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Abstract: Neighborhood rough sets (NRS) are commonly applied to attribute reduction because they
can process numerical data directly without discretization. Granular ball neighborhood rough sets
extend NRS by adaptively determining neighborhood radii according to the data distribution. However,
existing granular ball generation and reduction algorithms can be further enhanced in terms of granule
representation, radius computation, and attribute evaluation. To address these issues, an optimized
granular ball neighborhood rough set model (OGNRS) and a corresponding attribute reduction
algorithm are proposed. In this model, a scoring function integrating density and centroid-based
distance is employed to select centers, and a median absolute deviation-based strategy is introduced to
determine the radii of granular balls. In addition, the minimal-redundancy-maximal-relevance criterion
is incorporated into the reduction process to provide search guidance and reduce redundancy among
selected attributes. Experiments on 14 UCI datasets demonstrate that OGNRS achieves competitive
overall performance in terms of classification accuracy, reduct size, and computational efficiency.
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1. Introduction

Data with high dimensionality often includes numerous redundant or irrelevant attributes that can
affect data processing and analysis. Such redundancy not only increases computational cost but also
degrades the generalization performance of models. As a fundamental task in rough set theory [1],
attribute reduction is designed to select a minimum set of attributes that retains the classification
capability of the complete dataset [2, 3]. To obtain more effective and efficient reducts, numerous
rough set-based attribute reduction algorithms have been developed over the past decades [4, 5].
Wu et al. [6] introduced a neighborhood equivalence relation, addressing the classification uncertainty
caused by overlapping neighborhood granules. Based on this relation, they further designed a
corresponding reduction algorithm. Dai et al. [7] proposed the concepts of the simplified decision
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table and neighbor inconsistent pairs to accelerate the attribute selection process. However, their
effectiveness is closely tied to the data types supported, as classical rough set models rely on
equivalence classes defined on discrete data [8–10].

Because continuous numerical data are prevalent in real-world applications, the neighborhood
rough set (NRS) model introduced by Hu et al. [11] has attracted considerable research interest. In
NRS, neighborhood relation replaces the equivalence class as the fundamental granules for
approximation computation. Compared with data discretization methods [12, 13], NRS processes
continuous data without information loss. Building on this foundation, NRS has been continuously
extended and applied in recent years, among which attribute reduction has attracted particular
attention. Hu et al. [14] developed a fast search forward attribute reduction algorithm (FARNeMF),
which employs attribute significance measured by dependency degree. Furthermore, NRS has been
extended to handle more complex data. Xu et al. [15] proposed an algorithm employing mutual
information and conditional mutual information to evaluate attribute significance for hybrid data with
imbalanced distributions. Dai et al. [16] developed an algorithm that uses complementary entropy to
construct an uncertainty measure for evaluating attribute significance in heterogeneous data.

The neighborhood radius in NRS is a critical parameter that significantly affects reduction results.
To alleviate the dependence on a manually specified radius, Liu et al. [17] introduced the sparrow
search (SSA) to optimize adaptive neighborhood radii and proposed the SSA-based adaptive
neighborhood rough set (SSAANRS) for attribute reduction. Granular ball computing (GBC) [18]
offers another data-driven solution by adaptively determining local neighborhood scales from the data
distribution rather than setting a unified radius manually. GBC represents data using granular balls,
each defined by a center and a radius adapted to the local data distribution. This structure naturally
provides data-dependent neighborhood scales through the generated granular balls. Motivated by this,
Xia et al. [19] incorporated GBC into the NRS framework and constructed the granular ball
neighborhood rough set (GBNRS). In GBNRS, neighborhood radii are adaptively determined.
Building on this framework, Zeng and Liu [20] introduced information entropy-based attribute
weighting and developed the attribute reduction algorithm (IEWGBNRS). Xia et al. [21] developed
the granular ball rough set (GBRS), capable of handling continuous data processing while
simultaneously supporting equivalence class-based knowledge representation. Zhang et al. [22]
further incorporated attribute weights into granular-ball construction and dependency evaluation and
developed the WGBRS attribute reduction algorithm.

The effectiveness of GBC fundamentally depends on the quality of the generated granular balls.
Jia et al. [23] developed a framework built upon the principle of justifiable granularity, which
maximizes the quality while ensuring alignment with the data distribution. Zhang et al. [24] proposed
a separability degree index to measure the quality of granular balls by evaluating the separability
between different decision classes, which serves as the basis for guiding the generation process. In
addition, researchers have focused on the design of generation strategies to further enhance their
quality. Pan et al. [25] developed a framework that incorporates adaptive granularity tuning, where
weight factors are used to compute the center and radius. Xia et al. [26] proposed an adaptive method
that eliminates the need for manual parameter setting while accounting for overlap reduction among
granular balls. Xie et al. [27] proposed GBG++, which employs an attention mechanism to improve
generation stability and integrates an outlier detection strategy to identify local outliers.

Despite the progress made by existing methods, two limitations remain. First, existing center
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selection strategies directly use the centroid, which lacks interpretability, and existing radius
computation strategies are sensitive to extreme distances. Second, granular-ball-based attribute
reduction algorithms rely on the positive region as heuristic information, overlooking redundancy
among selected attributes [28]. In response to these challenges, the primary contributions of this paper
can be outlined as follows:

1) By selecting from the k objects nearest to the centroid the object with the highest density, an
optimized center selection strategy is proposed to improve granular ball interpretability.

2) Based on median absolute deviation (MAD), a radius computation method is introduced to ensure
sufficient coverage while alleviating overlap between heterogeneous granular balls.

3) An optimized granular ball neighborhood rough set model (OGNRS) is constructed, in which the
minimal-redundancy-maximal-relevance (mRMR) criterion is incorporated as heuristic
information to guide attribute reduction toward more discriminative and less redundant reducts.

The rest of this paper is structured as follows. The related work on GBNRS is discussed in
Section 2. The proposed OGNRS model is presented in Section 3, followed by the corresponding
attribute reduction algorithm in Section 4. Section 5 reports the experimental analysis, and the
conclusions are drawn in Section 6.

2. Related work

This section reviews the relevant knowledge. The basic concepts of GBC are first introduced in
Section 2.1, and the formal definitions of GBNRS that integrate GBC into the neighborhood rough set
framework are then presented in Section 2.2.

2.1. Granular ball computing

GBC is a multigranularity representation method that covers the object space using granular balls.
To understand its mechanism, we first introduce the basic granular ball structure.

Definition 2.1. (See [19]) Let O be a finite set of objects, and let Oi = {o1, o2, . . . , on} ⊆ O be a
nonempty subset containing n objects. A granular ball GBi is generated on Oi with center ctri and
radius radi as follows:

ctri =
1
n

n∑
j=1

o j, radi =
1
n

n∑
j=1

∆(o j, ctri), (2.1)

where ctri and radi represent the centroid of Oi and the average distance from objects in Oi to ctri, and
∆(o j, ctri) measures the distance between point o j and ctri.

Aside from the average-distance radius defined above, the radius in certain granular ball models
is defined as the maximum distance from the center to all objects within the ball, ensuring complete
object coverage:

radmax = max
o j∈Oi

{∆(o j, ctri)}. (2.2)

The average-distance radius radavg and the maximum-distance radius radmax are two common radius
strategies in granular ball generation. The corresponding generation results are illustrated in Figure 1,
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using the fourclass dataset as an example. This is a typical binary classification dataset, where objects
belonging to the positive and negative classes are represented by blue and red points.
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(b) ctr + radavg

Figure 1. Granular balls generated with existing radius strategies: (a) maximum-distance
radius radmax with centroid ctr; (b) average-distance radius radavg with centroid ctr.

A granular ball is structurally determined once its center and radius are defined. To further
characterize a granular ball, it is assigned the label of its majority class. The purity of the granular ball
is then defined as the proportion of majority-class objects within it, serving as a measure of its quality.

Definition 2.2. (See [19]) Let GBi be a granular ball generated from Oi, and letMi ⊆ Oi denote the
set of objects in GBi belonging to the majority class. The purity of GBi is defined as

P(GBi) =
|Mi|

|GBi|
, (2.3)

where |GBi| denotes the total number of objects in GBi, and |Mi| denotes the number of majority-class
objects. Therefore, 0 < P(GBi) ≤ 1.

2.2. Granular ball neighborhood rough sets

In GBNRS, the neighborhood structure is formalized through a granular ball-based indiscernibility
relation, which is introduced as follows.

Definition 2.3. (See [21]) Let DS = (O,A,D) be a decision system, where O denotes a finite set of
objects, andA andD denote the conditional attribute set and the decision attribute, respectively. For
any ox, oy ∈ O and B ⊆ A, the granular ball-based indiscernible relation IRGB

B
of the conditional

attribute subset B is defined as

IR
GB

B
= {(ox, oy) | ∃GB j(ctr j, rad j),∆B(ox, ctr j) ≤ rad j, ∆B(oy, ctr j) ≤ rad j, ox, oy ∈ O}, (2.4)

where ctr j and rad j denote the center and radius of GB j, and ∆B(ox, oy) measures the distance between
ox and oy under conditional attribute subset B.
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For any B ⊆ A, IRGB
B

is an equivalence relation on O, and [ox]IRGB
B

= {oy | (ox, oy) ∈ IR
GB

B
, ox, oy ∈

O} in O/IRGB
B

is an equivalence class generated by GBC. Based on the partition O/IRGB
B

consisting
of all such equivalence classes, the approximations are defined below.

Definition 2.4. (See [21]) Let DS = (O,A,D). For any B ⊆ A and T ⊆ O, the lower and upper
approximations of T induced by B are defined as

IR
GB

B
T =

⋃
{[ox]IRGB

B

| [ox]IRGB
B

∈ O/IRGB
B
, [ox]IRGB

B

⊆ T }, (2.5)

IR
GB

B
T =

⋃
{[ox]IRGB

B

| [ox]IRGB
B

∈ O/IRGB
B
, [ox]IRGB

B

∩ T , ∅}. (2.6)

When the target set T is taken as a decision class Di, the approximations of the decision attribute
D are obtained by combining all decision classes.

Definition 2.5. (See [21]) Let DS = (O,A,D). For any B ⊆ A, let O/D = {D1,D2, . . . ,Dc} denote
the partition of O into c decision classes. The lower and upper approximations ofD induced by B are
defined as

IR
GB

B
D =

c⋃
i=1

IR
GB

B
Di, (2.7)

IR
GB

B
D =

c⋃
i=1

IR
GB

B
Di. (2.8)

The positive and boundary regions can be derived once the approximations of D are established.
Specifically, the positive region consists of objects correctly classified under B, and the boundary
region contains those whose classification remains uncertain.

Definition 2.6. (See [21]) LetDS = (O,A,D). For any B ⊆ A, the positive and boundary regions of
D are defined as

POSB(D) = IRGB
B
D, (2.9)

BNB(D) = IRGB
B
D− IR

GB

B
D. (2.10)

3. Optimized granular ball neighborhood rough sets

Building on the concepts of GBC and GBNRS introduced above, this section presents an
optimized extension. Because the performance of the GBNRS model on attribute reduction is
determined by the quality of the granular ball generation, a novel granular ball generation algorithm
with optimized center selection and radius computation strategies is first proposed in Section 3.1. The
generated granular balls then serve as the foundation for the OGNRS constructed in Section 3.2.
Specifically, the optimized center and MAD-based radius determine the construction of optimized
granular balls, which are subsequently used to establish the corresponding granular ball-based
relation and rough approximations.
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3.1. Optimized granular ball generation

The center and radius are two key parameters in granular-ball construction. The center determines
the location of a granular ball, whereas the radius defines its spatial extent. Accordingly, the center
selection strategy is introduced first, followed by the radius computation method. To improve center
representativeness and interpretability, a density-distance scoring function is introduced to select the
ball center from the k nearest neighbors of the centroid. These neighbors are first collected as the
candidate center set, which is formally defined as follows.

Definition 3.1. Let Oi = {o1, o2, . . . , on} ⊆ O be a nonempty subset containing n objects. Given a
parameter k (1 ≤ k ≤ n), the k objects in Oi nearest to the centroid are selected as the candidate center
set, denoted by Si = {os

1, o
s
2, . . . , o

s
k}.

Based on the set Si, the density of each candidate center is computed to measure how densely it is
surrounded by the objects within the granular ball. The Gaussian kernel density estimation [29, 30] is
adopted with an adaptive bandwidth σs

i , and the density is defined as follows.

Definition 3.2. For any nonempty subset Oi = {o1, o2, . . . , on} ⊆ O with candidate center set Si =

{os
1, o

s
2, . . . , o

s
k}, the density of any candidate center os

i ∈ Si is defined as

ρ(os
i ) =

n∑
j=1

exp
(
−
∆(os

i , o j)2

2(σs
i )2

)
, (3.1)

where σs
i is the average distance from os

i to its k nearest neighbors inside the granular ball.

Although the centroid geometrically represents the objects, it is a calculated value. Therefore, it is
susceptible to outliers and may deviate from the high-density region of the data distribution. This
limitation motivates the introduction of a density-distance scoring function to select a more
representative center from the candidate set Si.

Definition 3.3. For any nonempty subset Oi = {o1, o2, . . . , on} ⊆ O with candidate center set Si =

{os
1, o

s
2, . . . , o

s
k}, the score of any candidate center os

i ∈ Si is defined as

score(os
i ) = ρ̂(o

s
i ) + d̂(os

i ), (3.2)

where ρ̂(os
i ) and d̂(os

i ) denote the density and distance scores, both of which are normalized to the same
range to reduce the effect of different scales. Specifically, ρ̂(os

i ) is obtained by min-max normalization
of the density as follows:

ρ̂(os
i ) =

ρ(os
i ) −minos

q∈Si ρ(o
s
q)

maxos
p∈Si ρ(os

p) −minos
q∈Si ρ(os

q)
. (3.3)

Because the candidate set Si is already restricted to the k objects nearest to the centroid, a smaller
distance to the centroid further ensures that the selected center remains close to the geometric center
of the granular ball. Therefore, d̂(os

i ) is defined as the inverted max-normalized distance:

d̂(os
i ) = 1 −

∆(os
i , ctri)

maxos
j∈Si ∆(os

j, ctri)
. (3.4)
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Among all candidate centers, the one with the highest score is selected as the optimized center of
the granular ball.

Definition 3.4. For any nonempty subset Oi = {o1, o2, . . . , on} ⊆ O with candidate center set Si =

{os
1, o

s
2, . . . , o

s
k}, the optimized center ctr′i is defined as

ctr′i = arg max
os

i ∈Si

score(os
i ). (3.5)

To intuitively illustrate the advantage of the optimized center over the centroid, a schematic
diagram is provided in Figure 2. When outliers are present within a granular ball, the centroid tends to
deviate from the high-density region. In contrast, the optimized center selected by the proposed
scoring function remains within it. This demonstrates its higher representativeness.

Sample Centroid Candidate center

Centroid Density center

Imporved center

?

?

?

?Outlier

Figure 2. Schematic diagram of granular ball center selection.

Apart from center selection, the radius computation also plays a critical role in granular ball
generation. The maximum-distance radius ensures complete object coverage but often produces
excessively large balls, leading to overlap between heterogeneous granular balls. Conversely, the
average-distance radius reduces overlap but may leave numerous objects outside the ball boundaries,
resulting in incomplete coverage. Therefore, we develop a radius computation strategy based on the
MAD. The median of distances ensures robust basic coverage by excluding the influence of extreme
values, and the MAD adaptively adjusts the radius according to the distance distribution.

Definition 3.5. For any nonempty subset Oi = {o1, o2, . . . , on} ⊆ O, an optimized granular ball OGBi

is generated on Oi with optimized center ctr′i . Its MAD-based radius rad′i is defined as

rad′i = med(di) +MAD(di), (3.6)

where di =
(
∆(o1, ctr′i),∆(o2, ctr′i), . . . ,∆(on, ctr′i)

)
denotes the vector of distances from each object in

Oi to ctr′i , med(di) is the median of the distances, and MAD(di) = med (|di −med(di)|) is the MAD.

The granular balls generated by combining the MAD-based radius with the original centroid and
the optimized center are shown in Figure 3. Compared with the average-distance and
maximum-distance radii, the MAD-based radius ensures sufficient object coverage while reducing
overlap between heterogeneous balls. Consequently, it achieves a balance between object coverage
and boundary control.
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(b) ctr′ + rad′

Figure 3. Granular balls generated with the proposed strategies: (a) MAD-based radius rad′

with original centroid ctr; (b) MAD-based radius rad′ with optimized center ctr′.

To further accelerate granular ball splitting, an attention mechanism [27] is incorporated.
Specifically, it first identifies the majority class among the unassigned objects, allowing sub-balls to
be generated preferentially in the corresponding regions. This strategy facilitates efficient local
assignment of the data. The complete optimized granular ball generation algorithm (OGBG) is
detailed in Algorithm 1.

Algorithm 1 OGBG
Input: A decision systemDS = (O,A,D), purity threshold τ, and nearest-neighbor parameter k.
Output: A granular ball set OGBSET τ.

1: Treat the universe O as the initial granular ball OGBi
j, where i represents the number of iterations

initialized to 1, and j represents ith GB generated in each iteration initialized to 1.
2: for each OGBi

j ∈ OGBSET
τ do

3: if P(OGBi
j) < τ then

4: Orem ← O
i
j, OGB

i+1
j ← ∅

5: while Orem , ∅ do
6: Identify majority-class subset Oi

jm ⊆ Orem

7: Compute the centroid of Oi
jm and form Si

jm from its k nearest objects
8: ctr′ijm ← arg maxo∈Si

jm
score(o) via Definition 3.4

9: Compute rad′ijm from ctr′ijm via Definition 3.5
10: gbi+1

jm ← {o ∈ O
i
jm | ∆(o, ctr′ijm) ≤ rad′ijm}

11: Orem ← Orem − gbi+1
jm , OGBi+1

j ← OGB
i+1
j ∪ {gbi+1

jm }

12: end while
13: OGBSET

τ
← (OGBSET τ − {OGBi

j}) ∪ OGB
i+1
j

14: end if
15: end for
16: return OGBSET τ
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To provide a more intuitive understanding of the generation process, the overall procedure of
Algorithm 1 is illustrated in Figure 4. For each granular ball requiring further splitting, the
majority-class objects are processed first, and the optimized center together with the MAD-based
radius is then used to generate a new sub-ball. The procedure is repeated until no granular ball
requires further splitting.

Start

Output
Optimized granular-ball 

set

End

Retain OGB
and mark it as processed

Initialize
Treat the universe as one optimized granular ball and mark it as 

unprocessed.

Any unprocessed
granular ball?

Does OGB need
further splitting?

P(OGB) < τ

Split OGB
Generate child granular balls using
optimized centers and MAD radii

Mark them as unprocessed

No Yes

No Yes

Figure 4. Flowchart of the OGBG algorithm.

Based on the above generation procedure, the computational complexity of OGBG is analyzed as
follows. The total number of objects and iterations in this procedure are denoted by n and t. At each
iteration, the main operations include majority-class identification, candidate-center scoring, MAD-
based radius computation, and object assignment. Given that k is a small constant, the computational
cost of center selection remains linear. The complexity of these operations is O(n+ri), where ri denotes
the number of unassigned objects involved in repeated distance computations. Therefore, the overall
time complexity is O

(
t
∑t

i=1(n + ri)
)
. Because t and ri are much smaller than n at each iteration, the

time complexity can be approximated as O(n).

3.2. Optimized granular ball neighborhood rough set

Based on the optimized granular balls generated above, the corresponding neighborhood rough set
model is constructed by following the same logical sequence as GBNRS. Specifically, the granular
ball-based relation is defined first, followed by the lower and upper approximations, and finally the
positive and boundary regions used for attribute reduction.

Definition 3.6. LetDS = ⟨O,A,D⟩. For any ox, oy ∈ O andB ⊆ A, the optimized granular ball-based
indiscernible relation IROGB

B
of the conditional attribute subset B is defined as

IR
OGB

B
= {(ox, oy) | ∃OGB j(ctr′j, rad′j),∆B(ox, ctr′j) ≤ rad′j, ∆B(oy, ctr′j) ≤ rad′j, ox, oy ∈ O}, (3.7)

where ctr′j and rad′j are the center and radius of OGB j, and ∆B(ox, oy) denotes the distance between ox

and oy with respect to conditional attribute subset B.
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For any B ⊆ A, IROGB
B

induces a partition O/IROGB
B

on O, where [ox]IROGB
B

= {oy ∈ O | (ox, oy) ∈

IR
OGB

B
} is the equivalence class of ox. Based on this partition, the approximations are defined below.

Definition 3.7. LetDS = ⟨O,A,D⟩. For any B ⊆ A and T ⊆ O, the lower and upper approximations
of T induced by B are defined as:

IR
OGB

B
T =

⋃
{[ox]IROGB

B

| [ox]IROGB
B

∈ O/IROGB
B
, [ox]IROGB

B

⊆ T }, (3.8)

IR
OGB

B
T =

⋃
{[ox]IROGB

B

| [ox]IROGB
B

∈ O/IROGB
B
, [ox]IROGB

B

∩ T , ∅}. (3.9)

When the target set T is taken as a decision class Di, the approximations extend to the decision
attributeD as follows.

Definition 3.8. LetDS = ⟨O,A,D⟩. For anyB ⊆ A, letO/D = {D1,D2, . . . ,Dc} denote the partition
of O into c decision classes. The lower and upper approximations ofD induced by B are defined as:

IR
OGB

B
D =

c⋃
i=1

IR
OGB

B
Di, (3.10)

IR
OGB

B
D =

c⋃
i=1

IR
OGB

B
Di. (3.11)

Based on the above approximations, the corresponding regions used for knowledge characterization
can be further defined as follows.

Definition 3.9. LetDS = ⟨O,A,D⟩. For any B ⊆ A, the positive and boundary regions ofD induced
by B are defined as:

POSB(D) = IROGB
B
D, (3.12)

BNB(D) = IROGB
B
D− IR

OGB

B
D. (3.13)

Although NRS, GBNRS, and OGNRS all construct rough approximations based on neighborhood
granules, they differ in the form of these granules and in how their neighborhood scales are
determined. In NRS, the neighborhood of each object is determined by a fixed radius. GBNRS
extends NRS by introducing data-dependent granular ball neighborhoods. Each granular ball is
characterized by a center and a radius, which together determine the corresponding local
neighborhood. This replaces the globally specified neighborhood radius with adaptive local
neighborhood scales determined through granular ball construction. Building on this adaptive
neighborhood mechanism, OGNRS further refines the local granulation by introducing optimized
center selection and MAD-based radius computation. The relationships among NRS, GBNRS, and
OGNRS in terms of neighborhood construction are summarized in Table 1.
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Table 1. Relationships among NRS, GBNRS, and OGNRS.

Comparison item Model Description

Neighborhood
granule

NRS δB(ox), centered at ox with a globally specified radius δ

GBNRS GBi(ctri, radi), characterized by a data-dependent center and radius

OGNRS OGBi(ctr′i , rad′i), characterized by an optimized center and MAD-based radius

Neighborhood
relation

NRS oy ∈ δB(ox) ⇐⇒ ∆B(ox, oy) ≤ δ

GBNRS ox IR
GB

B
oy if ox and oy belong to the same GBi(ctri, radi)

OGNRS ox IR
OGB

B
oy if ox and oy belong to the same OGBi(ctr′i , rad′i)

Rough approximation

NRS Lower: δB(ox) ⊆ T ; Upper: δB(ox) ∩ T , ∅

GBNRS Lower: [ox]
IR
GB

B

⊆ T ; Upper: [ox]
IR
GB

B

∩ T , ∅

OGNRS Lower: [ox]
IR
OGB

B

⊆ T ; Upper: [ox]
IR
OGB

B

∩ T , ∅

4. Attribute reduction based on optimized granular ball neighborhood rough sets

Based on the optimized granular ball neighborhood rough set model established above, this section
further develops an attribute reduction algorithm for selecting informative attributes. The optimized
granular balls provide a more reliable local granulation for constructing neighborhood relations and
computing the positive region. In particular, the optimized center better reflects the local data
distribution, and the MAD-based radius reduces sensitivity to extreme distances and alleviates overlap
between heterogeneous balls, thereby providing a more reliable basis for subsequent attribute
evaluation. In granular ball-based reduction algorithms, the positive region is commonly adopted as
heuristic information. However, the individually best attributes do not necessarily form the optimal
combination because highly relevant attributes may contain redundant information with respect to
those already selected. To address this limitation, the mRMR criterion is introduced to guide the
heuristic search by jointly considering the relevance of candidate attributes to the decision attribute
and their redundancy with the selected attributes.

Given two random variables u and v with probability density functions f (u), f (v) and joint density
f (u, v), their mutual information [28] is

MI(u, v) =
"

f (u, v) log
f (u, v)

f (u) f (v)
du dv. (4.1)

Suppose A′ = {a1, a2, . . . , ar} is the selected conditional attribute subset, and D is the decision
attribute. The max-relevance criterion [28] seeks to maximize the mutual information between
individual attributes andD:

max Rel(A′,D), Rel(A′,D) =
1
|A′|

∑
ai∈A′

MI(ai,D). (4.2)

However, attributes selected under the max-relevance criterion are typically highly redundant, and
removing any of them does not diminish discriminative power. The min-redundancy criterion [28] is
therefore added to select mutually exclusive attributes:

min Red(A′), Red(A′) =
1
|A′|2

∑
ai,a j∈A′

MI(ai, a j). (4.3)
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By incorporating the above two constraints, the mRMR criterion [28] is established to
simultaneously optimize relevance and redundancy:

max ϕ(Rel,Red), ϕ = Rel − Red. (4.4)

In light of the above criterion, an attribute reduction algorithm based on optimized granular ball
neighborhood rough sets (OGNRS) is developed, as detailed in Algorithm 2.

Algorithm 2 Attribute reduction based on OGNRS
Input: A decision systemDS = (O,A,D), purity threshold τ, and parameter k.
Output: A reductA′.

1: A′ ←
{
arg maxai∈A Rel(ai,D)

}
2: Generate OGBSET τ(A′) via Algorithm 1 and set POSnum ← POSnum(A′)
3: while |A′| < |A| do

4: cM ← arg max
ai∈A−A′

(
Rel(ai,D) −

1
|A′|

∑
a j∈A′

MI(ai, a j)
)

5: B ← A′ ∪ {cM}

6: Generate OGBSET τ(B) via Algorithm 1 and compute POSnum(B)
7: if POSnum(B) ≥ POSnum then
8: A′ ← B, POSnum ← POSnum(B)
9: else

10: break
11: end if
12: end while
13: returnA′

To further clarify the reduction mechanism of OGNRS, the overall procedure is illustrated in
Figure 5. This reduction process mainly consists of two stages: mRMR-based candidate attribute
selection and positive region-based attribute acceptance. In the first stage, candidate attributes are
evaluated by considering both their relevance to the decision attribute and their redundancy with the
selected attributes. In the second stage, the selected candidate is accepted only when the
corresponding positive region size does not decrease. These two stages are performed iteratively until
the reduction procedure terminates.

Based on the above reduction procedure, the computational complexity of OGNRS is analyzed as
follows. Let a dataset consist of n objects and m attributes, and assume that the final reduct contains r
attributes. The time complexity of OGNRS is primarily determined by three stages. First, computing
the mutual information between each candidate attribute and the decision attribute requires a
complexity of O(mn). Second, the attribute selection proceeds for r iterations. In the ith iteration,
calculating the redundancy between the m − i remaining candidates and the i − 1 already selected
attributes requires a complexity of O((m − i)(i − 1)). The sum of these computational costs over r
iterations results in a complexity of O(mr2). Third, granular ball generation and positive region
computation over all r iterations require a time complexity of O(rn). Consequently, the overall time
complexity of OGNRS is O(mn + mr2 + rn). Because r is much smaller than m, the time complexity
simplifies to O(mn).
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Figure 5. Flowchart of the OGNRS attribute reduction algorithm.

The time complexities of OGNRS and several related attribute reduction algorithms are
summarized in Table 2, where q denotes the number of SSA iterations, and c = |O/D| denotes the
number of decision classes. According to the complexity analysis, the time complexity of OGNRS is
O(mn + mr2 + rn) and can be approximated as O(mn) when the number of selected attributes is much
smaller than the total number of attributes. Based on the complexity expressions reported for the
compared algorithms, OGNRS has a lower dependence on the numbers of attributes and objects than
NRS, SSAANRS, and GBRS. Although a lower complexity of O(n) is reported for GBNRS, OGNRS
maintains an approximately linear complexity with respect to both the number of objects
and attributes.

Table 2. Time complexities of the compared algorithms.

Algorithm Time complexity
NRS [11] O(m2n log n)
SSAANRS [17] O(qmn2)
GBNRS [19] O(n)
IEWGBNRS [20] O(mc) + O(max(m, n))
GBRS [21] O(mn2)
WGBRS [22] O(m2)
OGNRS O(mn)
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5. Experimental analysis

In this section, a series of comparative experiments and ablation studies are performed to validate
the performance of OGNRS. Specifically, the experiments include: 1) parameter sensitivity analysis;
2) classification accuracy comparison; 3) reduct size comparison; 4) statistical significance analysis; 5)
ablation study; 6) computational efficiency analysis; 7) robustness analysis. The experimental platform
is a 64-bit Windows 10 system with an Intel Core i5-8265U CPU (1.60/1.80 GHz) and 8 GB RAM.
All algorithms are coded in Python 3.8 using PyCharm 2020.1. Fourteen UCI datasets (https://archive.
ics.uci.edu) are used, and their basic information is presented in Table 3. All datasets are normalized
before experiments to ensure comparability across different attribute scales.

Table 3. Experimental datasets.

No. Datasets Attributes Size Classes
1 Electrical 12 10,000 2
2 German 19 1000 2
3 Heart1 13 270 2
4 Heart2 13 303 5
5 Hepatitis 19 155 2
6 Hill-valley 101 606 2
7 Horse 23 368 2
8 Iono 34 351 2
9 Iris 4 151 3
10 Parkinsons 24 195 2
11 Segment 20 2310 7
12 Wine 13 178 3
13 Winequality-red 12 1599 5
14 Winequality-white 11 4898 7

In the experiments, we compare the OGNRS with six algorithms: NRS [11], SSAANRS [17],
GBNRS [19], IEWGBNRS [20], GBRS [21], and WGBRS [22]. Parameters of the compared
algorithms are set as suggested in the original studies. For granular ball-based algorithms, including
GBNRS, IEWGBNRS, GBRS, WGBRS, and OGNRS, the purity threshold is set to 1. This ensures
that each granular ball contains an identical label, which is consistent with the concept of positive
regions in NRS.

5.1. Parameter sensitivity analysis

To evaluate the sensitivity of OGNRS to the parameter k and determine an appropriate setting for
the subsequent experiments, k is varied over {1, 3, 5, 7, 9, 11}. The parameter k determines the number
of objects nearest to the centroid that are considered as candidate centers during optimized granular
ball generation. A smaller k restricts center selection to a relatively local region around the centroid,
thereby reducing the candidate search space, but it may also limit the possibility of identifying a more
representative high-density object. In contrast, a larger k provides a broader candidate set for center
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selection, but it may include objects farther from the centroid and increase the computational cost of
candidate evaluation. Therefore, the influence of k is evaluated in terms of both classification
accuracy and reduct size on the 14 benchmark datasets. As shown in Figure 6, different values of k
lead to different classification accuracies under the K-nearest neighbors (KNN), support vector
machines (SVM), and classification and regression tree (CART) classifiers. The horizontal axis
represents the candidate values of k, and the vertical axis represents the 14 benchmark datasets. The
color of each cell in the heatmap indicates the corresponding classification accuracy, with darker
shades denoting higher accuracy.
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Figure 6. Classification accuracy with different values of k on three classifiers.

The aggregated results in Table 4 further illustrate the influence of k on OGNRS. When k = 1,
OGNRS achieves an overall average classification accuracy of 76.33% and the smallest average
reduct size of 3.14 attributes. Increasing k to 3 improves the overall average classification accuracy
to 77.41%, which is the highest among the tested settings, and the average reduct size increases
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moderately to 3.50 attributes. When k is further increased to 5, 7, 9, and 11, the overall average
classification accuracies decrease to 76.36%, 76.08%, 75.85%, and 75.76%, respectively. The
corresponding average reduct sizes are 3.36, 3.50, 3.79, and 3.36 attributes. These results show that
enlarging the candidate-center set does not continuously improve the performance of OGNRS.
Although a larger k provides more candidate objects for optimized center selection, an excessively
broad candidate range may include objects that are less representative of the local data distribution,
thereby affecting granular ball construction and the subsequent reduction process.

Based on the above results, k = 3 is adopted as a fixed parameter in all subsequent experiments. This
setting achieves the highest overall average classification accuracy while maintaining a relatively small
reduct size. Although k = 1 yields the smallest average reduct size, its overall average classification
accuracy is 1.08 percentage points lower than that obtained with k = 3. Therefore, the choice of
k = 3 reflects a trade-off between classification performance and reduct size rather than pursuing the
minimum reduct size alone.

Table 4. Classification accuracy and reduct size of OGNRS under different values of k.

k
KNN SVM CART Average Average
accuracy (%) accuracy (%) accuracy (%) accuracy (%) reduct size

1 76.63±4.27 75.28±3.34 77.07±4.63 76.33 3.14
3 78.39±4.36 75.61±3.46 78.24±4.45 77.41 3.50
5 77.34±3.98 74.99±3.24 76.75±4.65 76.36 3.36
7 76.93±4.07 74.93±3.21 76.37±4.66 76.08 3.50
9 76.97±4.56 74.94±3.41 75.64±4.61 75.85 3.79
11 76.49±4.79 74.85±3.46 75.94±4.36 75.76 3.36

5.2. Classification accuracy comparison

The classification performance of the attribute subsets selected by different reduction algorithms
is evaluated using KNN, SVM, and CART. For KNN, the number of nearest neighbors is set to five.
For SVM, the radial basis function kernel is adopted and γ is set to auto. CART uses the default
parameter settings. The corresponding average accuracy and standard deviation obtained from ten-fold
cross-validation are reported in Tables 5–7, with the best results highlighted in bold. The Original
column reports the classification performance obtained using all attributes without reduction.

As shown in Tables 5–7, OGNRS achieves the highest average classification accuracy under KNN
and CART, reaching 78.54% and 78.15%, respectively. These results demonstrate that OGNRS
performs competitively compared with other attribute reduction algorithms. Under SVM, OGNRS
obtains an average accuracy of 75.75%. Although this value is slightly lower than the best average
result of 76.15%, OGNRS achieves the highest classification accuracy on several datasets, such as
German, Heart1, and Hepatitis. For the Electrical dataset, OGNRS obtains the same classification
accuracy as NRS and GBRS because they select the same attribute subset. The competitive
classification performance of OGNRS can be attributed to the combination of mRMR-guided attribute
selection and the OGNRS. Specifically, the mRMR-guided selection strategy identifies a
discriminative attribute subset by reducing redundant attributes, whereas the OGNRS provides a more
appropriate granular representation for positive region computation. The integration of these two
components enables OGNRS to maintain competitive classification performance across
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different classifiers.

Table 5. Classification accuracies of all compared algorithms with the KNN classifier (%).
Datasets Original NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS
Electrical 91.43±0.56 99.97±0.06 62.21±0.94 91.43±0.56 91.70±0.71 99.97±0.06 99.65±0.23 99.97±0.06
German 70.47±2.83 70.66±4.38 65.87±2.80 72.07±2.97 72.77±3.43 65.86±2.97 67.27±4.31 72.37±3.20
Heart1 75.82±5.99 75.82±5.99 60.09±8.53 78.20±6.17 75.79±3.62 71.75±7.23 71.02±5.13 74.76±3.00
Heart2 54.30±4.14 55.28±5.72 50.63±8.01 53.28±4.33 54.24±6.74 51.30±5.93 50.32±4.20 56.62±7.19
Hepatitis 79.88±8.07 81.75±7.20 79.83±5.53 85.08±7.09 83.75±9.55 85.00±7.94 78.50±9.87 84.38±6.68
Hill-valley 53.23±5.41 52.06±6.03 54.73±3.26 54.04±6.85 54.71±5.48 53.23±5.41 53.23±5.41 55.70±7.12
Horse 79.57±6.55 76.53±7.84 56.17±7.70 80.08±4.99 80.36±5.55 59.35±7.99 52.53±10.27 81.19±4.84
Iono 85.43±3.71 86.57±3.84 87.71±4.44 88.00±4.92 88.57±4.43 88.57±5.42 89.43±6.52 87.71±6.00
Iris 95.90±4.63 95.24±6.14 93.29±5.96 95.24±6.14 95.90±5.50 95.90±4.63 95.90±4.63 95.90±5.50
Parkinsons 93.76±5.12 94.87±2.24 79.47±7.01 90.26±7.42 91.74±4.76 89.16±7.81 91.79±6.21 86.03±5.88
Segment 95.71±1.53 95.67±1.42 85.06±1.92 95.54±1.47 96.28±1.21 95.76±0.72 95.45±1.32 96.32±0.99
Wine 95.52±3.35 94.38±4.97 93.86±5.24 95.46±3.37 97.22±3.73 94.93±4.70 93.17±3.50 94.97±4.62
Winequality-red 59.01±4.62 59.01±4.62 52.26±3.50 59.01±4.62 58.01±3.27 57.38±3.20 57.07±3.65 60.52±4.54
Winequality-white 57.08±1.88 57.08±1.88 51.93±1.80 57.08±1.88 57.08±1.88 44.31±3.18 44.31±3.18 53.05±1.39
Average 77.65±4.17 78.21±4.45 69.51±4.76 78.20±4.48 78.44±4.28 75.18±4.80 74.26±4.89 78.54±4.36

Table 6. Classification accuracies of all compared algorithms with the SVM classifier (%).

Datasets Original NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS
Electrical 98.23±0.36 99.69±0.14 68.55±1.00 98.23±0.36 98.51±0.38 99.69±0.14 99.66±0.12 99.69±0.14
German 71.27±0.57 71.37±1.63 70.07±0.21 70.07±5.33 70.77±1.30 70.07±5.33 70.07±0.21 73.37±2.23
Heart1 73.79±6.13 74.14±5.94 61.78±0.97 73.79±6.13 73.76±5.72 74.08±4.50 74.08±4.50 76.76±5.40
Heart2 58.27±2.35 58.60±4.05 53.97±1.08 57.96±2.35 57.95±5.71 53.97±5.50 53.97±1.08 57.96±2.35

Hepatitis 79.25±2.18 79.25±2.18 79.25±2.18 79.25±2.18 79.25±2.18 79.25±2.18 79.25±2.18 79.25±2.18
Hill-valley 50.08±1.76 50.08±1.76 49.91±2.25 50.08±1.76 51.24±3.68 50.08±1.76 50.08±1.76 50.08±1.76

Horse 80.92±5.37 80.92±5.37 58.04±1.14 80.92±5.37 80.92±5.37 58.04±7.70 58.04±1.14 80.92±5.37
Iono 87.43±3.71 83.71±4.96 83.14±5.34 86.57±3.84 81.71±3.88 86.86±4.81 87.43±5.74 88.86±5.64
Iris 95.90±5.50 95.90±5.50 87.14±7.94 96.57±5.56 95.90±5.50 95.90±5.50 95.90±5.50 95.90±5.50

Parkinsons 75.26±3.82 83.47±3.97 83.03±5.11 83.47±3.97 81.45±5.76 79.87±6.89 75.26±1.93 76.79±3.54

Segment 88.13±2.14 88.52±1.43 70.98±1.66 88.39±4.88 89.35±1.91 82.42±6.25 84.02±1.92 81.55±1.42

Wine 98.89±2.69 92.19±7.93 93.27±4.83 92.16±7.10 96.63±4.46 93.27±5.09 95.49±4.18 95.49±4.86

Winequality-red 56.63±2.84 56.63±2.38 53.69±3.74 56.63±2.84 56.51±2.68 55.25±4.41 56.70±3.04 57.82±2.93
Winequality-white 51.56±1.51 51.56±1.51 46.25±0.60 51.56±1.51 51.56±1.51 44.86±0.05 44.86±0.05 46.03±0.83

Average 76.12±2.92 76.15±3.48 68.51±2.72 76.12±3.80 76.11±3.57 73.12±4.29 73.20±2.38 75.75±3.15

A comparison of the reduct sizes obtained by different algorithms is presented in Table 8. OGNRS
selects 3.50 attributes on average, demonstrating effective attribute reduction while maintaining
competitive classification performance. The relatively small reduct size of OGNRS may benefit from
the mRMR-guided attribute selection strategy, which helps limit the selection of redundant attributes.
Although SSAANRS obtains the smallest average reduct size of 2.50 attributes, its overall
classification performance is lower than that of OGNRS, as shown in Tables 5–7. Therefore, OGNRS
achieves a reasonable balance between reduct size and classification performance. In comparison,
NRS and GBNRS produce relatively larger reducts on average, whereas GBRS and WGBRS retain
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more attributes overall. This may be partly related to its forward greedy selection strategy, which
retains an attribute when the positive region size does not decrease and may consequently introduce
redundant attributes. This phenomenon is particularly evident on the high-dimensional datasets, with
Hill-valley as a typical example.

Table 7. Classification accuracies of all compared algorithms with the CART classifier (%).

Datasets Original NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS
Electrical 99.97±0.06 99.97±0.06 57.37±1.15 99.97±0.06 99.97±0.06 99.97±0.06 99.97±0.06 99.97±0.06
German 68.57±2.77 67.77±4.51 59.96±5.27 65.26±4.21 69.27±3.76 68.97±2.77 69.27±2.97 70.87±2.77
Heart1 66.90±5.29 65.53±7.56 60.07±9.88 71.26±0.80 68.24±4.96 71.34±5.29 68.63±2.98 72.01±6.17
Heart2 46.69±5.32 46.01±6.02 33.77±8.26 50.96±3.10 44.70±7.41 46.02±8.45 37.41±7.40 56.61±7.19
Hepatitis 70.17±0.57 82.42±6.07 72.71±7.56 81.08±8.78 74.79±10.91 85.00±7.95 77.33±12.64 86.29±5.54
Hill-valley 57.33±6.52 52.05±3.43 52.56±7.77 55.20±6.05 57.85±4.74 54.53±5.94 55.70±6.11 49.61±7.56

Horse 76.81±5.69 76.01±4.85 62.45±6.09 73.86±5.21 80.09±6.65 57.47±9.12 53.36±5.88 80.92±5.37
Iono 90.00±4.02 87.14±4.47 84.29±4.82 87.71±4.25 84.00±6.54 88.00±5.08 89.71±5.88 87.71±4.25

Iris 93.90±4.82 93.24±5.29 91.90±7.84 93.90±5.50 94.62±4.02 94.57±3.18 93.90±5.67 93.90±5.67

Parkinsons 84.61±4.09 85.45±7.82 75.84±9.63 85.05±4.41 87.66±7.73 88.71±8.94 88.05±5.39 79.84±4.73

Segment 96.11±1.27 96.75±1.33 87.87±1.48 97.06±1.34 96.88±0.98 96.80±1.16 95.67±1.49 96.19±0.66

Wine 91.01±4.41 90.42±3.52 88.17±5.82 88.10±5.52 91.60±5.09 92.12±3.63 92.71±4.32 93.30±5.09
Winequality-red 64.08±4.70 63.27±2.89 58.82±2.55 64.52±5.42 62.33±2.97 61.83±3.86 61.39±1.88 65.46±5.42
Winequality-white 62.69±1.52 62.75±2.03 59.77±1.99 63.16±1.20 63.12±1.38 46.64±2.90 46.64±2.90 61.42±2.21

Average 76.35±3.65 76.34±4.28 67.54±5.72 76.94±3.99 76.79±4.80 75.14±4.88 73.55±4.68 78.15±4.48

Table 8. Sizes of the attribute subsets selected by the compared algorithms.

Dataset NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS
Electrical 1 1 13 9 1 2 1
German 12 2 13 11 5 3 9
Heart1 12 3 7 6 4 6 7
Heart2 12 3 9 9 3 4 2
Hepatitis 7 3 6 7 4 6 3
Hill-valley 9 2 7 8 100 100 1
Horse 9 2 10 8 3 1 3
Iono 8 3 9 7 5 4 2
Iris 3 3 3 2 4 4 3
Parkinsons 5 1 6 6 5 5 1
Segment 12 3 16 8 8 6 4
Wine 6 2 4 6 4 6 3
Winequality-red 11 3 11 9 5 7 5
Winequality-white 11 4 11 11 1 1 5
Average 8.43 2.50 8.93 7.64 10.86 11.07 3.50

5.3. Statistical significance analysis

To provide a more detailed view of the relative performance of the compared algorithms,
Tables 9–11 report the datasetwise rankings of the seven attribute reduction algorithms under KNN,
SVM, and CART, respectively. The rankings are determined according to the average classification
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accuracy on each dataset, with a lower rank indicating better performance. When two or more
algorithms obtain the same average accuracy, their tied positions are replaced by the corresponding
average rank.

Table 9. Classification accuracy ranking of all compared algorithms on KNN.

Dataset NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS
Electrical 2 7 6 5 2 4 2
German 4 6 3 1 7 5 2
Heart1 2 7 1 3 5 6 4
Heart2 2 6 4 3 5 7 1
Hepatitis 5 6 1 4 2 7 3
Hill-valley 7 2 4 3 5.5 5.5 1
Horse 4 6 3 2 5 7 1
Iono 7 5.5 4 2.5 2.5 1 5.5
Iris 5.5 7 5.5 2.5 2.5 2.5 2.5
Parkinsons 1 7 4 3 5 2 6
Segment 4 7 5 2 3 6 1
Wine 5 6 2 1 4 7 3
Winequality-red 2.5 7 2.5 4 5 6 1
Winequality-white 2 5 2 2 6.5 6.5 4
Average rank 3.79 6.04 3.36 2.71 4.29 5.18 2.64

Table 10. Classification accuracy ranking of all compared algorithms on SVM.

Dataset NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS
Electrical 2 7 6 5 2 4 2
German 2 5.5 5.5 3 5.5 5.5 1
Heart1 2 7 5 6 3.5 3.5 1
Heart2 1 6 2.5 4 6 6 2.5
Hepatitis 4 4 4 4 4 4 4
Hill-valley 4 7 4 1 4 4 4
Horse 2.5 6 2.5 2.5 6 6 2.5
Iono 5 6 4 7 3 2 1
Iris 4 7 1 4 4 4 4
Parkinsons 1.5 3 1.5 4 5 7 6
Segment 2 7 3 1 5 4 6
Wine 6 4.5 7 1 4.5 2.5 2.5
Winequality-red 3.5 7 3.5 5 6 2 1
Winequality-white 2 4 2 2 6.5 6.5 5
Average rank 2.96 5.79 3.68 3.54 4.64 4.36 3.04

The detailed ranking results show that OGNRS obtains the best average rank under KNN at 2.64 and
under CART at 2.86, but it ranks second under SVM at 3.04. To further determine whether significant
performance differences exist among the compared attribute reduction algorithms, the Friedman test is
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conducted based on their rankings over the 14 datasets.

Table 11. Classification accuracy ranking of all compared algorithms on CART.

Dataset NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS
Electrical 3.5 7 3.5 3.5 3.5 3.5 3.5
German 5 7 6 2.5 4 2.5 1
Heart1 6 7 3 5 2 4 1
Heart2 4 7 2 5 3 6 1
Hepatitis 3 7 4 6 2 5 1
Hill-valley 6 5 3 1 4 2 7
Horse 3 5 4 2 6 7 1
Iono 5 6 3.5 7 2 1 3.5
Iris 6 7 4 1 2 4 4
Parkinsons 4 7 5 3 1 2 6
Segment 4 7 1 2 3 6 5
Wine 5 6 7 4 3 2 1
Winequality-red 3 7 2 4 5 6 1
Winequality-white 3 5 1 2 6.5 6.5 4
Average rank 4.32 6.43 3.50 3.43 3.36 4.11 2.86

Let N denote the number of datasets, M denote the number of compared algorithms, and R j denote
the average rank of the jth algorithm. The Friedman statistic is first calculated based on the average
ranks and then transformed into the corresponding F statistic as follows:

χ2
F =

12N
M(M + 1)

 M∑
j=1

R2
j −

M(M + 1)2

4

 , (5.1)

FF =
(N − 1)χ2

F

N(M − 1) − χ2
F

. (5.2)

As shown in Table 12, the p-values are calculated based on the corresponding FF statistics with
M−1 and (M−1)(N −1) degrees of freedom. In this study, N = 14, M = 7, and all p-values are below
the significance level of 0.05. Therefore, the null hypothesis is rejected under all three classifiers,
indicating statistically significant overall differences among the seven attribute reduction algorithms.

Table 12. Statistical significance test results.

Classifier χ2
F FF p-value

KNN 29.613 7.078 4.85 × 10−6

SVM 22.065 4.631 4.49 × 10−4

CART 26.337 5.938 3.82 × 10−5

To further examine the pairwise differences among the compared algorithms, the Nemenyi post-hoc
test is conducted. The critical difference is calculated as

CD = qα

√
M(M + 1)

6N
, (5.3)
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where qα is the critical value corresponding to the significance level α. For M = 7, N = 14, and α =
0.05, q0.05 = 2.949, resulting in CD = 2.408. When the absolute difference between the average ranks
of two algorithms is not less than the critical difference, their performance difference is considered
statistically significant.

According to the Nemenyi test, OGNRS shows statistically significant differences from SSAANRS
under KNN, SVM, and CART and from WGBRS under KNN. In contrast, the differences between
OGNRS and the remaining baseline algorithms do not exceed the critical difference.

5.4. Ablation study

The effectiveness of each component in the OGNRS is evaluated through two groups of ablation
studies on granular ball generation and attribute selection. For the granular ball generation part, we
compare four variants: ctr + rad, ctr′ + rad, ctr + rad′, and ctr′ + rad′. These variants are evaluated
under the same positive region-based forward greedy reduction framework without mRMR. Among
them, ctr + rad serves as the baseline employing the centroid and the average distance-based radius.
ctr′+rad replaces the centroid with the optimized center. ctr+rad′ replaces the average-distance radius
with the MAD-based radius. ctr′ + rad′ uses both the optimized center and the MAD-based radius.

Table 13. Classification accuracy comparison of different granular ball center strategies (%).

Dataset KNN SVM CART

ctr + rad ctr′ + rad ctr + rad ctr′ + rad ctr + rad ctr′ + rad
Electrical 91.43±0.56 92.34±0.27 98.23±0.36 98.28±0.31 99.97±0.06 99.97±0.06
German 69.97±2.77 70.47±2.83 70.17±0.57 71.27±0.80 69.07±4.32 69.18±3.95
Heart1 69.68±9.34 74.08±4.50 73.79±6.13 73.79±6.13 60.40±9.89 64.77±7.65
Heart2 55.60±4.72 57.60±2.65 57.96±2.35 57.29±3.96 49.95±7.04 47.66±7.56
Hepatitis 74.67±11.14 82.54±5.57 79.25±2.18 79.25±2.18 75.38±7.23 69.54±11.03
Hill-valley 53.56±6.33 53.40±5.97 50.08±1.76 50.08±1.76 58.17±4.52 57.36±6.33
Horse 77.12±5.97 79.57±6.55 80.92±5.37 80.92±5.37 72.73±4.87 78.47±7.04
Iono 86.29±5.54 85.14±3.33 86.86±4.81 87.14±5.15 88.00±5.08 91.14±6.45
Iris 95.90±5.50 95.24±6.14 95.90±5.50 96.57±5.56 93.24±5.29 93.90±5.67
Parkinsons 91.79±5.74 92.26±5.37 78.84±3.71 80.39±3.97 87.66±7.95 87.16±9.71
Segment 95.45±1.34 96.02±1.47 87.87±1.51 88.48±1.67 96.19±0.66 96.93±1.22
Wine 93.89±7.22 97.19±2.81 92.16±7.10 98.30±2.60 91.60±5.09 92.12±3.63
Winequality-red 58.63±4.46 58.01±3.27 56.32±2.84 56.51±2.68 62.64±3.86 62.70±4.35
Winequality-white 56.95±1.98 57.28±1.81 51.50±1.38 51.89±1.52 63.45±2.31 62.26±1.90
Average 76.50±5.19 77.94±3.75 75.70±3.26 76.44±3.12 76.32±4.87 76.65±5.47

The baseline ctr + rad is compared with the optimized center variant ctr′ + rad, with the
corresponding results reported in Table 13. The average accuracy increases from 76.50% to 77.94%
on KNN, from 75.70% to 76.44% on SVM, and from 76.32% to 76.65% on CART. Similar
improvements across all three classifiers are observed for the MAD-based radius variant ctr + rad′ in
Table 14. These results indicate that the two components improve the granular ball structure from
different aspects, thereby improving classification accuracy. The optimized center enhances the
representativeness of the granular ball, whereas the MAD-based radius provides a more robust
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computation of ball coverage. When both components are combined as ctr′ + rad′, the corresponding
results across all three classifiers are reported in Table 15. Specifically, the average accuracy
reaches 77.67% on KNN, 76.20% on SVM, and 77.02% on CART. We therefore conclude that the
two components improve the granular ball structure from different aspects and that their combination
improves the average classification accuracy over the baseline under all three classifiers.

Table 14. Classification accuracy comparison of different granular ball radius strategies (%).

Dataset KNN SVM CART

ctr + rad ctr + rad′ ctr + rad ctr + rad′ ctr + rad ctr + rad′

Electrical 91.43±0.56 91.82±0.65 98.23±0.36 98.30±0.35 99.97±0.06 99.97±0.06
German 69.97±2.77 71.17±3.49 70.17±0.57 71.07±1.05 69.07±4.32 69.17±5.56
Heart1 69.68±9.34 76.83±6.52 73.79±6.13 73.79±5.93 60.40±9.89 69.26±7.27
Heart2 55.60±4.72 53.63±3.97 57.96±2.35 57.62±3.10 49.95±7.04 48.33±7.32
Hepatitis 74.67±11.14 77.92±7.37 79.25±2.18 79.25±2.18 75.38±7.23 75.96±9.44
Hill-valley 53.56±6.33 53.22±5.52 50.08±1.76 50.08±1.76 58.17±4.52 59.33±5.94
Horse 77.12±5.97 80.11±6.56 80.92±5.37 80.92±5.37 72.73±4.87 78.18±5.92
Iono 86.29±5.54 84.57±3.18 86.86±4.81 88.29±4.32 88.00±5.08 89.43±5.12
Iris 95.90±5.50 95.90±5.50 95.90±5.50 95.90±5.50 93.24±5.29 93.90±4.82
Parkinsons 91.79±5.74 92.26±6.66 78.84±3.71 79.39±3.94 87.66±7.95 86.61±7.45
Segment 95.45±1.34 95.67±1.45 87.87±1.51 88.48±1.37 96.19±0.66 96.49±1.43
Wine 93.97±7.22 94.38±4.97 92.16±7.10 96.11±4.24 91.60±5.09 88.76±8.92
Winequality-red 58.63±4.46 59.26±2.95 56.32±2.84 57.38±2.42 62.64±3.86 64.70±3.35
Winequality-white 56.95±1.98 57.08±1.88 51.50±1.38 51.56±1.51 63.45±2.31 63.39±1.59
Average 76.50±5.19 77.42±4.33 75.70±3.26 76.30±3.07 76.32±4.87 77.39±5.30

Table 15. Classification accuracy comparison for the joint effect of the center and radius
strategies (%).

Dataset KNN SVM CART

ctr + rad ctr′ + rad′ ctr + rad ctr′ + rad′ ctr + rad ctr′ + rad′

Electrical 91.43±0.56 93.06±0.44 98.23±0.36 98.53±0.42 99.97±0.06 99.97±0.06
German 69.97±2.77 70.07±5.33 70.17±0.57 71.17±1.14 69.07±4.32 68.48±4.21
Heart1 69.68±9.34 73.41±5.29 73.79±6.13 74.14±5.94 60.40±9.89 63.13±8.79
Heart2 55.60±4.72 55.28±4.41 55.96±6.67 58.59±3.23 49.95±7.04 48.70±9.04
Hepatitis 74.67±11.14 80.54±8.78 79.25±2.18 79.25±2.18 75.38±7.23 75.96±10.98
Hill-valley 53.56±6.33 53.40±6.01 50.08±1.76 50.08±1.76 58.17±4.52 56.02±5.81
Horse 77.12±5.97 79.85±5.69 80.92±5.37 80.92±5.37 72.73±4.87 77.90±5.21
Iono 86.29±5.54 84.86±4.44 86.86±4.81 87.71±4.25 88.00±5.08 89.43±4.96
Iris 95.90±5.50 95.90±5.50 95.90±5.50 95.90±5.50 93.24±5.29 94.62±4.02
Parkinsons 91.79±5.74 93.26±4.09 78.84±3.71 76.29±3.20 87.66±7.95 88.71±8.94
Segment 95.45±1.34 95.63±1.45 87.87±1.51 88.48±1.47 96.19±0.66 96.75±1.06
Wine 93.97±7.22 97.19±3.75 92.16±7.10 97.19±3.75 91.60±5.09 92.16±4.41
Winequality-red 58.63±4.46 59.38±3.98 56.32±2.84 56.76±2.45 62.64±3.86 63.70±3.74
Winequality-white 56.95±1.98 55.48±1.74 51.50±1.38 51.79±1.15 63.45±2.31 62.69±1.29
Average 76.50±5.19 77.67±4.35 75.56±3.56 76.20±2.99 76.32±4.87 77.02±5.18
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The effect of incorporating the mRMR criterion is evaluated in Table 16. The average accuracy
increases from 77.67% to 78.54% on KNN, and from 77.02% to 78.15% on CART. These
improvements indicate that jointly considering attribute relevance and redundancy contributes to the
selection of a more effective reduct. In contrast, the average accuracy under SVM changes slightly,
from 76.20% to 75.75%. This is because SVM determines the decision boundary by maximizing the
margin and therefore inherently suppresses redundant attributes. Consequently, the redundancy
control provided by mRMR provides only limited improvement on the SVM classifier.

Table 16. Classification accuracy comparison of different attribute selection criteria (%).

Dataset
KNN SVM CART

Forward greedy mRMR-guided Forward greedy mRMR-guided Forward greedy mRMR-guided

Electrical 93.06±0.44 99.97±0.06 98.53±0.42 99.69±0.14 99.97±0.06 99.97±0.06
German 70.07±5.33 72.37±3.20 71.17±1.14 73.37±2.23 68.48±4.21 70.87±2.77
Heart1 73.41±5.29 74.76±3.00 74.14±5.94 76.76±5.40 63.13±8.79 72.01±6.17
Heart2 55.28±4.41 56.62±7.19 58.59±3.23 57.96±2.35 48.70±9.04 56.61±7.19
Hepatitis 80.54±8.78 84.38±6.68 79.25±2.18 79.25±2.18 75.96±10.98 86.29±5.54
Hill-valley 53.40±6.01 55.70±7.12 50.08±1.76 50.08±1.76 56.02±5.81 49.61±7.56

Horse 79.85±5.69 81.19±4.84 80.92±5.37 80.92±5.37 77.90±5.21 80.92±5.37
Iono 84.86±4.44 87.71±6.00 87.71±4.25 88.86±5.64 89.43±4.96 87.71±4.25

Iris 95.90±5.50 95.90±5.50 95.90±5.50 95.90±5.50 94.62±4.02 93.90±5.67

Parkinsons 93.26±4.09 86.03±5.88 76.29±3.20 76.79±3.54 88.71±8.94 79.84±4.73

Segment 95.63±1.45 96.32±0.99 88.48±1.47 81.55±1.42 96.75±1.06 96.19±0.66

Wine 97.19±3.75 94.97±4.62 97.19±3.75 95.49±4.86 92.16±4.41 93.30±5.09
Winequality-red 59.38±3.98 60.52±4.54 56.76±2.45 57.82±2.93 63.70±3.74 65.46±5.42
Winequality-white 55.48±1.74 53.05±1.39 51.79±1.15 46.03±0.83 62.69±1.29 61.42±2.21

Average 77.67±4.35 78.54±4.36 76.20±2.99 75.75±3.15 77.02±5.18 78.15±4.48

5.5. Computational efficiency analysis

The computational efficiency of OGNRS is evaluated by comparing the reduction times of NRS,
SSAANRS, GBNRS, IEWGBNRS, GBRS, and WGBRS. These comparisons are shown in Figure 7,
which are conducted under different data percentages across all datasets. The horizontal axis represents
the dataset percentage, with the vertical axis indicating the reduction time. Overall, OGNRS exhibits
lower computational cost than the other algorithms on most datasets, demonstrating its efficiency in
attribute reduction. This efficiency improvement can be attributed to two factors. First, GBNRS and
IEWGBNRS rely on iterative k-means clustering, which requires repeated distance computations over
all objects until convergence. In contrast, OGNRS employs an attention-guided strategy that prioritizes
majority-class objects during granular ball generation. Distance computations are restricted to the
attended objects rather than the entire dataset. As a result, the computational cost is progressively
reduced during the iterative construction process. Second, the MAD-based radius computation strategy
effectively reduces overlap among granular balls of different classes while maintaining object coverage.
As a result, OGNRS avoids the overlap detection and de-overlap operations required by algorithms
such as GBRS and WGBRS.

Electronic Research Archive Volume 34, Issue 10, 7392–7419.



7415

20% 40% 60% 80% 100%
Data Percentage

0

1000

2000

3000

4000

5000

6000

7000

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(a) Electrical

20% 40% 60% 80% 100%
Data Percentage

0

250

500

750

1000

1250

1500

1750

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(b) German

20% 40% 60% 80% 100%
Data Percentage

0

50

100

150

200

250

300

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(c) Heart1

20% 40% 60% 80% 100%
Data Percentage

0

50

100

150

200

250

300

350

400

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(d) Heart2

20% 40% 60% 80% 100%
Data Percentage

0

50

100

150

200

250
C

om
pu

ta
tio

na
l T

im
e 

(s
)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(e) Hepatitis

20% 40% 60% 80% 100%
Data Percentage

0

200

400

600

800

1000

1200

1400

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(f) Hill-valley

20% 40% 60% 80% 100%
Data Percentage

0

50

100

150

200

250

300

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(g) Horse

20% 40% 60% 80% 100%
Data Percentage

0

50

100

150

200

250

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(h) Iono

20% 40% 60% 80% 100%
Data Percentage

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(i) Iris

20% 40% 60% 80% 100%
Data Percentage

0

10

20

30

40

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(j) Parkinsons

20% 40% 60% 80% 100%
Data Percentage

0

500

1000

1500

2000

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(k) Segment

20% 40% 60% 80% 100%
Data Percentage

0

10

20

30

40

50

60

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(l) Wine

20% 40% 60% 80% 100%
Data Percentage

0

200

400

600

800

1000

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(m) Winequality-red

20% 40% 60% 80% 100%
Data Percentage

0

1000

2000

3000

4000

5000

C
om

pu
ta

tio
na

l T
im

e 
(s

)

NRS
SSAANRS
GBNRS
IEWGBNRS
GBRS
WGBRS
OGNRS

(n) Winequality-white

Figure 7. Running time comparison under different data percentages.
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5.6. Robustness analysis

To evaluate robustness to attribute noise, all seven algorithms are tested at noise ratios of 0%,
5%, and 10%. For each noise level, all algorithms are evaluated on the same noisy datasets, and the
classifier and cross-validation settings remain unchanged. The classification accuracies obtained with
KNN, SVM, and CART are presented in Table 17 as the average accuracy ± standard deviation across
the 14 datasets, with the 0% condition serving as the clean-data baseline.

Table 17. Classification accuracy under different attribute noise levels (%).

Classifier Noise ratio NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS

KNN

0% 78.21±4.45 69.51±4.76 78.20±4.48 78.44±4.28 75.18±4.80 74.26±4.89 78.54±4.36

5% 77.63±3.53 68.14±3.85 77.01±3.04 77.66±3.08 74.46±3.38 74.97±3.20 77.67±3.48

10% 78.33±3.36 68.11±3.97 77.95±2.81 77.73±3.13 73.73±4.23 77.30±3.88 77.88±3.18

SVM

0% 76.15±3.48 68.51±2.72 75.97±3.93 76.25±3.45 73.12±4.29 73.20±2.38 75.75±3.15

5% 76.41±2.66 67.89±1.59 75.79±2.54 76.24±2.52 72.40±2.59 73.56±2.25 74.91±2.02

10% 75.65±2.34 67.16±1.63 76.33±2.68 75.78±2.33 73.22±2.57 74.09±2.16 75.23±2.47

CART

0% 76.34±4.28 67.54±5.72 76.94±3.99 76.79±4.80 75.14±4.88 73.55±4.68 78.15±4.48

5% 76.08±3.14 66.77±4.34 75.72±3.74 77.11±3.82 73.36±3.64 75.05±3.22 77.82±3.35

10% 75.47±3.43 66.40±4.69 75.86±3.56 76.39±3.15 73.82±3.86 75.23±3.59 77.87±3.44

Because absolute classification accuracy does not fully characterize robustness to attribute noise, the
average absolute accuracy change relative to the original data is further calculated over the 14 datasets.
Let Accd,0 and Accd,η denote the accuracies on dataset d under 0% and η attribute noise, respectively.
A smaller value indicates lower sensitivity to attribute noise and greater robustness. The metric is
defined as

Avg
∣∣∣∆Accη

∣∣∣ = 1
14

14∑
d=1

∣∣∣Accd,0 − Accd,η

∣∣∣ . (5.4)

The average absolute accuracy change results presented in Table 18 indicate that OGNRS achieves
the smallest value in three of the six classifier–noise settings, namely KNN at 10% attribute noise
and CART at both 5% and 10% noise levels. Combined with the classification accuracy results in
Table 17, OGNRS achieves the highest average accuracy under KNN at 5% noise and under CART at
both noise levels. In particular, under CART, OGNRS consistently achieves both the highest average
accuracy and the smallest average absolute accuracy change at the two noise levels. These results
indicate that OGNRS exhibits competitive robustness to moderate attribute noise, with particularly
stable performance under CART, although its robustness varies across classifiers and noise levels.
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Table 18. Average absolute accuracy change under attribute noise.

Classifier Noise ratio NRS SSAANRS GBNRS IEWGBNRS GBRS WGBRS OGNRS

KNN
5% 1.01 1.77 1.96 1.53 3.66 3.98 1.25
10% 1.35 3.21 1.41 1.64 4.66 3.74 1.33

SVM
5% 0.59 1.87 0.99 0.56 4.50 3.98 0.85
10% 0.67 2.66 0.84 1.09 3.22 3.33 0.87

CART
5% 1.87 2.30 2.12 1.80 4.24 3.83 1.70
10% 2.35 2.93 2.51 2.75 4.28 3.30 2.25

6. Conclusions

This paper develops the OGNRS model for attribute reduction by integrating optimized center
selection, MAD-based radius computation, and mRMR-guided attribute evaluation. These
components jointly enhance the quality of the generated granular balls and the performance of the
reduction process. Experiments demonstrate that OGNRS achieves competitive classification
accuracy while selecting fewer attributes with relatively low computational cost. Despite these
advantages, several aspects of OGNRS remain to be further explored. Although the approximate time
complexity of OGNRS is O(mn) when the reduct size is much smaller than the number of attributes,
the absolute computational cost of granular ball construction, density estimation, and attribute
evaluation may still increase as the data scale or dimensionality grows. In addition, the present
framework does not yet support incremental updating for dynamically evolving data. In such
scenarios, an adaptive strategy for selecting the nearest neighbor parameter k may also be desirable to
accommodate changes in the data distribution. Future work will therefore focus on scalable
implementations for large-scale and high-dimensional data as well as incremental learning with
adaptive k selection for dynamic data.
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