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Abstract: In large-scale, nonconvex optimization for machine learning, such as the training of spine
large models, the balance between efficient high-order geometric features of nonconvex landscapes
identification and computational stability remains challenging. This paper proposes a tensor stochastic
three-term conjugate gradient (TSTCG) algorithm to address two issues under a stochastic CG
framework, the insufficient curvature awareness of the stochastic gradient descent and the heavy
reliance on line searches. By introducing an implicit correction mechanism based on third-order tensor
information, the algorithm fuses function values and gradient differences to reconstruct evolution
vectors, effectively enhancing search precision in ill-conditioned curvature regions. Simultaneously,
leveraging a specially designed three-term denominator structure allows the algorithm to process
sufficient descent property, line search reliance reduction, and efficient fixed step-size updates. Finally,
the nonconvexity proofs and numerical experiments demonstrate that TSTCG outperforms other
mainstream stochastic optimization algorithms in terms of convergence efficiency and stability.

Keywords: machine learning; nonconvex optimization; spine large models; tensor; three-term
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1. Introduction

In contemporary artificial intelligence, the emergence of massive datasets has become a key driver
behind the breakthrough progress of modern machine learning models. Consequently, one of the
central and intensely debated questions in the field is how to efficiently fit models to exceedingly large
training datasets [1,2]. To ensure strong generalization capabilities for making accurate predictions
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on unseen data, the task is mathematically formulated as solving a nonconvex stochastic optimization
problem (SOP) over an unknown data distribution:

min f(x) := Bl f(x. )], (L.1)

where x represents the model parameters, ¢ is a random variable following the unknown true data
distribution, and f(x, &) is the loss function associated with the random sample &.

Because the true distribution of the entire population is inaccessible in practical applications,
researchers widely adopt the empirical risk minimization (ERM) principle as a proxy. The training
process of most machine learning models today [3-5] is essentially equivalent to solving the
following optimization problem in a finite-sum form:

| 1<
min f(x) = 21 fi), (1.2)

where n is the sample size, and f;(x) denotes the loss of the model on the ith data sample. This finite-
sum optimization framework (1.2) is widely applied in numerous practical tasks, including image and
signal processing, machine learning, and statistical inference [6-9]; typical examples include image
registration [10] and principal component analysis (PCA) [11]. However, with the exponential growth
in the scale of training datasets, the traditional full gradient descent method faces severe computational
bottlenecks. This method requires a full pass over the entire dataset to compute the true deterministic
gradient in each iteration, leading to prohibitively high computational costs. As a result, it has become
inadequate for the training demands of modern large-scale machine learning.

To overcome the computational bottleneck of full gradient descent in the context of massive data,
stochastic gradient descent (SGD) [12, 13] has naturally become the cornerstone algorithm for solving
large-scale, nonconvex ERM problems. The standard iteration format of SGD is as follows:

Xk+1 = X — A8k

where «; denotes the step size, and g, is the stochastic gradient computed at the current iterate x;.
By computing the gradient of only a small subset of samples, SGD significantly reduces the per-
iteration computational complexity. However, the primary limitation of SGD is the inherent variance
(i.e., gradient noise) between the stochastic gradient g, and the true deterministic gradient V f(xy).
This variance causes the algorithm to oscillate significantly during the convergence process, typically
resulting in a theoretically sublinear convergence rate.

To alleviate this issue and accelerate convergence, a series of variance reduction techniques has
been proposed, such as stochastic variance-reduced gradient (SVRG) [14], the stochastic average
gradient accelerated method (SAGA) [15], and the stochastic recursive gradient algorithm
(SARAH) [16]. These methods gradually eliminate gradient variance by introducing auxiliary
variables or reusing historical gradient information, thereby achieving faster convergence rates. On
the other hand, addressing the high sensitivity of SGD to step size selection, researchers have
developed various adaptive methods, including AdaGrad [17], RMSProp [18], and Adam [19]. These
algorithms achieve adaptive learning rate adjustments by accumulating historical gradient
observations. Nevertheless, these improved algorithms still face their own limitations: Variance
reduction methods often incur high storage overhead or require complex inner-outer loop structures.
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Meanwhile, when dealing with complex nonconvex models, adaptive methods are prone to
converging to suboptimal solutions [20], although some recent stochastic modified quasi-Newton
methods show promising advancements [21].

In the field of deterministic optimization, the conjugate gradient (CG) method has long been
regarded as a cornerstone for solving large-scale unconstrained optimization problems [22, 23]. Its
prominence stems from its avoidance of computing and storing high-dimensional second-order
Hessian matrices, as well as its superior convergence performance compared to the steepest descent
method. The standard iterative update format of CG is as follows:

—8k> k = 07

Xpal = Xp + apdy, di =
ce TR {—gk+ﬁkdk_1, k=1,

where d; represents the search direction, and S is the conjugate parameter. Classical variants for
computing B include the Fletcher-Reeves (FR) and Polak-Ribiere-Polyak (PRP) formulas [24, 25].
Inspired by the low memory overhead of CG methods, early research attempted to introduce them
into the machine learning community, proposing several initial stochastic CG (SCG)
algorithms [26, 27]. However, the theoretical framework of traditional CG is built upon exact
deterministic gradients. = When the exact gradients are replaced by stochastic gradients g
contaminated with random noise, the algorithm faces severe challenges. Stochastic noise significantly
interferes with the calculation of the classical S, formulas, which not only easily destroys the
conjugacy of the search direction but may also lead to the loss of the descent property (i.e., failing to
satisfy d; g« < 0), eventually causing the algorithm to diverge. To overcome this predicament, existing
SCG methods, such as conjugate gradient with variance reduction (CGVR) [28] and a mini-batch
stochastic conjugate gradient algorithm with variance reduction (SCGA) [29], typically rely heavily
on exact line search or strong Wolfe line search in both theoretical derivations and practical
implementations to enforce the descent property at each iteration. However, for large-scale stochastic
optimization tasks involving massive datasets, frequent evaluation of line search conditions incurs
prohibitively high computational costs. This fatal computational bottleneck significantly restricts the
practical potential of existing SCG methods for modern complex models such as deep learning.

Beyond the stability of the search direction, accurately capturing the high-order geometric features
of complex loss surfaces is fundamental to the design of robust optimization algorithms. Traditional
Newton and quasi-Newton methods primarily rely on the second-order Taylor expansion, which
assumes that the local landscape is quadratic, a condition that is rarely met in deep neural
networks [30]. In such highly nonconvex models, the loss function exhibits significant nonquadratic
behavior where relying solely on the second-order model ¢(x) = fi + g/ s + (1/2)s"V*fis fails to
characterize subtle curvature variations. Consequently, the classical secant equation Bj.1s; = Y
cannot accurately reflect the instantaneous rate of change of the Hessian matrix. To address this,
high-order tensor methods have emerged as a powerful alternative, leveraging a third-order term ® to
provide a more precise local approximation [31,32]:

1 1
Po(xi-1) = fi — & Sk + ESZVkask - 8®k82'

Although explicit tensor computation is prohibitive, recent breakthroughs suggest that these
high-order features can be implicitly embedded into the descent direction by constructing a modified
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secant relation using function value residuals and gradient differences y, = gi+1 — g [33]. This
approach allows the algorithm to perceive the third-order geometry of the nonconvex surface at a
negligible computational cost.

On the other hand, to address the over-reliance of SCG on line search techniques, the three-term
CG method has been introduced [34,35]. Its typical iterative update formula is defined as follows:

di = =gk + Brdr—1 — MYk

where B = gl yi/llgill* and . = g/ di_1/lIgkll* are conjugate parameters that determine the search
direction. A key advantage of this method is that it theoretically guarantees the sufficient descent
property of the search direction without requiring any line search techniques. This significantly
reduces the computational burden and enhances search efficiency when dealing with large-scale,
complex problems. If a new algorithm could be developed in a stochastic setting that integrates tensor
curvature information with the favorable descent properties of three-term CG, thereby completely
eliminating the need for line search and allowing for the use of fixed step sizes, it would significantly
advance the efficiency of solving large-scale nonconvex optimization problems.

In summary, although stochastic CG methods possess significant potential, existing algorithms are
often limited by complex line search procedures or expensive variance-reduction frameworks. To
address these challenges, this paper proposes a lightweight and efficient stochastic three-term CG
(TSTCG) algorithm specifically designed for large-scale nonconvex optimization in machine learning.
The primary contributions of this work are as follows:

e Unlike traditional tensor algorithms, the proposed algorithm does not require the explicit
computation of complex tensor matrices. Instead, by introducing a modified term H; that
incorporates function values and gradients, it skillfully transforms the traditional gradient
difference y; into Y;, which carries high-order curvature information. This mechanism
significantly enhances the accuracy of the search direction within complex nonconvex
landscapes at minimal computational cost.

e A specialized denominator structure, regulated by a set of parameters {y1, y,, y3}, is introduced
into the conjugate parameters 3, and n;. This design theoretically guarantees the sufficient descent
property of the search direction, which effectively mitigates the interference of stochastic gradient
noise and allows the algorithm to remain robust in highly volatile stochastic environments.

e The proposed method completely eliminates the traditional reliance of conjugate gradient
methods on Armijo or Wolfe line searches. In practice, the proposed algorithm achieves efficient
updates using only mini-batch sampling and fixed step sizes, which drastically reduces the time
complexity per iteration and simplifies the overall implementation of the algorithm.

e Without requiring strong convexity assumptions, we establish a rigorous convergence proof for
TSTCG in nonconvex settings. Furthermore, extensive experimental results across multiple
nonconvex machine learning models demonstrate that TSTCG outperforms the traditional SGD
algorithm in terms of convergence speed, generalization ability, and robustness, while exhibiting
strong competitiveness compared to current mainstream adaptive algorithms.

Beyond its immediate applications in training conventional machine learning models, the
robustness and efficiency of the proposed TSTCG algorithm make it a promising candidate for
tackling complex optimization problems in other high-stakes domains. For instance, the strategic
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management of a commercial bank’s business portfolio presents precisely the type of large-scale,
nonconvex challenge that TSTCG is designed to address. Commercial banks maintain a diversified
operational structure consisting of corporate banking, retail banking, bill financing, and fixed-income.
Amid volatile macroeconomic conditions, classical mean-variance optimization is insufficient, as it
ignores asymmetric market shocks. Modern bank asset allocation must incorporate higher-order risk
moments (such as skewness), transforming the decision into a preliminary nonconvex stochastic
optimization formulation:

min F(x) = —=E[R"x] + ﬁxTZx — &S(x, x, %) + O(x), (1.3)
xeX 2 6

where x € R4 is the asset allocation vector, R is the expected return, X is the covariance matrix, S
represents the co-skewness tensor (capturing third-order asymmetric risks), and ®(x) denotes
nonconvex regulatory penalty functions. Traditional optimization approaches struggle to handle this
formulation because modeling asymmetric risk inherently requires computing third-order tensor
derivatives (V?F(x)), leading to prohibitive computational costs and unstable convergence. In
recognition of these limitations, the TSTCG algorithm is uniquely suited for such economic
optimization. By implicitly encapsulating the third-order curvature information via the hybrid
compensator H;, TSTCG can efficiently navigate the flat and ill-conditioned regions generated by the
co-skewness tensor without explicit tensor decomposition. Therefore, TSTCG could be exploited in
the future to capture the complex nonlinear interactions within the diversified operational structure of
commercial banking, providing a powerful mathematical tool to enhance the precision and reliability
of bank asset allocation strategies.

The rest of the article is organized as follows: Section 2 thoroughly details the proposed algorithmic
framework and its motivation. Section 3 provides a theoretical convergence analysis for nonconvex
settings. Section 4 presents extensive numerical experiments on machine learning datasets. Finally,
Section 5 concludes the paper.

2. The proposed algorithmic framework

The design motivation of Algorithm 1 originates from an in-depth exploration of the inherent
tension between geometric precision and computational stability in nonconvex stochastic
optimization. To establish a precise theoretical link between the modified curvature compensator and
high-order tensor information, we assume that the objective function f(x) is three-times
continuously differentiable.

According to the third-order Taylor expansion and the error analysis of the trapezoidal rule, the
exact mathematical relation connecting the function values, gradient differences, and the third-order
tensor @; = V? f(x;) along the search direction s; = x; — x;_; is strictly given by:

1 1
Sx—1) = fx) + E(gk—l + 1) s = EG)ksz + o(|Isel).

Although incorporating this exact pure tensor term ((1/ 12)®ksi) is common in deterministic settings,
in stochastic optimization, the term s; is typically exceedingly small and highly susceptible to being
overwhelmed by stochastic gradient noise. To prevent the high-order curvature signal from vanishing,
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we heuristically drop the coefficient 1/2 in the algorithmic design, introducing a hybrid curvature
compensator Hy:

Hy = f(x-1) — fO) + (8e1 + 81) s (2.1)

Mathematically, by decomposing H,, its exact relationship with the tensor ®; becomes explicit:

1 1
Hy = | f(x=1) = f(x) + E(gk—l + i)' Sk +§(gk_l + 8i) " Sk

~-L 3
=13 Oks;

1 1
— Hk = E@](Si + E(gk_l + gk)Tsk + 0(||Sk||3).

This exact decomposition reveals that H; acts as a powerful hybrid signal. It successfully captures the
third-order nonconvex geometric features (1/ 12)®ksi while maintaining a robust baseline of
aggregated secant momentum (1/2)(gi_1 + gi) " sk, thereby ensuring computational stability.

By incorporating this tensor-informed compensator into the traditional gradient difference y;, =
gk — &1, we derive a modified evolution direction Y;:

H;
Ilsill?

The central motivation for this construction is to force the search direction d; to perceive Hessian
derivative information via Y, without the explicit computation of third-order tensors. This enables
the algorithm to generate more accurate descent paths in regions with ill-conditioned curvature or
flat nonconvex landscapes, effectively addressing the limitations of traditional SCG algorithms, which
often exhibit an insensitivity to curvature when navigating complex nonconvex terrains.

Simultaneously, to overcome the vulnerabilities of traditional stochastic CGVR methods,
specifically their susceptibility to noise and high dependence on line search, the TSTCG algorithm
adopts a more stable three-term CG structure:

Yi=w+

Sk (2.2)

d, = { =8k + Prdi-r =Yy, itk =1, 23)

~V £(x0), if k =0.

The core design motivation lies in providing real-time compensation for the search direction through
the additional third term —7, Y. To ensure numerical robustness in noisy stochastic environments, we
designed a specialized combined denominator structure for the conjugate parameters S, and 7;:

YT
fi = el -, (2.4)
YillYelllldi-1ll + 2l Yillllgxll + ¥3llgk—1ll
and I
n o184 (2.5)

YillYilllldi-ill + vall Yillllgall + v3llge-t >
The fundamental motivation behind this specialized denominator structural design in (2.4) and (2.5)

is to mathematically enforce robustness against stochastic gradient variance. By incorporating Cauchy-
Schwarz compatible terms (|| Y||||di—1| and ||Y.|l|gx|]) scaled by positive tuning parameters y, v, y3, We
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strictly bound the magnitude of the conjugate parameters. This guarantees that the denominator always

dominates the numerator, ensuring that the term S;d,_; — 1 Y; acts as a stable curvature corrector
without overpowering the negative gradient direction —g;. Consequently, this elegantly translates into
the unconditional sufficient descent property (g/dx = —|lgill*> < 0), completely circumventing the

need for heuristic or computationally expensive line search steps. Through the synergy of implicit
tensor approximation and this three-term structure without line search, TSTCG effectively addresses
the challenges of gradient noise and complex curvature in large-scale, nonconvex training without
adding a significant computational burden, thereby achieving an ideal balance between computational
efficiency and optimization precision.

In summary, we can present the procedure of the proposed algorithmic framework as shown in
Algorithm 1.

Algorithm 1 TSTCG

Input: Given x; € R?, stepsize «, constants [y;,¥»,¥3] € (0,1)° , and mini-batch size |Q;| = n.
Output: x|

1: Initialization: Set k = 0, compute the full gradient descent direction gy = V f(xo);
2: Compute the initial point x; = xo — ago;

3: fork=1,2,...,Ndo

4 Randomly select a mini-batch €;

5: Compute the mini-batch gradient g, = Qlk Z?:kl Vi(xe éri) s

6 Calculate the search direction d via (2.3);

7 Update the next iterate x,; = x; + ad.

8: end for

3. Convergence

In this section, we present the convergence analysis of the proposed TSTCG algorithm. Following
the conventions of existing stochastic CG methods, we adopt the following standard assumptions:

Assumption 1. The stochastic gradient function V f(x, &) of a sample is Lipschitz continuous. That is,
there exists a constant L such that for all x,, x, € R", the following inequality holds:

IVf(x1,8) = Vf(x2, OIl < Lilxy = xal.

Remark 1. If the stochastic gradient is Lipschitz continuous, then the full gradient is also
Lipschitz continuous:

IVf(x1) = V)l = [[E[Vf(x1,€) = V f(x2, Ol
< ElIVf(x1,6) = Vf(x2, I
< Lllx; = xal|.

Assumption 2. The objective function f satisfies the Polyak-Lojasiewicz (PL) condition. That is, there
exists a constant ) such that for all x € R”,

IVQOIP = 2n(f(x) = f(x)),

where x* = arg min, f(x).
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Remark 2. It is important to distinguish the PL condition from standard strong convexity. Although
strong convexity strictly implies the PL condition, the reverse is not true. The PL condition does not
require the function to be convex; it permits the existence of multiple global minima and flat landscapes,
provided that every stationary point is a global minimum. This makes it a highly relevant and realistic
assumption for analyzing the linear convergence of optimization trajectories in certain nonconvex
machine learning landscapes (e.g., highly parameterized neural networks).

Assumption 3. The stochastic gradient g, is an unbiased estimate of the full gradient V f(x;), and its
variance is bounded. That is, there exists a constant o such that:

Elllgx — V£ (x0lI*] < o
By the variance decomposition property, this is equivalent to:

Elllgel*] = IV£ ll* + Elllgx = V.f(x0)II’]

< IVFGIP + o2 G3.1)

Lemma 1. For the sequence {x;} generated by Algorithm 1, the search direction and the stochastic
gradient satisfy the following inequality:

grdi = —lgill, (3.2)

and )
lldill < (1 + y_)llgk||~ (3.3)
1

Proof. When k = 0, Eq (3.2) obviously holds. For k # 0, we multiply the search direction d; by g; on

both sides:
Y/ gwdioy — d;_ g1 Yk

+ ]
YillYellldi11l + y2l1Yellllgell + y3llgi—111?
Y gid! g —d_ &Y g
YillYellldi11l + y2l1Yillllgell + v3llg—111?

gidr = g [—8k

2
= ~llgull” +

= —llgll*.

From the inequality —||g.|[* = g dr = —llgklllldill, it follows that ||gil| < [ldkll. Furthermore, taking the
norm of both sides of the equation defining the search direction d;, yields:

Y/ gidioy — d]_ 8kYx
ldell = 1| — g + £ kol >
YillYelllldi-1ll + 2l Yillllgall + ¥3llgk—1ll
201Yellllgwlli-l

YillYellldi—11l + y2llYillllgell + vallgr-111?
2

< (1 + —)llgkll-
Y1

< llgwll +

Thus, we have proved that the search direction d, satisfies the descent property and the
trust-region property. m]
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Remark 3. It is crucial to emphasize that the exact sufficient descent property (g dy = —|lgxl?)
established in Lemma 1 strictly relies on the algorithmic design choice outlined in Algorithm 1.
Specifically, at the kth iteration, a single, identical mini-batch € is evaluated to compute the
stochastic gradient g,. This exact same vector gy, is then consistently reused to compute the numerator
and denominator of the parameters [ and ny, as well as the final search direction dy. If different
mini-batches were to be used for the parameters and the descent direction (as seen in some decoupled
stochastic schemes), this perfect algebraic cancellation would fail. Therefore, sharing the identical
mini-batch within the same iteration is a fundamental requirement to theoretically guarantee the
sufficient descent property in noisy environments.

Theorem 1. Suppose that Assumptions 1, 2, and 3 hold, and let {x;} be the sequence generated by
Algorithm 1, where x* = argmin, f(x). If @ < 1/(2LC?), then we have:

4Lo*CY

ELf(xk) = fF(x)] < W E[f(x0) = f(x)] + a, 3.4

where u =1 —(an/2), and C,y = 1 + 2/v;.

Proof. From the L-smoothness property, we get

L
fCn) < fx) + V() (dy) + §||6de||2-

Taking the conditional expectation on both sides of the above inequality with respect to the random
sample €, at the current iteration,

L 2
Eo [f ()] < f(x) + aBo, [V f(x) " di] + %Egk[HdkHQ]-

Let ey = gx — Vf(x;). From Lemma 1, we have

V(x) " di = (gx — ex) " dy
= _”gk”2 - €;:dk-

Applying the Cauchy-Schwarz inequality and Young’s inequality along with the bound ||d;|| < Ci|lgkll,

we get
2

1 C
—epdy < lledllldill < Cillellllgell < §||gk||2 + ?lllekIIZ.
By E[llex|’] < 0%, we obtain

Eo, [V f(xe)"di] = Eq,[-llgill* — ef di]
2

1 C
< Eq, [llgll* + Engkn2 + 71||ek||2]
2 2

1 Cio
- __E 2 1 )
> o [gkll*] + 5

By (3.1), we have E[||g:|*] > |IVf(x0)I?, and thus,

. 1 , Cio?
Eq [V f(x) dk]S—Ellvf(xk)ll -
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Furthermore, from Lemma 1 and (3.1), we have

2c2

2, Lo 2
Eo, [IldillT < > Eq, [l1gkll°]
2

La?

2

2
LAV L)l + o).

2

Then, we obtain
1 2.2 L 2,2
Eo, [f(xk41)] sf(xk)+a(—5||Vf(xk>||2+ ‘2 )+ — LAV £l + o)

(1 - La?C?) , aCl La’C}
3 IV f Ceoll +(T + 3

Yo

a
= f(x) —
Because @ < 1/(2LC?), we have 1 — LaC; > 1/2. Applying the PL condition further yields
an - 2 2
Eo, [f(xke )] < f(xi) — T(f(xk) - f(x") + aCio”.

Subtracting f(x*) from both sides of the above inequality and taking the total expectation, while
denoting Ay = E[f(x:) — f(x")], we obtain

Ay < (1 - ?)Ak +aCo?,

By recursively applying the above inequality from k = 0,1,..., K, we obtain the following global

bound for the Kth iteration:
4Lo2C f

A < (1 - ?)KAO + a.

O

Corollary 1. (Complexity analysis) According to Theorem 1, to ensure that the expected error of
Algorithm 1 achieves a given precision €, i.e., E[f(x;) — f(x*)] < € the learning rate a should be
proportional to € such that « = ®(e). Under this condition, the total number of iterations K required
satisfies K = O ((1/€)log(1/e)).

Theorem 2. (Standard nonconvex convergence) Suppose Assumptions 1 and 3 hold. Let {x;} be the
sequence generated by Algorithm 1 with the step size < 1/(2LC f). Then, we have

+2Cio*(1 + La). (3.5)

1 4(f(x0) = f(x))
—NENV 1<

< % IV /Gl < ===
Proof. Following the derivation in the proof of Theorem 1, specifically the step prior to applying the
PL condition, taking the total expectation on both sides yields:

a(l — LaC?)
BLf ()] < BLA ()] = ———

) osz La/ZC% )
E[IVf(x)ll7] + T + > o,
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Because a < 1/(2LC%), we have 1 — LaC% > 1/2. This yields

2 2

a ,, aCio
ELfCreen)] < ELf ()] = ZEIIV/x0IF] + —— (1 + La).
Rearranging the terms, we obtain:
a 2 Q’C%O'z
ZBUIVGoll"] < ELf () = f(e)] + —— (1 + La).

Summing this inequality from £ = 0 to K — 1, and dividing both sides by @K /4, we obtain:

4(f (xo) = ELf(xk)])

+2C20*(1 + La).
aK

1 K-1
= 2 ElIVAGlP] <
k=0

Because f(xg) > f(x*) for all K, we have f(xo) —E[f(xx)] < f(x0) — f(x*), which completes the proof.
O

Remark 4. Theorem 2 demonstrates that without the PL condition, TSTCG converges to a
neighborhood of the stationary point. Specifically, if we choose a properly diminishing step size
sequence (e.g., @ = O(1/ VK)) or a sufficiently small constant a, taking the limit as K — oo ensures
that liminf,_,., E[||Vf(x)Il] = 0. This confirms that the proposed algorithm theoretically applies to
general  standard  nonconvex  settings  (such as deep neural networks) beyond
PL-conditioned landscapes.

4. Numerical experiments

In this section, we conduct numerical experiments to verify the practical performance of the
proposed TSTCG algorithm. To provide a comprehensive evaluation, we apply the algorithm to four
representative machine learning models covering both nonconvex and convex settings and then
benchmark it against current mainstream stochastic optimization algorithms.

4.1. Experimental settings and datasets

All experiments were conducted on a personal computer equipped with a 12th Gen Intel(R)
Core(TM) i15-12500H 2.50 GHz processor and 16 GB of RAM, running MATLAB 2023a. We
selected ten real-world datasets from the UCI Machine Learning Repository [36] and the LIBSVM
Repository [37], covering a diverse range of feature dimensions and sample sizes (see Table 1). The
sample sizes vary from 252 to 581,012, and the feature dimensions range from 8 to 300. During the
preprocessing phase, all datasets were mapped to the interval [—1, 1] via max-min scaling.

4.2. Test models

To evaluate the algorithm comprehensively, we selected four standard machine learning models.
Models 1 and 2 represent nonconvex optimization tasks, and Models 3 and 4 serve as fundamental
convex benchmarks:
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Table 1. The information of datasets.

Dataset Training samples Dimension Source

Adult 32,562 123 UCI [36]
W8a 49,749 300 LIBSVM ([37]
Covtype 581,012 54 UCI [36]
diabetes 768 8 UCI [36]
mushrooms 8124 112 UCI [36]
bodyfat 252 18 UCI [36]

a%a 32,561 123 LIBSVM ([37]
inosphere 351 34 UCI [36]
ijenn 49,990 22 LIBSVM [37]
german.number 1000 24 UCI [36]

e Nonconvex SVM:

f(x) = % ;[1 — tanh(bi(x, a;))] + Allx].

e Nonconvex regularized ERM (sigmoid):

1 ¢ 1 A,
flo = n ; 1 + exp(b;a; x) - Ellx” )

e Convex logistic regression:
[N T A0
Fx) == > log(l + exp(=bia] 1)) + Sl
n 4 2

e Convex ridge regression:

f(x) = % ;(bi —a] x)* + Alxl.

In all formulations, @; € R¢ denotes the feature vector, b; is the label, and A is the
regularization coeflicient.

4.3. Algorithm comparison and parameter configuration

We benchmarked TSTCG against three mainstream stochastic optimization algorithms: SGD,
SVRG, and Adam. To evaluate the intrinsic stability of each algorithm without the influence of
complex dynamic step-size strategies, a fixed step-size policy was consistently employed across all
methods. In the comparison experiments, the mini-batch size was specified as || = | v/n]. This
specific choice is motivated by classical variance-reduction literature (e.g., SVRG), where O(+/n)
serves as an empirical optimum that heuristically balances the trade-off between suppressing the
gradient variance o> (which theoretically accommodates a larger stable step size) and maintaining a
low per-iteration computational cost, without requiring exhaustive dataset-specific tuning. The
regularization coefficient was set to A = 107> for all models.
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Although theoretical analysis provides an upper bound for the step size @ < 1/(2LC?), the global
Lipschitz constant L is generally unknown in practice. Therefore, following standard empirical
practices in machine learning, we determined an appropriate fixed step size through a grid search
strategy over the set {107',1072,1073,107%} for the proposed TSTCG. Specifically, for Adam, the
exponential decay rates for the moment estimates were kept at their widely adopted default values
B1 = 09,6, = 0999). For SVRG, which is notoriously sensitive to its hyperparameter
configurations, the step size was identically tuned via the grid search, and its inner epoch length was
systematically set to m = |n/|€|]. This configuration ensures that the inner loop performs exactly one
effective full data pass per outer iteration, which is the standard optimal heuristic recommended in
variance-reduction literature to perfectly balance variance elimination and computational overhead.
Regarding the fixed learning rate, it is set to 107! for Models 1 and 2, but adjusted to 10~3 for
Models 3 and 4. This adjustment is necessary because the convex loss functions in Models 3 and 4
(involving logarithmic exponential terms and quadratic terms) typically generate much larger gradient
magnitudes during the initial iterations compared to the nonconvex Sigmoid-type losses. A smaller
learning rate is therefore required to prevent overshooting and ensure numerical stability. For the
baseline methods, Adam’s hyperparameters were set to 8; = 0.9 and g, = 0.999. For the proposed
TSTCG algorithm, the control parameters were configured as y; = 0.09 and y, = y; = 0.01. All
methods wereinitialized with a zero vector and updated following the same mini-batch
samplingsequence to ensure a fair comparison.

4.4. Analysis of experimental results

Performance on nonconvex models: Figures 1 and 2 illustrate the convergence for nonconvex
Models 1 and 2. TSTCG maintains a competitive, often faster, initial descent rate compared to SGD
and SVRG across varying dataset scales. Notably, on the mushrooms dataset (Figure 1), whereas
Adam’s convergence gradually slows, TSTCG sustains steady descent, benefiting from implicit tensor
information navigating flat regions. Furthermore, on Covtype (Figure 2), although Adam drops
rapidly initially, it fluctuates later. In contrast, guided by its theoretical sufficient descent property,
TSTCG yields much smoother, more consistent trajectories without requiring dynamic
step-size tuning.

Performance on convex models: Figures 3 and 4 demonstrate the performance on convex Models 3
and 4. Across datasets such as a9a, diabetes, and ijcnn, TSTCG reaches lower objective values faster
than all baselines. This confirms that integrating high-order curvature information significantly
accelerates convergence, extending TSTCG’s versatility to standard convex landscapes.

Robustness to regularization coefficients: Figures 5 to 8 evaluate TSTCG under varying
regularization parameters (1 € {107,104, 107}). As theoretically expected, smaller A allows deeper
data fitting. Crucially, TSTCG consistently maintains highly stable and oscillation-free convergence
trajectories across all A scales, confirming its strong robustness to hyperparameter variations.

In summary, by synergizing tensor curvature with a robust three-term structure, TSTCG effectively
mitigates gradient noise under strictly fixed step sizes, demonstrating superior speed, precision, and
robustness across diverse machine learning tasks.
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Figure 1. Numerical performance of SGD, SVRG, Adam, and TSTCG for solving Model 1

on six datasets.
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5. Conclusions

This paper proposes and validates the TSTCG algorithm, aimed at efficiently addressing
nonconvex optimization problems in large-scale machine learning. Research indicates that by
implicitly integrating third-order tensor information, the algorithm significantly enhances the capture
precision of high-order geometric features within complex nonconvex terrains, providing more
accurate navigation for the descent path.

Furthermore, the designed three-term conjugate structure theoretically satisfies the sufficient
descent property through adaptive parameter regulation. This characteristic allows the algorithm to
completely eliminate its reliance on computationally expensive line searches while demonstrating
exceptional numerical stability and resilience against gradient noise under fixed step sizes. Extensive
numerical experiments demonstrate that TSTCG outperforms traditional SGD and mainstream
adaptive algorithms in terms of convergence efficiency, precision, and robustness, representing
significant practical value for engineering applications.

Future research can integrate the TSTCG algorithm framework with DSGE or CGE models to
establish a macro-micro linkage for banking analysis. Embedding the TSTCG algorithm into the
DSGE model in bank asset allocation decisions would allow systematic investigation of how
adjustments in corporate lending, retail credit, bill business, and fixed-income investment propagate to
banking variables such as revenues, write-offs, and credit spreads. Furthermore, the combination of
the optimized banking structure from the TSTCG algorithm and multi-sector CGE model can quantify
the real-sector impacts of bank resource reallocation, including effects on corporate investment,
household consumption, and fiscal policy efficiency. Such integration would bridge micro-level
nonconvex tensor optimization and macro general equilibrium analysis, offering deeper insights into
the design of coordinated financial regulation and macroeconomic policies.
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