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Abstract: This paper was devoted to solving the large-scale trust-region subproblem (TRS), a core
subproblem in nonlinear optimization with extensive applications in scientific computing fields such
as the Lorentz eigenvalue problem, Tikhonov regularization, nonlinear least squares, and so on. The
generalized Lanczos trust-region (GLTR) method is one of the most popular iterative algorithms for
large-scale TRS. In this method, the approximate solution converged more slowly than the approximate
Lagrange multiplier. Inspired by this characteristic and the generalized minimal residual method (GM-
RES) and minimal residual method (MINRES), we proposed a minimal residual method based on the
GLTR framework (MRTR). The MRTR method fixed the approximate Lagrange multiplier from GLTR
and sought the approximate solution that minimized the residual norm within the Krylov subspace. We
established some theoretical results to characterize the relationship between the approximate solutions
of MRTR and GLTR. The experimental results showed that the MRTR method outperformed the GLTR
method in terms of iteration numbers and CPU running time, and its residual norm convergence curve
was smoother with better numerical stability, while achieving approximate optimal values with the same
high precision as GLTR.

Keywords: trust-region subproblem; generalized Lanczos trust-region (GLTR) method; Krylov
subspace; minimal residual method

1. Introduction

In this paper, we focus on the following large-scale trust-region subproblem (TRS) [1,2]:

i 1
min < f(x) = —xTAx + ng , (1.1)
llell<A 2
where A € R™" is a symmetric matrix, g € R" is a nonzero vector, || - ||, denotes the 2-norm of a

vector (or matrix), and A > 0 is the trust-region radius. Trust-region methods [1,2] are a widely used
technique for solving nonlinear optimization problems that aim to minimize objective function. Each
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iteration of such methods entails finding a solution to the TRS (1.1). Within the trust-region framework,
the objective function of TRS (1.1) serves as a quadratic approximation of objective function around
the current iterate ¥, where A denotes the Hessian matrix and g stands for the gradient of objective
function evaluated at ¥. In addition, the TRS (1.1) finds wide applications in various fields, including the
Lorentz eigenvalue problem [3], graph partitioning problems [4], the Levenberg—Marquardt algorithm
for nonlinear least squares [2], and the Tikhonov regularization [5, 6].

Numerous algorithms have been developed to address large-scale TRS (1.1). Gould et al. proposed a
modified version of the Moré-Sorensen method using Taylor series expansion [7], while Steihaug and
Toint [8, 9] introduced a truncated conjugate gradient (tCG) approach. In [10], Gander et al. addressed
the TRS (1.1) from the perspective of an eigenproblem. Building on this approach, Adachi, Iwata,
Nakatsukasa, and Takeda extended the strategy to weighted-norm TRS in [11], where the problem can
be transformed into a generalized eigenvalue problem of size 2n. The generalized Lanczos trust-region
(GLTR) method [12] leverages projection techniques to reduce the problem size. Other notable methods
include a nested Lanczos method [13] (regarded as an accelerated variant of GLTR), a matrix-free
algorithm [5, 6], and a method based on semi-definite programming (SDP) [14]. For more details, the
reader is referred to [15-20].

The GLTR method [12] is among the most widely used techniques for solving large-scale TRS
(1.1) in the easy case (for the definition of the easy case, please see Section 2). The principle of
GLTR consists of the Lanczos process combined with the Rayleigh-Ritz procedure. Analogous to
the classical Lanczos method for eigenvalue problems (see, e.g., [21]), for solving large-scale TRS,
the original problem (1.1) is first projected onto the Krylov subspace to yield a reduced-size TRS,
which is subsequently solved by an efficient and accurate method. The convergence of GLTR has
been investigated in [22-27]. From these convergence results, the convergence rate of the approximate
Lagrange multiplier is significantly higher than that of the approximate solution in the GLTR method.
Inspired by this fact and the generalized minimal residual (GMRES)/minimal residual (MINRES)
methods [28], we propose a minimal residual method for solving large-scale TRS problems based on
the GLTR method. This method fixes the approximate Lagrange multiplier obtained from the GLTR
method and seeks the approximate solution that minimizes the residual norm within the Krylov subspace,
replacing the approximate solution yielded by the GLTR to approximate the global solution. We show
through several numerical examples that the proposed method yields a certain improvement over the
GLTR method. Furthermore, it can be seen from the convergence curves of the residual norm that the
convergence curve of the new method is smoother than that of the GLTR method (see Section 4).

The paper is organized as follows. In Section 2, we first review the theoretical characterization
of the global solution to the TRS (1.1) and classify the easy case and hard case of the problem, then
give a detailed introduction to the GLTR method, including its basic principle, two-phase iteration
process, and existing convergence results. In Section 3, inspired by the GMRES/MINRES methods
and the faster convergence rate of the Lagrange multiplier in the GLTR method, we propose a minimal
residual method for large-scale TRS (MRTR), derive the explicit form of the approximate solution of the
new method, and establish key theoretical results to analyze the relationship between the approximate
solutions of MRTR and GLTR. Section 4 presents some numerical experiments, where we test the
performance of the MRTR method on both constructed diagonal matrices and real sparse symmetric
matrices from the University of Florida Sparse Matrix Collection, and compare the number of iterations,
CPU running time, residual norm convergence curves, and approximate optimal values with those of
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the GLTR method to verify the numerical efficiency and stability of the proposed method. Finally,
concluding remarks are drawn in Section 5.

Throughout this paper, the transpose of a matrix or vector is denoted by (-)”; N'(A) stands for the null
space of matrix A; || - || represents the Euclidean norm of a matrix or vector. We use 0 and 7 to denote
the zero vector (matrix) and identity matrix, respectively, with their dimensions being self-evident from
the context. Let e; denote the i-th column of /. Additionally, A > 0 (resp., A > 0) indicates that A is a
symmetric positive semi-definite (resp., positive definite) matrix.

2. Preliminaries
In this section, we briefly introduce the solutions to the TRS (1.1), and the GLTR method [12].

2.1. Solutions of the TRS (1.1)
A global solution to the TRS (1.1) is characterized by the following theorem.

Theorem 2.1. [1,17, 18] The vector Xy is a global optimal solution of the trust-region problem (1.1),
if, and only if, ||xopnll < A and there exists Lagrange multiplier Ay, > 0 such that

(A + /loptl)xopt =-8 /lopt(A - ”xopt”) =0 and A+ /loptl b 0. (21)

Let smin be the smallest eigenvalue of A. In particular, the TRS (1.1) admits two scenarios [2,17,29]:

Easy case: Aoy > max{0, —smin}. In this case, A+ Ao > 0, and the TRS (1.1) has a unique solution
given by:
Xopt = —(A+ /loptl)_]g'

Hard case: Ay = —Smin. In this case, there exist multiple solutions that can be expressed as follows:

Xop = ~(A+ dol)' g + \[A2 = (A + o] gIP -,

where the superscript T denotes the Moore-Penrose pseudoinverse of a matrix and u € N(A — Synl)
with |ju|, = 1.

It is evident that when A > 0, the global solution x,, must take one of two forms: either x,p = -Alg
(corresponding t0 Agp = 0) OF Xope = —(A + Aopd )"' g (corresponding to Agpt > 0) lying on the boundary.
Consequently, the hard case arises if, and only if, sp,;, < 0. Throughout this paper, we assume that the
TRS is the easy case.

2.2. The GLTR method

The GLTR method proposed by Gould et al. [12] is one of the most commonly used approaches for
solving large-scale TRS (1.1) in the easy case. Specifically, the GLTR method yields an approximate
solution to the original TRS by solving the following problem:

. L.
min x) = —xTAx + x" g\, 29
IlI<A, xeX; {f (x) ) g} (2.2)
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where K} denotes the Krylov subspace

k—1
K := Ki(A, g) = span{g, Ag,...,A" g} = {Z @A'g
i=0

@, A1, ..., | ER}.

We can obtain an orthonormal basis Q; = (¢, ¢z, . . . , i) for K} by the Lanczos process, which can be
written in matrix form [28]
AQy = OuTy + Brginie; with g = Bogi, and B = ||gll, (2.3)
where e; is the i-th column of the identity matrix, and
a i
B ax B
Ty = QfAQ; = ST € RP,
Bi-2 @1 Pr-i
B
Let .
Y = arg min {—yTTky +,80yTe1}. 2.4)
lyll<a | 2

It can be easily verified that

X = =ar min X).
k= Ok g fun f(x)

Therefore, we obtain the solution x; to Problem (2.2), which can be used as an approximation to X.
Since T} is a tridiagonal and irreducible matrix, the TRS (2.4) is always in the easy case [12,
Theorem 5.3], i.e., the solution y; is unique. By Theorem 2.1, there exists a Lagrange multiplier A, > 0,
such that
yi = —Bo(Te + D) 'ey and x; = —BoQu(Ty + L) e. (2.5)

So we have from (2.3) that

(A + ADx + g = (B Yo gis1- (2.6)
The convergence of x;, A, and ||(A + A,1)x; + gl| has been thoroughly investigated [24,27]:
Theorem 2.2. Suppose that TRS (1.1) is in the easy case and ||Xopl| = ||xi]| = A. Then

k
”xk xopt” S4\/I_<(\/E_l) ,
A Vi +1

(A + uD)x; + gl < 2[|Aopll \/N + (7 = Q@)X opdl* - (

\/l—<—1)’<
Vek+177

, 2k (llxoptHAom )2 ( Vi — 1)”“
”Aopt” A \/E +1 ’

OS/lopt—/lkSZSk‘[l

where k denotes the spectral condition number of A + Aoyl and
A2
llgl? - el (Tx + Aoped) ey

Sk
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The GLTR can be divided into two phases. In this first phases, x; can recurs from the conjugate-
gradient (CG) iteration [12]:

Xiel = X + piPr, k=1

where
2
3 3 _ 0. o1 = Il gll 3 A
g81=-P1=8 X1=0, ppr =, 8ke1 = 8k T PxAPk,
PkApk
2
_ gl _
Tk = > > Piv1 = —8k+1 T TPk
Il gll
Moreover, g; = % where o, = — sign(o_1)o_1, o = 1, and
1V
p1 loal
N1 ,u N
il p2 " P o2l
T, = ) 2.7
Ti2 Loy T2 VTk-1
lok—2l  pr-1 _ pr-—2 lok-11
Tk—1 1 Tk—1
lok-11 Pk Pl

In the CG iterations, ||x;|| increases monotonically. As a result, the CG iteration terminates if
lxopill < A, or [lxi]| > A, or p,prk < 0. If x,p 18 not obtained after the CG iterations terminate, GLTR
proceeds to the second phase, where it needs to solve a smaller-scale TRS (2.4) to obtain y,. In short,
GLTR is divided into the following two phases:

1) k=1,2,...,kcg: Xir1 = X + prpr (CG iteration);
(i1) k = kcg + 1, kcg + 2, . .. until convergence: x; = Qi ys.

When A > 0 and ||[A™'g|| < A (Ao = 0), the GLTR method reduces to the standard CG method and
Xopt = —A~'g. In the following, we assume that the CG iterations do not solve TRS (1.1), meaning that
the second phase is activated, i.e., Aoy > 0 and [|xon|| = A. The GLTR algorithm is listed in Algorithm 1
(see [12] in detail).

3. A minimal residual method for the TRS

Inspired by the GMRES/MINRES methods [21,28], we seek (//l\,ﬂ to minimize the residual norm
(A + AD)x + g|| in the second phase, where x € K. Note that in the GLTR method, the convergence rate
of A, is faster than that of x; (see Theorem 2.2). Therefore, in our method, we fix A; and seek x; € K
such that

X = arg Eel% (A + AD)x + gl|.
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Algorithm 1 The GLTR algorithm.

Require: A, g, A, tol, and It,,,.

Ensure: x; and f(xy)
Bo=llglhgi=-Pi=g x1=0,k=1
2. while 84 > 757 do

ligll 2—
. _ gkl
3 Pk = Pl AP
4:  Obtain T from T_; using (2.7)
5: ifpk <0 or ||xg +pkpk” > A then
6: kcg = k; Go to Step 15
7 break
8:  endif
90 Xp+1 = Xp t PrDk
10: 8r+1 = 8k + PrAPk
1 — llgisill?
’ llgll?
122 Pr+1 = —8k+1 + TPk
13 k=k+1
14: end while
15: for k = kCGz+ 1,...,Itn., do
. _ gkl
e P = PLAPK
17 Solve TRS (2.4) to obtain y,
T
18: if ﬁk:le;”yk‘ < tol then
19: Output x; = Qiyx; return
20:  end if
210 gre1 = &k t PKADK
2 — llgi1l?
’ llgll?
230 Pr+1 = —8k+1 t TiPk
24: end for
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We use x; instead of x; as an approximation for x,. Let

a; B
B ax B
Tk: .-‘ '-‘ '-. :(ﬂTkT), ’i;’c:(lk)eR(k_'_])xk.
Bi—2 ar-1 Prea k€ 0
Br-1 ax
Br
Hence,
Helng(A + AD)x + gl = rnyinll(A + 4Oy + BoOr+1€1ll
X k
23 . =~ ~
= min |Qk+1 [(Tk + Akdi)y + Boeqlll
= min (T + ALy + Boerll. 3.1
Let _ _ . _
Vi = —Bo(Ty + L 1) e, = arg myin (T + Ay + Boell.
Thus,

Xy = Oiyr = argmin||(A + 4 D)x + gl
xe‘Kk
is taken as an approximation to xy. The proposed algorithm (MRTR) is given in Algorithm 2. The
difference between the MRTR method and the GLTR method lies in Lines 17-20.

3.1. Main results

In this section, we provide some theoretical analysis for the MRTR algorithm. To this end, we need
the following lemma.

Lemma 3.1. Fork > 1, we have
lel (T + 4 0) 7 ex] < Cq*,

where C is a constant and 0 < g < 1 depends only on function f(x) = x7>.

Proof. Note that T} + A1} is a symmetric positive definite matrix with bandwidth 1; thus, the conclusion
follows directly from [30, p. 317, Theorem 14.1]. m]

The following result establishes the relationship between x; and x;.

Theorem 3.1. For k > 1, we have

— K. — 1 k=1
[l — x| < 2§kA( \/\/;_I_ 1) , (3.2a)
k
o AEN L) (-1
lleill = 13ll| < —5—— Ve g, (3.2b)
el + 1%l \ Vi + 1
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Algorithm 2 A minimal residual method for the TRS (1.1) (MRTR).

1. Input: A, g, A, tol, and It,,,,.

2: Output: x; and f(x;)

3 Bo=llgll.gr=-p1=8 x1=0,k=1
4 while [&4 > 70l do

_ lgl?
Pk PLAD

Obtain Ty from Ty_; using (2.7)
if pr < 0 or||lx; + orpill > A then
kcg = k; Go to Step 15
break
10 end if
s Xgy1 = Xk + PkPr
122 i1 = &k + PrAP

R A

, _ llgeal?
I3 Tk = Tge
14 Pr+1 = —8k+1 T Tk Dk
15 k=k+1

16: end while
17: for k = kcg + 1, ..., Ity do

. _ gl
18: Pk = _p[Apk

19:  Solve TRS (2.4) to obtain A; and compute y; = —ﬁo(fk + /l;j,;)*el
20 if Mt ddovitboeil o 401 then

llgll_ —

21: Output x; = Qiyx; return
22:  end if
23 Zwt = 8kt PrAPK

. _ gkl
2 T = P
25: Pik+1 = —8k+1 T TiPk
26: end for

Electronic Research Archive
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where

BT+ ad) e B CBiBoA
"1 Brel (Ty + L) ey nd b=y Bel (T, + ) e,
Proof. We first prove (3.2a). Recall that TRS (2.4) is in the easy case. Consequently, Ty + A1 > 0.
This immediately implies that

(Ti + A1) (Ty + 4Ly = (Ti + 44 + Brecel > 0. (3.3)
We further have the identity
(T + 4d) ey = [(Tk + )" (T + /lki;)]_l (T + 4d) e,
= [T+ ALY + Beel | (T + Ad e,
Bi (6’;{ (T + Adp)™ 6’1)
1+ B2l (T + Ldy) " ey

where the last equality is derived from the Sherman-Morrison-Woodbury formula [21, Section 2.1.4]. It
thus follows that

=(Te + 4dy) ey - (Ty + ) ey, (3.4)

BB (e] (Ti+ Aul)™" e1)

1+ 13817; (Tk + /1](1]()_2 (9

X — X = QY — yi) = Qi (Ti + 4L) 2 e (3.5)

By (2.5) and [24, Eqgs (3.9) and (3.10)],

el 2A -1\
k£a¢+@ur%4=|k”|s——(va ) - (3.6)
Bo Bo \ Vi + 1
The desired bound (3.2a) then follows directly from (3.5) and (3.6).
Next we prove (3.2b). Recall that [lxill = Iyl = Bo (T + 4d) ' ey|| and I3l = Iyl =
Bo |(Tx + L) ey |- 1t follows from (3.4) that
— 4 (T 1,0\
FdP — ed? (e T+ do™' 1) b
7 = . PERY ||(Tk + Aely) ek”
0 (1+B2el (Ti + Aul) )
2p: (el (Ty + L) e
- (2 - — ) ce] (Ty + L) e (3.7)
1 +ﬁkek (Tk + /lklk) €y
The desired bound (3.2b) then follows directly from (3.6) and Lemma 3.1. O

Remark 1. Since Ay — Ay, we have k, — k and

=\
( ﬁ n 1) — 0, as k increases.
Kk

Thus, the bound in (3.2a) implies that x; and X, approach each other as k increase. Furthermore, since
Xi = Xopo, it follows that X — X as k increase.

If there exist some € such that A, > 0, then A;, > 0 [31, Theorem 2.6] and ||x,|| = A for all k > €. It
then follows from (3.2b) that ||xi|| = A and that the rate at which ||x;|| approaches A is faster than the
rate at which Xy approaches X y.
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Combining (3.2a) and Theorem 2.2, we immediately obtain the following corollary.
Corollary 3.1. Fork > 1, we have
X; — Xonil| < 2&A + 4A Vk .
|57 ptll < 2&; (\/K_k+1 Vi N

The following theorem shows that, provided the Lanczos process doesn’t break down, ||(A+A;1)x;+g]|
is always strictly less than ||[(A + A D)x; + gl

Theorem 3.2. If 5, # 0, then
I(A + AD)xy + gll < (A + AD)x + glI.

Proof. By (3.3), Tk + /lk}; is of full column rank. Therefore, y; is the unique solution to the least squares
problem (3.1). Since B; # 0, it follows from (3.4) that y; # y;. Hence,

A + 4Dxy + gll = IA + 4D Qeyi + gl
= [1Quet | (Tk + ATo)ye + Boer ||
= Ty + Ao)ys + Boerl

> (T + AL)Yi + Boe
= I(A + D)% + gll.

This completes the proof. m|

If the Lanczos process terminates at step k, i.e., 5; = 0, then x; G Xy and x; = X [27, Lemma 3.3].
Therefore, both the GLTR and MRTR methods can theoretically obtain the exact solution when the
Lanczos process terminates.

The standard GLTR method follows the spirit of the Rayleigh-Ritz procedure [32]: it projects the
original TRS onto the Krylov subspace via the Lanczos process, and obtains both the approximate Lagrange
multiplier and the approximate solution simultaneously under a Galerkin-type projection condition.

The proposed MRTR method shares the same design logic as the refined Rayleigh-Ritz method [32,33]:
it takes the approximate Lagrange multiplier yielded by GLTR as a fixed quantity, and then seeks a new
approximate solution within the same Krylov subspace by minimizing the residual norm. This refinement
step improves the accuracy of the approximate solution without additional matrix-vector multiplications.

Despite the similar refinement idea, the two classes of methods are essentially different in problem
structure. The refined Rayleigh-Ritz method reduces a large-scale eigenvalue problem to a small-scale
singular value problem to compute refined eigenpairs approximations. In contrast, the MRTR method
transforms the large-scale TRS into a small-scale least-squares problem after fixing the approximate
Lagrange multiplier. Due to this essential difference in the nature of the underlying problems, the
mature theoretical analysis framework of the refined Rayleigh-Ritz method seems difficult to be directly
borrowed or applied to the MRTR method.

For the current work, we focus on algorithm construction, implementation details, and numerical
performance verification. We will carry out in-depth theoretical research along this direction in our
future work.
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4. Numerical experiments

In this section, we evaluate the numerical performance of the proposed method through some
numerical examples. All the numerical experiments were run on an AMD R7 5800H CPU 3.20 GHz
with 16 GB RAM under the Windows 11 operating system. The experimental results are obtained from
using MATLAB R2022a implementation with machine precision #pachine ~ 2.22 X 10716,

We compare the MRTR method (Algorithm 2) with the GLTR method. In all the experiments, we let
tol = 1078, Ity = 1000, and three distinct vectors g:

(L ! )TGR”
gl \/ﬁ’ \/ﬁ,..., \/ﬁ 9
c
8= m with ¢; = (cos 1,c0s2,...,cosn)’ € R", and
1

g = —2 with ¢, = randn(n, 1) € R”
lleal|
To ensure the orthogonality of the basis Q,, we employ the full reorthogonalization process such that
||Q£Qk — It]| = O(Umachine)- It is proven in [11] that the TRS can be equivalently transformed into an
eigenvalue problem of a matrix. More precisely, taking TRS (2.4) as an example, A; is the rightmost
eigenvalue of

2 T
~Ty 'Bozlze' € R<2
I T

If A, > 0, then y; = ﬁzf’({ilk])cl)l’ where z; € R? is the eigenvector corresponding to A;. Therefore, we

use the built-in MATLAB function eig to compute (A4, yx) in the second phase. For the least squares
problem (3.1), we use MATLAB’s division command “\” to compute y;.

Recall that we assume the CG iterations don’t solve TRS (1.1), meaning that the second phase is
activated, i.e., Ao > 0 and ||x,p |l = A. Therefore, to ensure that the norm of output approximation x
is strictly equal to A numerically, we normalize y; when the residual norm in the MRTR algorithm
approaches the termination criterion. More precisely, we replace lines 18-20 in Algorithm 2 with the
following operations:

if ||(Tk+/lkﬂk;|)|’k+ﬂoel|| < tol

AJe _
—f X = Ok
[yl

op ||AXL+ X
if Il xk+”gk”xk+g|| < tol

Output x;; return
end if
end if

Vi =

Define
f(xgrrr) — f(XmrTR)

min { f(Xgr1r), f(XMRTR)}

ﬁelerr =

Electronic Research Archive Volume 34, Issue 10, 7565-7582.
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where f(xgrrr) and f(xmrrr) denote the approximate objective function values obtained by the GLTR
and MRTR algorithms, respectively. This metric measures the relative discrepancy between the optimal
objective values output by the two iterative methods.

In this section, ‘CPU(s)’ denotes the running time of the algorithms, ‘It denotes the number of
iterations, and f(x) denotes the approximate optimal values obtained by the two algorithms.

Example 1. In this example, we consider two diagonal matrices.

e Example 1(a): A = diag(ty") [26,27], with

ab) _(b—a a+b . B Qj-Dr .
t&nb] = ( > )(tjn + (m)) with ¢, = cos Y j=12,...,n, “.1)

where n = 10,000, —a = b = 100, and tg.fl’b] is the n-th translated Chebyshev zero nodes on |a, b].
e Example 1(b): A = diag({i —n — 1}7_,) [25], with n = 10, 000.

=

In this example, we set A = 1. The numerical results of Example 1 are presented in Figure 1 and Table 1.

Figure 1 shows the convergence curves of the residual norms %ﬁxﬂ"” for the two algorithms.

Table 1. Numerical experiments on Example 1.

Matrix Method CPU (s) It fx) Jrelo,,

GLTR  69.0 405 -50.161553602236729

— ; [a,b] -15
o—g A = diag(t;,”) MRTR 568 379 -50.161553602236651 1-5>10
— &1
o  GLTR 2822 645 -5.000010488558799¢+03 iy
A=diagi=n=1.) \VRTR 2585 629 -5.000010488558803¢+03 L %10
GLTR 723 404 -50.161827411264966
— i [a.b] -16
o-g A = diag(t;,”) MRTR 517 363 -50.161827411264966 <10
- 82
o . GLTR 2867 651 -5.000008114793698¢+03 e
A=diagi=n=1) \MRTR 2801 650 -5.000008114793711e+03 = =10
GLTR 627 383 -50.165962388210183
— [a,b] -15
o g A = diag(t;,”) MRTR 502 358 -50.165962388210261 1.5>10
— 83
A= diag(li—n— 1) OLUTR 3855666 -5.000005957484766e+03 | 1 (s

MRTR  286.0 655 -5.000005957484773e+03

Example 2. In this example, we consider three symmetric matrices nd3k, nemeth01, and
stokes64s from the University of Florida Sparse Matrix Collection*. The numerical results are
presented in Figure 2 and Table 2. Figure 2 shows the convergence curves of the residual norms

W for the two algorithms. In this example, we set A = 10.

As illustrated in Figures 1 and 2, MRTR achieves a lower residual norm at every iteration step
compared to GLTR. In particular, it can be seen from Figure 2 that among the three numerical examples
in Example 2, the residual convergence curve of the GLTR method exhibits obvious oscillations, whereas
that of the MRTR method is smooth, which reflects that the MRTR method has better stability.

It can be seen from Tables 1 and 2 that the MRTR outperforms the GLTR in terms of both running
time and the number of iterations. In addition, the relative errors f . of the approximate optimal

“https://sparse.tamu.edu.
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| - - GLTR
' —MRTR}]

Residual norm
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Figure 1. Numerical experiments on Example 1.
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Table 2. Numerical experiments on Example 2.

Matrix Method CPU (s) It f(x) Jrelor,
GLTR 35 152 -9.999539149018121 iy
nd3k MRTR 2.4 140 -9.999539149018119 1.8x10
B GLTR 126 236 —2.158396347063678 X 10° "
g=g memeth®l e 102 226 -2.158396347063679 x 10° 2 <10
GLTR 33 159 -10.001772476459125 iy
stokesbds \ bR 25 151 -10.001772476459120 3.3 x10
. GLTR _ 10.6 216 -0.279360075402613 0
MRTR 8.4 207 -0.279360075402613
v remethgr OLTR 1849 556 —2.154654144026191x10° , ~ °
§= & neme MRTR 1487 518 —2.154654144026190 x 10°
ctokesgas OLTR 121 234 -5.858337377260747 0
MRTR 9.0 221 -5.858337377260747
GLTR  640.6 821 -1.793664237863516 i
nd3k MRTR 5286 772 -1.793664237863506 3:3 %10
_ 3
¢ g memethor OLTR 2990 646 —2153939233613416x 107 ) " o

MRTR 2453 610 —2.153939233613411 x 10°

stokesb4s GLTR 16.0 252 -6.000328380904500 13 % 10-15
MRTR 123 239 -6.000328380904508 '

values obtained by the two methods reach the order of O(uyachine)- This implies that the quality of the
approximate solutions obtained by the MRTR is comparable to that of the GLTR.

Numerical experiments show that the MRTR method outperforms the GLTR method. This makes
MRTR a robust and efficient choice for solving the large-scale TRS problems commonly encountered in
scientific computing.

5. Conclusions

In this paper, we propose a minimal residual method for solving the large-scale TRS (MRTR) in
the easy case, which is inspired by the GMRES/MINRES and the GLTR method. We first establish
the theoretical relationship between x; and x;, proving that the two solutions converge to each other as
the iteration proceeds and that the MRTR method yields a strictly smaller residual norm than GLTR
when the Lanczos process does not break down, which verifies the theoretical superiority of MRTR in
residual reduction.

Numerical experiments on both constructed diagonal matrices and real sparse symmetric matrices
from the University of Florida Sparse Matrix Collection demonstrate that the MRTR method outperforms
the GLTR method in terms of iteration numbers and CPU time, while achieving approximate optimal
values with the same high precision as GLTR. Future research can focus on extending the MRTR method
to TRS in the hard case and exploring its applications in more complex optimization models such as
cubic regularization and constrained nonlinear optimization.

Electronic Research Archive Volume 34, Issue 10, 7565-7582.



7580

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgements

This work was supported by the Basic Research Program of Jiangsu Province (Youth Program of
Natural Science Foundation of Jiangsu Province, Grant No. BK20250892).

Conflict of interest

The authors declare there is no conflicts of interest.

References

1. A.R.Conn, N. I. M. Gould, P. L. Toint, Trust-Region Methods, SIAM, Philadelphia, PA, 2000.
https://doi.org/10.1137/1.9780898719857

2. J. Nocedal, S. Wright, Numerical Optimization, 2" edition, Springer, New York, 2006.
L. Zhang, C. Shen, W. Yang, J. Judice, A Lanczos method for large-scale extreme Lorentz eigenvalue
problems, SIAM J. Matrix Anal. Appl., 39 (2018), 611-631. https://doi.org/10.1137/17M 1111401

4. W. W. Hager, Y. Krylyuk, Graph partitioning and continuous quadratic programming, SIAM J.
Discrete Math., 12 (1999), 500-523. https://doi.org/10.1137/S0895480199335829

5. M. Rojas, S. A. Santos, D. C. Sorensen, A new matrix-free algorithm for the large-scale trust-region
subproblem, SIAM J. Optim., 11 (2001), 611-646. https://doi.org/10.1137/S105262349928887X

6. M. Rojas, S. Santos, D. Sorensen, Algorithm 873: LSTRS: MATLAB software for large-scale
trust-region subproblems and regularization, ACM Trans. Math. Software, 34 (2008), 1-28.
https://doi.org/10.1145/1326548.1326553

7. N.M. Gould, D. P. Robinson, H. S. Thorne, On solving trust-region and other regularised subprob-
lems in optimization, Math. Program. Comput., 2 (2010), 21-57. https://doi.org/10.1007/s12532-
010-0011-7

8. T. Stethaug, The conjugate gradient method and trust regions in large scale optimization, SIAM J.
Numer. Anal., 20 (1983), 626—637, https://doi.org/10.1137/0720042

9. P. Toint, Towards an efficient sparsity exploiting Newton method for minimization, in Sparse
Matrices and Their Uses, Academic Press, London, (1981), 57-88.

10. W. Gander, G.H. Golub, U. von Matt, A constrained eigenvalue problem, Linear Algebra Appl.,
114-115 (1989), 815-839. https://doi.org/10.1016/0024-3795(89)90494-1

11. S. Adachi, S. Iwata, Y. Nakatsukasa, A. Takeda, Solving the trust-region subprob-
lem by a generalized eigenvalue problem, SIAM J. Optim., 27 (2017), 269-291.
https://doi.org/10.1137/16M 1058200

12. N. Gould, S. Lucidi, M. Roma, P. Toint, Solving the trust-region subproblem using the Lanczos
method, SIAM J. Optim., 9 (1999), 504-525. https://doi.org/10.1137/S1052623497322735

Electronic Research Archive Volume 34, Issue 10, 7565-7582.


https://dx.doi.org/https://doi.org/10.1137/1.9780898719857
https://dx.doi.org/https://doi.org/10.1137/17M1111401
https://dx.doi.org/https://doi.org/10.1137/S0895480199335829
https://dx.doi.org/https://doi.org/10.1137/S105262349928887X
https://dx.doi.org/https://doi.org/10.1145/1326548.1326553
https://dx.doi.org/https://doi.org/10.1007/s12532-010-0011-7
https://dx.doi.org/https://doi.org/10.1007/s12532-010-0011-7
https://dx.doi.org/https://doi.org/10.1137/0720042
https://dx.doi.org/
https://dx.doi.org/https://doi.org/10.1016/0024-3795(89)90494-1
https://dx.doi.org/https://doi.org/10.1137/16M1058200
https://dx.doi.org/https://doi.org/10.1137/S1052623497322735

7581

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

L. Zhang, C. Shen, A nested Lanczos method for the trust-region subproblem, SIAM J. Sci. Comput.,
40 (2018), A2005—-A2032. https://doi.org/10.1137/17M 1145914

F. Rendl, H. Wolkowicz, A semidefinite framework for trust region subproblems
with applications to large scale minimization, Math. Program., 77 (1997), 273-299.
https://doi.org/10.1007/BF02614438

J. B. Erway, P. E. Gill, J. D. Griffin, Iterative methods for finding a trust-region step, SIAM J. Optim.,
20 (2009), 1110-1131. https://doi.org/10.1137/070708494

G. H. Golub, U. von Matt, Quadratically constrained least squares and quadratic problems, Numer.
Math., 59 (1991), 561-580. https://doi.org/10.1007/BF01385796

J. J. Moré, D. C. Sorensen, Computing a trust region step, SIAM J. Sci. Stat. Comput., 4 (1983),
553-572. https://doi.org/10.1137/0904038

D. C. Sorensen, Newton’s method with a model trust region modification, STAM J. Numer. Anal.,
19 (1982), 409-426. https://doi.org/10.1137/0719026

D. Sorensen, Minimization of a large-scale quadratic function subject to a spherical constraint,
SIAM J. Optim., 7 (1997), 141-161. https://doi.org/10.1137/S1052623494274374

P. Tao, L. An, A DC optimization algorithm for solving the trust-region subproblem, SIAM J.
Optim., 8 (1998), 476-505. https://doi.org/10.1137/S1052623494274313

G. H. Golub, C. F. Van Loan, Matrix Computations, 4™ edition, Johns Hopkins University Press,
Baltimore, MD, 2013.

Y. Carmon, J. C. Duchi, First-order method for nonconvex quadratic minimization, SIAM Rev., 62
(2020), 395-436. https://doi.org/10.1137/20M 1321759

Y. Carmon, J. C. Duchi, Analysis of Krylov subspace solutions of regularized nonconvex quadratic
problems, in NIPS’18: Proceedings of the 32nd International Conference on Neural Information
Processing Systems, (2018), 10728—-10738.

B. Feng, G. Wu, On convergence of the generalized Lanczos trust-region method for trust-region
subproblems, Adv. Comput. Math., 51 (2025), 4. https://doi.org/10.1007/s10444-024-10217-5

N. I. M. Gould, V. Simoncini, Error estimates for iterative algorithms for minimiz-
ing regularized quadratic subproblems, Optim. Methods Software, 35 (2020), 304-328.
https://doi.org/10.1080/10556788.2019.1670177

Z. Jia, F. Wang, The convergence of the generalized Lanczos trust-region method for the trust-region
subproblem, SIAM J. Optim., 31 (2021), 887-914. https://doi.org/10.1137/19M 1279691

L. Zhang, C. Shen, R. Li, On the generalized Lanczos trust-region method, SIAM J. Optim., 27
(2017), 2110-2142. https://doi.org/10.1137/16M 1095056

Y. Saad, Iterative Methods for Sparse Linear Systems, 2" edition, SIAM, Philadelphia, PA, 2003.
https://doi.org/10.1137/1.9780898718003

W. W. Hager, Minimizing a quadratic over a sphere, SIAM J. Optim., 12 (2001), 188-208.
https://doi.org/10.1137/S1052623499356071

N. J. Higham, Functions of Matrices: Theory and Computation, SIAM, Philadelphia, 2008.
https://doi.org/10.1137/1.9780898717778

Electronic Research Archive Volume 34, Issue 10, 7565-7582.


https://dx.doi.org/https://doi.org/10.1137/17M1145914
https://dx.doi.org/https://doi.org/10.1007/BF02614438
https://dx.doi.org/https://doi.org/10.1137/070708494
https://dx.doi.org/https://doi.org/10.1007/BF01385796
https://dx.doi.org/https://doi.org/10.1137/0904038
https://dx.doi.org/https://doi.org/10.1137/0719026
https://dx.doi.org/https://doi.org/10.1137/S1052623494274374
https://dx.doi.org/https://doi.org/10.1137/S1052623494274313
https://dx.doi.org/
https://dx.doi.org/https://doi.org/10.1137/20M1321759
https://dx.doi.org/https://doi.org/10.1007/s10444-024-10217-5
https://dx.doi.org/https://doi.org/10.1080/10556788.2019.1670177
https://dx.doi.org/https://doi.org/10.1137/19M1279691
https://dx.doi.org/https://doi.org/10.1137/16M1095056
https://dx.doi.org/https://doi.org/10.1137/1.9780898718003
https://dx.doi.org/https://doi.org/10.1137/S1052623499356071
https://dx.doi.org/https://doi.org/10.1137/1.9780898717778

7582

31. L. LukSan, C. Matonoha, J. VI¢ek, On Lagrange multipliers of trust-region subproblems, BIT
Numer. Math., 48 (2008), 763-768. https://doi.org/10.1007/s10543-008-0197-5

32. G. W. Stewart, Matrix Agorithms II: Eigensystems, SIAM, Philadelphia, 2001.
https://doi.org/10.1137/1.9780898718058

33. Z.lJia, Refined iterative algorithms based on Arnoldi’s process for large unsymmetric eigenproblems,
Linear Algebra Appl., 259 (1997), 1-23. https://doi.org/10.1016/S0024-3795(96)00238-8

@ AIMS Press

Electronic Research Archive

©2026 the Author(s), licensee AIMS Press. This
i1s an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 34, Issue 10, 7565-7582.


https://dx.doi.org/https://doi.org/10.1007/s10543-008-0197-5
https://dx.doi.org/https://doi.org/10.1137/1.9780898718058
https://dx.doi.org/https://doi.org/10.1016/S0024-3795(96)00238-8
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Solutions of the TRS (1.1)
	The GLTR method

	A minimal residual method for the TRS
	Main results

	Numerical experiments
	Conclusions

