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1. Introduction

We are concerned with the following saddle point problem numerically:

Au ≡
[

A BT

−B O

] [
x
y

]
=

[
b
q

]
≡ f , (1.1)

where A ∈ Rn×n is symmetric positive definite, and B ∈ Rm×n has full row rank (m ≤ n). Moreover, we
have b ∈ Rn and q ∈ Rm, and BT represents the transpose of B. Thus, the saddle point problem (1.1)
admits a unique solution, which is attributed to the invertibility of its coefficient matrix A. The linear
system (1.1) with a saddle point structure arises in numerous areas of scientific computing and
engineering, including computational fluid dynamics, Navier-Stokes equations, constraint
optimization, piezoelectric equations, least-squares problems, and others. We refer to [1–3] for
further details.
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Nowadays, matrix splitting techniques serve as the foundation of developing various iterative
methods and preconditioners when they are employed to solve linear systems [2, 4]. Consider

Ãũ = f̃ ,

where Ã is a non-Hermitian matrix with a positive definite Hermitian part, the following iterative
method, known as the Hermitian and skew-Hermitian splitting (HSS) iterative method, was originally
introduced by Bai et al. [5]:(αI + H̃ )̃uk+ 1

2 = (αI − S̃)̃u(k) + f̃ ,

(αI + S̃)̃u(k+1) = (αI − H̃ )̃uk+ 1
2 + f̃ , k = 0, 1, ...,

(1.2)

where the Hermitian and skew-Hermitian parts of Ã are given by H̃ = 1/2(Ã+ Ã∗) and S̃ = 1/2(Ã −
Ã∗), respectively. The original HSS iterative method has subsequently inspired a significant body of
work. To improve upon the HSS iterative method (1.2), the more effective single-step HSS (SHSS)
iterative method [6] was developed:

(αI + H̃ )̃u(k+1) = (αI − S̃)̃u(k) + f̃ , k = 0, 1, .... (1.3)

A key advantage of the SHSS iterative method (1.3) is that it avoids solving the computationally
expensive shifted skew-Hermitian linear subsystem. Subsequently, by incorporating a preconditioned
matrix, Wang et al. [7] established a new iterative method:

(P̃ + H̃ )̃u(k+1) = (P̃ − S̃)̃u(k) + f̃ , k = 0, 1, ..., (1.4)

where P̃ is a Hermitian positive definite matrix. A key observation is that the iterative method (1.4)
is more general and flexible than the SHSS method (1.3), which it contains by noting that the former
reduces to the latter when P̃ = αI. Additionally, since P̃ + H̃ is Hermitian positive definite, it admits
the use of effective solvers like the conjugate gradient method or Cholesky factorization.

During the past two decades, iterative methods and preconditioning techniques have become vital
tools for solving (1.1) [8]. Among numerous numerical approaches, Krylov subspace methods with
high-quality preconditioners are one of the most effective categories. Many contributions in this
direction include block diagonal preconditioners [9–11], block triangular preconditioners [12–14],
constraint preconditioners [15–17], and preconditioners inspired by matrix splitting schemes [18–20].
Additionally, iterative methods and preconditioners inspired by matrix splitting techniques have also
played an important role in solving (1.1). For instance, motivated by the HSS iterative scheme, an
HSS preconditioner for a generalized version of (1.1) was proposed by Benzi and Golub [21].
Moreover, several improvements of HSS preconditioners have been presented [22–24]. These studies
demonstrate that preconditioners derived from matrix splitting strategies can significantly enhance the
convergence of Krylov solvers. The effectiveness of a preconditioner is determined by the specific
structure of the problem and the actual choice of splitting schemes [3]. Therefore, the design of a
good preconditioner remains a central task in developing effective solution strategies for (1.1).

This paper presents a solution strategy for the saddle point problem (1.1), which is inspired by the
iterative method (1.4). Sufficient convergence conditions of the resulting iterative scheme are
established through rigorous analysis. Furthermore, a novel block diagonal preconditioner
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incorporating two preconditioning matrices is designed to accelerate the convergence of Krylov
subspace methods, which is structured as

P =

(
P + A O

O Q

)
.

Here, P and Q are symmetric positive definite matrices. Our contributions are summarized in three
aspects. First, unlike standard block diagonal preconditioners that simply take the (1,1)-block as A,
we introduce P to regularize the (1,1)-block. Meanwhile, this proposed preconditioner avoids the
full Schur complement. As a result, this preconditioner effectively improves the spectral properties
of the original matrix, thereby enhancing the computational efficiency. Second, it should be pointed
out that the proposed preconditioner is more flexible than the SHSS preconditioner, as it not only
reduces to the SHSS preconditioner but also yields new preconditioners. Third, suitable choices of the
preconditioning matrices P and Q can achieve fast convergence.

This work is organized as follows: Section 2 reviews existing block preconditioners inspired by
the HSS scheme. Section 3 presents our proposed iterative method, along with a detailed analysis of
its convergence conditions. Section 4 introduces a block diagonal preconditioner and investigates the
spectral properties of the preconditioned matrix. Section 5 presents numerical experiments to validate
the effectiveness of the proposed strategy. Finally, concluding remarks are provided in Section 6.

2. A review of the HSS-type preconditioners

We begin with a concise overview of the well-known HSS preconditioner and its improved variants.
Following the HSS iterative framework, the coefficient matrixA admits the splitting

A = H + S,

where

H =
1
2

(A +AT ) =
[

A O
O O

]
, S =

1
2

(A−AT ) =
[

O BT

−B O

]
.

Benzi and Golub [21] demonstrated that the HSS iterative method is unconditionally convergent.
Furthermore, by employing the special matrix splitting scheme, we can derive the HSS preconditioner

PHS S =
1

2α
(αI +H)(αI + S)

=
1

2α

[
αI + A O

O αI

] [
αI BT

−B αI

]
=

1
2

[
αI + A (I + 1

α
A)BT

−B αI

]
.

(2.1)

Since the pre-factor 1
2 does not influence the preconditioned system, the HSS preconditioner (2.1) is

typically simplified to the form:

P̃HS S =

[
αI + A (I + 1

α
A)BT

−B αI

]
. (2.2)
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Utilizing the splitting of the sub-matrix A in (1.1), we obtain the following splitting scheme

Ĥ =

[
H BT

O O

]
, Ŝ =

[
S O
−B O

]
.

Here, H = 1/2(A + AT ) and S = 1/2(A − AT ) denote, respectively, the symmetric and skew-symmetric
parts of A. Following the classical alternating direction implicit (ADI) method, Liu [25] subsequently
developed a new alternating local HSS (ALHSS) preconditioner with the form of

PALHS S =
1

2α

[
αI + H BT

O αI

] [
αI + S O
−B αI

]
=

1
2

[
αI + A + 1

α
HS − 1

α
BT B BT

−B αI

]
.

Theoretical findings establish that the eigenvalues of the corresponding preconditioned matrix cluster
around the points (0, 0) and (2, 0). Motivated by relaxed techniques and the preconditioner (2.2),
Cao et al. [22] consequently developed a relaxed HSS (RHSS) preconditioner

PRHS S =
1
α

[
A O
O αI

] [
αI BT

−B O

]
=

[
A 1

α
ABT

−B O

]
.

(2.3)

To address the limitations of the HSS and RHSS preconditioners, Salkuyeh and Masoudi [23] thus
presented a new RHSS (REHSS) preconditioner

PREHS S =

[
A ABT

−B αI

]
. (2.4)

Numerical results demonstrated the superior performance of the REHSS preconditioner. By
incorporating a regularization matrix, Bai and Benzi [24] presented a class of regularized HSS
preconditioners. Numerical results demonstrated the effectiveness of the proposed regularized HSS
preconditioner compared with the original HSS preconditioner. Very recently, inspired by the iterative
scheme (1.3), Li and Wu [26] developed a SHSS preconditioner for solving (1.1), which can be
given by

PS HS S =

[
αI + A O

O αI

]
.

3. The new iterative method

Drawing inspiration from the iterative method (1.4), we proceed to propose the following
splitting scheme:

A = (Ω +H) − (Ω − S), (3.1)

where

Ω =

[
P O
O Q

]
.
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Here, P ∈ Rn×n and Q ∈ Rm×m are symmetric positive definite matrices. According to the matrix
splitting (3.1), we now propose a new iterative method to solve (1.1), as outlined below:
The new iterative method: Let P ∈ Rn×n and Q ∈ Rm×m be defined as symmetric positive definite
matrices. Starting from an initial guess x0 ∈ Rn and y0 ∈ Rm , the iterative proceeds for k = 0, 1, 2, ...
until {x(k), y(k)}+∞k=0 converges, computing[

P + A O
O Q

] [
x(k+1)

y(k+1)

]
=

[
P −BT

B Q

] [
x(k)

y(k)

]
+

[
b
q

]
. (3.2)

Typically, the matrix Ω +H can serve as a preconditioner for the coefficient matrix A. Furthermore,
the iterative matrix Γ respect to the new method (3.2) is

Γ =

[
P + A O

O Q

]−1 [
P −BT

B Q

]
. (3.3)

Let ρ(Γ) denote the spectral radius of the iterative matrix Γ, then it is clear to observe that the new
iterative method (3.2) converges if and only if ρ(Γ) < 1 [2, 27].

Indeed, the proposed iterative method (3.2) represents a generalized version of the SHSS
method [26], which it reduces to the latter when P = αI and Q = αI. In actual computations, we can
select suitable preconditioning matrices P and Q to minimize the implementation cost of the proposed
iterative method (3.2). This flexibility implies that the proposed iterative scheme is more adaptable for
solving (1.1).

Next, we proceed to investigate the convergence of the new iterative method (3.2). Specifically, let
λ denote an eigenvalue of the iterative matrix Γ defined as in (3.3). Also, the eigenvector associated
with λ is denoted by [x̃T , ỹT ]T . The associated generalized eigenvalue problem can then be derived:[

P −BT

B Q

] [
x̃
ỹ

]
= λ

[
P + A O

O Q

] [
x̃
ỹ

]
,

or equivalently,
Px̃ − BT ỹ = λ(P + A)x̃, (3.4)

Bx̃ + Qỹ = λQỹ. (3.5)

Immediately, we can derive the following results.

Lemma 3.1. Assume that A ∈ Rn×n is symmetric positive definite, and B ∈ Rm×n has full row rank. Let
Γ be defined as in (3.3). For any eigenvalue λ of Γ that is associated with the eigenvector [x̃T , ỹT ]T , it
can be concluded that λ , 1.

Proof. Assuming λ = 1 and substituting it into (3.4) and (3.5) yieldsAx̃ + BT ỹ = 0,
− Bx̃ = 0.

Given that A is nonsingular, we obtain x̃ = ỹ = 0. This result leads to a contradiction with the
assumption. Thereby, we have λ , 1. □
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Lemma 3.2. Suppose that the hypotheses of Lemma 3.1 are satisfied. Assume that P ∈ Rn×n and
Q ∈ Rm×m are symmetric positive definite matrices, then we have x̃ , 0. Furthermore, if ỹ = 0, it
follows that 0 < λ < 1.

Proof. If x̃ = 0, Eq (3.4) thus yields BT ỹ = 0. Moreover, the assumption of B implies ỹ = 0. This
conclusion is inconsistent with the fact that [x̃T , ỹT ]T is the corresponding eigenvector with respect to
λ. Therefore, we have x̃ , 0.

If ỹ = 0, we obtain from (3.4) that
Px̃ = λPx̃ + λAx̃. (3.6)

Let

a =
x̃T Px̃
x̃T x̃

> 0, and b =
x̃T Ax̃
x̃T x̃

> 0. (3.7)

Multiplying both sides of Eq (3.6) by x̃T

x̃T x̃ , we derive

λ =
x̃T Px̃
x̃T x̃

x̃T Px̃
x̃T x̃ +

x̃T Ax̃
x̃T x̃

.

Then based on (3.7), we have
λ =

a
a + b

. (3.8)

Under the assumptions of A and P, from (3.8) we conclude that 0 < λ < 1. □

The following lemma provides a crucial tool that is vital to the following results.

Lemma 3.3. [27] A necessary and sufficient condition for the two roots of real quadratic equation
x2 − px + q = 0 to have modulus less than 1 is that |q| < 1 and |p| < 1 + q.

Theorem 3.1. Assume that A, P ∈ Rn×n and Q ∈ Rm×m are symmetric positive definite matrices, and
B ∈ Rm×n is a matrix of full row rank. Let Γ be defined as in (3.3). Define

a =
x̃T Px̃
x̃T x̃

> 0, b =
x̃T Ax̃
x̃T x̃

> 0, c =
x̃T BT Q−1Bx̃

x̃T x̃
≥ 0, and ∥x̃∥2 = 1. (3.9)

If c < b, then
ρ(Γ) < 1.

Thus, the iterative method (3.2) is convergent.

Proof. It follows from Lemma 3.1 and (3.5) that

ỹ =
Q−1Bx̃
λ − 1

. (3.10)

Substituting (3.10) into (3.4) results in

(λ − 1)Px̃ + λAx̃ +
BT Q−1Bx̃
λ − 1

= 0. (3.11)
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Lemma 3.2 implies that x̃ , 0. Multiplying Eq (3.11) by x̃T

x̃T x̃ on both sides, we obtain

(λ − 1)
x̃T Px̃
x̃T x̃

+ λ
x̃T Ax̃
x̃T x̃

+

x̃T BT Q−1Bx̃
x̃T x̃

λ − 1
= 0. (3.12)

Together with (3.9) and (3.12), we have

λ2 −
2a + b
a + b

λ +
a + c
a + b

= 0. (3.13)

Here, a > 0, b > 0, and c ≥ 0. By Lemma 3.3, we know |λ| < 1 in (3.13) is that∣∣∣∣∣a + c
a + b

∣∣∣∣∣ < 1 (3.14)

and ∣∣∣∣∣2a + b
a + b

∣∣∣∣∣ < 1 +
∣∣∣∣∣a + c
a + b

∣∣∣∣∣ . (3.15)

Thus, it is easy to confirm that (3.14) and (3.15) are valid for c < b when c > 0. When c = 0, since Q
is symmetric positive definite, there exists a nonzero vector x̃ with the property Bx̃ = 0. From (3.10),
it follows that ỹ = 0, and Lemma 3.2 then implies 0 < λ < 1. Consequently, we have ρ(Γ) < 1, which
completes the proof. □

Furthermore, since Q is symmetric positive definite, denoting by δmin the minimum eigenvalue of A
and by µmax the maximum singular value of Q−1/2B, we obtain

x̃T BT Q−1Bx̃
x̃T Ax̃

≤
µ2

max

δmin
. (3.16)

Consequently, the following results follow from Eq (3.16).

Corollary 3.1. Suppose that the hypotheses of Theorem 3.1 are satisfied. Assume that δmin and µmax are
the minimum eigenvalue of A and the maximum singular value of Q−1/2B, respectively. If µ

2
max
δmin
< 1, then

ρ(Γ) < 1.

That is, the new iterative method (3.2) is convergent.

Remark 3.1. The condition µ
2
max
δmin
< 1 can be achieved by a special selection of the matrix Q, owing to

the fact that µmax is defined as the maximum singular value of Q−1/2B.

Furthermore, since A is symmetric positive definite, we let ỹ = A1/2 x̃ and ∥̃y∥2 = 1. Thus, we have

x̃T BT Q−1Bx̃
x̃T Ax̃

= ỹT A−1/2BT Q−1BA−1/2ỹ = ỹT (Q−1/2BA−1/2)T Q−1/2BA−1/2ỹ.

Consequently, we establish the following results.

Corollary 3.2. Suppose that the hypotheses of Theorem 3.1 are satisfied and the maximum singular
value θmax of Q−1/2BA−1/2 satisfies θmax < 1, then

ρ(Γ) < 1.

This is sufficient to ensure that the new iterative method (3.2) is convergent.

Electronic Research Archive Volume 34, Issue 10, 7583–7600.



7590

In summary, the new iterative method (3.2) is convergent under the conditions stated in
Theorem 3.1, Corollary 3.1, and Corollary 3.2. When used directly as a stationary iterative method
(i.e., a fixed-point iterative), the splitting scheme A = P − R commonly yields a slow convergence
rate. However, the splitting matrix P itself can serve as an effective preconditioner for the coefficient
matrix A within a Krylov subspace method. In other words, although the fixed-point iterative
converges slowly, it provides a preconditioner that significantly accelerates the convergence of
Krylov solvers.

4. The block diagonal preconditioner

We now analyze the following block diagonal preconditioner (denote to “PHSS”) for (1.1), which
originates from the special matrix splitting scheme [7]:

PPHS S =

(
P + A O

O Q

)
. (4.1)

As is known that the saddle point problem (1.1) can be reformulated as the left-preconditioned
linear system

P−1
PHS SAu = P−1

PHS S f .

It is a well-established fact that eigenvalue clustering of the preconditioned matrix typically results in a
fast convergence rate. Given this, we now examine the spectral properties of P−1

PHS SA, as they directly
inform the convergence behavior.

Remark 4.1. The proposed block diagonal preconditioner defined as in (4.1) can be viewed as a block
diagonal version of works introduced in [28, 29].

Remark 4.2. The proposed PHSS preconditioner is particularly advantageous, as it not only includes
the SHSS preconditioner as a special case, but also yields new block diagonal preconditioners. As
a result, the PHSS preconditioner offers greater flexibility, and therefore enables significantly faster
convergence than alternative approaches. Moreover, we can choose suitable Q such that the proposed
PHSS preconditioner reduces the overall computational cost. We emphasize that the addition of the
symmetric positive definite matrices P and Q is not arbitrary modification; instead, it is inherited
from the regularization concept of [7]. Although for general linear systems, additive correction on
the (1,1)-block often fails to accelerate iteration; for saddle point matrices with a zero (2,2)-block, this
structured regularization can effectively adjust the spectrum of the preconditioned matrix.

Remark 4.3. As is known, the optimal block diagonal preconditioner takes the form

Popt =

(
A O
O Ŝ

)
,

where Ŝ = BA−1BT . It is well known that the preconditioned system with the preconditioner Popt

possesses only three distinct eigenvalues, and achieves the convergence of generalized minimal
residual (GMRES) in four iterations. Nevertheless, the preconditioner Popt relies on the exact inverse
of A and the full Schur complement, which is computationally unaffordable for large systems. In this
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paper, from a computational perspective, the extra matrices P and Q provide flexible approximation
choices to reduce the computational cost. Moreover, the proposed block diagonal preconditioner is
simper and more feasible to implement in comparison with several existing preconditioners. It is
therefore expected to outperform others in terms of the computational cost.

Theorem 4.1. Suppose A, P ∈ Rn×n and Q ∈ Rm×m are symmetric positive definite, and B ∈ Rm×n has
full row rank. Let η denote an eigenvalue of P−1

PHS SA, with [uT , vT ]T being its associated eigenvector.
If c < b, then we have |η| < 1. Here,

a =
uT Pu
uT u

> 0, b =
uT Au
uT u

> 0 and c =
uT BT Q−1Bu

uT u
≥ 0. (4.2)

Proof. First we derive [
A BT

−B O

] [
u
v

]
= η

[
P + A O

O Q

] [
u
v

]
,

or equivalently,
Au + BT v = η(P + A)u, (4.3)

−Bu = ηQv. (4.4)

Lemma 3.1 implies that η , 0. Then, Eq (4.4) leads to

v =
−Q−1Bu
η

. (4.5)

Thus, substituting (4.5) into (4.3) results

Au −
BT Q−1Bu
η

= η(P + A)u. (4.6)

In the following part, we set ∥u∥2 = 1. Multiplying uT

uT u on both sides of Eq (4.6), based on (4.2),
we derive

η2 −
b

a + b
η +

c

a + b
= 0. (4.7)

Based on Lemma 3.3 and (4.7), it is easy to derive that |η| < 1. □

Remark 4.4. As described in Theorems 3.1 and 4.1, the validity of the theoretical results relies on
certain assumptions regarding the preconditioned matrix Q. In practice, Q is chosen to be symmetric
positive definite. Moreover, when A is symmetric positive definite, the required condition Q ≻ BA−1BT

is equivalent to the positive definiteness of the Schur complement A − BT Q−1B. Therefore, verifying
A − BT Q−1B ≻ 0 provides a criterion such that the assumptions holds. This highlights that the choice
of Q plays a critical role in the performance of the PHSS preconditioner. In the numerical example,
we consider different types of the matrix Q to highlight its importance of the proposed preconditioner.

Given that the preconditioned matrices P and Q are unknown, a general analysis of the eigenvalue
distribution for P−1

PHS SA is inherently difficult. This very freedom, however, allows for the selection
of P and Q to purposefully cluster the eigenvalues, thereby improving the spectral properties of the
preconditioned system. Optimizing this eigenvalue distribution is fundamental to achieving faster
convergence in iterative methods.
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5. Numerical results

In this part, numerical tests are conducted to evaluate the performance of the proposed block
diagonal preconditioner. To highlight its efficiency, we compare numerical results with those from
several existing preconditioners. The comparison is based on the following criteria: one is the number
of iterations (“IT”), and the other is the elapsed CPU time in seconds (“CPU”). All involved
preconditioners are employed to preconditioned GMRES method. We begin with a zero initial vector
and the iterative stops if

∥rk∥2

∥r0∥2
≤ 10−7

or κmax = 1000 is exceeded. Here, rk represents the kth iteration residual.
We compare with the following existing preconditioners:

• The relaxed HSS preconditioner [22];
• The new relaxed HSS preconditioner [23];
• The modified generalized shift-splitting (MGSS) preconditioner [29].

Here, the involved RHSS and REHSS preconditioners are given in (2.3) and (2.4). Additionally, the
MGSS preconditioner has the form of

PMGS S =
1
2

[
P + A BT

−B Q

]
.

We performed the computations in MATLAB (R2024a) equipped with an Intel(R) Core(TM) i7-
14700 (2.10 GHz) with 32GB RAM. Moreover, the vector f in (1.1) is set so that it corresponds to an
exact solution of (1, 1, ..., 1)T .

Example 5.1. [30, 31] Consider the Stokes problem−∆u + ∇p = f,
∇ · u = 0,

(5.1)

in Ω = [−1, 1] × [−1, 1]. Here, ∆, ∇, u, and p denote, respectively, the Laplace operator, the gradient
operator, velocity, and pressure of the fluid, coupled with suitable boundary condition on ∂Ω. As
is known, many discretization schemes for (5.1) lead to the saddle point structure (1.1). Here, we
employ Q2 − P1 finite element to discretize on uniform grids on the unit square of the two standard
model problems:

• Case I: The leaky lid-driven cavity problem;
• Case II: The channel domain problem.

For more details, we refer to [30, 31].

In this example, the linear system was generated through the Incompressible Flow & Iterative Solver
Software (IFISS) package developed by Elman et al. [30]. Four different sizes are chosen as 16 × 16,
32 × 32, 64 × 64, and 128 × 128. Here, the IFISS software provides the involved matrices Ast and Bst
for A and B of (1.1), respectively. In particular, the matrix Bst is of full rank for the Case II, while is
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rank deficient for the Case I. Therefore, in Case I, we obtain a full rank matrix by dropping the two
first rows of Bst.

The preconditioning matrices of the PHSS and MGSS preconditioner are assigned as follows:

• PHSS preconditioner: P = αH and Q = αI, where H = 1/2(A + AT );
• MGSS preconditioner: P = αH and Q = αI + αBBT .

It should be pointed out that the optimal parameter is difficult for us now. Instead, in order to ensure
a fair and consistent comparison, numerical results are compared for parameters α = 0.01, 0.1, 1 and
different grids.

Table 1. The size of the matrices A and B for different cases.

Case I Case II
Grid n m nnz(A) nnz(B) n m nnz(A) nnz(B)
16 × 16 578 190 6178 1967 578 192 6698 2084
32 × 32 2178 766 28418 9868 2178 768 29546 10142
64 × 64 8450 3070 122206 44516 8450 3072 124550 45062
128 × 128 33282 12286 506376 191084 33282 12288 511152 192174

Table 1 presents some basic information of (5.1), including n, m, nnz(A), and nnz(B). Here, nnz(·)
denotes the number of the nonzero entries of a given matrix. Numerical results for Cases I and II
are presented in Tables 2 and 3. As shown in Tables 2 and 3, the proposed preconditioner PPHS S

consistently requires less computational time than those of others. These observations indicate the
computational superiority of PPHS S in accelerating the convergence of iterative solvers.

Table 2. Numerical results for Case I on 2l × 2l grid.

α = 0.01 α = 0.1 α = 1
l Preconditioner IT CPU IT CPU IT CPU

PRHS S 25 0.1117 27 0.1246 27 0.1233
4 PREHS S 27 0.1139 24 0.1037 22 0.0965

PMGS S 11 0.0300 23 0.0626 34 0.0906
PPHS S 45 0.0328 45 0.0332 41 0.0301
PRHS S 37 0.7237 41 0.7777 44 0.8314

5 PREHS S 31 0.6192 25 0.4807 22 0.4387
PMGS S 17 0.2189 28 0.3616 35 0.4608
PPHS S 47 0.2040 43 0.1899 40 0.1731
PRHS S 58 7.6520 62 8.3970 68 8.3944

6 PREHS S 28 3.4705 24 2.9625 21 2.8392
PMGS S 24 1.6958 31 2.2311 34 2.6570
PPHS S 47 0.8888 43 0.8148 38 0.7208
PRHS S 87 62.9047 98 74.4238 106 93.9496

7 PREHS S 26 19.2951 23 16.6009 8 6.9093
PMGS S 28 9.8991 31 10.1461 14 5.5942
PPHS S 47 4.1319 41 3.6522 16 1.5359
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Table 3. Numerical results for Case II on 2l × 2l grid.

α = 0.01 α = 0.1 α = 1
l Preconditioner IT CPU IT CPU IT CPU

PRHS S 26 0.1316 27 0.1354 27 0.1361
4 PREHS S 25 0.1305 20 0.1051 19 0.0958

PMGS S 9 0.0244 19 0.0556 30 0.0736
PPHS S 43 0.0351 41 0.0335 37 0.0298
PRHS S 39 0.8252 41 0.8672 40 0.8439

5 PREHS S 26 0.5676 20 0.4290 19 0.4052
PMGS S 14 0.1906 25 0.3315 30 0.3433
PPHS S 43 0.1869 39 0.1717 35 0.1490
PRHS S 60 8.9139 57 7.4187 57 7.1830

6 PREHS S 22 2.8906 20 2.6750 17 2.4816
PMGS S 20 1.4302 26 1.8767 28 2.1367
PPHS S 41 0.8329 37 0.7366 31 0.6377
PRHS S 83 61.4040 80 61.2539 80 59.4119

7 PREHS S 22 15.8820 18 13.1340 14 10.9738
PMGS S 23 8.6719 24 9.4720 23 9.1592
PPHS S 39 3.4066 32 2.7854 26 2.3738

Figures 1 and 2 present the spectral distribution of A and the preconditioned matrices for Case I
on 32 × 32 grid, using different parameter values α = 0.1, 1. From Figures 1 and 2, it can be readily
observed that the preconditioned matrices exhibit significantly greater eigenvalue clustering than A.
In particular, all eigenvalues of P−1

PHS SA lie within (0, 1).
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Figure 1. Spectrum of the preconditioned matrices for Case I on 32 × 32 grid (α = 0.1).
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Figure 2. Spectrum of the preconditioned matrices for Case I on 32 × 32 grid (α = 1).

Figures 3 and 4 present the spectral distributions ofA and several preconditioned matrices for Case
II on 32×32 grid with α = 0.1 and α = 1, respectively. From Figures 3 and 4, the PHSS preconditioned
matrices generally exhibit a well-clustered spectrum. However, an exception is observed when α = 0.1.
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Figure 3. Spectrum of the preconditioned matrices for Case II on 32 × 32 grid (α = 0.1).
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Figure 4. Spectrum of the preconditioned matrices for Case II on 32 × 32 grid (α = 1).

To demonstrate the advantage of the proposed block diagonal preconditioner with varying α, we
illustrate that the proposed PHSS preconditioner outperforms several existing methods. We also
consider the case of P = αH and Q = I (denote as “PHSS-I”). Figures 5 and 6 present the number of
iterations and the CPU time of GMRES method for solving the preconditioned systems with the
preconditioners PRHS S , PREHS S , PMGS S , PPHS S and its variant PHSS-I for Cases I and II with 64 × 64
and 128 × 128 grids for varying α. Figures 5 and 6 show that the PHSS preconditioners possess less
iteration counts compared to the RHSS preconditioner. Although we see that the REHSS
preconditioner and MGSS preconditioner are superior to the proposed PHSS preconditioner in terms
of the iteration counts, the PHSS preconditioners are more effective in terms of the CPU time.
Therefore, it is expected that the proposed block diagonal preconditioner may perform well when is
used to solve large-scale problems. Furthermore, we observe that Q = I is a suitable choice for our
proposed block diagonal preconditioner. This highlights the flexibility of the proposed
PHSS preconditioner.

Furthermore, we consider the following different choices of Q, such as

• Q = BΛ−1BT , where Λ = diag(A);
• Q = βBBT ;
• Q = αI + βBBT .

Here, we set α = 1 and β = 10. Table 4 presents the numerical results for different Q. It is evident
that the preconditioning matrix Q is vital to the PHSS preconditioner, as a suitable choice leads to
better performance.
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Figure 5. Number of iterations and CPU time with varying α for Case I (Top: 64 × 64;
Bottom: 128 × 128).
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Figure 6. Number of iterations and CPU time with varying α for Case II (Top: 64 × 64;
Bottom: 128 × 128).
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Table 4. Numerical results for different Q on 2l × 2l grid.

Q l = 4 l = 5 l = 6 l = 7
Q = BΛ−1BT IT 49 73 103 141

CPU 0.0535 0.4573 3.0498 20.5831
Q = βBBT IT 51 75 105 143

CPU 0.0566 0.4719 3.1119 20.9957
Q = αI + βBBT IT 35 34 31 26

CPU 0.0340 0.2184 0.9485 3.8557

6. Conclusions

For the solution of saddle point problems, we propose a block diagonal preconditioner. The
proposed approach not only generalizes existing preconditioners in the literature but also induces new
ones simultaneously. To this end, we further investigate the convergence performance of the resulting
iterative method as well as its related spectral properties, with a particular focus on eigenvalue
clustering. The advantages of the proposed preconditioner are validated through numerical
experiments in comparison with those of existing methods. Future work will be dedicated to
addressing the critical issue of selecting effective matrices P and Q.
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