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Abstract: This paper proposes a distributed relative-position-based cooperative pointing control
scheme for stationary planar multi-agent systems toward a stationary target under switching topologies.
First, the proposed scheme only requires the leaders’ orientation angles and relative position
measurements, without relying on the agents’ states in a common global coordinate frame. Then, the
cooperative control problem is decoupled into cooperative target localization and local pointing control.
In the proposed scheme, the cooperative target localization problem is modeled as a distributed relative
position estimation system, in which the system dynamics are determined by the switching topologies
and the projection matrices induced by the leaders’ orientation angles. Under minimal information
conditions, sufficient conditions are established to ensure the convergence of the proposed scheme
by developing a novel error estimator and multiple Lyapunov functions. As a result, the generated
reference orientations converge to the desired ones, and the local pointing controllers track them
asymptotically. Finally, numerical simulations validate the effectiveness of the proposed method.

Keywords: multi-agent systems; switching topologies; cooperative control; pointing control;
distributed estimation

1. Introduction

The cooperative pointing control of multi-agent systems aims to orchestrate multiple agents so that
their pointing lines (or lines of sight) simultaneously converge on a common target. This capability is
critical in many practical tasks [1-5]. For example, satellite formations must synchronously gaze at a
specific region of the earth from different viewpoints to estimate the reflected energy [3]. Unmanned
aerial vehicle swarms rely on multi-angle cooperative observations to overcome line-of-sight
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obstructions in forests or disaster areas, thereby enabling the detection and tracking of concealed
targets [4,5]. Unlike classical distributed attitude alignment problems such as those studied in [6, 7],
cooperative pointing control requires agents to jointly infer the unknown target position through local
information exchange rather than merely aligning their own orientation with others, thereby driving
all pointing lines to precisely intersect at the target point.

In [8], a simplified scenario of cooperative pointing control is considered, where collinear agents
are arranged in a linear array, with the two end agents already pre-pointed toward the target. The
middle agents adjust the heights of the intersections between their own half-lines directed toward the
target and those of their left and right neighbors. Utilizing an adjacent interaction protocol, they
equalize all these heights, thereby achieving collective convergence without prior knowledge of the
target coordinates. The height equalization strategy in [8] was extended to a three-dimensional space
in [9] via an update protocol. This protocol ensures that distances, measured relative to a reference
line defined by the intersection points of adjacent half-lines projected onto a reference plane, remain
consistent. The collinearity constraint in [8—10] was relaxed to coplanarity in [11], with agents
deployed on a single plane and the target outside it. However, since it lacks the strict collinearity
condition, this work introduces a decoupling approach that splits the three-dimensional pointing task
into two independent planar projections. Then, by adjusting the positional difference between the
intersection points of adjacent half-lines on each projected plane, the system guides all half-lines to
converge at the target. [12] further relaxed constraints on agent spatial arrangements by applying the
geometric invariance of bearing vectors under translation and scaling transformations, which enables
agents to orient towards a target point characterized as an invariant set of coordinates under these
transformations, without needing to know their absolute positions. It is worth noting that, despite the
conservatism in the assumed conditions (such as control strategies, algorithm design, time step
selection, and initial conditions), [12] clearly revealed the geometric essence of the cooperative
pointing problem: collaborative pointing essentially only requires the pointing line of each agent to
converge at the target point in space, without the need for precise estimation and positioning of the
target point’s absolute coordinates. Unlike the geometric constraints imposed on the entire
multi-agent system in [8—12], [13, 14] only required the non-collinearity of the two leaders with the
target. Then, [13] adopted a decoupling method similar to that in [12] by decomposing cooperative
pointing control into localization estimation and pointing control. The localization estimation was
formulated as a switched model for the multi-robot system to avoid potential singularities in pointing
control without imposing geometric constraints on the entire system, thereby enhancing the flexibility
of agent arrangements. However, the aforementioned results typically assume a time-invariant
network topology. This assumption, while simplifying the analysis, significantly deviates from
practical scenarios. In fact, in mobile communication networks, drone swarms, and intelligent
transportation systems, the connectivity between agents is inherently dynamic. For instance, signal
propagation paths can be obstructed by environmental factors, and communication links can be
interrupted by packet loss, which directly impacts the agents’ communication status. Consequently,
the network connectivity is almost always in flux [15-20], rendering a fixed topology merely an
idealization. Motivated by this, this paper investigates the cooperative pointing control for multi-agent
systems with switching topologies, based exclusively on orientation angles.

This paper addresses the cooperative pointing control of stationary planar multi-agent systems that
aim to align with a stationary target under time-varying topologies. First, unlike methods that rely on
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absolute coordinates and direct distance measurements, this work solely derives control conditions
from an undirected connected topology and the agents’ observed bearing angles, while relaxing the
geometric constraint to the non-collinearity of the two leaders and the target. Then, the cooperative
pointing control problem is decoupled into cooperative target localization and local pointing control.
The cooperative target localization problem is formulated by introducing orientation-angle-dependent
projection matrices. These matrices ensure that the leaders’ lines of sight to the target remain aligned,
thereby enabling the estimated relative positions to converge to the relative positions between each
agent and the target. Next, an error estimator is proposed to overcome the technical difficulties which
arise from projection-matrix semidefiniteness and time-varying topologies. Subsequently, multiple
Lyapunov functions are designed to analyze its dynamics, thereby rigorously establishing the
convergence of the relative-position estimation system. Furthermore, the local pointing control
ensures asymptotic tracking of the orientation angles provided by the target localization process,
while the resulting localization estimate itself converges to the target. Finally, numerical simulations
validate the effectiveness of the proposed strategy, thereby showing that it can achieve cooperative
pointing control without requiring absolute coordinate information or direct distance measurements to
the target.

The main contributions of this paper are summarized as follows. (1) A distributed relative-position
-based estimation framework is proposed for the cooperative pointing control of planar multi-agent
systems under switching communication topologies. The proposed framework only requires the
leaders’ orientation angles and relative position measurements, without requiring the agents’ states to
be expressed in a common global coordinate frame. (2) This paper addresses a nontrivial extension
from fixed communication graphs to switching topologies. Unlike existing studies, the resulting
closed-loop system simultaneously involves state-dependent switching induced by geometric
constraints and topology-dependent switching induced by time-varying communication graphs. (3) To
handle these difficulties, a novel error estimator and a Lyapunov-based analysis are developed. Under
relatively mild conditions, sufficient admissibility conditions are established to guarantee the
convergence of the proposed scheme.

Notation: N and N* denote the set of non-negative and positive integers. R” and R™" denote the set
of n-dimensional column vectors and n X m real matrices, respectively. M; ® M, denotes the Kronecker
product of matrices M; and M,. I, denotes the n X n identity matrix. 1, denotes a n-dimensional
vector of all ones. 0 denotes a zero matrix of appropriate dimensionality. || - || denotes the operator
that computes the Euclidean vector or matrix norm. bkdg{M;, M,, ..., My} denotes the operator that
forms a block diagonal matrix with diagonal entries M, Ma, ..., My. AL. (M) and Ay, (M) denote the
operators that compute the smallest positive eigenvalue and the largest positive eigenvalue of the matrix
M, respectively.

2. Problem formulation

This paper considers a swarm of N agents (N > 2) arbitrarily deployed within the common 0-X-Y
plane, as depicted in Figure 1. The position of each agent in the global coordinate frame 0-X-Y is
marked as p; = [x;,y;]” € R2. Its orientation angle 6; € [0, 2r) is, measured counterclockwise from the
positive X;-axis of the local coordinate frame p;-X;-Y;, which is defined with its origin at p; and axes
X; and Y;. The local coordinate frames share the same orientation as the global coordinate frame, but
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their origins are offset. These N agents, each equipped with its own local coordinate frame, exchange
information with their neighbors over an undirected, connected, and time-varying communication
graph G, € {G1,G>, ..., G,}. The Laplacian matrix of G, at time ¢ is formally defined as L., where
o(-): [0,+00) = N, = {1,2,..., g} is the discrete logical signal orchestrating the switching between
topologies, and L; represents the Laplacian matrix of the topology graph G, for j€ N,. The switching
signal o () defines a switching sequence {(o(t),?),...,(c(t,),t)lh = 1,2,...}, where (o(t,), 1)
means that the o (#,)-th topology graph G, is activated during ¢ € [t;, tj1).

Definition 1. For any T, > T, > 0, let N, (T, T,) denote the number of switching of o (t) over (T, T»).
If No(T1,T2) < No+ (Tr— T1)/Taye holds for t,,.> 0, Ng> 0, then 7, is called the average dwell time.
As commonly used in the literature, we choose Ny= 0.

Target A Y
IR SN ALY
el 7 \\l‘ 0,
X _ > x,
P
AP A
il g,
4'7"7_ “>4‘(_7 ’
o
J pi
Dk b
P

Figure 1. A diagram of cooperative pointing control.

The collaborative task is to drive all agents through communication to orient towards the target,
whose position in the global coordinate frame is marked by g= [x,y]” € R?, where only agents i= 1,2
possess the capability to measure their orientation angle 6; towards the target, known from the outset.
Then, based on the rotating dynamics system

0,(t)= u;(t), i=1,2,...,N, 2.1)

the cooperative pointing control problem is stated as designing the control input u; such that 6,
converges to 6, which means driving the orientation half-lines of all the robots to point to the target,
where
X—X; . .
0 - arccos 7, ify—y;>0 ’
2n —

arccos ﬁ, otherwise
1

and d; = g— p;, i€ {1,2,...,N}. It is worth emphasizing that g is not known to agent i, and thus 6;
is unknown in advance either. However, Agents 1 and 2 are allowed to obtain their orientations to the
target, and they simply hold them (i.e., u;(r) = 0 and u,(¢) = 0), indicating that 6,() = 6,(zy) = 6] and
0(1) = 01(t0) = 0.

Throughout the paper, it is assumed that Agents 1 and 2, called leader agents, and the target are not
collinear, so that the target directional information obtained by Agents 1 and 2 uniquely identifies the
target, and this assumption is stated as follows.
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Assumption 113, 0, # 6, and 6, # 6, + n.
Moreover, the following lemmas are also needed.

Lemma 1. Let Kr = bkdg{[;{,{g,lz, .. .,Iz} S R(ZN_Z)XZN, Fo-(;) = KF(LO-(,) ® Iz)(KF)T, where (:1 =

N-2
[cos 8y, sin 6,17 and ¢>= [cos 6,,sinB,]T. Then, under Assumption 1, the following inequality holds:

0< Ain,r = MIN{Auin(F))} < Covi $in*(6) = 62), (2.2)
IEN,
where C i, = r_nlivn{e2TL,~e2}, and e;=[0,1,0,...,0]".

Proof. Let A8= 0,— 6, n=[1,cos(20),Z],...,,1 1" € R*¥=2, Then,
—_—
N2
Kin=141,(cos(a)), ¢, (1" = Iy® i+ 28 (cos(ab) o~ L),
and
> = 1+ cos*(a8)+ (N — 2)= N— 1+ cos*(A6)> 1.
Given that [|(;]| = ||2]| = 1, the squared norm of cos(A8)l, — £ is || cos(A8), — &> = cos?(ad)||H|1* +
121117 =2 cos(20)(LT &) = cos?(a0)+ 1-2 cos?(af) = sin*(Ah). Since L1y = 15 L, = 0, it follows that
N Fowil = 0" Kr(Low ® L)KEn
= (28 (cos(20)o— 1)) (Loy ® L) (€2® (cos(A0)la— 1))
= (€3 Lyne2) ((cos(20)l> — () (cos(A)r — 1))

= (e Lyer)ll cos(20)r— &1
= (e Ly(ey) sin(A6).

Therefore, the minimum eigenvalue of F,, satisfies the following:

in(F o)) < n'F. ol _ (e Lyhes) sin*(A6)
min\L" o (1)) = UTU N—-1+ Cosz(AQ)

< el Lyyea sin’ ().

This implies that m}/n{/lmin(F )} < Chin sin2(91 — 6,). On the other hand, for any i € N,, suppose there
i€Ng

exists a non-zero vector n = [11,12, 15, ..., ny)" € R*2 such that 5’ F;p = 0, where 1,7, € R, and
m € R* fori=3,...,N. Then, (KEn)" (Lyt) ® )KL= 0. This means

Kgn: [n1§{’n2§§’n§’~"’n[€]T: 1N®n0

holds for some 17y € R2. This further implies 171{y = n2{o = n;= 1o, fori=3,4,..., N. Given that 8, # 6,
and 6, # 6, + «, the equality n;{; = m.{> implies n; = 1, = 0. Consequently, 779 = 0, which contradicts
the initial assumption that 7# 0. Therefore, it must be that O < A, r. This concludes the proof. O

Lemma 2. Let L be the Laplacian matrix of a connected undirected graph with n vertices, and X €
R2™2" be a real symmetric positive semi-definite matrix that satisfies the following:

Ker(X) NIm(L ® I,) = {0}.
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Then, for every vector n€ R*N such that (15, ® L)n= 0, it holds that

Ao (M0 < 7" MY < A (MR 1,
where M= (L@ L)X(LQI).
Proof. Let Y= (L®1,). Since X is positive semi-definite, then for any n€ R,
T _ T
n Mn=(Yn) X(Yn)= 0.
This implies
"Mn=0 < Mn=0 < ne Ker(M),

and
In'X(Yn=0 = X(¥Yn)=0 < Yne Ker(X).

It is obvious that Yne Im(Y) always holds, which indicates that
n"Mn=0 < (Yn)e Ker(X) N Im(Y).
By the known condition Ker(X) N Im(Y)= {0}, it follows that
"Mn=0 & (Yn)=0 < ne Ker(Y).

Thus, Ker(M) = Ker(Y). The graph is connected, Ker(L) = span{1y}(i.e., the one-dimensional subspace
spanned by the all-ones vector). Hence, Ker(M) = Ker(Y) = Ker(L® I,) = {1y ® w : w € R?} and
dim(Ker(M))= 2.

Write n as 7= (7, n%,...,n5)T with each n; € R Then, (1 ® L)y = XV, 7;, and consequently,
(1L ® L)y = 0 is equivalent to Y, 7; = 0. For any w € R, it holds that (1y ® w)'p = w! 3N, 5. If
(1,{, ® L)n =0 (.e., Z?Ll ni = 0), then (1y ® w)'np = 0 for every w, hence L Ker(M). Conversely,
suppose 1 L Ker(M). This implies w” 3, n; = 0 for all w € R%. Choosing w = w; = [1,0]” and
w=w,=[0,1]7 yields wI ¥V, ;= 0 and w! 3., ;= 0, which together force 3., ;= 0. Therefore,

(1L ®Ln=0 < 51 Ker(M).

Because M is real symmetric positive semi-definite, there exists a set of orthogonal eigenvectors

{wi,wa, ..., woy} with corresponding eigenvalues satisfying 0= A, = A, < A3< 44 < - -+ < Ay, where
Wi, Wr € KCI'(M) A3= /l;nn(M) Aoy = Amax(M), and

T 1, ifi=
W W= .
Y 0, otherwise

Consequently, if n L Ker(M), then there exist coeflicients cy, ¢,, c3, ..., coy such that n= Z, | ciw; with
=w/nand c;= ¢;= 0. Next, n'n= Z 3 C, , and because Mw; = /l iW;, one obtains nTMn 23N3 A; c

Slnce /13 <A <L /12N for all i > 3, it follows that A3 Z 012 < Z /1c < /lZNZ c Substituting the

expressions for ” n and n” Mn yields A*. (M)n"n< nTM n< /lmdx(M )’ n. This completes the proof. O
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3. Cooperative control protocol

This section presents a distributed relative position estimation algorithm for a multi-agent system
with a time-varying topology in which only two leader agents possess information about the direction
towards the target. The algorithm embeds local orientation information and employs a projection
matrix to strictly constrain each leader’s estimate updates along the line pointing toward the target. By
preserving critical orientation information within the communication network, the algorithm drives
the entire network in acquiring relative position estimates of the target for each agent. Further details
are provided below.

Consider a distributed relative position estimator with the following structure

()= =K; Y aoi ()= dij— A1), (3.1)
JEN;

where di(¢) is the estimation of d;, d; j= p;— pi denotes a relative position vector expressed in a shared
global frame, A; = [ac« ;(1)Inxn 18 the adjacency matrix based on the undirected connected graph
G: and N; is the neighbor set of agent i. The control gain K; is designed following the method in
reference [13], with the specific form as follows:

cos’6;  cos6;sinf;| ..
) . , ifi=1,2
K= cos 0; sin 6; sin” 6;

I,, otherwise

It is clear that d; ; = —d;; because d;; = p;— p; and dj; = p;— p;. Thus, dj—d;= qg— p;— (q— pi)) =
—(pj— pi)= —d; j= d;;, and the compact form of Eq (3.1) can be written as follows:

d(t)= —~K(Lyy ® )d(t)— K(Lyy ® Ib)p, (3.2)
where d= [c?T,c?zT, e ,Cz,(,]T, p=Ipl.py.....p41"

Remark 1. Unlike the algorithm provided in Theorem 1 of reference [13], which depends on a given
radius r and whose computation requires global positional information, the estimator given by Eq (3.2)
is designed to only utilize relative information. For each c?i, its update is based on aq ;. j(c?i(t) —d;j—
d (D)= Ao, j(cf,-(t) —-d (D) + ag)jd; j, where dit)-d (1) and d; j represent relative information. The
compact form in Eq (3.2) provides a clearer illustration through the Laplace matrix L.

Before analyzing the convergence of the relative position estimation algorithm, the following
assumptions regarding its initial conditions are required.
Assumption 2. Assume that fori= 1,2, di(to) is parallel to the vector ;Tq), i.e., di(ty):= i[cos 6, sin6,]7,
where 2,»6 R/{0}.

Remark 2. Assumption 2 is an important prerequisite for the effectiveness of the distributed relative
position estimator that is formulated in Eq (3.2). Owing to the absence of distance measurements, the
leaders’ estimates of the target’s relative-position vector must be confined to the correct direction to
avoid divergence from the true value. The projection matrix ensures that the relative position vector is
always parallel to the initial value, so the selection of the initial value must comply with the
above assumption.
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Lete;(1)= c?i(t)— d;. This error term drives the following distributed error estimator:

éi(t) = O?i(t) =-K; Z o (di(t) = di j— d (1))

JEN;

=-K; Z azr(t),i,j(dAi(t)_ di— dAj(t)"' d;)
JEN;

= =Ki ) o jleit)= ej(1).
JeN;

This equation can be expressed in a compact form as follows:

e(t)= —K(Ly) ® L)e(?), (3.3)
where K = bkdg{K, K>, I, -- , I} is positive semi-definite. Then, lim c?(t) =dif lim e(r)= 0, where
S e’ t—+0o0 t—+00
N-2
d= [dT,dzT, . ..,d{,]T.
Furthermore, let
0= Pe, (3.4)

where P= Ly— +(1y ® L)1}, ® I), then
o=e—(1yxD)e, 3.5

and
T T 1 T
(IN ® 12)5 = (IN ® Iz) [6— N(].N ® IZ)(]'N ® Iz)e]

1
=1, ®L)e- N(lfv L)1y ®L)1} ®L)e

1
=1} @ L)e- ~ |Af1y @ L] (1} @ L)e

= 1y ®L)e—L(AL ®L)e
=0,

where &= ﬁ(lf, ® L)ee R?. Write § as 6= (61,6%,...,6,)" with each 6; € R%. Then, 6; = ¢;— € holds,
following Eq (3.5), which indicates that

ei—¢e;= (5,-—(5j. (36)
It follows that, 6;= ¢; if and only if e¢; = e¢;. Combining Eqs (3.3)—(3.5) yields the following:
5: Pe: —PK(LO—(,) ® Iz)e: —PK(LO—(,) ® 12) [5 + (lN ® Iz)é] = —PK(L(T(I) ® 12)6 (37)

Remark 3. Note that

1 1 1
P=1DLy- N(I’V‘X’ L)1,® L) = Ly— N(1N1§)® I, = (IN - NINI’TV)@’ L.
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Since Ly 1y =0, it follows that
La'(t)lNI]T\} = 0,

which implies

1 1
@W@QW:UﬂﬁMgKM—Nmm%M4:PW%M——Mﬁﬂ®b:@wrm®b:Lm@L.

N
Therefore, (Ly(y® )P = L;)® L.

Based on the previous discussion, the following theorem is stated.

Theorem 1. Under Assumptions 1 and 2, if a positive scalar u and positive definite matrices Q, Q; of

appropriate dimensions exist such that for all i, je N,,

10 0
QPiQ—[O 0],
and
Qi< uQ;,

then the distributed error estimator, as given by Eq (3.3), guarantees that

lim e(f)= 0,

t—+o0
provided that the switching signal o (t) satisfies the average dwell time condition

2Inu
ave = s
min,F

where P;= (L; ® L)K(L; ® I,), and Ao r has been previously defined.

Proof. Consider the following candidate Lyapunov function:
1 T
Vo (6)= 55 Py10.
Leté= Q7'o=[£1,&0, ..., €017, where & € R%. Consequently, for all j€ N,,

6" Pjo=(Q¢)" P (Q¢)=¢"QP;Q¢=¢" [%’ 3] £=E804,

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

holds following Eq (3.8) for any § with &= [¢7,¢£],..., &7 ]7. When G:: # G-, the following relation
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is directly obtained from Inequality (3.9) and Eq (3.13)

2V (6(57)) = 67 (1) P 0(1)
= (QE)) P (QE())
= £ () QP ) QE(ty)

+ oty 0 +
= (i) [Q(;h) 0] £t)
= & () Qo (1)
< E G0 E(5)

o(t, 0 —
= ') [QO( a 0] £17)
= &' (1) QP QE(1;)
= 6" (1) P 0(1;)
= 20V (6(t}))-

(3.14)

According to [13], Ker(K) N Im(L ® I,) = {0} holds, so using the results of Lemma 2, this function
satisfies the following bounds:

/1mir1,P||6||2 = 1’,12]%/11{/lmin(Pi)}(()‘TéS Vo-(t)(é(l‘))S Igl%x{ﬂmax(Pi)}éT(S: /lmax,Plléllz- (315)
1€Ng 1eNg

Taking the time derivative of V,,(6) with Eq (3.7) along the trajectory of ¢ leads to the following:
Voi(8) = =67 Py PK Loy ® 1)6

~6" (Lo ® L)K (Loy ® L)PK (Lo ® 1)

0" (Lot ® K (L) ® L)K(Lyry ® 1)0

~0" (Lo @ )(Kr) Kr(Loty ® L) (KE) Kr(Loy © 12)6
~0" (Lot ® LYKF) FoKr (Lo ® 1)

T r (3.16)
< = Anin(Fo)0" (Lo ® L)(KF)" Kr(Loy ® 12)6
= —Anin(Fo)8" (Lot @ )K(Loy © 1)0
= = Amin(Fo)0" Pon0
= = Amin(Fon) Vo) (6)
< —Amin,r Vo (0).
Combining Inequalities (3.14) and (3.16), for any ¢ € [, t,,1), the following inequality holds:
Vew(6(0)) < exp(=Aminp(t = 1) Vet (6(;)
< exp(=Amin (= W)UV o (6(2,))
= exp(—Awinp(t — 1)+ In () Vo) (6(1,))
(3.17)

Electronic Research Archive

< exp(—=Aminp(t — 1)+ No(t, 1) In ) Vi (6(27))
< exp(=Amin r(t = 10)+ N (2, 1) In ) Vi) (8(25))
< exp(=Amin r( — 10)+ No (2, 20) In ) V(1) (6(20)),
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where exp(-) denotes the exponential operator. Since N, (,1)) < ’Tﬂ and Inequality (3.11) holds, the
following inequality follows:

r—- tO /lmin,F /lmin,F

—Amin,r(t = 10)+ N (1, 10) Inpu < = Ay p(t = 10)+1n

< _/lmin,F(t - t0)+

(t—19)=— (t - 1o).

ave

Inserting the above expression into Inequality (3.17) results in the following:

/1min
Vo (6(1) < exp (— 2 (1 - to)) V1) (6(t0))-

From the above inequality and Inequality (3.15), it can be concluded that

||6(t)|| < Ke_a(t_m)llé(tO)”’ K= V /lmax,P//lmin,P’ a= /1min,F/4- (318)

Consequently, the state 6(7) converges to zero, that is, lim 6(¢) = 0. This implies that the difference

t—+00

between any two components of the state also converges to zero (i.e., lim (6,(t)—6;(¢))). Then, Eq (3.6)
t—+00

provides the following:
lim (e;(t)—e;(t))= lim (6;(1)— 6;(2))= 0.
t—+00 t—+00

On the other hand, since e, (7) is always parallel to vector p;g and e,(z) is always parallel to vector p,q,
and given by Assumption 2 that p¢ and p,¢ are not parallel, it follows that as  — oo, e;(f) — 0 and
e,(t)— 0. Therefore, as t — oo, for all i, ¢;(#) — 0, thus proving Eq (3.10). O

The above theorem relies on the minimal-information framework of [13], which only assumes that
the leaders can sense bearings or visually lock onto the target (i.e., detect its presence within their
fields of view), without requiring range radar or precise absolute position measurements. Therefore,
the resulting sensor suite is simple and low-cost. The necessity of Assumption 1 is straightforward. If
the lines of sight of the two leaders satisfy 6; = 6, or 6, = 6, + «, that is, if the two rays are parallel
or anti-parallel, then they cannot uniquely determine the target position through their intersection.
In this case, even if the distributed error estimator reaches consensus, it converges to a point on an
indeterminate line, thus rendering the estimation algorithm mathematically incapable of accurately
localizing the target. When |A6| = |6, — 65| is nonzero but approaches zero, theoretical convergence still
holds. However, by Lemma 1, Ayin r < Crin sinz(AH), and therefore Ay, r — 0 as A@— 0, thus causing
the estimation error to decay arbitrarily slowly. Hence, in practical deployments, A6 should remain
sufficiently far from O and n. Typically, it is advisable to impose a safety threshold, such as AG> 15°.

Remark 4. Note that

llex(t) = ex(®)ll= 1161(2) = 2011 < 161 (D)l + 1820011 < V2051 OIP+ 620 < V2[I5(2)ll
and
llex(r) = exIF = lley I + llex I = 2ller (Dl llea(1)ll cos AG = (llex (Dl + llea(D)l])* sin® (A6/2).
Given AG> 15°, it follows sin (A8/2) > sin(7.5°) and

lex(®)I| + llex(DII< ller(£) — ex(t)ll/ sin(7.5°) < V2I|5(0)I/ sin(7.5°).
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According to e;i(t)= 0,(t)+ é(t), applying the triangle inequality yields
lle®ll = lley () = 61 (DIl < llex I + lo1 |
and
lle®ll = lle2(r) = 62Dl < lle2 (D] + 62D
Summing these two inequalities gives
21201 < ller I+ llea@ll+ 161D+ 182001 < V21I6()II/ sin(7.5)+ V2[i5(2)ll
which implies that ||e(7)|| < C||5(0)|l, where C= (1 + sin(7.5°))/( V2 sin(7.5°)). On the other hand,
le@I = 5@+ l(Ly ® L)e@)I*+ 26()" Ay ® Lye() = 51>+ Nlle()l,

which implies

leli= VIS@I>+ Nllg@I? < ll5@)li+ VNIe@l.

In summary, |le(?)|| < K (1 + E\/N) e~ 40| |e(ty)||. Consequently, for a given continuous time interval
[t0, 20 + T and a boundary threshold c, > 0, if the initial condition satisfies |le(t))|| < ¢, the system
state guarantees finite-time boundedness such that |le(t)|| < ¢, for all t € [ty,ty + T], where
=K ( 1+C+VN ) ci. Finite-time or fixed-time consensus control strategies, such as those in [21,22],
typically rely on non-smooth feedback or fractional-power dynamics to achieve convergence within a
finite or prescribed time horizon. However, in our formulation, the geometric constraints imposed by
the semi-positive definite matrices make it difficult to prove exact zero convergence in finite or fixed
time within the present analysis. Therefore, the present result establishes finite-time boundedness over
a specified interval, rather than exact finite-time or fixed-time convergence to the origin.

Remark 5. From Reference [13], it is known that rank(P) = rp > 0. Since P > 0, there exists a
matrix U = [Uy, U] such that P = UTU, where U, € R'™* is invertible and U, € R'*™*CN=P)_ [ ot
W= —U;'U, € R™CN=2)_ For arbitrary positive definite matrices A € R and C € R?N-r»*@N=re)
: ATUTuA 0 A+ WCWT wC
the equality QPQ = [ 0 0 CwWT c
It is evident that the positive definite matrix Q € R*2N is not unique. For any positive definite matrix
ON-te RN"PN"Vand positive scalar c, if (c— ¢*1%,_ (Q" ") "1y_1) ® L is also positive definite, then

oMt ClN—l]

T
clN_1

> 0 holds, where Q=

]> 0, and ATU[UA> 0.

0= [ ®l, (3.19)
is a candidate matrix. This is because Eq (3.8) holds if and only if both QP;Q([0,...,0,1]T @ I,)= 0
and ([0,...,0,1] ® I,)OP;Q = 0 hold. The condition QP;Q([0,...,0,117 ® I,) = 0 implies that
P;0([0,...,0,11" ® I,) = 0, which, in turn, yields (L; ® IL)K(L; ® 1,)Q([0,...,0,1]" ® I,) = 0.
Combining this with Lemma 1 indicates that (L; ® 1,)Q([0, ...,0,1]T ® I,)= 0, i.e.,

oN-! ClN—l]

0([0,...,0,11" ® L) = (l . [0, ..., 0, 1]T)®12:
cly_

CIN‘l] e L.
C
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Similarly,
N-1
(10,....0.1]® L) x 0= ([0, 2 0,1] [Q dj‘l]) 8L= e} @D,

T
clN_1

Therefore, Q= [ ® 1, is a special case of Eq (3.19) if k> ¢(N— 1)> 0, which must satisfy

Eq (3.8).

kIy_ ClN—l]

T
clN_1

Based on the above remark, Algorithm 1 is proposed for applying Theorem 1.

Algorithm 1: Computation of the minimum admissible average dwell time.

Input: Leader angles 6, 6,; Number of agents/topologies N/g; Graph Laplacians Ly, L,, ..., L,.

Precomputation:
Construct K= bkdg{[cos 6, sin 6], [cos 6, sin ], I,,..., L5}, and set K = KEKF;
N
N-2
Compute Ayinr= ?lﬁn }{/lmi,,(Kp(L,- ® L)KD)}.
i€{l,....g
LMI optimization:
kv Iy
Choose parameters k, ¢; Construct Q = 1 R 1Iy;
vy
. . 0 0
Fori=1,..., g, define Q; as the upper-left block of QP;Q, i.e., QP;Q= 0 0 ;
min u
Solve the optimizati blem: < Ci# T
olve the optimization problem subject to { g, <uQj, i s
<K

if infeasible
terminate (no admissible 7,,, exists);
else
set u* = min y;
end
Then, one may choose 7, > 2 1n " / Ain r to guarantee stability.

Inequalities (3.8) and (3.9) in Theorem 1 are used to establish Inequality (3.14), which can be
replaced by an easier condition to achieve the same function as follows:

Amax(P) < p A, (Py). (3.20)

Based on this, the following corollary obviously follows Theorem 1.

Corollary 1. Under Assumptions 1 and 2, if a positive scalar u exists such that for all i,j € N,
and Inequality (3.20) holds, then the distributed error estimator, given by Eq (3.3), guarantees that
Eq (3.10) holds, provided that the switching signal o (t) satisfies the average dwell time condition
described by Inequality (3.11), where all symbols are defined in the preceding text.

Proof. Consider the same candidate Lyapunov function as Eq (3.12). It is straightforward to derive
from Inequality (3.20) that
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1
Ve (0(t)) = §5T(f;)P<r(t;)5(f;{)

IA

6T(t;)/lmax(Pa'(t;))6(t;)

IA
— ==

87 (6 1t Xl (Pori)S(E7)

< EdT(t;),uPU(,;)cS(t,;)
= WVoe)(6(1))).
Then, similarly to the proof of Theorem 1, the proof ends. O

The convergence of the distributed error estimator, as given by Eq (3.3), validates the convergence
and effectiveness of the distributed relative position estimator, as given by Eq (3.2). Subsequently, this
estimator, formulated in Eq (3.2), enables the cooperative pointing control of the system described by
Eq (2.1), thereby driving the orientation angles to follow the local control input u; as follows:

u(H=0, i=1,2, (3.21a)
0, ifld(nlI=0
u;(t)= N i ,1=3,4,...,N, (3.21b)
—k(0;(t)— 6;(t)), otherwise
where k> 0, r> 0, .
" 1 .
0;= (1— s)m+ s; arccos([ ’E)]d’)
(A

§; = sgn (sgn([l, 0]c?,-)+ 0.5), and c?,- is the solution to Eq (3.2). It is easy to know that 0; € [0, 27) and
1, if[0,1]d;>0
—1, otherwise '

Then, the main result for the cooperative pointing control of the system, formulated in Eq (2.1), is
presented in the following theorem.

Si=

Theorem 2. Under Assumptions 1 to 2 and Theorem 1, if the time-varying communication topology
graph G, satisfies the average dwell time condition in Eq (3.11), then the cooperative pointing control
given by Eq (3.21) works for the system described by Eq (2.1), namely 0;(t)— 0 as t — oo.

Proof. By Theorem 1, there hold lim,_,. c?i(t) = d; and lim,_, 6;(r) = g, for i = 3,4,...,N. For any
r> 0, there exist 7> 0 such that ||c?,-(t)— dill< rforalli=3,...,N and all > T'. Then, for a sufficiently
small r, > 0, there exist 7. > 0 such that ||cf,-(t)|| € [lldil|- 7, ||di||+ r] foralli=3,...,N and all > T,
which implies that ld:«(9)||# O forall i= 3,...,N and all #> T,. At this time, Eq (3.21b) degenerates
into the following:

u(t)= —k(0;()— 0t)), i=3,4,...,N.

Define 6,(¢) := 6;(t)— o, 5,~(t) = 0i(t)— ;. From Eqs (2.1) and (3.21), it follows that
éi = —k(éi - 5,)
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Since gb(t) — 0 as t— oo, the application of the ISS theorem yields 6;(r) — 0 as t — oo (i.e., 6;(f) — 6"
as t— oo0). This completes the proof. i

Table 1. Comparison of cooperative pointing control approaches.

Index | Metric (Quantitative indicators) Ours [8] [9] [10] [11] [12] [13]
1 Leaders with target detection 2 2 2 2 4 0¥ 2
2 Exteroceptive sensors per non-leader 0 >1 >1 >1 >1 >1 0
3 Absolute global coordinates (p;) needed? No Yes Yes Yes Yes Yes Yes
4 Number of neighbors per non-leader n; 2 2 2 <4 n; n;
5 Data load per non-leader (floats) 2n; 4 6 6+ 8 > 3n; 2n;
6 Communication scaling (w.r.t. N)* o(l) o) o(l) o) o) | Oy o(l)
7 Trig. ops per non-leader per iteration 1 >9 >3 >5 > 10 0 > 1
8 Case-by-case geometry redesign needed? No Yes Yes Yes Yes Yes No

2D 1D 1D 1D 2D 3D 2D
9 Non-leader deployment freedom ] ] ] ] ]
(arbitrary)| (line) | (line) | (line) | (plane) | (space) |(arbitrary)

1 112] achieves O leaders only because its target is strictly fixed as the weighted centroid (Fermat-Weber point) of the agents’
positions.

2. 0(1) with respect to N signifies that the per-node load remains constant under a bounded neighbor degree (a standard assumption
in wireless networks; applicable to our method and [8—11]). Crucially, the target in [12] is the dynamic Fermat—Weber centroid
of all agents, not a fixed external target. Consequently, their load inherently scales with n; and cannot be bounded by a constant
independent of N.

Remark 6. Before presenting the numerical simulations, Table 1 compares the proposed method with
existing cooperative pointing control schemes [8—13]. In [8—12], each non-leader agent requires at
least one exteroceptive sensor (Row 2: > 1’) to measure the neighbors’ geometric or bearing
information (positions, angles, or bearing vectors) for control-law computations. Contrastingly, our
method and [13] only require two leaders with target detection capability, while non-leaders do not
need exteroceptive sensors (Row 2: ‘0’), solely relying on communication and proprioception. This
reduction in sensing requirements arises from our estimator-pointing separation framework, which
concentrates sensing tasks on a few leaders, thereby freeing the majority of agents from exteroceptive
hardware. Regarding communication and the computational burden, our method and [13] only
exchange 2n; floats per non-leader per iteration (Row 5), thus yielding O(1) communication scaling
with respect to N for bounded-degree graphs (Row 6). Computationally, our method only requires one
trigonometric operation per non-leader per iteration (Row 7), which is the lowest cost among
methods supporting arbitrary planar deployment. Although [8] achieves a communication load of 4
floats, it requires > 9 trigonometric operations and is limited to 1D collinear deployments.
Likewise, [9] and [10] require 6 and 6+ floats, respectively, with > 3 and > 5 trigonometric
operations per iteration, while sharing the same 1D limitation. [11] supports 2D planar deployment,
but at the cost of 8 floats and > 10 trigonometric operations per iteration, giving it the highest
computational burden among the compared methods. [12] reports O trigonometric operations, but
requires 3D projection matrices per neighbor, as well as power operations, both of which are
computationally more demanding than scalar trigonometric evaluations. Furthermore, its
communication load of > 3n; floats scales with n; and cannot be bounded independently of N (Row 6:
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O(n;)). [13] shares our advantages in communication and sensing when the switching estimator is
inactive. Moreover, [8—11] require case-by-case geometric redesign for each deployment change
(Row 8: Yes’) (e.g., from collinear to planar or from 2D to 3D). In contrast, our estimator-pointing
separation framework unifies arbitrary planar deployments without requiring geometric relationships
to be re-derived (‘No’ in Row 8). Additionally, it supports time-varying topologies and eliminates the
need for global absolute coordinates, making it highly scalable in dynamic, GPS-denied
environments. In summary, our method achieves lower sensing requirements and greater
implementation flexibility than the compared approaches.

4. Numerical simulation

This section verifies the feasibility and effectiveness of the proposed distributed relative position
estimator. First, consider a set of 10 coplanar agents is considered, with connected undirected graphs
switching between G, and G, illustrated in Figure 2 to describe the communication topologies among
the above 10 agents and known conditions provided in the ITEM1, VALUE 1, ITEM2, VALUE 2,
ITEM3, and VALUE 3 columns of Table 2.

//Kéem 1

Agent 3
er;{\éf‘\\ o o
Agent 2 Agent 2
geﬁg7
Agent 5
o ® \
Agent 8 —@ Agent 10 Agent 10
Agent 6 Agent 9 Agent 6 Agent 9
(a) The diagram of G (b) The diagram of G,.
Figure 2. The diagram of communication topologies.
Table 2. Known conditions and initial conditions.
ITEM1 VALUE1 ITEM2 VALUE2 ITEM3 VALUE3 ITEM4 VALUE4 ITEM S5 VALUE 5
0 0° di3 [-5,-4]"  ds; [ 7,-31"  dro [ 84" 1 0Os
() 90° dsy [ 2,-4]"  dsg [ 5,-31"  dso [ 6,117 di(ty) [2,01"
d3 s [ 0,-8]" des7 [ 4, 41" doyo [3 11" 6{2(10) [0,2]1"
dys [-2,-41"  des [6, 11" doyy [ 3, 61" dit),i#1,2 [1,1]"
dag [ 3,-71"  dis [ 2,-31"  diop [0, 51"

By setting ¢c= 1 and k= 10 satisfying Eq (3.8), and applying the MATLAB R2025a LMI toolbox to
solve the linear matrix inequality described in Eq (3.9), u= 1.737362 is obtained. Under the topologies
G and G, with y = 1.74 and Ay, = 0.0436 computed, the ratio 2u/Anin r yields 79.8165. The

Electronic Research Archive Volume 34, Issue 10, 7222-7243.



7238

switching signals o (¢) and 0, (¢) are chosen as follows:

—

, ift e [160k, 160k+ 20),k=0,1,2,...
o(t)= ) ,
2, otherwise

2, ifr e [160k, 160k+ 20),k=0,1,2,...
o (D)= ,

1, otherwise

with 7,,, = 80> 79.670462, where o(¢) denotes that G; has a longer dwell time than G,, and o,(¢)
denotes that G, has a longer dwell time than G.

First, consider the switching signal o (¢). With the initial conditions a?(to) given in Table 2, which
satisfies Assumption 2, the trajectory of d over [0, 150 s) is shown in Figure 3. The curves
demonstrate that each component of d converges under the distributed relative position estimator in
Eq (3.2), where CZ’ = [ﬁi,x,cf,-,y]. Specially, for Agents 1 and 2, the cfl,y and a?z,x components remain
unchanged, which indicates the role of the projection matrix, which ensures that the leaders’ line of
sight to the target does not deviate. Furthermore, the starting points of d;, i = 1,2, ..., 10 are aligned
with the corresponding p; at t = 5s,20s, 150s, as depicted in Figure 4. In Figure 4, the red origin
represents the target, the green origins represent the leaders (Agents 1 and 2), the orange origins
represent the non-leader agents (Agents 3 to 10), and the green and orange lines represent the relative
position estimates c?l, c?z, and 6?3 to c?lo, respectively. Figure 3 shows the convergence of d, while
Figure 4 clearly illustrates this convergence that the estimated distances approach the relative
distances between each agent and the target.

20 20 20
0 / 10 P 10
0 o 0 /4/._-_____— - o ]
—d,, —ds,
-10 ——di, |-10 ——dyy |-10
0 1 2 30 1 2 30 1 2 30 1 2 30 1 2 3
t/min t/min t/min t/min t/min
20 20 20 20 20
10}/ 0} = 10/— 10 ol
0 R 4 N 0 N 0 R of .———
- d6x - d74x - dS,x - d‘)x - dlU.x
10 dsy 1-10 ~—d, {-10 —=—-dg, 1-10 -~ doy 1-10 ~dig,
0 1 2 30 1 2 30 1 2 30 1 2 30 1 2 3
t/min t/min t/min t/min t/min

Figure 3. The trajectory of d over [0, 150 s) under switching signal o= (?).
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Legend @t=5s (b)r=20s (©)t=150s
r [ @ @ () [ ® |
[ ] q ~
P12 o—— § ) |le® g ®
P3s -5 P10 ' J
7d1’ d2 | e P ._ °© ’ ¢ @ / ._
ds,...,dq e b o ] / 0 | @ ) o
° ® g @ ° 1 °
] ) @ o . @ ®

Figure 4. The diagram of datt=5s, 20 s, 150 s.
The errors {ei}ﬁ\i , and the orientation differences {AH,}?L , under the switching signals o (¢) and o(r)
are shown in Figures 5 and 6, respectively, where e; = [e; ., €;,], and Af; = 6—~6:. The trajectories, almost
converging to zero in 3 minutes, are visible in the figures. These convergence curves show that different
switching signals only affect the convergence trajectory and rate, without changing the convergence
trend or the fact that the signals converge to zero, which, in turn, demonstrates the effectiveness of
the control protocol in Eq (3.21) driven by the relative-position-dependent distributed relative position
estimator described in Eq (3.2). It should be emphasized that although the computation of {ei}fi , and
{A6;}Y, requires the global absolute coordinates of the agents and the target, this computation and the
corresponding trajectory plots are solely presented to illustrate the convergence time. The actual state
trajectory of the estimator, as shown in Figure 3, still does not require the global absolute coordinates
of the agents and the target.

5 5 Sk 5 5
0 0F——== ; 0
4 ’
,
10 s ol s 10 T %
Ty T éy TTT6sy
....... A6, e Al wereeee AQs
20 -20 20
0 1 2 3 0 1 2 3 0 1 2 3
t/min t/min t/min
5 5 5
0 e 0 e 0 e
Y7 Y7 I/
10 / — €6.x 10 / — e, 10 //' — eix
T "€y T ey - e,y
....... Al Y e ABg
20 -20 -20
0 1 2 3 0 1 2 3 0 1 2 3
t/min t/min t/min

Figure 5. The trajectory of e and 6 over [0, 150 s) under switching signal o-(?).
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5 5 sk 5 5
0 [ — 0f 0 o 0
10 [ R B s 10 [ R B [ ) [ G
---ely -T-ey i < XY - T Te4y - es5y
....... NG, N} N NA N
20 20 20 20 20
0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
t/min t/min #/min t/min #/min
5 5 5 5 5
(i — - 0 oo 0 frosmes 0 s
/ ;
J— J— J— / — e J—
10 [ %x 110 RIS “x 10 “x 1o e
- "€y mo-eny “Toesy STy -~ ey
....... Abs e Ay wrrere Ay e Ay e ABlp
20 20 20 20 20
0 1 2 3 70 1 2 3 70 1 2 3 70 1 2 3 70 1 2 3
f/min t/min t/min t/min t/min

Figure 6. The trajectory of e and 6 over [0, 150 s) under switching signal o (%).

Furthermore, consider the error ||e|| under the six cases shown in Figure 7, where the topology
does not switch. In these cases, the leaders and the target remain unchanged, with cfl(to) = [2,0]7,
czz(to) = [0,2]" and cfi(to) = [1,1]7 for i # 1,2. Figure 7(a),(d) correspond to a 10-node network,
Figure 7(b),(e) correspond to a 30-node network, and Figure 7(c),(f) correspond to a 40-node network.
Figure 7(a)—(c) represent the minimally connected cases, while Figure 7(d)—(f) represent the maximally
connected cases in which the leaders are not directly connected. The simulation results in Figure 8
indicate that, for the same node layout, ||e|| converges faster on denser communication graphs than on
sparser ones. Moreover, although the convergence rate of ||e|| decreases with the number of nodes, it
still converges to nearly zero within 20 minutes, even in the minimally connected case. These results
suggest that the proposed cooperative control method has potential for applications in large-scale multi-
agent systems.

(a) The diagram of Gs (b) The diagram of G4.

(d) The diagram of G. (e) The diagram of G. (f) The diagram of Gs.

Figure 7. The diagram of communication topologies.
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200

200

— |le]| under Figure 7(a). — |le|| under Figure 7(d).
150 . - = - |le|| under Figure 7(b). 150 - - - |le|| under Figure 7(e).
S e lle|l under Figure 7(c). e llell under Figure 7(f).

100 1 100} *.

50

14 16 0 0.1
t/min

(a) The trajectory of e under G3 — Gs. (b) The trajectory of e under G¢ — Gs.

Figure 8. The trajectory of e under the communication graphs in Figure 7.

5. Conclusions

This paper proposed a cooperative control protocol that depends on relative position. It is designed
for stationary multi-agent systems to point cooperatively toward a fixed target under switching
communication topologies. The orientation-angle information is applied to combine target
localization with local pointing control. A projection-matrix-based estimator and local control laws
guarantee asymptotic convergence. For the convergence analysis, an error estimator and multiple
Lyapunov functions are designed to explicitly handle the positive semidefinite projection matrices and
the switching topologies. While the proposed protocol has demonstrated effectiveness in simulations,
the current study, conducted under an idealized setting, does not account for initialization errors,
communication delays, packet losses, or localization uncertainties. Improving the protocol’s
robustness under these non-ideal factors will be essential for experimental validation on real robotic
or UAV platforms, and this will be addressed in our future work.
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