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Abstract: This paper establishes a Filippov integrated pest management model with the fear effect
and prey refuge, aiming to investigate economic-threshold-based intermittent control strategies and
their dynamical behavior. First, the existence and local stability of the equilibria of the two subsystems
are discussed, and the nonsmooth dynamics of the Filippov system are analyzed. Furthermore,
sliding bifurcations, boundary equilibrium bifurcations, and global sliding bifurcations are investigated
through numerical simulations. The results indicate that the control effect is highly sensitive to the
threshold value, and as the threshold varies, the system exhibits a series of complex bifurcation
phenomena. Furthermore, pest refuge behavior may weaken the effectiveness of control measures.
Although the fear effect can suppress pest growth, an excessively strong fear effect may reduce prey
availability for natural enemies, thereby limiting their population growth.
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1. Introduction

Pests pose multiple threats to agricultural production and the natural environment by feeding on
crops and transmitting diseases. From both an ecological perspective and in light of current
technological capabilities, the complete eradication of pests is not realistic. In agricultural practice, a
more reasonable approach is to adopt scientific and effective integrated management strategies to keep
pest populations below the economic injury level. Integrated pest management (IPM) is a pest control
strategy that combines multiple methods and techniques, aiming to achieve effective pest suppression
and sound management while reducing negative environmental and ecological impacts. IPM is
designed to manage pests through the coordinated application of multiple control approaches. These
approaches are determined by the biological features of the target pests, local environmental factors,
and crop growth status, so that pest management can meet economic, ecological, and social objectives
simultaneously [1–4]. In recent years, the dynamical behavior of Filippov systems has attracted
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increasing attention in biological applications. Cortés-Garcı́a [5–7] investigated threshold-dependent
dynamics in Filippov predator-prey systems. These studies considered Gause models with predator
competition or hunting cooperation under different prey-density regimes, as well as a Leslie-Gower
model with predator harvesting at high densities. Currently, Filippov systems have been widely
applied to epidemiological models [8–12], ecological and predator-prey systems [13–15], and
biological control problems [16–20]. These studies provide a useful mathematical framework for
describing systems with switching control strategies.

Building upon these developments, Filippov pest management models have attracted considerable
attention. Zhou et al. [21] investigated a nonsmooth Filippov pest management model with a constant
release rate, and systematically analyzed its global dynamics and bifurcation behavior, providing a
theoretical basis for integrated pest management under threshold-based control. Qin, Kang, and their
collaborators [22, 23] developed Filippov pest management models incorporating a constant release
rate and a group defense mechanism to characterize the effects of integrated pest management on the
dynamical behavior of the system. Arafa et al. [24] further introduced time delay and studied delay-
induced stability changes and nonsmooth bifurcations.

However, most existing pest management models do not simultaneously take into account the fear
effect of pests toward natural enemies and the refuge-use behavior of pest populations. A large body
of experimental and theoretical studies has shown that predators affect prey populations not only
through direct predation, but also by inducing fear effects that alter prey foraging, reproduction, and
growth behaviors. For example, experiments conducted by Zanette et al. [25] during the breeding
season of North American song sparrows found that, in areas with higher predation risk, song
sparrows were more likely to build nests in concealed locations and reduce their foraging activity,
which led to an approximately 40% reduction in offspring production. This result indicates that the
perception of predation risk can significantly influence prey population dynamics and, in turn, affect
ecosystem stability [26–30]. On the other hand, in nature, many pest populations actively seek out
and utilize refuges because of the fear of predation by natural enemies, such as hiding beneath plant
leaves, in the soil, or under tree bark. These refuges provide physical protection, enabling pests to
escape predation threats and avoid unfavorable environmental conditions [31–34]. For example,
western flower thrips exhibit pronounced refuge-seeking behavior in response to the perceived
presence of natural enemies. When natural enemies such as predatory flower bugs are present,
western flower thrips reduce their activity on exposed plant surfaces and instead move to concealed
sites, such as the undersides of leaves and deeper layers of the plant canopy. They may also use web
structures produced by spider mites on leaves as safe refuges, thereby reducing the risk of
predation [35, 36].

In recent years, many studies have examined how biological factors and ecological processes
influence population dynamics. Mokni and Ch-Chaoui [37, 38] investigated the effects of strong Allee
effects and evolutionary adaptation on the stability and bifurcations of Ricker-type population models.
Ahmidi et al. [39] and Benali et al. [40] examined the influences of prey harvesting and immigration
on predator-prey dynamics, respectively. By combining analytical analysis with numerical
simulations, Zhang et al. [41] explored the effects of two antipredator factors, predation-induced fear
effects and prey refuge behavior, on the dynamical characteristics of predator-prey systems.
Hamdallah and Arafa [42] further developed a Filippov predator-prey model with a switching
prey-refuge mechanism. Its switching condition depends on the prey-to-predator density ratio. Prey
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enter the refuge under relatively high predation risk when this ratio falls below a prescribed threshold
and leave the refuge to forage when the ratio exceeds the threshold.

Although existing studies have incorporated the fear effect and prey refuge behavior into
predator–prey systems, their combined influence in economic-threshold-based pest management
remains insufficiently investigated. Moreover, the switching condition in Hamdallah and Arafa’s
model [42] depends on the prey-to-predator density ratio and mainly describes refuge switching,
whereas practical pest-management measures are generally activated when pest density reaches an
economic threshold. These gaps motivate us to develop a Filippov pest-natural enemy model that
simultaneously incorporates the fear effect and prey refuge behavior and adopts pest population
density as its switching condition. The main contributions of this study are as follows: The fear effect
and pest refuge behavior are simultaneously incorporated into a Filippov system to characterize
economic-threshold-based integrated pest management; the system’s sliding dynamics and nonsmooth
bifurcation behavior are systematically analyzed; and the combined effects of the economic threshold,
fear effect, and refuge behavior on pest-control outcomes are further elucidated. These results provide
a new theoretical basis for developing threshold-based integrated pest management strategies.

The structure of this paper is as follows. Section 2 presents the formulation of the
economic-threshold-based Filippov pest-management model and explains the biological significance
of model parameters. In Section 3, we prove the positivity and boundedness of solutions and discuss
the existence and stability of the equilibria of subsystems S 1 and S 2. Section 4 investigates
sliding-mode dynamics, derives existence conditions for various equilibria of the Filippov system,
and analyzes the stability of pseudo-equilibria. Section 5 studies sliding bifurcations, boundary
equilibrium bifurcations, and global sliding bifurcations via numerical simulations. Section 6
analyzes the fear effect on system (3.2) and provides parameter sensitivity analysis. Finally, Section 7
summarizes the main results and discusses their biological implications.

2. Model formulation

The present study is based on the continuous predator-prey model incorporating fear and refuge
effects proposed by Zhang et al. [41]. Unlike the switching condition proposed in Hamdallah and
Arafa’s model [42], the switching condition adopted here is determined by pest population density,
and pest control measures are activated only when pest density reaches the threshold level.

When the pest density remains below the economic threshold ET , no control measure is
implemented. Once the pest density exceeds ET , pesticide application and the constant release of
natural enemies are activated. Accordingly, the following control model is obtained:

dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
,

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy,

 x < ET,

dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
− a1x,

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy + a2,

 x > ET,

(2.1)

Electronic Research Archive Volume 34, Issue 10, 7362–7391.



7365

where x and y denote the densities of the pest and natural enemy populations, respectively; r is the
intrinsic growth rate of the pest; K is the environmental carrying capacity of the pest; β is the predation
coefficient in the Holling type-II functional response, and b is the saturation coefficient associated with
handling time; δ is the natural enemy mortality rate; c is the conversion efficiency of consumed pests
into the growth of the natural enemy; ET denotes the economic threshold; and a1 denotes the pesticide-
induced per capita mortality rate of the pest population, whereas a2 denotes the constant release rate
of natural enemies. Throughout this paper, we assume that r > a1, ensuring that pesticide application
alone is insufficient to eradicate the pest population.

From an ecological perspective, the fear function 1
1+φy describes the suppression of pest growth

caused by the perceived presence of natural enemies. Since y > 0 and φ > 0, it satisfies 0 < 1
1+φy < 1.

Its value decreases as the density of natural enemies increases, indicating stronger suppression of pest
growth. The parameter φ > 0 measures the intensity of the fear effect. The term rx

1+φy represents the

reduction in pest reproduction caused by fear of natural enemies, whereas − rx2

K describes
density-dependent intraspecific competition. In this study, we assume that the fear effect suppresses
the reproductive or growth activities of pests but does not directly alter intraspecific competition
caused by limitations in resources and space.

The refuge parameter n ∈ [0, 1) represents the proportion of pests protected by refuges, so only the
remaining proportion 1 − n is exposed to predation.

The proposed model is formulated as a dimensional system, and all terms in the two equations are
dimensionally consistent, with each term representing the change in population density per unit time.

The model can be written as:
dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
− εa1x,

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy + εa2,

(2.2)

where

ε =

0, H(Z) = x − ET < 0,

1, H(Z) = x − ET > 0.
(2.3)

Set Z(t) = (x(t), y(t))T and introduce the switching function H(Z) = x−ET. The switching condition
H(Z) = 0 separates the nonnegative phase plane into two domains, G1 = {Z ∈ R2

+ : H(Z) < 0}, G2 =

{Z ∈ R2
+ : H(Z) > 0}. The corresponding switching boundary is given by Σ = {Z ∈ R2

+ : H(Z) = 0}.
Accordingly, systems (2.2) and (2.3) can be reformulated as the following Filippov system:

dZ(t)
dt
=

FG1(Z), Z ∈ G1,

FG2(Z), Z ∈ G2,
(2.4)

where

FG1(Z) =


rx

1 + φy
−

rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
cβ(1 − n)xy

1 + b(1 − n)x
− δy

 ,
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and

FG2(Z) =


rx

1 + φy
−

rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
− a1x

cβ(1 − n)xy
1 + b(1 − n)x

− δy + a2

 .
For convenience, we denote the two subsystems associated with G1 and G2 by S 1 and

S 2, respectively.

3. Preliminaries

3.1. Positivity and boundedness of solutions

Lemma 1. If x(0) > 0 and y(0) > 0, then all possible solutions of system (2.4) are positive.

Proof. Let F(x, y) = r
1+φy −

rx
K −

β(1−n)y
1+b(1−n)x − εa1. Then the first equation of system (2.2) can be written

as dx
dt = xF(x, y). Hence, we obtain x(t) = x(0) exp

(∫ t

0
F(x(s), y(s)) ds

)
> 0, since x(0) > 0. Therefore,

x(t) > 0 for all t ≥ 0.
Next, we prove that y(t) > 0. Suppose, for contradiction, that there exists t3 > 0 such that y(t3) ≤ 0.

By continuity, there exists a first time t4 ∈ (0, t3] such that y(t4) = 0, and y(t) > 0 for all t ∈ [0, t4).
From system (2.2), we have

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy + εa2 ≥ −δy, t ∈ [0, t4].

By a differential inequality, it follows that y(t4) ≥ y(0) exp(−δt4), which contradicts y(t4) = 0.
Therefore, y(t) > 0 for all t ≥ 0. □

Lemma 2. Assume that the solution of system (2.4) with initial value (x(0), y(0)) = (x0, y0), x0 > 0, y0 >

0, exists for all t ≥ 0. Then this solution is bounded on [0,∞).

Proof. From system (2.2), we have dx
dt ≤ rx− rx2

K . Hence, when x > K, it follows that dx
dt < 0. Therefore,

for all t ≥ 0, 0 < x(t) ≤ max{x0,K}, which shows that x(t) is bounded. Next, we construct a Lyapunov
function W(t) = x(t) + 1

c y(t). Differentiating W(t) along the solutions of the system, we obtain

dW
dt
=

dx
dt
+

1
c

dy
dt

=
rx

1 + φy
−

rx2

K
− εa1x −

δ

c
y +
εa2

c

≤ rx −
rx2

K
−
δ

c
y +

a2

c

≤ rK
(
1 −

x
K

)
−
δ

c
y +

a2

c

=

(
rK +

a2

c

)
− rx −

δ

c
y.

Let η = min{r, δ} > 0, then
dW
dt
≤

(
rK +

a2

c

)
− ηW.
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Let A =
(
rK + a2

c

)
, then dW

dt ≤ A − ηW, and by the comparison principle, it follows that

W(t) ≤ W(0)e−ηt +
A
η

(
1 − e−ηt

)
, t ≥ 0.

Hence, W(t) ≤ max
{
W(0), A

η

}
. Since x(t) ≤ W(t) and y(t) ≤ cW(t), the solution (x(t), y(t)) is also

bounded on [0,∞). □

3.2. Dynamics of the subsystem S 1

The subsystem S 1 is given by
dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
,

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy.
(3.1)

For simplicity, we impose the following assumptions: It is assumed that

(H1) cβ − bδ > 0,

(H2) 1 −
δ

K(cβ − bδ)
< n < 1,

(H3) 1 −
bδ + cβ

bK(cβ − bδ)
≤ n < 1 −

δ

K(cβ − bδ)
,

(H4) 0 ≤ n < 1 −
bδ + cβ

bK(cβ − bδ)
,

(H5) φ > φ∗ :=
Kb(cβ − bδ)2(1 − n)2(Kb(1 − n)(cβ − bδ) − (bδ + cβ)

)
βc2r(bδ + cβ)

.

Since the dynamics of subsystem S 1 have already been analyzed in [41], only the results needed for
the subsequent discussion are summarized here. Under these assumptions, subsystem S 1 may admit
three equilibria: the trivial equilibrium E0 = (0, 0), the boundary equilibrium E0

S 1
= (K, 0), and the

positive equilibrium E∗S 1
= (x∗, y∗). The coordinates of the positive equilibrium satisfy

x∗ =
δ

(1 − n)(cβ − bδ)
,

y∗ =
1

2φ

(
√
∆ − 1 −

cφδr
K(cβ − bδ)2(1 − n)2

)
,

with

∆ =

(
1 −

cδφr
K(1 − n)2(cβ − bδ)2

)2

+
4cφr

(1 − n)(cβ − bδ)
.

Lemma 3. The trivial equilibrium point E0 = (0, 0) is a saddle point. If (H1) does not hold, or if (H1)
and (H2) hold simultaneously, then the boundary equilibrium point E0

S 1
is locally asymptotically stable.
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Lemma 4. The positive equilibrium point E∗S 1
exists when the boundary equilibrium point E0

S 1
is

unstable, whereas E∗S 1
does not exist when E0

S 1
is locally asymptotically stable. Furthermore, if (H3)

holds, or if (H4) and (H5) hold simultaneously, then the positive equilibrium point E∗S 1
is locally

asymptotically stable.

The assumptions (H1)–(H5) correspond to different parameter regimes and are not required to hold
simultaneously. In particular, under assumption (H1), conditions (H2), (H3), and (H4) describe
different ranges of the refuge parameter n, each of which is associated with a distinct dynamical
scenario. When (H1) and (H2) hold simultaneously, the equilibrium E0

S 1
is locally asymptotically

stable. When (H1) and (H3) hold simultaneously, the positive equilibrium E∗S 1
is locally

asymptotically stable. Moreover, the simultaneous validity of (H1), (H4), and (H5) also guarantees
the local asymptotic stability of E∗S 1

.
For example, let r = 1.4, K = 10, β = 0.5, b = 0.5, c = 0.4, and δ = 0.25. Then cβ−bδ = 0.075 > 0,

so (H1) holds. Moreover, n = 0.80 satisfies (H2), n = 0.25 satisfies (H3), and (n, φ) = (0.10, 0.05)
satisfies (H4)–(H5). These parameter values are biologically reasonable.

From a biological perspective, the instability of E0 = (0, 0) indicates that the simultaneous
extinction of both populations cannot be maintained. The stability of E0

S 1
= (K, 0) means that the

natural enemy population eventually becomes extinct, while the pest population approaches its
environmental carrying capacity K. Thus, natural predation alone is insufficient to control the pest. In
contrast, the stability of E∗S 1

indicates the long-term coexistence of pests and natural enemies under
natural regulation.

3.3. Dynamics of the subsystem S 2

When x > ET , subsystem S 2 can be written as
dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
− a1x,

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy + a2.

(3.2)

This subsystem has a boundary equilibrium, namely the pest-eradication equilibrium E0
S 2

(
0, a2
δ

)
.

Next, we proceed to solve for the interior equilibrium points of subsystem S 2. From the first
equation of (3.2), we have

Kφβ(1− n)y2 +
[
φ
(
1+ b(1− n)x

)
(rx+Ka1)+Kβ(1− n)

]
y+

(
1+ b(1− n)x

)(
rx− rK +Ka1

)
= 0. (3.3)

When x < K
(
1 − a1

r

)
, the pest nullcline is given by

y = M1(x) =

√
∆ −

[
Kβ(1 − n) + φ

(
1 + b(1 − n)x

)
(rx + Ka1)

]
2Kφβ(1 − n)

, (3.4)

with
∆ =

[
Kβ(1 − n) − φ

(
1 + b(1 − n)x

)
(rx + Ka1)

]2
+ 4rK2φβ(1 − n)

(
1 + b(1 − n)x

)
.

Let the second equation of (3.2) be set to zero, which gives the natural-enemy nullcline
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y = M2(x) =
a2

δ −
cβ(1 − n)x

1 + b(1 − n)x

=
a2(1 + b(1 − n)x)

δ(1 + b(1 − n)x) − cβ(1 − n)x
. (3.5)

Since obtaining the intersections analytically is comparatively difficult, a graphical approach is
employed to analyze the number of equilibrium points. The intersections of Eqs (3.4) and (3.5)
correspond to the interior equilibria of the model. Next, we further investigate the number of positive
equilibria of subsystem S 2 through numerical simulations.

The function y = M1(x) intersects the x-axis at the point
(
K

(
1 − a1

r

)
, 0

)
and intersects the y-axis at

the point (0, y0), where

y0 =

√
(β(1 − n) − φa1)2 + 4rφβ(1 − n) − (β(1 − n) + φa1)

2φβ(1 − n)
.

y = M2(x) is a reciprocal function whose center of symmetry is
(

δ
(1−n)(cβ−bδ) ,

a2b
bδ−cβ

)
, and its intersection

with the y-axis is E0
S 2
=

(
0, a2
δ

)
. Differentiating M2(x), we obtain

M′2(x) =
a2cβ(1 − n)[

δ
(
1 + b(1 − n)x

)
− cβ(1 − n)x

]2 > 0.

Therefore, M2(x) is strictly increasing on each interval of its domain.

(a) (b)

Figure 1. When cβ − bδ > 0, the existence of equilibrium points in subsystem S 2. The
blue curve represents the pest nullcline, and the green curve represents the natural-enemy
nullcline. Parameters are: r = 1.4, φ = 0.05, K = 10, β = 0.3, n = 0.1, b = 0.5, c =
0.4, δ = 0.1, a1 = 0.2, and (a) a2 = 0.5; (b) a2 = 0.1.

When cβ − bδ > 0, the horizontal asymptote of M2(x) is y = a2b
bδ−cβ < 0, which lies below the x-axis;

its vertical asymptote is x = δ
(1−n)(cβ−bδ) > 0, which lies to the right of the y-axis. In this case, the right

branch of M2(x) lies in the fourth quadrant, so in the first quadrant it is only necessary to consider the
left branch of M2(x). When cβ−bδ < 0, the horizontal asymptote of M2(x) lies above the x-axis, while
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its vertical asymptote lies to the left of the y-axis. In this case, the left branch of M2(x) lies in the third
quadrant, so in the first quadrant it is only necessary to consider the right branch of M2(x).

(i) When cβ−bδ > 0, M1(x) intersects only the left branch of M2(x) in the first quadrant. If a2 < δy0,
then M2(x) and M1(x) have one intersection point in first quadrant, as shown in Figure 1(b), denoted
by E21. If a2 > δy0, then there is no intersection point, as shown in Figure 1(a). When a2 = δy0, the
two nullclines intersect at E0

S 2
=

(
0, a2
δ

)
, at which the boundary equilibrium is a degenerate boundary

equilibrium.
(ii) When cβ − bδ < 0, since x∗S 1

= δ
(1−n)(cβ−bδ) < 0, subsystem S 1 has no interior equilibrium

point. For subsystem S 2, the curves M1(x) and M2(x) may have two, one, or no intersections in the
first quadrant. When two intersections exist, as shown in Figure 2(a), they are denoted by E∗21 and E∗22.
When there is only one intersection, as shown in Figure 2(b), it is denoted by E∗21. When no intersection
exists, as shown in Figure 2(c), subsystem S 2 admits no interior equilibrium point.

(a) (b) (c)

Figure 2. When cβ−bδ < 0, the existence of equilibrium points in subsystem S 2. Parameters
are: r = 1.4, φ = 0.05, K = 10, β = 0.2, n = 0.02, b = 0.7, c = 0.4, δ = 0.35, a1 = 0.2,
and (a) a2 = 1.8; (b) a2 = 1.4; (c) a2 = 2.

The local stability of the equilibria obtained above is then analyzed. The Jacobian matrix is
calculated as follows:

J(x, y) =


r

1 + φy
−

2rx
K
−

β(1 − n)y(
1 + b(1 − n)x

)2 − a1 −
rφx

(1 + φy)2 −
β(1 − n)x

1 + b(1 − n)x
cβ(1 − n)y(

1 + b(1 − n)x
)2

cβ(1 − n)x
1 + b(1 − n)x

− δ

 .
Substituting the above equilibria into the Jacobian matrix, we can establish the following results:

(i) For the boundary equilibrium point E0
S 2
=

(
0, a2
δ

)
, the eigenvalues of J

(
E0

S 2

)
are λ1 =

rδ
δ+φa2

−

β(1−n)a2
δ
− a1 and λ2 = −δ. When rδ < (δ + φa2)

(
a1 +

β(1−n)a2
δ

)
, the equilibrium point E0

S 2
is locally

asymptotically stable.
(ii) For the interior equilibrium point E∗S 2

= (x∗, y∗), the Jacobian matrix is given by

JE∗S 2
=

(
Fx Fy

Gx Gy

)∣∣∣∣∣∣
(x∗, y∗)

.

From the equilibrium condition, we obtain

Fx(E∗S 2
) = −

rx∗

K
+

bβ(1 − n)2x∗y∗

(1 + b(1 − n)x∗)2 , Fy(E∗S 2
) < 0, Gx(E∗S 2

) > 0, Gy(E∗S 2
) = −

a2

y∗
< 0.
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Therefore, we have

tr(JE∗S 2
) = x∗

 βb(1 − n)2y∗(
1 + b(1 − n)x∗

)2 −
r
K

 − a2

y∗
,

det(JE∗S 2
) = −

a2x∗

y∗

 βb(1 − n)2y∗(
1 + b(1 − n)x∗

)2 −
r
K

 + cβ(1 − n)x∗y∗(
1 + b(1 − n)x∗

)2

[
rφ

(1 + φy∗)2 +
β(1 − n)

1 + b(1 − n)x∗

]
.

By the stability criterion, E∗S 2
is locally asymptotically stable when tr(JE∗S 2

) < 0 and det(JE∗S 2
) > 0.

Combining the preceding nullcline analysis with the local stability results, we obtain the following
conclusions.

Lemma 5. For the boundary equilibrium E0
S 2
=

(
0, a2
δ

)
, it is unstable if a2 < δy0, and locally

asymptotically stable if a2 > δy0.

Proof. The eigenvalues of the Jacobian matrix at E0
S 2

are λ1 =
r

1+ϕa2/δ
−
β(1−n)a2
δ
− a1 and λ2 = −δ < 0.

Since y0 satisfies r
1+ϕy0

− β(1 − n)y0 − a1 = 0, and

d
dy

(
r

1 + ϕy
− β(1 − n)y − a1

)
= −

rϕ
(1 + ϕy)2 − β(1 − n) < 0,

the function r
1+ϕy − β(1 − n)y − a1 is strictly decreasing with respect to y. Therefore, λ1 > 0 ⇐⇒

a2
δ
< y0 ⇐⇒ a2 < δy0, whereas λ1 < 0 ⇐⇒

a2
δ
> y0 ⇐⇒ a2 > δy0. Since λ2 < 0, the

conclusion follows. □

Theorem 1. Suppose that cβ− bδ > 0. If the boundary equilibrium E0
S 2

is unstable, then subsystem S 2

admits a unique interior equilibrium. If E0
S 2

is locally asymptotically stable, then subsystem S 2 admits
no interior equilibrium.

Proof. By Lemma 5, E0
S 2

is unstable if and only if a2 < δy0. In this case, M1(0) = y0 > M2(0) = a2
δ
.

Together with the intersection classification established above, this implies that the two nullclines have
a unique intersection in the first quadrant. If a2 > δy0, then M1(0) < M2(0), and the preceding nullcline
analysis shows that no intersection exists. □

Theorem 2. Suppose that cβ − bδ < 0. If E0
S 2

is unstable, then subsystem S 2 admits a unique interior
equilibrium. If E0

S 2
is locally asymptotically stable, then subsystem S 2 may admit two interior

equilibria or no interior equilibrium. At the critical tangency condition, subsystem S 2 admits one
interior equilibrium.

Proof. Let x̄ = K
(
1 − a1

r

)
. Since M1(0) = y0, M2(0) = a2

δ
, Lemma 5 implies that, when E0

S 2
is unstable,

M1(0) > M2(0).Moreover, M1(x̄) = 0 < M2(x̄). Thus, the relative positions of the two nullclines at the
two endpoints are opposite. By classification of the nullcline configurations shown, M1(x) and M2(x)
have a unique intersection in the first quadrant.

When E0
S 2

is locally asymptotically stable, Lemma 5 gives M1(0) < M2(0), while M1(x̄) < M2(x̄)
still holds. Hence, the two nullclines have the same relative positions at both endpoints. Depending on
their relative positions in the interior of (0, x̄), they may intersect twice or have no intersection. At the
critical parameter value, the two nullclines are tangent and have one intersection. □
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Next, we further investigate the local stability of the equilibrium points of the subsystem S 2

through numerical simulations, and the results are shown in Figure 3. When cβ − bδ > 0, as shown in
Figure 3(a), subsystem S 2 has one positive equilibrium point E21, which is a stable focus. When
cβ − bδ < 0, different dynamical scenarios may occur as a2 varies. For Figure 3(b), the boundary
equilibrium point E0

S 2
is a stable node, E∗21 is a saddle point, and E∗22 is a stable focus. For Figure 3(c),

E0
S 2

is unstable, and E∗21 is a stable node.
From a biological perspective, the stability of E0

S 2
= (0, a2

δ
) indicates that pesticide application and

natural enemy release can eliminate the pest population, while the natural enemy population is
maintained by continuous release. The instability of E0

S 2
means that the pest population cannot be

eliminated and may persist in the system. Moreover, the stability of the positive equilibrium indicates
that pests and natural enemies can coexist under the combined effects of natural predation and
pest-control measures. If the equilibrium pest density is below the economic threshold ET , the
control strategy is considered effective. Otherwise, stronger or more frequent control measures may
be required.

(a) (b) (c)

Figure 3. Phase portraits of subsystem S 2 under different parameter values. Parameters are:
(a) r = 1.4, φ = 0.05, K = 10, β = 0.5, n = 0.25, b = 0.5, c = 0.4, δ = 0.25, a1 = 0.2,
and a2 = 0.1; (b) r = 1.4, φ = 0.05, K = 10, β = 0.2, n = 0.02, b = 0.7, c = 0.4, δ =
0.35, a1 = 0.2, and a2 = 1.8; (c) same as in (b), except that a2 = 1.4.

4. Sliding dynamics

4.1. Sliding region

Let
σ(Z) =

〈
∇HZ, FG1(Z)

〉 〈
∇HZ, FG2(Z)

〉
,

where ⟨·, ·⟩ denotes the standard scalar product. According to the Filippov convention adopted in this
paper, the switching manifold is divided into the following regions:

(a) Crossing region: Σc = {Z ∈ Σ | σ(Z) > 0} .
(b) Attracting sliding region: Σas =

{
Z ∈ Σ

∣∣∣ 〈∇HZ, FG1(Z)
〉
≥ 0,

〈
∇HZ, FG2(Z)

〉
≤ 0

}
.

(c) Escaping region: Σes =
{
Z ∈ Σ

∣∣∣ 〈∇HZ, FG1(Z)
〉
< 0,

〈
∇HZ, FG2(Z)

〉
> 0

}
.

The sliding region, denoted by Σs, consists of the attracting sliding region Σas and the escaping sliding
region Σes, namely, Σs = Σas ∪ Σes.

Electronic Research Archive Volume 34, Issue 10, 7362–7391.



7373

We next discuss the different regions on the switching manifold Σ. Setting ⟨∇HZ, FG1(Z)⟩ = 0 and
simplifying, we obtain

T1(y) = A1y2 + B1y +C1 = 0,

where A1 = Kφβ(1 − n) > 0, B1 = Kβ(1 − n) + φrET
(
1 + b(1 − n)ET

)
> 0, and C1 = r

(
1 + b(1 −

n)ET
)
(ET − K).

If ET < K, then C1 < 0, and hence the equation T1(y) = 0 has a unique positive root, namely

yc1 =

√
∆1 − Kβ(1 − n) − φrET

(
1 + b(1 − n)ET

)
2Kφβ(1 − n)

,

where
∆1 =

[
Kβ(1 − n) − φrET

(
1 + b(1 − n)ET

)]2
+ 4K2rφβ(1 − n)

(
1 + b(1 − n)ET

)
.

Setting ⟨∇HZ, FG2⟩ = 0 and simplifying, we obtain

T2(y) = A2y2 + B2y +C2 = 0,

where A2 = Kφβ(1 − n) > 0, B2 = Kβ(1 − n) + φ
(
1 + b(1 − n)ET

)
(rET + Ka1) > 0, and C2 =(

1 + b(1 − n)ET
)
(rET + Ka1 − Kr).

If ET < K
(
1 − a1

r

)
, then C2 < 0, and hence the equation T2(y) = 0 has a unique positive root,

namely

yc2 =

√
∆2 − Kβ(1 − n) − φ

(
1 + b(1 − n)ET

)(
rET + Ka1

)
2Kφβ(1 − n)

,

where

∆2 =
[
Kβ(1 − n) − φ

(
1 + b(1 − n)ET

)(
rET + Ka1

)]2
+ 4K2rφβ(1 − n)

(
1 + b(1 − n)ET

)
.

When ⟨∇HZ, FG1⟩ ≥ 0, ⟨∇HZ, FG2⟩ ≤ 0, that is, T1(y) ≤ 0 and T2(y) ≥ 0, the system admits an
attracting sliding region on the switching manifold. Depending on the value of ET , the attracting
sliding and crossing regions can be classified into the following three cases.

(i) When ET < K
(
1 − a1

r

)
, the equations T1(y) = 0 and T2(y) = 0 each have a unique positive root,

denoted by yc1 and yc2, respectively, with yc2 ≤ yc1. Hence, the attracting sliding region is
Σas =

{
(x, y)T ∈ Σ : yc2 ≤ y ≤ yc1

}
, while the crossing region is

Σc =
{
(x, y)T ∈ Σ : 0 < y < yc2

}
∪

{
(x, y)T ∈ Σ : y > yc1

}
.

(ii) When K
(
1 − a1

r

)
< ET < K, the equation T1(y) = 0 has a unique positive root yc1, whereas

T2(y) = 0 has no positive root. Therefore, the attracting sliding region is
Σas =

{
(x, y)T ∈ Σ : 0 < y ≤ yc1

}
, while the crossing region is Σc =

{
(x, y)T ∈ Σ : y > yc1

}
.

(iii) When ET > K, for any y > 0, one has ⟨∇HZ, FG1⟩ < 0, ⟨∇HZ, FG2⟩ < 0. Therefore, the crossing
region is Σc =

{
(x, y)T ∈ Σ : y > 0

}
, and no attracting sliding mode exists on the switching manifold Σ.

Furthermore, according to the Filippov convention adopted in this paper, if an escaping region
exists on the switching surface, it must satisfy

〈
∇HZ, FG1

〉
< 0,

〈
∇HZ, FG2

〉
> 0. This implies that〈

∇HZ, FG1

〉
−
〈
∇HZ, FG2

〉
< 0.However, direct calculation yields

〈
∇HZ, FG1

〉
−
〈
∇HZ, FG2

〉
= a1ET > 0.

The two results contradict each other. Therefore, no escaping region exists in the Filippov system.
The above classification of the sliding regions provides further insights into the biological

implications of different economic thresholds.
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(i) If ET < K
(
1 − a1

r

)
, the economic threshold is lower than the pest equilibrium level under

pesticide application alone. This indicates that pesticide application alone cannot reduce the pest
population to a level below the threshold in the long term. Consequently, after the pest density
exceeds the threshold and control measures are activated, the pest population may remain around the
threshold due to the combined effects of pesticide application, natural predation, and pest population
growth, resulting in possible sliding motion caused by repeated switching between the two
subsystems.

(ii) If K
(
1 − a1

r

)
< ET < K, the threshold lies between the pest equilibrium level under pesticide

control alone and the environmental carrying capacity. In this case, without control measures, the pest
population can naturally increase and reach the economic threshold. Once the threshold is exceeded,
pesticide application and natural enemy release are activated, which suppress the pest population and
drive it back toward the threshold region, thereby generating an attracting sliding regime near ET .

(iii) If ET > K, the threshold exceeds the environmental carrying capacity. Therefore, the pest
population cannot reach the switching boundary from below, and the threshold-based control strategy
is unlikely to be activated. Consequently, no attracting sliding mode exists.

4.2. Equilibria of the Filippov system

In this section, five types of equilibrium points of the Filippov system (2.4) are discussed.
Pseudo-equilibrium: We adopt Utkin’s equivalent control method to study the nonsmooth

dynamical behavior. On the sliding surface, We define the system’s convex combination:
dx
dt
dy
dt

 = λFG1 + (1 − λ)FG2 , (4.1)

where
λ =

⟨FG2 ,∇HZ⟩

⟨FG2 ,∇HZ⟩ − ⟨FG1 ,∇HZ⟩
.

After direct computation, we obtain:

λ = −
rx

(
1

1+φy −
x
K

)
−
β(1−n)xy

1+b(1−n)x − a1x

a1x
= 1 +

1
a1

(
β(1 − n)y

1 + b(1 − n)x
+

rx
K
−

r
1 + φy

)
.

Let x = ET . Substituting the expression of λ into Eq (4.1), we obtain:
dx
dt
= 0,

dy
dt
=

cβ(1 − n)ET y
1 + b(1 − n)ET

− δy +
a2

a1

[
r
(

1
1 + φy

−
ET
K

)
−

β(1 − n)y
1 + b(1 − n)ET

]
.

Setting the sliding-mode dynamics equal to zero and simplifying, we obtain:

dy
dt
= −

1
Ka1(1 + φy)(1 + b(1 − n)ET )

g1(y) = 0,

where
g1(y) = A3y2 + B3y +C3,

with
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A3 = Kφa1(1 − n)(bδET − βcET ) + Kφa2β(1 − n) + Kφa1δ,
B3 = ba2φr(1 − n)ET 2 + Ka1(1 − n)(bδ − βc)ET + K(1 − n)a2β + Ka1δ + a2φrET

= ba2φr(1 − n)ET 2 +
A3

φ
+ a2φrET,

C3 = −a2r(K − ET )
(
bET (1 − n) + 1

)
< 0.

Here, we only consider the case ∆3 = B2
3 − 4A3C3 > 0.When ∆3 > 0, this equation has two distinct

real roots, denoted by yp1 and yp2 , given by

yp1 =
−B3 +

√
∆3

2A3
, yp2 =

−B3 −
√
∆3

2A3
.

Combining the polynomial g1(y) with the parameters A3, B3, and C3 defined above, the number of
positive roots can be classified into the following three cases:

(i) If A3 > 0, then B3 > 0. Since C3 < 0, we have yp1yp2 =
C3
A3
< 0. Hence, yp1 > 0, yp2 < 0.

(ii) If A3 < 0 and B3 > 0, then, since C3 < 0, we have yp1yp2 =
C3
A3
> 0, yp1 + yp2 = −

B3
A3
> 0. Hence,

yp1 > 0, yp2 > 0.
(iii) If A3 < 0 and B3 < 0, then, since C3 < 0, we have yp1yp2 =

C3
A3
> 0, yp1 + yp2 = −

B3
A3
< 0. Hence,

yp1 < 0, yp2 < 0.

Furthermore, if a positive root ypi (i = 1, 2) lies in the interior of the sliding region, that is, yc2 <

ypi < yc1, and the corresponding convex coefficient satisfies 0 < λ(Epi) < 1, then Epi = (ET, ypi) is a
pseudo-equilibrium of system (2.4).

Next, we analyze the stability of the pseudo-equilibria. Let

dy
dt
= F(y) = −

g1(y)
Ka1(1 + φy)

(
1 + b(1 − n)ET

) ,
then

F′(y) = −
1

Ka1
(
1 + b(1 − n)ET

) (
(1 + φy)(2A3y + B3) − φ(A3y2 + B3y +C3)

(1 + φy)2

)
. (4.2)

Substituting yp1 and yp2 into Eq (4.2), we obtain

F′(yp1) = −
√
∆3

Ka1
(
1 + b(1 − n)ET

)(
1 + φyp1

) < 0,

and

F′(yp2) =
√
∆3

Ka1
(
1 + b(1 − n)ET

)(
1 + φyp2

) > 0.

Combining existence conditions with the stability analysis, we conclude that Ep1 is a locally
asymptotically stable pseudo-node in its admissible parameter region, whereas Ep2 is a pseudo-saddle.

Tangency points: In the Filippov system, the tangency points satisfy:
dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
,

x = ET,
or


dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
− a1x,

x = ET.
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Hence, the tangency points are T1(ET, yc1),T2(ET, yc2).
Boundary equilibrium: The two boundary equilibrium points associated with the Filippov system

are determined by the following equations:

dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
,

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy,

x = ET,

or



dx
dt
=

rx
1 + φy

−
rx2

K
−
β(1 − n)xy

1 + b(1 − n)x
− a1x,

dy
dt
=

cβ(1 − n)xy
1 + b(1 − n)x

− δy + a2,

x = ET.

The Filippov system admits two boundary equilibria E1
B(ET, yc1) and E2

B(ET, yc2).
When ET = δ

(1−n)(cβ−bδ) , the tangency point T1 coincides with E1
B. Moreover, when

yc2 =
a2(1+b(1−n)ET )

δ(1+b(1−n)ET )−cβ(1−n)ET , the tangency point T2 coincides with E2
B.

Regular equilibria: When cβ− bδ > 0, the subsystems S 1 and S 2 admit unique interior equilibrium
points E∗S 1

= (x1, y1) and E∗S 2
= (x2, y2), respectively, with x1 > x2. When cβ − bδ < 0, the subsystem

S 1 has a locally asymptotically stable boundary equilibrium point E0
S 1
= (K, 0). As shown in

Figure 3(b), the subsystem S 2 has two interior equilibrium points E∗21 = (x∗21, y
∗
21) and E∗22 = (x∗22, y

∗
22).

The classification of the equilibria under different parameter and threshold conditions is summarized
in Table 1, where the subscripts (R) and (V) denote real and virtual equilibria, respectively.

Table 1. Classification of equilibria under different parameter and threshold conditions.

Parameter condition Threshold condition Equilibrium configuration

cβ − bδ > 0
x2 < x1 < ET E1

R = E∗S 1
, E2

V = E∗S 2

x2 < ET < x1 E1
V = E∗S 1

, E2
V = E∗S 2

ET < x2 < x1 E1
V = E∗S 1

, E2
R = E∗S 2

cβ − bδ < 0

K < ET E10
R = E0

S 1
, E21

V = E∗21, E22
V = E∗22

x∗22 < ET < K E10
V = E0

S 1
, E21

V = E∗21, E22
V = E∗22

x∗21 < ET < x∗22 E10
V = E0

S 1
, E21

V = E∗21, E22
R = E∗22

ET < x∗21 < x∗22 E10
V = E0

S 1
, E21

R = E∗21, E22
R = E∗22

In particular, when x2 < ET < x1 or x∗21 < ET < x∗22, the following conclusions hold:

(i) If A3 > 0, B3 > 0,C3 < 0, and yc2 < yp1 < yc1, then the system admits a pseudo-equilibrium Ep1 .
(ii) If A3 < 0, B3 > 0,C3 < 0, and yc2 < ypi < yc1 (i = 1, 2), then the system admits both pseudo-

equilibria Ep1 and Ep2 .

To further illustrate the role of economic threshold ET in the system (2.4), Figure 4 presents a
bifurcation diagram of the system with respect to ET for a given set of parameters. In Figure 4, the blue
and cyan curves represent the tangent curves T1(y) and T2(y) of subsystems S 1 and S 2, respectively;
the black dashed curves denote the branches of the interior equilibria of S 1 and S 2; the green curve
represents the roots of the sliding mode equation g1(y) = 0; and the red curve indicates the existence
interval of the pseudo-equilibrium point Ep1 . It can be seen that the sliding segment Σs is bounded by
T1(y) and T2(y). When the branch of the interior equilibrium point E∗S 2

of subsystem S 2 intersects the
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Figure 4. Bifurcation diagram of different types of equilibria of system (2.4) with respect to
ET . Parameters are: r = 1, φ = 0.2, K = 8, β = 0.5, n = 0.4, b = 0.5, c = 0.4, δ = 0.2,
a1 = 0.2, and a2 = 0.1.

curve g1(y) = 0 at a certain critical threshold, the boundary equilibrium point E2
B emerges, and a stable

pseudo-equilibrium point Ep1 appears in the sliding mode. As economic threshold ET increases, when
the interior equilibrium point E∗S 1

intersects the curve g1(y) = 0 at ET = 3.3, the boundary equilibrium
point E1

B appears, and the pseudo-equilibrium point Ep1 disappears.

5. Sliding bifurcation analysis

5.1. Sliding bifurcations

In the Filippov system, the emergence of a sliding segment may induce sliding bifurcations,
thereby affecting pest-control outcomes. The pesticide-induced per capita mortality rate a1, the
constant natural-enemy release rate a2, and the refuge coefficient n all affect the effectiveness of pest
control. With the remaining parameters fixed, we numerically investigate the effects of these
parameters on pest-control outcomes.

As shown in Figure 5(a), when the pesticide-induced per capita mortality rate a1 is small, the
pseudo-equilibrium point Ep1 gradually changes from nonexistence to existence as the economic
threshold ET increases. Comparing Figure 5(a) and Figure 5(b), it can be seen that, as a1 increases,
the length of the sliding segment also increases. When a1 = 0.6, Ep1 consistently exists and is stable
on the sliding segment Σs. Comparing Figure 5(a) and Figure 5(c), it can be seen that, as a2 increases,
the sliding segment remains invariant, whereas Ep1 gradually shifts upward. When a2 reaches 0.4, Ep1

consistently exists and remains stable on the Σs.
From the viewpoint of pest management, choosing appropriate insecticide concentration and natural

enemy release rate can ensure the existence of a stable pseudo-equilibrium on the sliding segment,
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(a) a1 = 0.2, a2 = 0.15

(b) a1 = 0.6, a2 = 0.15

(c) a1 = 0.2, a2 = 0.4

Figure 5. Sliding bifurcation diagrams of system (2.4) with respect to ET , where ET ∈ [0, 3].
Parameters are: r = 1, φ = 0.2, K = 8, β = 0.5, n = 0.35, b = 0.5, c = 0.4, and δ = 0.2. The
colored vertical segments represent the attracting sliding regions; the black dots denote the
stable pseudo-equilibria.

thereby keeping the pest density within a controllable range.
As shown in Figure 6, when the refuge coefficient n is small, Ep1 consistently exists and is stable

on the sliding segment Σs. As n gradually increases, Ep1 gradually moves away from the sliding
segment, and the interval in which the pseudo-equilibrium point exists continuously shrinks and may
even disappear. This indicates that the refuge behavior of pests weakens the control effects of natural
enemies, thereby compromising the overall performance of integrated pest management.
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(a) n = 0.05

(b) n = 0.36

(c) n = 0.6

Figure 6. Sliding bifurcation diagrams of system (2.4) with respect to ET . Parameters are:
r = 1.2, φ = 0.5, K = 10, β = 0.5, b = 0.8, c = 0.4, δ = 0.2, a1 = 0.33, and a2 = 0.20. The
colored vertical segments represent the attracting sliding regions; the black dots denote the
stable pseudo-equilibria.

5.2. Boundary equilibrium bifurcation

When a parameter passes through a critical threshold, a stable node or a stable focus may collide
with a tangency point on the discontinuity surface, thereby giving rise to a boundary-node bifurcation
or a boundary-focus bifurcation.

Let E∗S i
= (x∗i , y

∗
i ) be a regular equilibrium of subsystem S i. A boundary equilibrium bifurcation

may occur when H(E∗S i
, ETc) = x∗i − ETc = 0. Since

∂H(E∗S i
,ET )

∂ET = −1 , 0, the equilibrium crosses the
switching manifold transversally as ET passes through the critical value ETc = x∗i . The node or focus
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type is determined by the eigenvalues of the corresponding Jacobian matrix.

(a) (b)

(c)

Figure 7. Boundary-node bifurcation of system (2.4). Parameter values: r = 1, φ = 0.5,
K = 5, β = 0.4, n = 0.2, b = 0.5, c = 0.5, δ = 0.2, a1 = 0.2, a2 = 0.1, and (a) ET = 3.3; (b)
ET = 2.5; (c) ET = 2. As ET decreases, the stable node E1

R collides with the tangency point
T1 to form the boundary equilibrium E1

B, which subsequently bifurcates into the pseudo-
equilibrium Ep1 , the tangency point T1, and the virtual equilibrium E1

V .

Boundary-node bifurcation: For ET = 3.3, the stable node E1
R lies to the left of the switching

boundary x = ET , as illustrated in Figure 7(a). Under the current parameter conditions, predation by
natural enemies alone is sufficient to control the pest population within a safe range, and no additional
control measures are required. The local asymptotic stability of E1

R means that, in subsystem S 1, small
disturbances in the pest and natural-enemy populations eventually disappear, and the two populations
return to a coexistence state maintained by natural predation and the fear effect, without pesticide
application or artificial release of natural enemies.

As shown in Figure 7(b), when ET decreases to 2.5, the stable node E1
R meets the tangency point

T1, forming the boundary equilibrium point E1
B. At this time, the pest population has approached the

Electronic Research Archive Volume 34, Issue 10, 7362–7391.



7381

critical level at which control measures are required, and the system is in a relatively sensitive state:
If pest growth increases slightly or the suppressive effect of natural enemies weakens slightly, the pest
population may exceed the economic threshold, thereby triggering control measures.

When the economic threshold ET further decreases to 2, the boundary equilibrium point E1
B of

system (2.4) disappears and is transformed into a pseudo-equilibrium point Ep1 , a tangency point T1,
and a virtual equilibrium point E1

V , as illustrated in Figure 7(c).

(a) (b)

(c)

Figure 8. Boundary-focus bifurcation of system (2.4). Parameter values: r = 1, φ = 0.2,
K = 8, β = 0.5, n = 0.48, b = 0.5, c = 0.4, δ = 0.2, a1 = 0.2, a2 = 0.1, and (a) ET = 1.5;
(b) ET = 2.09; (c) ET = 2.5. As ET increases, the stable focus E2

R collides with the
tangency point T2 to form the boundary equilibrium E2

B, which subsequently bifurcates into
the pseudo-equilibrium Ep1 , the tangency point T2, and the virtual equilibrium E2

V .

Boundary-focus bifurcation: Figure 8 illustrates the boundary-focus bifurcation induced by
increasing ET . When ET = 1.5, subsystem S 2 possesses a stable focus E2

R, and the pest and natural
enemy populations converge to a stable state in an oscillatory manner. The local asymptotic stability
of E2

R means that, under subsystem S 2, small population disturbances eventually decay and the pest
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and natural-enemy populations return to a coexistence state maintained by the combined effects of
pesticide application, natural predation, the fear effect, and continuous release of natural enemies.
When the economic threshold ET increases to 2.09, the stable focus E2

R coincides with the tangency
point T2, giving rise to the boundary equilibrium point E2

B, and the system enters a critical control
state. When the economic threshold ET further increases to 2.5, the boundary equilibrium point E2

B
disappears and is replaced by a stable pseudo-equilibrium point Ep1 , a tangency point T2, and a virtual
equilibrium point E2

V . Consequently, the pest density is eventually controlled near the
economic threshold.

(a) (b)

(c)

Figure 9. Another boundary-focus bifurcation of system (2.4). Parameter values: r = 1.4,
φ = 0.05, K = 9, β = 0.2, n = 0.08, b = 0.7, c = 0.4, δ = 0.35, a1 = 0.2, a2 = 1.8, and (a)
ET = 1.8; (b) ET = 2.7; (c) ET = 4.2. As ET increases, the stable focus E22

R collides with
the tangency point T2 to form the boundary equilibrium E2

B, which subsequently bifurcates
into the pseudo-equilibrium Ep1 , the tangency point T2, and the virtual equilibrium E22

V .

When cβ−bδ < 0, another type of boundary-focus bifurcation may also occur. Under this condition,
subsystem S 1 has no interior coexistence equilibrium point and only admits a locally asymptotically
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stable boundary equilibrium point (K, 0). The local asymptotic stability of (K, 0) in subsystem S 1

implies that, in the absence of artificial control, the natural-enemy population eventually goes extinct,
and the pest population tends to the environmental carrying capacity K. In contrast, the stability of the
positive equilibrium E22

R in subsystem S 2 reveals that pest-natural enemy coexistence can be sustained
only via the combined action of pesticide application and continuous natural-enemy release.

From Figure 9(a), when ET = 1.8, the system has a stable focus E22
R , a saddle point E21

V , and
a boundary equilibrium point E10

V . This indicates that, under a relatively low economic threshold,
control measures can take effect earlier, causing the pest and natural enemy populations to eventually
achieve stable coexistence and thereby reducing the risk of sustained pest growth.

As shown in Figure 9(b), as ET increases to 2.7, the stable focus E22
R coincides with the tangency

point T2, and the boundary equilibrium point E2
B emerges, indicating that the system is in a critical

control state.
From Figure 9(c), when ET = 4.2, the boundary equilibrium point E2

B splits into a
pseudo-equilibrium point Ep1 , a tangency point T2, and a virtual equilibrium point E22

V . Although
subsystem S 1 has no interior equilibrium point, the adopted control strategy can still regulate the pest
density around the prescribed economic threshold ET over an extended period and prevent it from
approaching the carrying capacity K.

The above analysis shows that boundary bifurcations play an important role in the Filippov system.
The pest population is initially stabilized at a real equilibrium point, namely the node E1

R or the focuses
E2

R and E22
R . As the economic threshold ET decreases or increases, the pest population undergoes a

boundary bifurcation and eventually remains on Σs, which helps avert severe pest outbreaks.

5.3. Global sliding bifurcation

As the parameter ET varies, the system (2.4) may admit standard periodic solutions located in G1

(or G2), sliding periodic solutions containing part or all of the sliding segment, and crossing periodic
solutions that only pass through the switching boundary.

Touching bifurcation: As shown in Figure 10(a), when ET = 6.5, the system admits a stable
periodic solution entirely contained in G1. Numerical simulations show that the system trajectories
eventually converge to this stable standard periodic solution. In this case, the pest density remains
below the control threshold throughout the periodic oscillations, indicating that the pest-natural enemy
system can sustain stable fluctuations through natural predation alone, without the need for additional
control measures.

When ET = 5.78, the standard periodic solution becomes tangent to the switching boundary at the
tangency point T1, and the system undergoes a touching bifurcation, as shown in Figure 10(b). In this
critical case, the peak pest density just reaches the economic threshold, indicating that the system lies
at the boundary between natural regulation and artificial intervention.

When ET = 5.65, the standard periodic solution is transformed into a sliding periodic solution
containing a segment of the sliding region Σs, as shown in Figure 10(c). In this regime, pesticide
spraying and natural enemy release act jointly to constrain the pest population near the
economic threshold.

Buckling bifurcation: From Figure 10(c) and Figure 10(d), it can be seen that when ET decreases
from 5.65 to 5.4, the sliding periodic solution that originally contains only part of the sliding segment
Σs is transformed into a periodic solution containing the entire sliding segment Σs. When ET = 4.9,
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(a) (b) (c)

(d) (e)

(f) (g)

Figure 10. Global sliding bifurcation of system (2.4). As ET decreases, the system
undergoes a transition from a standard periodic solution to a sliding periodic solution and
finally to a crossing periodic solution. Parameters are: r = 1, φ = 0.2, K = 10, β = 0.6,
n = 0.13, b = 0.5, c = 0.6, δ = 0.3, a1 = 0.1, a2 = 0.1, and (a) ET = 6.5; (b) ET = 5.78; (c)
ET = 5.65; (d) ET = 5.4; (e) ET = 4.9; (f) ET = 4.2; (g) ET = 3.5.

the sliding periodic solution begins to include the region G2, as shown in Figure 10(e). At this point,
the pest population not only slides near the threshold boundary, but also enters the dynamical region
G2 corresponding to the system after the implementation of control measures.

Crossing bifurcation: When ET = 4.9, the sliding periodic solution contains the sliding segment
Σs and partial regions of G1 and G2, as shown in Figure 10(e). When ET = 4.2, the sliding periodic
solution remains in contact with the upper tangency point of the sliding segment Σs, as shown in
Figure 10(f). When ET = 3.5, the periodic solution no longer intersects the sliding segment and
is transformed into a crossing periodic solution distributed in the regions G1 and G2, as shown in
Figure 10(g). At this point, the pest density is no longer continuously maintained near the economic
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threshold, but repeatedly switches between the uncontrolled and controlled states. Fixing ET = 1.2,
the crossing bifurcation process of the system can also be observed by reducing the pesticide-induced
per capita mortality rate a1, as shown in Figure 11.

(a) (b) (c)

Figure 11. Another crossing bifurcation in system (2.4). Parameter values: r = 0.7, φ = 0.1,
K = 3.5, β = 0.5, n = 0.1, b = 1, c = 0.8, δ = 0.1, a2 = 0.08, ET = 1.2, and (a) a1 = 0.14;
(b) a1 = 0.12; (c) a1 = 0.1.

These sliding bifurcation phenomena indicate that the selection of the threshold is crucial for
intermittent pest control strategies. When the threshold is too high, the pest population fluctuates
between natural growth and predation by natural enemies. When the threshold is appropriately
reduced, control measures can suppress the pest population near the economic threshold. However,
when the threshold is too low, the system frequently switches between the uncontrolled and controlled
regions, thereby increasing control costs and ecological pressure. Therefore, the selection of the
economic threshold should balance pest control effectiveness, economic investment, and
ecological stability.

6. Impact of fear effect and global sensitivity analysis

6.1. The impact of the fear effect on S 2

This subsection examines how the fear-response coefficient φ affects the dynamics of system S 2.
With all other parameters and initial values fixed, we present the time series of the pest population x
and the natural enemy population y for φ = 0.3, 0.7, and 1.5, respectively. As shown in Figure 12(a),
a small value of φ leads to stable periodic oscillations. When φ increases, the oscillation amplitude
gradually decreases; see Figure 12(b). For φ = 1.5, both populations converge to a stable positive
equilibrium, as illustrated in Figure 12(c). These results indicate that a sufficiently strong fear response
can suppress population fluctuations in subsystem S 2 and help maintain ecological balance.

6.2. Global sensitivity analysis

Global sensitivity analysis was performed for subsystem S 2 using the partial rank correlation
coefficient (PRCC) method combined with maximin Latin hypercube sampling (LHS). A total of
1000 parameter sets were generated with a fixed random seed of 1. The sampling ranges were
r ∈ [1.4, 2.6], K ∈ [5.5, 10.5], φ ∈ [0.1, 0.5], β ∈ [0.7, 1.2], b ∈ [0.2, 0.4], n ∈ [0, 0.5], c ∈ [0.5, 0.9],
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(a) (b) (c)

Figure 12. Time sequence diagram of system S 2, with parameter values r = 1.5, K = 12,
β = 0.65, n = 0.15, b = 0.6, c = 0.5, δ = 0.25, a1 = 0.1, a2 = 0.1, and (a) φ = 0.3;
(b) φ = 0.7; (c) φ = 1.5. Increasing the fear-response coefficient φ reduces the oscillation
amplitude and eventually promotes convergence to a stable positive equilibrium.

δ ∈ [0.3, 0.7], a1 ∈ [0.1, 0.4], and a2 ∈ [0.05, 0.30]. For each parameter set, subsystem S 2 was
numerically solved over t ∈ [0, 200], with the initial condition (x(0), y(0)) = (0.5, 0.5). The output
variables were the time-averaged pest density x̄ and natural-enemy density ȳ over t ∈ [150, 200].
PRCC values and their two-sided p-values were calculated after rank transformation, and p < 0.01
was considered statistically significant.

(a) (b)

Figure 13. PRCCs of the model parameters for (a) the time-averaged pest density x̄ and (b)
the time-averaged natural-enemy density ȳ, obtained from 1000 maximin Latin hypercube
samples. Asterisks denote statistically significant correlations based on two-sided tests (p <
0.01).

From the PRCC-based parameter sensitivity analysis, the refuge coefficient n is positively
correlated with the pest population size, indicating that a higher refuge proportion allows more pests
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to escape predation by natural enemies, thereby promoting pest persistence and leading to an increase
in pest density.

The pesticide-induced per capita mortality rate a1 is negatively correlated with the pest population,
indicating that increasing pesticide concentration can effectively suppress pests. However, excessive
pesticide use may also inhibit the growth of natural enemies. Therefore, pesticide concentration should
be carefully controlled to reduce pests while avoiding adverse effects on natural enemies.

The constant natural-enemy release rate a2 is inversely related to the pest population but positively
associated with the natural enemy population, implying that artificial augmentation of natural enemies
is effective in reducing pest abundance and enhancing the persistence of natural enemy populations.

The fear-effect intensity φ has a significant inhibitory effect on the pest population, indicating that
the presence of natural enemies not only suppresses pests through direct predation but also reduces
pest growth through behavioral intimidation. However, φ is also negatively correlated with the natural
enemy population, suggesting that an excessively strong fear effect may reduce the food resources
available to natural enemies by suppressing pest activity and population growth.

7. Conclusions

The objective of pest control strategies is to maintain pest population density below the economic
threshold while balancing ecological benefits and control costs. However, pests are not only directly
affected by natural enemies and pesticides, but may also exhibit fear responses when perceiving
predation risk and reduce their risk of being preyed upon through refuge behavior, thereby posing new
challenges to the formulation and implementation of pest control strategies. Therefore, taking pest
population density as the control index, this paper constructs a Filippov integrated pest management
model that simultaneously incorporates the fear effect and prey refuge.

First, the positivity and boundedness of the system solutions are proved, and the dynamical
properties of S 1 and S 2 are analyzed. On this basis, the sliding-mode dynamics of model (2.4) are
further investigated, with a classified discussion of the existence intervals of sliding segments and the
existence conditions for various types of equilibria. Subsequently, the sliding-mode bifurcation
phenomena induced by changes in the economic threshold ET under different parameter conditions
are explored. The results show that appropriately increasing the pesticide application concentration or
the release rate of natural enemies helps maintain the existence of the pseudo-equilibrium point in the
model. In contrast, an increase in the refuge coefficient causes the pseudo-equilibrium point to
gradually move away from the sliding segment, thereby weakening the effectiveness of the integrated
control strategy in regulating the pest population.

Numerical simulation results show that, as the economic threshold ET varies, the real equilibrium
point and the tangency point of the system may collide, forming a boundary equilibrium point on the
switching boundary and thereby inducing boundary-node and boundary-focus bifurcations. This paper
also investigates the boundary bifurcation phenomena that occur when the subsystem has no interior
equilibrium point. The results show that, compared with a higher economic threshold, appropriately
lowering the economic threshold enables pest control measures to intervene earlier, thereby promoting
the stable coexistence of pest and natural enemy populations and effectively reducing the risk of the
pest population continuously increasing toward the environmental carrying capacity K. In addition,
as ET gradually decreases, the system undergoes global sliding bifurcations and generates different
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types of periodic solutions. These results indicate that the choice of the economic threshold is of
great significance for intermittent pest control strategies: An excessively high threshold may lead to
delayed intervention of control measures and thus weaken the control effect, whereas an excessively
low threshold may cause frequent switching of the system and consequently increase control costs.

To further reveal the effects of key parameters on the population dynamics of pests and natural
enemies, a parameter sensitivity analysis of system (3.2) is conducted. The results show that the
refuge behavior of pests allows more pests to escape predation by natural enemies, thereby increasing
pest population density. The sensitivity analysis further reveals a trade-off associated with the fear
effect. Although fear effect can assist pest control by suppressing pest activity and population growth,
an excessively strong fear response may reduce the food resources available to natural enemies and
consequently decrease their population size. Therefore, the potential trade-off between pest
suppression and natural enemy persistence should be taken into account when evaluating integrated
pest management strategies.

In real ecological systems, the predation effect after the release of natural enemies and the efficacy of
pesticides after application usually involve a certain time delay and do not take effect instantaneously.
Therefore, based on the model proposed in this paper, time-delay factors may be further introduced in
future work to investigate the influence of time-delay effects on the dynamical behavior of the Filippov
integrated pest management model, thereby making the model more consistent with practical pest
control processes.
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