes the equivalence between the source condition (2.3)
and a new condition governed by B := A*A:

Iw’ suchthat x' —x; = B’W. 4.11)

Lemma 4.3. The source condition (2.3) holds if and only if (4.11) holds. Furthermore, under the
assumption that p € (0, 1/2], there exists a constant C > 0, independent of w, such that

-1
C AW llx < Iwllx < Cliw/llx-
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Proof. Since A*Q;A is symmetric positive definite (SPD) for each 1 <i <[, and r; > r > 0, we have

1< % By the order-preserving property of positive operators, it follows that

Ti

where the inequality < is understood in the partial order: for two self-adjoint operators X and ¥, X <Y
means Y — X is positive semidefinite (see [27]). Similarly, we have

B<2p andthus 2B>B> 2B, 4.12)
Ilr Ir Ir

which implies B and B have identical kernels. On the other hand, by spectral mapping, it follows that
Ker(B?) = Ker(B) and Ker(B”) = Ker(B). Therefore, we can conclude that Ker(B?) = Ker(B”), which,
together with the closed range theorem, implies that they share the same range. This guarantees the
equivalence of the existence of w’ and w. On the other hand, by the Heinz inequality and the order
relations (4.12), it follows that

Eyp > B> Ly Vselo.1]. (4.13)
Ir Ir

which is equivalent to
() IBYl > 1Bl = () 1By Vx € X. (4.14)
On the other hand, the conditions (2.3) and (4.11) imply that
1B"W'[% = IIB"Wllx. (4.15)

which, together with (4.14), completes the proof.

Lemma 4.4. Let Assumptions 2.1 and 2.2 be fulfilled. It holds that

IB°E[x11 — x|y < c kP90,

(p+9)(1=a) \P*S
LD N

where c), := (6(2]‘"—1)00

Proof. Since e is F;_-measurable, taking conditional expectation in (4.2) with respect to F;_; gives
Elewst | Fra1] = I —mB)ex Yk > 1.
By subsequently taking the full expectation, we obtain the recursion for the mean error:
Elex] = (I - mB)E[ey] Yk > 1.

Applying the above recursion gives

k
Eler. ] = l_[(l —miB)e, = P(B)ey Yk eN. (4.16)

i=1
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From the Assumption 2.2, and Lemmas 4.2 and 3.1, we have

IB°Eesillx = IB°P{ (BB Wiix < IB”*P{(B)llLcvlwilx

(p+5)Te ™ (p + $)(1 — @)\p+s p(l-a —p(i-a
< L il < (pl_—) Iwllxk ™ = ¢ k71,
S, @~ Dao

O

In the next step, we derive a bound for the propagation error, which constitutes the second
component in the bias-variance decomposition, which relies on the following novel estimate.

Lemma 4.5. Let s € [0, 1/2] and let Assumption 2.1 be fulfilled. Then it holds that

- 0 !
||BS]E[-xk+l - x](;—l]”X S c_k(l_a)(i_S)a

Vi
where c depends only on s, a, and c.

Proof. Let us write the propagation error at the k-th step:
vi = EB[xX —x] Vk>1. (4.17)
By the recursions (4.2) and (4.3), it follows that

X=X = — - r—A QA — x) + rkA*Qikf. (4.18)

ik ik

Taking the conditional expectation on both sides of (4.18) and using the independence of i; from ¥;_4,

we obtain
A* Qz
k §:|
’

Ik

A'Q, A

E[x),; — X1 | Frot] = X5 — xp — UkE[ ] (x) — x) + mE

ik
= xy — X — B} — xp) + qAE
Taking the full expectation of this identity and recalling (4.17), we obtain
Vitl = Vi — T]kBVk + I]kA*f Yk > 1.
Applying the recursion repeatedly yields
k
Vel = Z nPUBAE Yk > L. (4.19)
=1

Applying Lemma 4.1 to (4.19) and using the triangle inequality, we have

k
RS P\ D5 +s 7
I1B*Visillx < < ||21771"7011{‘(19)]32Jr e U e 0l1E]y

X J=1

k
> nPABBUE

j=1

k
— Z PUBB v,

- Jj=1
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Then, an application of Lemma 3.3 yields

V. =— 6
—_— ! 1
” k+l||X S C ( E 77])2 s < c k(l_a)(i_s),
l— Jj=1

Vi £ Vi

which completes the proof.

4.2. Stochastic error

The previous two lemmas together control the deterministic part of the error. It remains to analyze
the stochastic error, which is the subject of Lemmas 4.6 and 4.7.

Lemma 4.6. Let Assumption 2.2 be fulfilled. For the SGD iteration (1.2), it holds that

_ c ) c .
E[”BS(XZ_H _ E[-xi+1)]||f\’] < ﬁk_ min((1+2s)(1-a), 3a, 1-2sa) Ink + ;62k— mm((l—2s)a,(25+1)(1—a))’ (420)

2

where ¢ depends on p, a, and ||A||L( X

Proof. (Step 1) Let us write
z = x5 — B[xS). (4.21)
The aim of this step is to establish a recursive formula of z;. Since xi 1s Fi_;-measurable and i is

independent of F;_;, we can infer from the definition of the iterate xi that

E[xQ, 1 Fi1] = x; — nk(E[rlikA*QikA]xi - E[%A*Qik]yé)
= x0 — m(Bx — A*y°).
Taking the full expectation then yields
E[x},,] = E[x}] — m(BE[x}] — A*y°).
Together with (1.4), this implies that z; satisfies the recursive formula
i1l = 2k — Mk [(f%:‘fxxi - ﬂyé) - (B]E[xi] - A*yé)] ’

21:0.

'k

Upon defining the iterative noise

_ _ A*Q; A A'Q;
dy := (Bx} = A"y°) — (——=x - £y, (4.22)
i |73
we can find that z; satisfies
Tt = (I = mB)zi + midy. (4.23)

(Step 2) In this step, we will estimate a recursive formula of Vi, := E”Z[H_leY. To this end, we first
investigate the property of iterative noise {d;}i>;. Let us first show it is a martingale difference with
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respect to the filtration {#;};>;. Indeed, since x? is measurable with respect to #;_; and i; is independent

of xf., the property of conditional expectation yields

S s s A*QijA 5 A*Q,-j s
E[dj|7:j—1] = (ij —A"y") — E[( X ) Tj—l]

Lj Lj

J .
Lj lj

= (Bx} - A"y’) - (Bx} - A"y") = 0.

I AQA . AQ
= (Bx) - A'y) - (Bl— 1) - E[—"))

Let ji, jo» € N with j; # j, and let A;,A; € L(X). Without loss of generality, let us assume that

Ji < Jj». Since d;, is measurable with respect to F;,_;, we have that
E[(A1d),, Aad),)x|F 1] = (Ard},, E[A2d | F j,-1Dx = 0.
Then taking the full expectation yields
E[(Aid;,,Axdj,)x]1 =0, Yji # ja.

Applying the recursion (4.23) repeatedly gives
k
21 = ) 0P (B
=1
Then, it follows from (4.24) that
k
EllB zenllx = Z TEIB'P},,(B)d,lIx-
=1
By Lemma 4.1, we have

D ', * DS Py D D\ Ri+s
1B P (BYA Ny ) = 1B'P (BYB VIl x, < TIPS, (B)B> I}

LX)

In view of the identity
!

_ A 1 1

C— AN, . (A _ N (D Ls 6 ._ 2
dj=A'N; with N;:=(Ax]-5") Ql‘/(i’i,xj rijy ), Y= 7 E

and using (4.27), we can estimate

EIB*P:, (B)d/ll} = BIB*P, (B)A"N,I} < IB*P%,,(B)A"I . BN,
- _l s
< FHPI;H(B)BZJr ||i(X)E||NJ||§

Since xf. is measurable to #;_; and i; is independent of F;_;, we have that

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
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_ _ A 1
E[IN;II3|Fj1]1 =E [I1Ax - 3° - Qij(er§ - 7y6)||2y|7’j_1
1.0 _ 0|2 1.0 _ 0 As 1
= BIIAX; ~ 51511 - 2BI(Ax) - 7, Q, (-] = —y")IFjmi]
. é o _ l N2 |F 4.0
+EIQ, (2 = —y)IG 1] (4.29)

A 1 _
=E[||Qi,(fX}5~ - —_y6)||2y|5‘3-1] —1Ax =3I,

1
= Z FQUIPIAY; =Yl < 1 LA 715,
Thus, by taking the full expectation, we obtain

E[IN;II3] < hj = EllAX] = Iy (4.30)

1
T —h
Applying (4.30) to (4.28), and applying the resulting inequality to (4.27), we finally arrive at

EJIB znl < — Z PP, (BB IE b 4.31)
- j=1

(Step 3) In this step, we will give an estimate of {h j}’j‘.zl. By bias-variance decomposition and the
triangle inequality, we have

his = BIIAXY,, =Yl
= ||AExS,, — AExy1 + ABxyyy — Ax' — &3, + EIAEx], | — AxS, 15,
< 4l|AExi1 — XD, + AL, | — e 1l + BIAEX,, — Ax) I, + 21l
=40+ 4L + I3 + 14.

By Lemma 4.4, it follows that
Iy = |ABeglly < cpk~GPHD0=), (4.32)
Meanwhile, by (2.2), and Lemmas 4.1 and 4.5 with s = %, it follows that
*pi 5 2 5l s 2 2
= IV B2Elx;,; — X1l < IFIB2Elxg,; — xiellly < 67 (4.33)
Next, by Lemma 4.1, and the reasoning leading to (4.26) and (4.28), we can find that
=1
Is <[FE||B> (B[x}, 1 — x, IlX
k
=IF Y pEIBP. (B)d)ll} < rZ mEIBP,, (B)d |}

j—l J=1

<l Z PIP:, (BYBI o EIAX, — I,
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where (4.30) is used in the last inequality. Using the fact that P’,i +1(B) = id, then

k—1
I < 1Y B BAP (B sohy + I NBIE
=1

k—1
1 2 D\ (12 1 2 4
< - A . y)IIB PLABIE b+ l?nkllAllw’y)hk
@7 — Jj=1 -
A xS 7
< : ! hj+ ¢ 2NAIF o K2y
c&m c
== Z—f_hj + l—2k‘2"hk, (4.34)
LAm Zi=jet i r

where Lemma 3.3 is used in the second-to-last estimate. Combining the estimates (4.32)—(4.34) yields

k-1 2
TI.
Tt S5 ) o hy b kR 4 e kG o2, (4.35)
Zl —j+1 1 lr

Applying Lemmas 3.4 and 3.5, and using /r > n/2, we can obtain

k-1 2
i1 <maxi{h E k 2”) +c k Cp+D)(1-a) + 62
2

l<}<k K j=1 l J+l 771 lE
< max{h »}—k‘ min(@.1=) 1 k4 ¢ f~CPrDI=0) 4 52 (4.36)
Tligjsk r g

C 5 ) ) )
<-k7"Ink+c6~ with B :=min(a, (1 - ).

r

(Step 4) It remains to give the estimate E||z||> % Applying Lemma 4.2 to (4.31), as well as Pk L (B) =id,
yields
— k-1

. F oot
BB zenll; < Z TP (B)BE Ry + 5B R e

c o 772 c
J 20| Di+s12
< ’ f T ;k 182l ooy 1k
- Jj=1 (Zi:j+l 77i) -
=J + Jh.

In the sequel, we will estimate J; and J, separately. Using (4.36) and Lemma 3.4, we first bound J;
as follows:

77? c . -8 2
—Y—(]—l) Ink+ cod
Jj=1 (Zf:jﬂ 771')2‘“(r )

%(k—(l+2s)(1—a)+max(0,1—2t1—/3) + k—((1—2s)11+ﬁ)) Ink + 562(k—(1+2s)(1—a/)+max(0,1—2(t) + k—(l—Zs)a/)
r

IA

ik— min((14+2s)(1-a),1-2sa) Ink + 262]{— min((1-2s)a,(25+1)(1-a))
> .
r r

IA
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Using (4.36) and Lemma 4.1 again,

¢ i c LAy,
J:_ZB§+52 hkS— k7 o1
2 fnk” ) r ()
”Al 4s+2
4542 2B LX.Y) 2, 24
S l2s+l 2;+3”A“L(Xy)k Ink + [25+1 2542

—2a—B 2 —20’

< n25+1r2k Ink+—= 1r5 k
Summing up the estimates for J; and J, implies that
J] + ]2 < %k—min((l+2x)(l—0),1—2s<1) Ink + 262k—min((1—2s)(t, 2s+1)(1-a)) + 5 k—Z(x—B Ink + 52k—2<1
r r n S+1r2 n2 *r

< ¢ f~min((142)(1-0). 30, 1-250) | & 4 ¢ 52~ min((1-28)a,2s+1)(1-a))
<= .
r r

O

Lemma 4.7 below establishes the convergence of the Block SGD iterate x; (for exact data) to x'. In
view of (4.16), the proof follows along the same lines as that in [3], and we therefore omit the details.

Lemma 4.7. Let Assumption 2.1 be fulfilled. Then the SGD iterate x; converges to the minimum norm
solution x" as k(6) — o, i.e.,
lim El|x, - x'l% = 0.

With the above preparations at hand, we are now ready to prove Theorem 2.4.

Proof of Theorem 2.4. Similar to the bias decomposition 4.1 and making use of Lemmas 4.5 and 4.6,
we can achieve

) 2 112 1) 2 ) o 112
Ellxf, — 'l <20ELug ] - I + 20ELx, - x, 1 +EIEL, 1 -, [

2

k(é) + k— minQGae.1-a) 1 k+ 52](_ min(a,1— oz)
r

5
<2|[E[x, 1 — x"lI% + Cl

where we have used the property that ¢~ (k(6) — 1) < k() < c(k(6) — 1) when k(J) is large enough. By
Lemma 4.7 and the limit k(6) — oo from (2.4), we have

: 12 — 15 112 —
lim [[E[xi,, ] =<'l = lim [E[x] - x| = 0
On the other hand, the choice of k() in (2.4) ensures that

. C .
lim |2 k@ Sl g 2 mined-) | - g,
6—0* | Ir r? r

O

Finally, we are in a position to give the proof of Theorem 2.5 on the error estimate of Block SGD.
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Proof of Theorem 2.5. Applying Lemmas 4.4—4.6 to the bias decomposition 4.1, we obtain

5 2 112 5 2 5 52
Ellxg,, = X'} < 2IELxe1] = X% + 20BDxer — x5, 1% + EIEL, 1 - 0, 1%

2
< ck2rt-a) | ﬂ K 4 % - minGel-a) 1 £ 4 ¢ 52 min(@1-a)
r r r

This completes the proof. O

4.3. Convergence rate under the discrepancy principle

Since our approach follows the argument of [6], we shall confine ourselves to a short proof.

Proof. (1) Letus fix 0 < r < 1 and 7" > 1. Consider the following stopping index k*(9), defined by
k*(6) := min{k € N | |AEx — y°||x < 7°6}. (4.37)

By Lemma 4.4 with s = %, and using the definition of k*(6), we can deduce that

= =1 \- lfar)(mil21(2p D
k*(0) < k(6) := 5) 42, (4.38)
e\
with ¢, = (m) [[wllx (see [6, Proposition 2.1]). On the other hand, making use of Lemma 4.6

with s = %, we can further infer for 8 < min{2(1 — @), 2p + 1)(1 — @) + @} and y € min{a, 1 — a} that
ElIA(x s, — E[x)5 Dlly < ne(®(8)* + 6°k(8) ™). (4.39)
In particular, selecting y > 0 and 8 > (1 — @)(min{2p, r} + 1) yields
ElIA(x) 5 — E[x)s Dlly = 0(6%), 6 = 0%, if «(8) > k(5). (4.40)
By the definition of x(d) and the triangle inequality, we have the inclusions

(A — Bl Dlly < (r = 796, IAE[x 5] - Ylly < 7°6)
c{I4xs 5, = Ylly < 76} < {k(6) < ®(®)),

which, together with the fact that P(IIAE[xfi(( 5)] —9|ly < 6) = 1 due to (4.38), implies that
P(k(6) < &(6)) 2 P(IA(X) ;) — BLxX; Dlly < (x = 7). (4.41)
On the other hand, by Chebyshev’s inequality, it follows that

B(IA G5, — Elxgp Dlly < (7 = 796) = 1 = P(IACG, — Bl Dily > (7 = 7)9)
> 1 = (1 =776 BlAG ) — Elx DIl (4.42)

Combining (4.40)—(4.42), we arrive at

P(k(6) < &(6)) 2 1 = (t = 7) 6 ElA(x,) — BLxo, DI, — 1
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as & — 0. This proves the first assertion.
(i1) It is not difficult to show that

k-1
n .
IAGE = x) = 67 =3O <6 | [+ ZIAIR ),
=t L
-1 k-l n;
) J 2
I =l <Al ) s | ]+ 01 )
=1 = -
where the conventions H(}:] =1 and Z?zl = 0 are adopted. Fix £ > 0 and assume that ¢ is sufficiently

small. Taking advantage of these two inequalities and following the arguments in [6, Proposition 3.1],
we can deduce that there exists a sequence of {k; }; such that

6 . —
1X0s) = X llxx =) < & and lim k5 = +oo. (4.43)

The previous assertion (i) implies that there exists a sequence {k;} such that
k(; < k;' < Cé_(l—a)(mié(Zl),rHl) and 6111'(1;1+ P(k(6) < kg’) =1.
Consequently, it holds that

P(HXZ((;) - xT”X = 8)

= P} — X'llx = &, k() < &5) +B(llxy,, — x'llx > & «(6) > &7)

=0by (4.43)
6 - o
=P(Ix) ) — x'llx > &, ky > &(6) > k5) + P, — x'llx > &, &(5) > K7).

By the first assertion, it remains to show that
Tim P(lxg = x'llx > & k5 2 x(8) > x5) =0,
which can be verified in the same manner as in [6]. This completes the proof. O

Remark 4.8. We emphasize that the deterministic discrepancy principle (4.38) appearing in the proof
serves only as an auxiliary device to facilitate the probabilistic analysis, which follows the same
technical route as Jahn and Jin used in [6]. The stopping rule we advocate is the random discrepancy
principle defined in (2.4), for which we have established convergence in probability. This is a weaker
mode of convergence than the almost-sure convergence obtained in [28] for a related but technically
distinct random discrepancy principle. Proving almost-sure convergence for our setting remains an
open and challenging problem, which we leave for future work.

5. Numerical experiment

5.1. Theoretical analysis

This section is devoted to the application of Block SGD to an elliptic inverse source problem. Let
Q be a bounded domain that is either polygonal in R? or polyhedral in R3. We first discuss the spatial
discretization of Q. Let {7,},-0 be a quasi-uniform family of simplicial triangulations of Q with mesh
size h, and define the standard finite element space
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Sy = {uh € Co(ﬁ) | uy|7 is linear for all T € 7',,}

We consider the following finite-element approximation of an elliptic equation:
nyT -V dé = fxT‘ﬁh dé  Yon €Sp, (5.1)
Q Q

where x' € S, is an unknown source term. Note that the Eq (5.1) corresponds to the finite-element
discretization of the elliptic boundary value problem
~Ay=% inQ, Y=0 ondQ.
Now, we define the operators Py, : L*(Q) — Sj, Ay : Sy = Sy Ry Hy(Q) — S, by
(Putts é) = (u, ¢n) Y u € LA(Q) ¢y € S,

(=Apup, ¢n) = Vup, Vo) Yup, ¢y € S,
(VRyu, Vo) = (Vu, Vo) Vu € Hy(Q) ¢y € Sy

Then, the standard finite element theory implies that
yi'=IR,y and x'=P,x, (5.2)

where 7 : Lﬁ(Q) — R” is the natural mapping that sends a linear finite element function to its values at
the nodes, and # is the total number of nodes. with the following approximation property:

ly — Riylli2) + Ally = Ryl @) < ChleyTIHz@),
Iy = Piyllz + Ally = Pidllan @) < CRAIX 12 -

The noisy data y° is generated from the numerical data y' as
v =yt +omax(yNé, i=1-m,
1<j<n

where ¢ > 0 is the relative noise level and the random variables &; are standard Gaussian. We want
to recover the approximated unknown source x' in finite element space from the noisy data y°. The
inverse source problem can be formulated as operator equation (1.3) by setting

X=LQ), Y=R', A=To(-A)™" (5.3)

To this end, we will apply Block SGD (Algorithm 1) to the discrete inverse source problem. To this
end, let us assume that the initial guess x; = 0. Let us further assume that

X =(=A)'w with weL*Q). (5.4)

Lemma 5.1. Assume that the source condition (5.4) is satisfied. Then there exists an element wy, € S,
for which
T -1
x' = (=Ap)" Wa,

and the norm ||\w||x is independent of the mesh parameter h > Q.

Electronic Research Archive Volume 34, Issue 10, 7779-7810.



7801

Proof. The classical theory of elliptic equations implies that X' € H*(Q) N Hé (QQ). By the argument as
in Lemma 4.7 [29], we can show that

||AhPh‘)ZT”L2(Q) < C||?||H2(Q)~

Combined with the identity x = P,x" due to (5.2), this completes the proof. i

Because 7 is a bijection between finite-dimensional spaces, its adjoint 7 * is also bijective. Together,
Lemmas 4.3 and 5.1 show that Assumption 2.2 holds. In view of Lemma 5.1, we can apply Block SGD
to the discrete inverse source problem above. In addition, Theorem 2.5 is applicable to the setting (5.3).

5.2. Numerical simulation

In this subsection, we will present some illustrative numerical examples. In the numerical results,
let us set

Q=(0,)x(0,1), x¢) =& -6l -&), n=m=36l

The numerical experiments below focus on the relative mean squared error re; and the stochastic error
sey, 1.e.,
5|12
E”xf - xk” X

_ _ 5 SR
rey ;= ——————— and se; := Ellx; — E[x;]lly.
[lx"{l.x

Figure 1 gives an illustration of the true source, the recovered one, and their difference in a particular

experiment, in which the corresponding parameters are chosen as k = 1500, @ = 0.01, 6 = 0.001 and
I = 60.

x10~{-3}

0.6

0.9 0.0

Figure 1. True source (left), the reconstruction source (middle), and their difference.

As shown in Figure 2, compared with the classical SGD method, the Block SGD exhibits better
numerical performance at different noise levels, as illustrated by the relative mean squared error re;
with @ = 0.01,/ = 60, and 6 = 0,0.001,0.01,0.05. Further, let us compare the relative errors of the
Block SGD and Batch SGD at different noise levels and learning rates. Note that they share the same
block number [ = 22 and batch size r = 16. As shown in Figure 4, the Block SGD also exhibits better
numerical performance for @ = 0.5 at different noise levels, while their performance is similar for
a =0.01.
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reg rex
-02 5e-02
5e-0 | Block SGD € | Block SGD
| {
\‘ SGD \‘ SGD
2e-021 | 2e-021 |
\ \
le-02 \ le-02 \\
5e-03 S 5e-03 S
0 500 1000 1500 0 500 1000 1500
k k

(=0.01,6=0,1=160)

reg

Se-02 ‘\ —— Block SGD
\ SGD
‘
2e-021 |
le02{ \
5e-03 \\~\
0 500 1000 1502

(@ =0.01, 6 =0.01, I = 60)

(@ =0.01, 6 =0.001, [ = 60)

reg

5e-021
| —— Block SGD
| SGD
\
2e-02 \‘
‘
\
1e-02 \\
5e-03 -
0 500 1000 1502

(@ =0.01, 6 =0.05, I = 60)

Figure 2. Convergence comparison of the relative mean squared error re; over iteration k for
Block SGD and SGD under different noise levels 6.

reg
4.56-02 —— Block SGD
SGD
3.0e-02
1.5e-02

e
0 250 500 750 1000 1250 1500

(=0.01,6=0,1=22)

reg
4.5e-02 —— Block SGD
SGD
3.0e-02
1.5e-02

0 250 500 750 1000 1250 1500

(@ =0.01,6=0.01,1=22)

reg
4.56-02 —— Block SGD
SGD
3.0e-02
1.5e-02
B

0 250 500 750 1000 1250 1500

(@ =0.01, 6 =0.001, [ = 22)

reg
4.5e-02 —— Block SGD
SGD
3.0e-02
1.5e-02

0 250 500 750 1000 1250 1500

(@ =0.01, 6 =0.05, I =22)

Figure 3. Convergence comparison of the relative mean squared error re; over iteration k for

Block SGD and SGD under different noise levels 6.

Figure 4 shows a comparison of the relative mean squared error re; between Block SGD and SGD

with block size [ = 22, parameter @ =

Electronic Research Archive

= 0.01, and 6 € {0,0.01,0.001,0.05}. It can be observed that

Volume 34, Issue 10, 7779-7810.



7803

for different values of 9, as the number of iterations increases, Block SGD consistently outperforms
standard SGD. In particular, when 6 = 0.05, the improvement of Block SGD over SGD is much

more pronounced.

reg

4.5e-02

3.0e-02

1.5e-02

—— Block SGD
Batch SGD

0.0e+00 - 0.0e+00 - =
500 1000 1500 500 1000 1500
(@ =0.01,6=0001,1=22,r=16) (¢=0.01,6=001,/=22,r=16)
rex rex
4.50-021 | —— Block SGD 4.56-02 —— Block SGD
' Batch SGD ' Batch SGD

3.0e-02

reg

4.5e-021 |

3.0e-02

1.5e-02

—— Block SGD
Batch SGD

3.0e-02

1.5e-02

1.5e-02

0 500 1000 1502 0 500 1000 1502

(@=05,6=0.001,71=22, r=16) (@=05,6=001,1=22,r=16)

Figure 4. Convergence comparison of the relative mean squared error re; over iteration k for
Block SGD and SGD under different noise levels 6.
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Figure 5. Convergence comparison of the relative mean squared error re; over iteration k for
Block SGD and SGD under different noise levels 6.
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The figure above shows the relative errors of Batch SGD and Block SGD with block number / = 11
and batch size ¥ = 32, for parameters = 0.01,0.5 and 6 = 0.01,0.001. It is observed that Block
SGD consistently performs better than Batch SGD. Moreover, the performance gain of Block SGD
over Batch SGD is more pronounced when the value of @ = 0.5.

2e-06
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5e-07

0e+00 0e+00
[ 100 200 300 400 500 600 k 0 100 200 300 400 500 600 k

(@ =0.01,6 =0.001) (@ =0.01,6 =0.01)

sex sex
4e-07

3e-07

le-07

0e+00

0 100 200 300 400 500 600 k

(@ =0.5,6 =0.001) (@ =0.5,6 =0.01)

Figure 6. Comparison of the stochastic error se; over iteration k for Block SGD for different
minimum batch sizes r, noise levels ¢, and .

To explain the superiority of the Block SGD over the standard SGD, let us present our last
experiment, which focuses on the comparison of the stochastic error se; over iteration k. As illustrated
in Figure 6, for any fixed a, ¢, and for sufficiently large k, the stochastic error se; decreases consistently
as the batch size r increases. This confirms the theoretical results from Lemma 4.6. In summary,
Block SGD outperforms standard SGD by leveraging block updates to reduce stochastic error and
demonstrating superior numerical stability in practical experiments.

5.3. Inverse source problem in a wave equation

To illustrate the behavior of the methods when the assumptions of the theory are not satisfied, we
consider an example in which the true source is deliberately constructed so that the power-type source
condition of Assumption 2.2 fails. Since the error estimates of this paper are derived under this power-
type source condition, they do not apply to this example; the numerical results below serve as an
illustration of what happens outside the regime covered by the theory.

In this subsection, we apply SGD and Block SGD to an inverse source problem arising in a wave
equation. More precisely, we consider the following initial-boundary value problem:
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FuE, 1) — AuE, 1) = u(nx' (&), EneQx(0,1],
u(& 0)=0, du(£0) =0, £eQ, (5.5)
u(é,t) =0, (1) €0Q x [0, 1],

where

u =1+ and Q:={¢eR?:|¢ <1},

and X' is the unknown true source. Let u* denote the solution of (5.5) corresponding to the true source
X'. Our goal is to recover the space component x' from the heat flux u/dn on the boundary Q x (0, 1).
For every x € Hé(Q), problem (5.5) with source term X' = x admits a unique solution u, and the
resulting solution map induces a bounded linear operator A : H)(Q) — L*(0Q x (0, 1)) defined by

Ax = g—z oo’ For the numerical implementation, we introduce two finite-dimensional subspaces
x(0,1)

X C Hy(Q) and Y c L*(9Q x (0, 1)) of dimensions m and n, respectively. Following [30], we choose
orthonormal bases {¢;}", of X and {i;}7_, of Y. We then define the forward operator A € Z(X, Y) by
A=Pyo ﬂ|X, where Py € L(L*(0Q x (0, 1)), Y) is the orthogonal projection onto Y.

We deliberately choose m > n, so that A is non-injective, and select x* € X such that the orthogonal

projection of x™ onto ker(A) is nontrivial, which ensures that

x' = x; ¢ rg(A%) = rg(B), with x; := 0.

We claim that the source condition (2.3) does not hold in this case. Indeed, if (2.3) holds for some
p > 1/2, then x' — x; = B2B"'%y, which implies x" — x; € rg(B'/?); the case p < 1/2 is trivial.
Hence x" — x; € rg(B™"1/2P)) By Lemma 4.3, we conclude that x" — x; € rg(B™"!/2P)) = rg(B), which
contradicts the inclusion x — x; ¢ rg(B). In the experiments below, we set n = 105 and m = 210.

In the numerical examples below, let re; denote the relative error of the k-th iterate, normalized so
that rep = 1. Since re; remains indistinguishable from 1 throughout, we plot the relative error reduction

oe, :=1—rey, (5.6)

which makes visible the microscopic changes that a linear scale hides. Figures 7 and 8 compare de;
for Block SGD and SGD with block sizes [ = 30 and [ = 100, respectively, at @« = 0.01 and noise
levels 6 € {0,1073,1072,5 x 1072}. Figures 9 and 10 compare Je; for Block SGD and Batch SGD with
(I,r) = (50,2) and (20, 5), respectively, at (e, ) = (0.01, 107%), (0.01, 1072), (0.5, 1073), (0.5, 1072).

Figures 7 to 10 show that none of the methods—SGD, Batch SGD, or Block SGD—converge. In
every case, de; rises rapidly at first and then saturates at a level of order 1077, in agreement with the
failure of the source condition. The stagnation of the relative error indicates that the source condition is
not merely a technical convenience but is essential for the quantitative error estimates established in this
paper. To the best of our knowledge, a rigorous theoretical explanation of this stagnation phenomenon,
where the classical source condition fails, remains open for stochastic iterative methods. This may be
an interesting direction for future research.
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Figure 10. Convergence comparison of the relative error reduction de; over iteration k for
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