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Abstract: In this paper, we study the number of solutions to the inhomogeneous binary quadratic
congruence ax2 + bxy + cy2 + dx + ey ≡ n (mod q), where q is a prime power. We treat the cases
where q is an odd prime power and a power of 2 separately. By combining exponential sum methods,
quadratic Gauss sums, and Hensel’s lemma, we obtain exact formulae for the number of unrestricted
solutions over

(
Zq

)2
and the number of solutions with both variables restricted to units over

(
Z∗q

)2
. This

paper simultaneously handles a mixed quadratic term and two separate linear terms, extending several
previously studied diagonal, homogeneous, and symmetric special cases.
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1. Introduction

Let q be a prime power. Denote by Zq the ring of residue classes modulo q, and by Z∗q its group of
units. Let

f (x, y) = ax2 + bxy + cy2 + dx + ey ∈ Z[x, y]

be a binary inhomogeneous quadratic polynomial. For an integer n, we consider the congruence

f (x, y) ≡ n (mod q)

and study the number of its solutions over (Zq)2 and over (Z∗q)2.
The study of polynomial congruences is a classical problem in number theory, and many scholars

have focused on quadratic congruences under various conditions. For example, Yang and Tang [1]
systematically investigated the number of solutions of

x2 + y2 ≡ n (mod q)
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under unit, nonunit, and mixed restrictions on the two variables.
Subsequently, Sun and Cheng [2, 3] investigated weighted quadratic and cubic congruences under

similar restrictions, while Xiong [4] studied the quadratic polynomial g(x) = ax2 + bx and obtained
explicit formulae for the number of unit solutions to

g(x) + g(y) ≡ n (mod q), x, y ∈ Z∗q.

On the other hand, Liu and Ouyang [5] considered congruences of the form

ax2 + bxy + cy2 ≡ n (mod q),

thereby treating homogeneous binary quadratic forms with a mixed term. Moreover, Eum [6] studied
representation numbers associated with a family of symmetric integral quadratic forms involving both
diagonal and mixed terms. Their results show that once the mixed term bxy is present, the structure of
the counting problem becomes more complicated than in the diagonal case.

More broadly, quadratic congruences and related exponential sums have been studied from several
perspectives, including small solutions of quadratic congruences, character sums associated with binary
quadratic forms, and distribution questions for solutions of quadratic congruences. These can be found
in the literature [7–10].

However, to the best of our knowledge, exact formulae for the general inhomogeneous binary
quadratic congruence

ax2 + bxy + cy2 + dx + ey ≡ n (mod q) (1.1)

appear not to have been studied systematically in the literature, especially in the presence of unit
restrictions. Compared with previous studies, the simultaneous presence of the mixed term bxy and
the two linear terms dx and ey makes the associated counting problem substantially more intricate.
Motivated by the works of Xiong [4] and Liu and Ouyang [5], we consider the problem of counting the
solutions to (1.1). To this end, we introduce

N( f , n; q) := #
{
(x, y) ∈ (Zq)2 : f (x, y) ≡ n (mod q)

}
,

and

UN( f , n; q) := #
{
(x, y) ∈ (Z∗q)2 : f (x, y) ≡ n (mod q)

}
.

Notation. To state our results, let

D = 4ac − b2, C = n + D(cd2 + ae2 − bde),

where (D, q) = 1 and C ∈ Zq. The quantity C comes from the constant term obtained after completing
the square of a binary quadratic polynomial and eliminating the linear terms. D denotes the inverse of D
modulo q, i.e., DD ≡ 1 (mod q). Throughout the paper, p is an odd prime,

(
·

p

)
denotes the Legendre

symbol, and
(

m
p

)
= 0, if p|m. For C ∈ Zpα , we use the truncated p-adic valuation

v(α)
p (C) := max{0 ≤ j ≤ α : C ≡ 0 (mod p j)}.
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Thus, v(α)
p (C) = α when C ≡ 0 (mod pα). For C ∈ Z2α , we use

v(α)
2 (C) = max{0 ≤ j ≤ α : C ≡ 0 (mod 2 j)}.

We simply write v = v(α)
p (C) and v2 = v(α)

2 (C) when no confusion can arise. As usual, e(y) = e2πiy, and
a prime on a summation sign indicates that the corresponding variable is restricted to residue classes
coprime to the modulus. The quantity εpα is defined by

εpα =

1, pα ≡ 1 (mod 4),
i, pα ≡ 3 (mod 4).

We now state our main theorems.

Theorem 1.1. Let q = pα with α ≥ 1 be an odd prime power, and assume that (acD, p) = 1. Then

N( f , n; pα) = pα + pα−1λp( f , n;α),

where λp( f , n;α) is given as follows.
(i) For

(
−D
p

)
= 1, we have

λp( f , n;α) =

α(p − 1), v = α,

(p − 1)v − 1, 0 ≤ v ≤ α − 1.

(ii) For
(
−D
p

)
= −1, we have

λp( f , n;α) =


0, v = α and α is even,

1 − p, v = α and α is odd,

1, 0 ≤ v ≤ α − 1 and v is even,

−p, 1 ≤ v ≤ α − 1 and v is odd.

Theorem 1.2. Let q = pα with α ≥ 1 be an odd prime power, and assume that (acD, p) = 1. Then

UN( f , n; pα) =

pα − pα−1
(
1 +

(
4an+d2

p

)
+

(
4cn+e2

p

)
− µp( f , n;α)

)
, p|n,

pα − pα−1
(
2 +

(
4an+d2

p

)
+

(
4cn+e2

p

)
− µp( f , n;α)

)
, p ∤ n,

where µp( f , n;α) is given by the following two cases.
(i) If p ∤ (2ae − bd) and p ∤ (2cd − be), then

µp( f , n;α) = λp( f , n;α),

where λp( f , n;α) is defined as in Theorem 1.1.
(ii) If p | (2ae − bd) or p | (2cd − be), then

µp( f , n;α) =


(
−D
p

)
(p − 1), v ≥ 1,

−
(
−D
p

)
, v = 0.
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Theorem 1.3. Let q = 2α with α ≥ 1, and assume that (acD, 2) = 1. Then

N( f , n; 2α) = 2α + 2α−1
(
λ2 ( f , n;α) − (−1)C0

)
,

where C0 ∈ {0, 1} is determined by C ≡ C0 (mod 2) and

λ2 ( f , n;α) =


0, v2 = 0, or v2 = α and α is odd,

1, v2 = α and α is even,

2, 1 ≤ v2 ≤ α − 1 and v2 is even,

−1, 1 ≤ v2 ≤ α − 1 and v2 is odd.

Theorem 1.4. Let q = 2α with α ≥ 1, and assume that (acD, 2) = 1. Then

UN( f , n; 2α) =


N( f , n; 2α), n ≡ d ≡ e ≡ 1 (mod 2),
2α−1, n ≡ 1 + d + e (mod 2) and (d, e) . (1, 1) (mod 2),
0, otherwise.

Corollary 1.1. Let q = pα with α ≥ 1 be an odd prime power, and assume that b = d = e = 0, and
a = c = 1. Then we have

N( f , n; pα) = pα + pα−1λp( f , n;α),

where

λp( f , n;α) =


(p − 1)

α∑
j=1

(
−1
p

) j

, v = α,

(p − 1)
v∑

j=1

(
−1
p

) j

−

(
−1
p

)v+1

, 0 ≤ v < α.

Moreover,

UN( f , n; pα) =


pα−1(p − 1)

(
1 +

(
−1
p

))
, v ≥ 1,

pα−1
(
p − 2 − 2

(
n
p

)
−

(
−1
p

))
, v = 0.

Let cl(n) be Ramanujan’s sum. The above results are equivalent to the following results obtained by
Yang and Tang [1]:

N( f , n; pα) = pα
∑
l|pα

(−1)
l−1
2

cl(n)
l
,

and

UN( f , n; pα) =


pα−1(p − 1)

(
1 +

(
−1
p

))
, p|n,

pα−1
(
p − 2 − 2

(
n
p

)
−

(
−1
p

))
, p ∤ n.

Thus, upon setting b = d = e = 0 and a = c = 1, Theorems 1.1 and 1.2 reduce to the corresponding
odd prime-power formulas of Yang and Tang [1].
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Remark 1.1. In the present paper, we impose the condition (acD, p) = 1 in the odd-prime case and
(acD, 2) = 1 in the 2-adic case, as required in our proofs. Consequently, our results apply only under
the corresponding coprimality assumptions. Determining the number of solutions to inhomogeneous
binary quadratic congruences without these restrictions is left for future investigation.

2. Preliminaries

In this section, we state several lemmas that will be used in the proofs of the main results. The
arguments involve quadratic Gauss sums, for which we refer the reader to [11] and [12].

We begin with two standard evaluations of quadratic Gauss sums.

Lemma 2.1. (See Theorem 1.5.2 and Proposition 1.5.3 in [12].) Let p be an odd prime, and let m be an
integer such that p ∤ m. Then for any positive integer α, we have

pα∑
x=1

e
(
mx2

pα

)
= εpα p

α
2

(
m
p

)α
.

Let α ≥ 1, and let m be an odd integer. Then
2α∑

x=1

e
(
mx2

2α

)
=

0, α = 1,(
2α
m

)
(1 + im) 2

α
2 , α ≥ 2,

where
(

2α
m

)
denotes the Kronecker symbol.

Lemma 2.2. Let p be an odd prime, and let α ≥ 1. Fix an integer k′ with (k′, p) = 1. Assume that
(aD, p) = 1. Then

pα∑
x=1

pα∑
y=1
p|y

e
(
k′(ax2 + bxy + cy2 + dx + ey)

pα

)

=



p1/2
(
k′a
p

)
εpe

−k′4ad2

p

 , α = 1,

0, α ≥ 2, p ∤ (2ae − bd),

pα
(
−D
p

)α
e
(
−k′K

pα

)
, α ≥ 2, p | (2ae − bd),

and
pα∑

x=1
p|x

pα∑
y=1
p|y

e
(
k′(ax2 + bxy + cy2 + dx + ey)

pα

)

=



1, α = 1,

0, α ≥ 2, p ∤ (2ae − bd) or p ∤ (2cd − be),

pα
(
−D
p

)α
e
(
−k′K

pα

)
, α ≥ 2, p | (2ae − bd) and p | (2cd − be),
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where K = D
(
cd2 + ae2 − bde

)
.

Proof. We first consider

S 1 :=
pα∑

x=1

pα∑
y=1
p|y

e
(
k′(ax2 + bxy + cy2 + dx + ey)

pα

)
.

If α = 1, then p | y forces y ≡ 0 (mod p), and hence

S 1 =

p∑
x=1

e
(
k′(ax2 + dx)

p

)
.

Completing the square and applying Lemma 2.1, we obtain

S 1 =

p∑
x=1

e
(
k′a4̄(4x2 + 4ādx)

p

)
=

p∑
x=1

e

k′a4̄
(
(2x + ād)2 − ā2d2

)
p


=

p∑
x=1

e
(
k′a4̄x2

p

)
e
(
−k′4̄ad2

p

)
= p1/2

(
k′a
p

)
εpe

−k′4ad2

p

 .
Assume now that α ≥ 2. Since p ∤ k′, we detect the condition p | y by additive characters:

1p|y =
1
p

p∑
j=1

e
(
k′ jy

p

)
.

Therefore,

S 1 =
1
p

p∑
j=1

pα∑
x=1

pα∑
y=1

e
(
k′(ax2 + bxy + cy2 + dx + ey)

pα

)
e
(
k′ jy

p

)

=
1
p

p∑
j=1

pα∑
x=1

pα∑
y=1

e
(
k′(ax2 + bxy + cy2 + dx + (e + jpα−1)y)

pα

)
.

Completing the square first in x and then in y, and using Lemma 2.1 to evaluate the resulting quadratic
Gauss sums, we obtain

S 1 =
1
p

p∑
j=1

pα∑
x=1

pα∑
y=1

e
(
k′(ax2 + (by + d)x)

pα

)
e
(
k′(cy2 + (e + jpα−1)y)

pα

)

=
1
p

p∑
j=1

pα∑
x=1

pα∑
y=1

e
4k′ax2

pα

 e
−4ak′d2

pα

 e
4ak′((4ac − b2)y2 + 2(2a(e + jpα−1) − bd)y)

pα


=

1
p

pα∑
x=1

e
4k′ax2

pα

 pα∑
y=1

e
4ak′Dy2

pα

 p∑
j=1

e
−k′D(2ae − bd) j

p

 e

−k′D
(
cd2 + ae2 − bde

)
pα


Electronic Research Archive Volume 34, Issue 10, 7046–7070.
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= pα−1
(
−D
p

)α
e
(
−k′K

pα

) p∑
j=1

e
−k′D(2ae − bd) j

p

 ,
where K = D

(
cd2 + ae2 − bde

)
. The final sum over j vanishes unless p | (2ae − bd), in which case it

equals p. Hence,

S 1 =


0, p ∤ (2ae − bd),

pα
(
−D
p

)α
e
(
−k′K

pα

)
, p | (2ae − bd).

By interchanging x and y, we obtain the analogous formula for the sum in which p|x and y is unrestricted.
Next, consider

S 2 :=
pα∑

x=1
p|x

pα∑
y=1
p|y

e
(
k′(ax2 + bxy + cy2 + dx + ey)

pα

)
.

If α = 1, then both x and y are congruent to 0 modulo p, so clearly

S 2 = 1.

Assume now that α ≥ 2. Since p ∤ k′, detecting the conditions p | x and p | y by orthogonality, we get

S 2 =
1
p2

p∑
i=1

p∑
j=1

pα∑
x=1

pα∑
y=1

e
(
k′(ax2 + bxy + cy2 + dx + ey)

pα

)
e
(
k′ix

p

)
e
(
k′ jy

p

)

=
1
p2

p∑
i=1

p∑
j=1

pα∑
x=1

pα∑
y=1

e
(
k′(ax2 + bxy + cy2 + (d + ipα−1)x + (e + jpα−1)y)

pα

)
.

Completing the square in x and y, and then applying Lemma 2.1 as above, we obtain

S 2 = pα−2
(
−D
p

)α
e
(
−k′K

pα

) p∑
i=1

p∑
j=1

e
−k′D

(
(2cd − be)i + (2ae − bd) j

)
p

 .
The double character sum vanishes unless

p | (2ae − bd) and p | (2cd − be),

in which case it equals p2. Therefore,

S 2 =


0, α ≥ 2, p ∤ (2ae − bd) or p ∤ (2cd − be),

pα
(
−D
p

)α
e
(
−k′K

pα

)
, α ≥ 2, p | (2ae − bd) and p | (2cd − be).

This completes the proof. □
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Lemma 2.3 (Hensel’s lemma). ( See Theorem 3 in Chapter I, §5 of [13].) Let

F(x) = c0 + c1x + · · · + cnxn

be a polynomial whose coefficients are p-adic integers. Let

F′(x) = c1 + 2c2x + 3c3x2 + · · · + ncnxn−1

be the derivative of F(x). Let a0 be a p-adic integer such that F(a0) ≡ 0 (mod p) and F′(a0) . 0
(mod p). Then there exists a unique p-adic integer a such that

F(a) = 0 and a ≡ a0 (mod p).

3. Proofs of the main theorems

By the orthogonality of exponential sums, we obtain

N( f , n; q) =
1
q

q∑
k=1

q∑
x=1

q∑
y=1

e
(
k(ax2 + bxy + cy2 + dx + ey − n)

q

)
,

and

UN( f , n; q) =
1
q

q∑
k=1

q∑′

x=1

q∑′

y=1

e
(
k(ax2 + bxy + cy2 + dx + ey − n)

q

)
.

Proof of Theorem 1.1. Let q = pα be an odd prime power, and assume that (acD, p) = 1. By the
orthogonality of additive characters,

N( f , n; pα) =
1
pα

pα∑
k=1

pα∑
x=1

pα∑
y=1

e
(
k( f (x, y) − n)

pα

)
.

Write (k, pα) = pr and k = prk′ with (k′, p) = 1. Then

N( f , n; pα) = pα +
1
pα

A, (3.1)

where

A :=
α−1∑
r=0

p2r
pα−r∑
k′=1

(k′,p)=1

e
(
−k′n
pα−r

) pα−r∑
x=1

pα−r∑
y=1

e
(
k′ f (x, y)

pα−r

)
.

We now evaluate A. As in the proof of Lemma 2.2, we complete the square in both variables and
apply Lemma 2.1 to obtain

A =
α−1∑
r=0

p2r
pα−r∑
k′=1

(k′,pα−r)=1

e
(
−k′n
pα−r

)
e

−k′
(
4a(4ac − b2)(2ae − bd)2 + 4ad2

)
pα−r


Electronic Research Archive Volume 34, Issue 10, 7046–7070.
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·

pα−r∑
x=1

e
4k′ax2

pα−r

 pα−r∑
y=1

e
k′4a(4ac − b2)y2

pα−r


=pα

α−1∑
r=0

prε2
pα−r

(
D
p

)α−r pα−r∑
k′=1

(k′,p)=1

e
(
−k′C
pα−r

)
,

where

D = 4ac − b2, C = n + D(cd2 + ae2 − bde).

Let v = v(α)
p (C). Then 0 ≤ v ≤ α. Re-indexing the sum by m = α − r and using the classical evaluation

of the Ramanujan sum

cq(n) =
q∑

k=1
(k,q)=1

e
(
kn
q

)
=
ϕ(q)µ

(
q

(n,q)

)
ϕ
(

q
(n,q)

) ,
we deduce

A = pα
α∑

m=1

pα−mε2
pm

(
D
p

)m pm∑
k′=1

(k′,pm)=1

e
(
−k′C

pm

)

= p2α−1

(p − 1)
min(α,v)∑

m=1

ε2
pm

(
D
p

)m

− 1v+1≤αε
2
pv+1

(
D
p

)v+1


=



p2α−1(p − 1)
α∑

m=1

(
−D
p

)m

, v = α,

p2α−1

(p − 1)
v∑

m=1

(
−D
p

)m

−

(
−D
p

)v+1 , 1 ≤ v ≤ α − 1,

−p2α−1
(
−D
p

)
, v = 0.

(3.2)

Substituting (3.2) into (3.1), we obtain

N( f , n; pα) =



pα + pα−1(p − 1)
α∑

m=1

(
−D
p

)m

, v = α,

pα + pα−1

(p − 1)
v∑

m=1

(
−D
p

)m

−

(
−D
p

)v+1 , 1 ≤ v ≤ α − 1,

pα − pα−1
(
−D
p

)
, v = 0.

It remains to simplify according to the value of the Legendre symbol
(
−D
p

)
.

Case 1.
(
−D
p

)
= 1.
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Then

t∑
m=1

(
−D
p

)m

= t,

and therefore

N( f , n; pα) = pα + pα−1λp( f , n;α),

where

λp( f , n;α) =

α(p − 1), v = α,

(p − 1)v − 1, 0 ≤ v ≤ α − 1.

Case 2.
(
−D
p

)
= −1.

In this case,

t∑
m=1

(
−D
p

)m

=

t∑
m=1

(−1)m =

0, t is even,
−1, t is odd.

Hence,

N( f , n; pα) = pα + pα−1λp( f , n;α),

where

λp( f , n;α) =


0, v = α and α is even,
1 − p, v = α and α is odd,
1, 0 ≤ v ≤ α − 1 and v is even,
−p, 1 ≤ v ≤ α − 1 and v is odd.

This completes the proof of Theorem 1.1. □

Proof of Theorem 1.2. Let q = pα be an odd prime power, and assume that (acD, p) = 1. By the
orthogonality of additive characters,

UN( f , n; pα) =
1
pα

pα∑
k=1

e
(
−kn
pα

) pα∑′

x=1

pα∑′

y=1

e
(
k f (x, y)

pα

)
.

Write (k, pα) = pr and k = prk′ with (k′, p) = 1. Then from the inclusion–exclusion decomposition of
the unit condition, we have

UN( f , n; pα) =
ϕ2(pα)

pα
+

1
pα

(B1 − B2 − B3 + B4), (3.3)
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where

B1 =

α−1∑
r=0

pα−r∑
k′=1

(k′,p)=1

p2re
(
−k′n
pα−r

) pα−r∑
x=1

pα−r∑
y=1

e
(
k′ f (x, y)

pα−r

)
,

B2 =

α−1∑
r=0

pα−r∑
k′=1

(k′,p)=1

p2re
(
−k′n
pα−r

) pα−r∑
x=1

pα−r∑
y=1
p|y

e
(
k′ f (x, y)

pα−r

)
,

B3 =

α−1∑
r=0

pα−r∑
k′=1

(k′,p)=1

p2re
(
−k′n
pα−r

) pα−r∑
x=1
p|x

pα−r∑
y=1

e
(
k′ f (x, y)

pα−r

)
,

B4 =

α−1∑
r=0

pα−r∑
k′=1

(k′,p)=1

p2re
(
−k′n
pα−r

) pα−r∑
x=1
p|x

pα−r∑
y=1
p|y

e
(
k′ f (x, y)

pα−r

)
.

As in the proof of Theorem 1.1, we have

B1 = A,

where A is the quantity evaluated in (3.2).
We next evaluate B2, B3, and B4 using Lemma 2.2. By the first formula in Lemma 2.2,

B2 =

p∑
k′=1

(k′,p)=1

p2α−2e
(
−k′n

p

)
p

1
2

(
k′a
p

)
εpe

−k′4ad2

p



+


0, p ∤ (2ae − bd),

α−2∑
r=0

pα−r∑
k′=1

(k′,pα−r)=1

p2r pα−r

(
−D
p

)α−r

e
(
−k′n
pα−r

)
e
(
−k′K
pα−r

)
, p | (2ae − bd)

=

p∑
k′=1

(k′,p)=1

p2α−2e
(
−k′n

p

)
p

1
2

(
k′a
p

)
εpe

−k′4ad2

p



+


0, p ∤ (2ae − bd),

α−2∑
r=0

pα−r∑
k′=1

(k′,pα−r)=1

p2r pα−r

(
−D
p

)α−r

e
(
−k′C
pα−r

)
, p | (2ae − bd)

=


p2α−1

(
4an + d2

p

)
, p ∤ (2ae − bd),

p2α−1
(
4an + d2

p

)
+ A − A1, p | (2ae − bd),
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where C = K + n with K = D
(
cd2 + ae2 − bde

)
in Lemma 2.2, and

A1 := p2α−1
(
−D
p

) p∑
k′=1

(k′,p)=1

e
(
−k′C

p

)
.

By symmetry,

B3 =


p2α−1

(
4cn + e2

p

)
, p ∤ (2cd − be),

p2α−1
(
4cn + e2

p

)
+ A − A1, p | (2cd − be).

Similarly, by the second formula in Lemma 2.2,

B4 =



p2α−2
p∑

k′=1
(k′,p)=1

e
(
−k′n

p

)
, p ∤ (2ae − bd) or p ∤ (2cd − be),

p2α−2
p∑

k′=1
(k′,p)=1

e
(
−k′n

p

)
+ A − A1, p | (2ae − bd) and p | (2cd − be).

Now set

δ1 = 1p|(2ae−bd), δ2 = 1p|(2cd−be).

Then the above three evaluations may be written uniformly as

B2 = p2α−1
(
4an + d2

p

)
+ δ1(A − A1),

B3 = p2α−1
(
4cn + e2

p

)
+ δ2(A − A1),

and

B4 = p2α−2
p∑

k′=1
(k′,p)=1

e
(
−k′n

p

)
+ δ1δ2(A − A1).

Substituting these into (3.3), we obtain

UN( f , n; pα) = pα−2(p − 1)2 + pα−2
p∑

k′=1
(k′,p)=1

e
(
−k′n

p

)
− pα−1

((
4an + d2

p

)
+

(
4cn + e2

p

))
+

1
pα
Ω, (3.4)

where

Ω = A − δ1(A − A1) − δ2(A − A1) + δ1δ2(A − A1).
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A simple verification shows that

Ω =

A, δ1 = δ2 = 0,
A1, δ1 = 1 or δ2 = 1.

Accordingly, from A and A1, define

µp( f , n;α) =


λp( f , n;α), p ∤ (2ae − bd) and p ∤ (2cd − be),(
−D
p

) p∑
k′=1

(k′,p)=1

e
(
−k′C

p

)
, p | (2ae − bd) or p | (2cd − be),

where λp( f , n;α) is defined as in Theorem 1.1. Then (3.4) becomes

UN( f , n; pα) = pα−2(p − 1)2 + pα−2
p∑

k′=1
(k′,p)=1

e
(
−k′n

p

)

− pα−1
((

4an + d2

p

)
+

(
4cn + e2

p

)
− µp( f , n;α)

)
.

Finally, by the Ramanujan sum
p∑

k′=1
(k′,p)=1

e
(
−k′n

p

)
=

p − 1, p | n,

−1, p ∤ n.

Therefore

UN( f , n; pα) =


pα − pα−1

(
1 +

(
4an + d2

p

)
+

(
4cn + e2

p

)
− µp( f , n;α)

)
, p | n,

pα − pα−1
(
2 +

(
4an + d2

p

)
+

(
4cn + e2

p

)
− µp( f , n;α)

)
, p ∤ n.

It remains to evaluate µp( f , n;α). If

p ∤ (2ae − bd) and p ∤ (2cd − be),

then by definition

µp( f , n;α) = λp( f , n;α).

If

p | (2ae − bd) or p | (2cd − be),

then using the Ramanujan sum again, we have

µp( f , n;α) =
(
−D
p

) p∑
k′=1

(k′,p)=1

e
(
−k′C

p

)
=


(
−D
p

)
(p − 1), v ≥ 1,

−
(
−D
p

)
, v = 0.

This completes the proof of Theorem 1.2. □
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Proof of Theorem 1.3. Let q = 2α with α ≥ 1, and assume that (acD, 2) = 1. The case α = 1 is
immediate by direct counting modulo 2. Hence, we may assume α ≥ 2 below.

By the orthogonality of additive characters,

N( f , n; 2α) =
1
2α

2α∑
k=1

2α∑
x=1

2α∑
y=1

e
(
k( f (x, y) − n)

2α

)
.

Write (k, 2α) = 2r and k = 2rk′ with (k′, 2) = 1. Then

N( f , n; 2α) = 2α +
1
2α

α−1∑
r=0

22r
2α−r∑
k′=1

(k′,2)=1

e
(
−k′n
2α−r

) 2α−r∑
x=1

2α−r∑
y=1

e
(
k′ f (x, y)

2α−r

)
. (3.5)

We next eliminate the linear terms. Since (D, 2) = 1, the discriminant D is invertible modulo 2m for
every m ≥ 1. Let D denote the inverse of D modulo 2m. Consider the system2ax + by + d ≡ 0 (mod 2m),

bx + 2cy + e ≡ 0 (mod 2m).
(3.6)

Its coefficient matrix

H =
(
2a b
b 2c

)
has determinant D = 4ac − b2, which is odd, so H is invertible over Z/2mZ. Hence (3.6) has a unique
solution

x0 = D(be − 2cd), y0 = D(bd − 2ae).

Setting x = x0 + u and y = y0 + v, we obtain

f (x, y) ≡ f (x0, y0) + au2 + buv + cv2 (mod 2m),

since the linear terms in u and v vanish by construction.
Moreover, a direct computation gives

f (x0, y0) ≡ −D(cd2 + ae2 − bde) (mod 2m).

Recalling that

C = n + D(cd2 + ae2 − bde),

we may rewrite (3.5) as

N( f , n; 2α) = 2α +
1
2α

α−1∑
r=0

22r
2α−r∑
k′=1

(k′,2)=1

e
(
−k′C
2α−r

) 2α−r∑
u=1

2α−r∑
v=1

e
(
k′(au2 + buv + cv2)

2α−r

)
.
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We now evaluate the inner quadratic sum. Since b is odd, note that

2m∑
x=1

e
(
ax2 + bx

2m

)
=

2, m = 1,
0, m ≥ 2.

Splitting the v-sum according to parity, and replacing b by bv in the above identity, it follows that the
odd part contributes

2α−r∑
u=1

e
(
k′(au2 + bvu)

2α−r

)
= 2

if and only if α − r = 1; otherwise,

2α−r∑
u=1

e
(
k′(au2 + bvu)

2α−r

)
= 0.

Thus, the odd part contributes

1
2α

22(α−1)
2∑

k′=1
(k′,2)=1

e
(
−k′C

2

) 2∑
u=1

e
(
k′(au2 + bu + c)

2

)

=2α−2 · e
(
−C
2

)
· 2 · e

(c
2

)
= −(−1)C02α−1,

where C0 ∈ {0, 1} is determined by C ≡ C0 (mod 2). For the even part, writing v = 2y and completing
the square in u yields

au2 + buv + cv2 = au2 + 2buy + 4cy2 = a (u + a by)2
+ a D y2,

where a denotes the inverse of a modulo 2α−r. Hence,

N( f , n; 2α) =2α − (−1)C02α−1

+
1
2α

α−2∑
r=0

22r
2α−r∑
k′=1

(k′,2)=1

e
(
−k′C
2α−r

) 2α−r∑
u=1

e
(
k′au2

2α−r

) 2α−r−1∑
y=1

e
(
k′aD y2

2α−r

)
.

Note that

2m∑
y=1

e
(
ty2

2m

)
=

2m−1∑
y=1

e
(
ty2

2m

)
+

2m−1∑
y=1

e
(
t(2m−1 + y)2

2m

)
= 2

2m−1∑
y=1

e
(
ty2

2m

)
(m ≥ 2).

Using the above formula and Lemma 2.1, we derive

N( f , n; 2α) = 2α − (−1)C02α−1 +
1
2

α−2∑
r=0

2α−r∑
k′=1

(k′,2)=1

2r

(
2
D

)α−r (
1 + ik′a)(1 + ik′aD)

e
(
−k′C
2α−r

)
. (3.7)
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Let

T :=
α−2∑
r=0

2α−r∑
k′=1

(k′,2)=1

2r

(
2
D

)α−r (
1 + ik′a)(1 + ik′aD)

e
(
−k′C
2α−r

)
.

Expanding the product, write

T = T1 + T2 + T3 + T4,

where

T1 =

α−2∑
r=0

2α−r∑
k′=1

(k′,2)=1

2r

(
2
D

)α−r

e
(
−k′C
2α−r

)
,

T2 =

α−2∑
r=0

2α−r∑
k′=1

(k′,2)=1

2r

(
2
D

)α−r

ik′ae
(
−k′C
2α−r

)
,

T3 =

α−2∑
r=0

2α−r∑
k′=1

(k′,2)=1

2r

(
2
D

)α−r

ik′aDe
(
−k′C
2α−r

)
,

T4 =

α−2∑
r=0

2α−r∑
k′=1

(k′,2)=1

2r

(
2
D

)α−r

ik′(a+aD)e
(
−k′C
2α−r

)
.

Since (acD, 2) = 1 and D = 4ac− b2, we have a ≡ 1 (mod 2) and b2 ≡ 1 (mod 4). Therefore, we obtain

a + aD ≡ a − āb2 ≡ a − a ≡ 0 (mod 4).

Thus T4 = T1. On the other hand, from (k′a, 2) = 1 and

aD ≡ −a (mod 4),

it follows that the contributions T2 and T3 cancel each other, that is,

T2 + T3 =

α−2∑
r=0

2α−r∑
k′=1

(k′,2)=1

2r

(
2
D

)α−r

e
(
−k′C
2α−r

) (
ik′a + i−k′a

)
= 0,

where we used the fact that ik′a + i−k′a = 0 when k′a is odd. Therefore,

T = 2T1.

It remains to evaluate T1. Writing v2 = v(α)
2 (C) and letting t = α − r, we obtain

T1 =

α∑
t=2

2α−t

(
2
D

)t 2t∑
k′=1

(k′,2)=1

e
(
−k′C

2t

)
.
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By the Ramanujan sum,

c2t(C) =
2t∑

k′=1
(k′,2)=1

e
(
k′C
2t

)
=


0, v(t)

2 (C) < t − 1,
−2t−1, v(t)

2 (C) = t − 1,
2t−1, v(t)

2 (C) ≥ t,

and c2t(−C) = c2t(C).
For v2 = 0, we always have v2 < t − 1, hence T1 = 0.
For v2 = α, we always have v2 ≥ t, hence

T1 = 2α−1
α∑

t=2

(
2
D

)t

.

For 1 ≤ v2 ≤ α − 1, we have

T1 =2α−1
v2∑

t=2

(
2
D

)t

− 2α−1
(

2
D

)v2+1

= 2α−1

 v2∑
t=2

(
2
D

)t

−

(
2
D

)v2+1 .
The above three cases yield

T1 =



0, v2 = 0,

2α−1
α∑

t=2

(
2
D

)t

, v2 = α,

2α−1

 v2∑
t=2

(
2
D

)t

−

(
2
D

)v2+1 , 1 ≤ v2 ≤ α − 1.

Substituting T = 2T1 into (3.7), we arrive at

N( f , n; 2α) = 2α − (−1)C02α−1 + 2α−1λ2( f , n;α),

where λ2( f , n;α) is determined by the above evaluation of T1.
Since a, c, and D are odd, we have that b is odd and hence

D = 4ac − b2 ≡ 3 (mod 8).

Therefore, (
2
D

)
= −1.

It follows that

λ2( f , n;α) =


0, v2 = 0, or v2 = α and α is odd,
1, v2 = α and α is even,
2, 1 ≤ v2 ≤ α − 1 and v2 is even,
−1, 1 ≤ v2 ≤ α − 1 and v2 is odd.

This completes the proof of Theorem 1.3. □
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Proof of Theorem 1.4. Let q = 2α with α ≥ 1, and assume that (acD, 2) = 1. Then a, c, and D are odd.
Since

D = 4ac − b2,

it follows that b is also odd.
For (x, y) ∈ (Z∗2α)

2, both x and y are odd, and hence

x2 ≡ x ≡ 1 (mod 2), y2 ≡ y ≡ 1 (mod 2).

Reducing f (x, y) = ax2 + bxy + cy2 + dx + ey modulo 2, we obtain

f (x, y) ≡ a + b + c + d + e ≡ 1 + d + e (mod 2),

because a ≡ b ≡ c ≡ 1 (mod 2). Therefore, a necessary condition for the congruence

f (x, y) ≡ n (mod 2α)

to have a solution in (Z∗2α)
2 is

n ≡ 1 + d + e (mod 2).

If this condition fails, then clearly

UN( f , n; 2α) = 0.

We now assume that

n ≡ 1 + d + e (mod 2),

and distinguish cases according to the parity of d and e.

Case 1. d ≡ e ≡ 1 (mod 2).
In this case, n ≡ 1 (mod 2). Reducing f (x, y) modulo 2, we have

f (x, y) ≡ x2 + xy + y2 + x + y ≡ xy (mod 2).

Hence,

f (x, y) ≡ 1 (mod 2) ⇐⇒ xy ≡ 1 (mod 2) ⇐⇒ x ≡ y ≡ 1 (mod 2).

Since every solution in (Z2α)2 is automatically a unit solution, and the reverse inclusion is obvious, the
two solution sets coincide. Therefore,

UN( f , n; 2α) = N( f , n; 2α).

Case 2. (d, e) . (1, 1) (mod 2).
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In this case, it suffices to show that

UN( f , n; 2α) = 2α−1.

We first treat the three subcases separately.
Subcase 2.1. d ≡ e ≡ 0 (mod 2).

Then n ≡ 1 (mod 2), and

f (x, y) ≡ x2 + xy + y2 ≡ x + xy + y (mod 2). (3.8)

Fix any odd y ∈ Z∗2α , and define

F(x, y) = f (x, y) − n.

By (3.8), modulo 2 we have

F(x, y) ≡ x + xy + y − 1 (mod 2).

Since y ≡ 1 (mod 2), this reduces to

F(x, y) ≡ x + x + 1 − 1 ≡ 0 (mod 2).

Hence, the congruence F(x, y) ≡ 0 (mod 2) has the solution

x ≡ 1 (mod 2),

which is the unique unit class modulo 2. Moreover,

∂F
∂x
= 2ax + by + d ≡ by ≡ 1 (mod 2).

Therefore, by Hensel’s lemma (See Lemma 2.3), the root x ≡ 1 (mod 2) lifts uniquely to a root
modulo 2α. In particular, for each odd y, there exists a unique odd residue class x (mod 2α) such that

f (x, y) ≡ n (mod 2α).

Since there are exactly 2α−1 odd residue classes modulo 2α, we obtain

UN( f , n; 2α) = 2α−1.

Subcase 2.2. d ≡ 0 (mod 2) and e ≡ 1 (mod 2).
Then n ≡ 0 (mod 2). For fixed odd y, again let

F(x, y) = f (x, y) − n.

Reducing modulo 2, we obtain

F(x, y) ≡ x2 + xy + y2 + y ≡ x + xy (mod 2).
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Since y ≡ 1 (mod 2), this gives

F(x, y) ≡ x + x ≡ 0 (mod 2).

Hence, the congruence F(x, y) ≡ 0 (mod 2) again has the solution

x ≡ 1 (mod 2),

which is the unique unit class modulo 2. Also,

∂F
∂x
= 2ax + by + d ≡ by ≡ 1 (mod 2).

By Hensel’s lemma, for each odd y, there exists a unique odd lift x (mod 2α). Hence,

UN( f , n; 2α) = 2α−1.

Subcase 2.3. d ≡ 1 (mod 2) and e ≡ 0 (mod 2).
This case is symmetric to Subcase 2.2, after interchanging the roles of x and y. Therefore,

UN( f , n; 2α) = 2α−1.

Combining the above cases, we conclude that

UN( f , n; 2α) =


N( f , n; 2α), n ≡ d ≡ e ≡ 1 (mod 2),

2α−1, n ≡ 1 + d + e (mod 2) and (d, e) . (1, 1) (mod 2),

0, otherwise.

This completes the proof of Theorem 1.4. □

4. Examples

In this section, we illustrate Theorems 1.1–1.4 with several concrete examples in the odd prime-power
case and the dyadic case. These examples illustrate that the general formulas also include special cases
in which the mixed term or the linear terms vanish.

Example 4.1. Consider

f (x, y) = x2 + y2 + x + 2y,

and the congruence

f (x, y) ≡ 0 (mod 5).

Here,

a = c = 1, b = 0, d = 1, e = 2, n = 0,
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so

D = 4ac − b2 = 4.

Hence, (
−D
5

)
=

(
−4
5

)
=

(
1
5

)
= 1.

Also,

C = n + D(cd2 + ae2 − bde) = 0 + 4(1 + 4) = 4 · 5 ≡ 0 (mod 5),

so v = v(1)
5 (C) = 1. Since α = 1, Theorem 1.1 gives

λ5( f , 0; 1) = 1 · (5 − 1) = 4,

and therefore

N( f , 0; 5) = 5 + 4 = 9.

Next, we compute the number of unit solutions. We have

2ae − bd = 4, 2cd − be = 2,

so 5 ∤ (2ae − bd) and 5 ∤ (2cd − be). Hence, by Theorem 1.2,

µ5( f , 0; 1) = λ5( f , 0; 1) = 4.

Moreover, (
4an + d2

5

)
=

(
1
5

)
= 1,

(
4cn + e2

5

)
=

(
4
5

)
= 1.

Since 5 | n, Theorem 1.2 yields

UN( f , 0; 5) = 5 − (1 + 1 + 1 − 4) = 6.

Thus,

N( f , 0; 5) = 9, UN( f , 0; 5) = 6.

In fact, a direct enumeration shows that the nine solutions modulo 5 are

(0, 0), (0, 3), (1, 1), (1, 2), (2, 4), (3, 1), (3, 2), (4, 0), (4, 3),

among which the six unit solutions are

(1, 1), (1, 2), (2, 4), (3, 1), (3, 2), (4, 3).
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Example 4.2. Consider

f (x, y) = x2 + xy + y2,

and the congruence

f (x, y) ≡ 1 (mod 8).

Here,

a = b = c = 1, d = e = 0, n = 1,

so

D = 4ac − b2 = 3,

and indeed

(acD, 2) = 1.

Since d = e = 0, we have

C = n + D(cd2 + ae2 − bde) = 1.

Thus,

v2 = v(3)
2 (C) = 0, C0 ≡ 1 (mod 2).

By Theorem 1.3,

λ2( f , 1; 3) = 0,

and hence

N( f , 1; 8) = 23 + 22(0 − (−1)1) = 8 + 4 = 12.

For the unit-restricted count, we have

n ≡ 1 + d + e (mod 2),

and

(d, e) ≡ (0, 0) . (1, 1) (mod 2).

Therefore, by Theorem 1.4,

UN( f , 1; 8) = 23−1 = 4.

Consequently,

N( f , 1; 8) = 12, UN( f , 1; 8) = 4.

A direct computation confirms these values.
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Example 4.3. Consider

f (x, y) = x2 + y2,

and the congruence

f (x, y) ≡ 5 (mod 9).

Here, p = 3, α = 2, and a = c = 1, b = d = e = 0, n = 5, so D = 4ac − b2 = 4. Hence,(
−D
3

)
=

(
−1
3

)
= −1.

Moreover,

C = n + D(cd2 + ae2 − bde) = 5,

so v = 0. From Theorem 1.1 we have

λ3( f , 5; 2) = 1.

Therefore,

N( f , 5; 9) = 32 + 32−1λ3( f , 5; 2) = 9 + 3 · 1 = 12.

Next, we compute the number of unit solutions. We have 2ae − bd = 0 and 2cd − be = 0. Thus, by
Theorem 1.2 we have

µ3( f , 5; 2) = 1.

Furthermore, (
4an + d2

3

)
=

(
2
3

)
= −1,

(
4cn + e2

3

)
=

(
2
3

)
= −1.

Therefore,

UN( f , 5; 9) = 9 − 3 (2 − 1 − 1 − 1) = 12.

Thus

N( f , 5; 9) = 12, UN( f , 5; 9) = 12.

In fact, a direct enumeration shows that the twelve solutions modulo 9 are

(1, 2), (1, 7), (2, 1), (2, 8), (4, 4), (4, 5), (5, 4), (5, 5), (7, 1), (7, 8), (8, 2), (8, 7).

Since none of the coordinates of these solutions is divisible by 3, all twelve solutions are unit solutions.
This example is a specialization of Corollary 1.1, and the same result can also be derived from

Theorem 1.3 of Yang and Tang [1].
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5. Conclusions

In this paper, we obtained explicit formulae for the number of solutions to the inhomogeneous binary
quadratic congruence

ax2 + bxy + cy2 + dx + ey ≡ n (mod q),

where q is prime powers. Under the assumptions (acD, p) = 1 for odd prime powers and (acD, 2) = 1
for powers of 2, we derived exact evaluations for the unrestricted counting function N( f , n; q) and the
unit-restricted counting function UN( f , n; q), by means of exponential sums, quadratic Gauss sums,
and Hensel’s lemma. These results unify and extend several earlier counting formulae for diagonal,
homogeneous, and special inhomogeneous quadratic congruences modulo prime powers. It would
be of interest to investigate whether the present method can be extended to more general quadratic
polynomials in several variables or to congruences with additional arithmetic restrictions.
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