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Abstract: Non-pharmaceutical interventions play a vital role in mitigating the outbreak of infectious
diseases. During the COVID-19 pandemic, numerous countries and regions imposed multiple rounds of
intervention measures to curb the spread of the disease. To get insights into optimal implementation of
one-round interventions, two optimal control problems were examined under distinct time horizons,
based on whether the herd immunity was reached. Here, one-round interventions were defined as
interventions that operated under a budget constraint. Both of optimal control policies were proved to
be purely bang-bang with a single switch, but their timings of onset were different. These results may
provide some theoretical support for developing intervention strategies.
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1. Introduction

The COVID-19 pandemic has catalyzed a major resurgence of interest in the optimal control of
infectious diseases. Compared with pharmaceutical interventions [1–6], such as vaccines and drugs,
non-pharmaceutical interventions (NPIs), including social distancing, school closure, and isolation,
have been proved to play a vital role in mitigating the spread of disease, particularly at the early phase
of the outbreak [7, 8]. Therefore, investigating the optimal implementation of NPIs is of significant
practical value.

An enormous amount of attention has been devoted to the research on optimal NPIs. Among many
topics, two issues have attracted a lot of interest. Considering the implementation of NPIs inevitably
incurs societal and economic costs, it is unrealistic to impose interventions during the whole course
of an outbreak. A portion of the literature, therefore, aims to identify optimal NPIs on a finite time
interval [9, 10], during a fixed or maximal time duration, where interventions can be imposed [11–15],
or under limited control resources [16,17]. For this type of problem, the objective functional is typically
to minimize the epidemic final size or the total incidence of the epidemic. It has been demonstrated that
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optimal control policies consist of applying the maximal intervention level over a single time interval
and no intervention over other intervals. On the other hand, it is widely recognized that an objective
of implementing interventions is to ensure that the health-care system is not overwhelmed [18–21].
Accordingly, a state constraint, often named ICU constraint in the literature, is incorporated into
optimal control problems: the disease prevalence cannot exceed a prescribed level, that is, the capacity
of the health-care system. For this kind of problem, the main target is to minimize the total cost of
control accumulated over the considered time horizon. Optimal solutions are proved to be so-called
“filling the box” policies. Specifically, no action is adopted until the disease prevalence reaches the
capacity of the health-care system, interventions are so imposed that the disease prevalence remains
constant, and after the herd immunity has been reached interventions are completely lifted. Although
there exist many differences between two classes of problems mentioned above, they share a common
characteristic: the problems are discussed on long-term or infinite horizons, under which the herd
immunity has been achieved.

In practice, as evidenced by the COVID-19 pandemic, at the early phase of the outbreak, due to the
absence of effective vaccines, a series of intervention policies had been deployed in rolling consequence,
with necessary breaks between rounds, in order to prevent the disease from spreading too rapidly. On
the other hand, as the epidemic evolves, many conditions and states, such as the availability of new
vaccines and the status of medical resources, may change. These facts indicate that the study of optimal
interventions over a short-term horizon merits more attention.

In this paper, we attempt to find optimal one-round interventions over two distinct time horizons,
depending on whether the herd immunity is reached. Here, we refer to one-round interventions as the
ones under which the accumulative cost of control is equal to a given value [22]. The difference in time
horizons for two optimal control problems is achieved by imposing different state constraints. Different
from common methods [23], such as the Pontryagin’s maximum principle and the Hamilton-Jacobi
equation, inspired by the work of Angulo et al. [18], we propose an approach to solve the problems
discussed in this paper. Our approach is based on the finding that if two state trajectories have identical
endpoints, the costs of control along them can be compared under certain conditions. This extends the
conclusion reached by Angulo et al. [18].

The remainder of this paper is organized as follows: In Section 2, we introduce an optimal control
problem for an SIR model. Next, in Section 3 we derive the optimal solutions under two distinct time
horizons. Finally, some conclusions and discussions are summarized in Section 4.

2. The optimal control problem

Consider optimal control problems of a classical SIR (Susceptible-Infected-Recovered) model [24,25]:

S ′ = −(1 − u)βS I,

I′ = (1 − u)βS I − γI,

R′ = γI,

(2.1)

where S , I, and R represent the proportions of susceptible, infected, and recovered individuals in a
population, and β and γ are the transmission and recovery rates, respectively. In the above system, the
demographic factors are not incorporated, implying that S + I + R ≡ 1. The effect of NPIs on epidemic
dynamics is represented by the control variable u, a reduction factor in the transmission rate. In addition,
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to account for the cost of control, we introduce a cost function Γ defined as

Γ(t; t0) =
∫ t

t0
u(t) dt, (2.2)

quantifying the accumulative cost incurred by interventions over the time interval [t0, t]. Without causing
ambiguities, we use the simplified notation Γ(t) or Γ. For this form of cost function, we assume that the
cost of control is proportional to the reduction factor and the length of time over which interventions are
implemented. In this paper, it is assumed that initial values, S 0, I0, and R0, of the system (2.1) satisfy
the following conditions: 0 < S 0 < 1, 0 < I0 < 1, 0 ≤ R0 < 1, and S 0 + I0 + R0 = 1, and β > γ.

In this paper, we aim to find a control u∗ and a terminal time t∗T that maximizes the proportion of
susceptible individuals at the terminal time, that is, the objective functional is J(x, u, tT ) = S (tT ). The
optimal control problem discussed can be written as below [26]:

max
u,tT

J(x, u, tT ) = S (tT )

subject to
x′(t) = f (x(t), u(t)), t ∈ [0, tT ],
g(x(t), u(t)) ≥ 0, t ∈ [0, tT ],
x(0) = x0, b(x(tT ), tT ) = 0,

(OC)

where x = (S , I, Γ)T is the state vector. Here, the sign T denotes the transpose operation. Except
two state variables S and I, the cost function Γ is added to the state vector x, governed by Γ′(t) = u.
By means of this technique, the constraint on the accumulative cost of control can be converted
into the one on the terminal state [27]. The state vector x and control function u are subject to two
constraints. The mixed state constraint g(x, u) := (u, umax − u)T ≥ 0 reflects that u is bounded by 0
and umax, where umax ∈ (0, 1] represents the maximal intervention level. The terminal state constraint
b(x(tT ), tT ) := (IC − I(tT ), ΓC − Γ(tT ))T = 0 indicates that the terminal proportion of infected individuals
reaches a prescribed level IC ∈ (0, 1) and the accumulative cost of control over the interval [0, tT ] is
equal to a given value ΓC > 0, which we call the cost limit. It should be emphasized that the cost
function Γ is not necessarily equal to the cost limit ΓC only at t = tT ; it’s likely that the cost function Γ
reaches the cost limit ΓC at an intermediate time, and then maintains its value until t = tT . The control
function u is assumed to be piecewise continuous with finite intervals on which it takes nonzero values
and remaining ones on which it is zero.

Below, we declare some facts. For an arbitrary control function, the existence and uniqueness of the
solution to the augmented system (2.1) with the predetermined initial conditions can be guaranteed by the
Picard-Lindelöf theorem. On each interval where the control function is continuous, the Picard-Lindelöf
theorem reveals that the system (2.1) admits a unique solution. The whole solution can be formed in a
splicing manner. Thus, the solution to the system (2.1) is a function with continuous components. The
set Ω = {(S , I,R) ∈ R3 | S ≥ 0, I ≥ 0,R ≥ 0} can be proved to be positively invariant with respect to the
system (2.1). This is because the direction of the vector field (−(1 − u)βS I, (1 − u)βS I − γI, γI)T on
each coordinate plane is either tangent to the plane or pointing to the interior of Ω. Furthermore, the
solution to the system (2.1) possesses the following property: S (t) > 0 and I(t) > 0 for all t > 0 [25].
Given a control function u, one has dS

dR = −
(1−u)β
γ

S , implying that S (t) = S 0e−
∫ t

0
(1−u)β
γ dR > 0 since S 0 > 0.

On the other hand, dI
dt = (1 − u)βS I − γI indicates that I(t) = I0e

∫ t
0 [(1−u)βS−γ] dt > 0 due to I0 > 0.
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3. Results

Now, we state the main results in this paper. Before proceeding, we derive a lemma, which is related
to two different phase trajectories linking the same beginning and ending points.

Lemma 3.1. For two phase trajectories, L1 and L2, connecting the same beginning and ending points in
the S I-plane, corresponding to two processes (x1, u1) and (x2, u2) defined on intervals [tL

0 , t
L
1 ] and [tL

0 , t
L
2 ],

respectively, when S 1(t) > γ
β

for t ∈ [tL
0 , t

L
1 ] and S 2(t) > γ

β
for t ∈ [tL

0 , t
L
2 ], if L1 is located above L2, in

other words, for two arbitrary times t1 ∈ (tL
0 , t

L
1 ) and t2 ∈ (tL

0 , t
L
2 ) where S 1(t1) = S 2(t2), I1(t1) > I2(t2)

holds, then one has

Γ1(tL
1 ) =

∫ tL
1

tL
0

u1(t) dt < Γ2(tL
2 ) =

∫ tL
2

tL
0

u2(t) dt;

when S 1(t) < γ

β
for t ∈ [tL

0 , t
L
1 ] and S 2(t) < γ

β
for t ∈ [tL

0 , t
L
2 ], if L1 is located above L2, then one has

Γ1(tL
1 ) > Γ2(tL

2 ). Here, x1 = (S 1, I1, Γ1)T and x2 = (S 2, I2, Γ2)T are the corresponding states.

Proof. By the system (2.1), one has

Γi(tL
i ) =

∫ tL
i

tL
0

ui(t) dt =
∫ tL

i

tL
0

(
1 +

S ′i(t)
βS i(t)Ii(t)

)
dt

=

∫ tL
i

tL
0

(
−

S ′i(t) + I′i (t)
γI

+
S ′i(t)

βS i(t)Ii(t)

)
dt

(3.1)

for i = 1, 2. Then, the difference between Γ1(tL
1 ) and Γ2(tL

2 ) can be expressed as

Γ1(tL
1 ) − Γ2(tL

2 ) =
∫

L1

(
−

1
γI
+

1
βS I

)
dS −

1
γI

dI −
∫

L2

(
−

1
γI
+

1
βS I

)
dS −

1
γI

dI

=

∮
L

(
−

1
γI
+

1
βS I

)
dS −

1
γI

dI = −
"

D

(
βS − γ
βγS I2

)
dS dI,

(3.2)

where L is the closed curve composed of L1 and L2 in the counterclockwise direction, and D is the
region bounded by L. In the above process, we have used Green’s theorem. From Eq (3.2), we
conclude that if S 1 >

γ

β
and S 2 >

γ

β
, then one has Γ1(tL

1 ) < Γ2(tL
2 ); however, if S 1 <

γ

β
and S 2 <

γ

β
, then

Γ1(tL
1 ) > Γ2(tL

2 ) holds. □

This lemma declares that under certain conditions the accumulative costs of control along two phase
trajectories can be directly compared by examining their relative locations. It should be noted that
Lemma 3.1 holds, even though S 1(t) = γ

β
on some interval [t1, t2] ⊂ [tL

0 , t
L
1 ] or S 2(t) = γ

β
on some interval

[t1, t2] ⊂ [tL
0 , t

L
2 ].

3.1. Long-term horizon

To begin with, we consider the problem (OC) over the long-term horizon. In this part, it is assumed
that umax = 1.
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Theorem 3.2. For the initial condition x0 = (S 0, I0, Γ0)T, if S 0 >
γ

β
, I0 > IC, and ΓC < −

1
γ

ln IC
I0

, then the
optimal control for the problem (OC) has the following form:

u∗(t) =


0, t ∈ [0, tp);
1, t ∈ [tp, tp + ΓC);
0, t ∈ [tp + ΓC, t∗T ].

(3.3)

Here, tp is the time instant at which the disease reaches the peak under no control, that is, I′(tp)
∣∣∣
u=0
= 0,

or equivalently, S (tp)
∣∣∣
u=0
=
γ

β
, and t∗T is the optimal terminal time.

Remark 3.3. The condition of ΓC < −
1
γ

ln IC
I0

guarantees that under an arbitrary admissible control
function, the herd immunity can be achieved at the terminal time, in other words, S (tT ) < γ

β
. This

condition reflects the requirement that the cost limit ΓC is less than the accumulative cost of control
along the phase trajectory in the S I-plane, which begins at the initial point (S 0, I0), ends at the line
I = IC, and is generated by the control function u = umax.

Remark 3.4. The terminal equality constraint Γ(tT ) = ΓC can, in fact, be replaced with the inequality
one Γ(tT ) ≤ ΓC in the problem (OC).

To prove Theorem 3.2, it’s sufficient to verify that for any admissible control, named ur, that is the
control satisfying the constraints of the problem (OC), we have J(xr, ur, tr

T ) ≤ J(x∗, u∗, t∗T ), or more
specifically, S r(tr

T ) ≤ S ∗(t∗T ). Here, xr = (S r, Ir, Γr)T and tr
T are the state trajectory and the terminal

time corresponding to ur, respectively, and x∗ = (S ∗, I∗, Γ∗)T is the state trajectory corresponding to u∗.
Obviously, either ur is purely bang-bang or ur contains one or more singular components.

Let us begin by the case where there exist singular intervals within [0, tr
T ]. Without loss of generality,

it is assumed that ur contains only one singular component. Meanwhile, ur may take its upper bound
umax = 1 on other intervals. Therefore, the following arguments are split into two scenarios.

Scenario 1: there exists no interval on which ur = 1. It implies that ur is singular on an interval,
named [t1, t2), while ur = 0 on the other interval(s). This can be further discussed in three cases:
0 < t1 < t2 < tr

T , 0 = t1 < t2 < tr
T , and 0 < t1 < t2 = tr

T , which we refer to as Cases 1–3, respectively.
We first consider Case 1. Below, it is assumed that S r(t1) > γ

β
and S r(t2) < γ

β
. The non-optimality of

ur can be proved in two steps.
Step 1: Construct an auxiliary control function un. Define un as

un(t) =


0, t ∈ [t1, tp);
1, t ∈ [tp, tn

c);
0, otherwise,

(3.4)

where tn
c is chosen under the condition that there exists a time tn

2 > tn
c at which S n(tn

2) = S r(t2) and
In(tn

2) = Ir(t2). Here, xn = (S n, In, Γn)T is the state trajectory corresponding to un. As shown in Figure
1(a), by comparing phase trajectories, denoted by Ln and Lr, of xn and xr in the S I-plane, we find that
all components of Ln and Lr are the same except for two ones: Ln on [t1, tn

i ) ∪ [tn
i , t

n
2), named Ln

1 and Ln
2,

and Lr on [t1, tr
i ) ∪ [tr

i , t2), called Lr
1 and Lr

2. Here, tn
i and tr

i are the corresponding times at which Ln and
Lr intersect. Obviously, Ln

1 is located above Lr
1, while Ln

2 is located below Lr
2. It should be noted that un

is not admissible, which can be confirmed later.

Electronic Research Archive Volume 34, Issue 10, 7027–7045.



7032

Step 2: Compare un with u∗. It has been established in [18, 25] (refer to Section 2.1.2 in [25]) that if
un = 0 on [0, tp), then one has

In(t) + S n(t) −
γ

β
ln S n(t) = In(0) + S n(0) −

γ

β
ln S n(0)

for t ∈ (0, tp), implying that

In(tp) + S n(tp) −
γ

β
ln S n(tp) = Cn

0. (3.5)

Here, Cn
0 := In(0)+S n(0)− γ

β
ln S n(0) is a constant, determined by S n(0) and In(0). Next, when t ∈ (tp, tn

c),
we have

S n(t) = S n(tp), In(t) = In(tp)e−γ(t−tp)

since (S n)′ = 0 and (In)′ = −γIn. Thus, it follows that

S n(tn
c) = S n(tp), In(tn

c) = In(tp)e−γ∆tn . (3.6)

Here, ∆tn := tn
c − tp. Finally, by the similar arguments, the following equality holds:

In(tn
T ) + S n(tn

T ) −
γ

β
ln S n(tn

T ) = In(tn
c) + S n(tn

c) −
γ

β
ln S n(tn

c), (3.7)

where tn
T represents the terminal time corresponding to un. To sum up, from Eqs (3.5)–(3.7), we obtain

In(tn
T ) + S n(tn

T ) −
γ

β
ln S n(tn

T ) = In(tn
c) + S n(tn

c) −
γ

β
ln S n(tn

c)

= In(tp)e−γ∆tn + S n(tp) −
γ

β
ln S n(tp)

= In(tp)(e−γ∆tn − 1) +Cn
0.

Then, we further have

S n(tn
T ) −

γ

β
ln S n(tn

T ) = In(tp)(e−γ∆tn − 1) +Cn
0 − In(tn

T ). (3.8)

On the other hand, under the control function u∗, S ∗(t∗T ) satisfies the following equality:

S ∗(t∗T ) −
γ

β
ln S ∗(t∗T ) = I∗(tp)(e−γΓC − 1) +C∗0 − I∗(t∗T ). (3.9)

Here, C∗0 := I∗(0) + S ∗(0) − γ
β

ln S ∗(0).
By Lemma 3.1, we have Γn(tn

T ) < Γr(tr
T ) = Γ∗(t∗T ) = ΓC, implying that un is not admissible. Recall

that xr and x∗ are admissible state trajectories. Thus, it follows that ∆tn < ΓC. From Eqs (3.8) and (3.9),
we obtain S r(tr

T ) = S n(tn
T ) < S ∗(t∗T ). Note that y − γ

β
ln y is a decreasing function of y when y < γ

β
. Note

also that In(tp) = I∗(tp) = I(tp)|u=0, In(tn
T ) = I∗(t∗T ) = IC, and Cn

0 = C∗0. This is because both Ln and L∗

begin at the same initial point, i.e., S n(0) = S ∗(0) and In(0) = I∗(0), and end at the line I = IC.
For the case of S r(t2) > γ

β
and S r(t1) < γ

β
, the similar results can be obtained based on Cases 2 and 3.
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Next, we turn to Case 2. Now, we assume that S r(t2) ≥ γ
β
. If S r(t2) < γ

β
, then Case 2 can be similarly

analyzed as Case 1. To prove that ur is not optimal, we introduce an auxiliary control function um.
Define um as

um(t) =


0, t ∈ [0, tm

c );
1, t ∈ [tm

c , t
m
2 );

0, otherwise,

(3.10)

where tm
c and tm

2 are set such that S m(tm
c ) = S r(t2) and Im(tm

2 ) = Ir(t2). Here, xm = (S m, Im, Γm)T is the
state trajectory corresponding to um. Let Lm be the phase trajectory of xm in the S I-plane. As illustrated
in Figure 1(b), there exists one distinct component between Lm and Lr: Lm on [t1, tm

2 ) and Lr on [t1, t2],
named Lm

d and Lr
d. Obviously, Lm

d is located above Lr
d. By the similar arguments as Case 1, one has

Im(tm
T ) + S m(tm

T ) −
γ

β
ln S m(tm

T ) = Im(tm
2 ) + S m(tm

2 ) −
γ

β
ln S m(tm

2 )

= Im(tm
c )e−γ∆tm + S m(tm

c ) −
γ

β
ln S m(tm

c )

= Im(tm
c )(e−γ∆tm − 1) +Cm

0 ,

where tm
T denotes the terminal time corresponding to um, ∆tm := tm

2 − tm
c , and Cm

0 := Im(0) + S m(0) −
γ

β
ln S m(0). It implies that

S m(tm
T ) −

γ

β
ln S m(tm

T ) = Im(tm
c )(e−γ∆tm − 1) +Cm

0 − Im(tm
T ). (3.11)

According to Lemma 3.1, we obtain ∆tm < ΓC. Furthermore, we have Im(tm
c ) ≤ I∗(tp) = I(tp)|u=0 since

S r(t2) ≥ γ
β
. Thus, by comparing Eqs (3.13) and (3.9), we conclude that S r(tr

T ) = S m(tm
T ) < S ∗(t∗T ). Note

that Im(tm
T ) = I∗(t∗T ) = IC, and Cm

0 = C∗0.
Finally, we focus on Case 3. In this part, we discuss the situation where S r(t1) ≤ γ

β
. For the case of

S r(t1) > γ
β
, Case 3 can be similarly treated as Case 1. An auxiliary control function uw is introduced,

defined as

uw(t) =


1, t ∈ [t1, tw

c );
0, t ∈ [tw

c , t
w
T ];

0, otherwise,

(3.12)

where tw
c is chosen subject to the condition that there exists a time tw

T > tw
c at which S w(tw

T ) = S r(tr
T )

and Iw(tw
T ) = Ir(tr

T ). Here, xw = (S w, Iw, Γw)T and tw
T are the state trajectory and the terminal time,

corresponding to uw, respectively. Let Lw be the phase trajectory of xw in the S I-plane. Figure 1(c)
shows that Lw and Lr coincide on [0, t1), but Lw defined on [t1, tw

T ] is located below Lr defined on [t1, tr
T ].

Following the similar procedures as Case 1, one has

S w(tw
T ) −

γ

β
ln S w(tw

T ) = Iw(t1)(e−γ∆tw − 1) +Cw
0 − Iw(tw

T ), (3.13)

where ∆tw := tw
c − t1, and Cw

0 := Iw(0) + S w(0) − γ
β

ln S w(0). Thus, we obtain S r(tr
T ) = S w(tw

T ) < S ∗(t∗T ),
based on two facts that ∆tw < ΓC by Lemma 3.1 and Iw(t1) ≤ I∗(tp) = I(tp)|u=0 due to S r(t1) ≤ γ

β
. Note

that Iw(tw
T ) = I∗(t∗T ) = IC and Cw

0 = C∗0.
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Scenario 2: there exist one or more intervals on which ur = 1. In particular, we consider that ur = 1
on only one interval. Thus, it is assumed that ur is singular on [t1, t2], ur = 1 on [t3, t4], and ur = 0 on
other intervals, where 0 ≤ t1 < t2 < t3 < t4 < tr

T . Below, we discuss the special case where S r(t2) > γ
β

and S r(t3) = γ
β
. The whole proof that ur is not optimal consists of two steps.

Step 1: Introduce an auxiliary control function uv. Define uv as

uv(t) =


0, t ∈ [t1, tv

c);
1, t ∈ [tv

c, t
v
2);

1, t ∈ [tv
2 + t3 − t2, tv

2 + t4 − t2);
0, otherwise,

(3.14)

where tv
c and tv

2 are set such that S v(tv
c) = S r(t2) and Iv(tv

2) = Ir(t2). Here, xv = (S v, Iv, Γv)T is the state
trajectory corresponding to uv. Let Lv be the phase trajectory of xv in the S I-plane. Then, as revealed in
Figure 1(d), we observe that Lv is different from Lr in one component: Lv on [t1, tv

2) and Lr on [t1, t2).
Step 2: Contrast uv with u∗. Based on the similar analysis, one has

Iv(tv
3) + S v(tv

3) −
γ

β
ln S v(tv

3) = Iv(tv
2) + S v(tv

2) −
γ

β
ln S v(tv

2)

= Iv(tv
c)e−γ∆tv1 + S v(tv

c) −
γ

β
ln S v(tv

c)

= Iv(tv
c)(e−γ∆tv1 − 1) +Cv

0,

where tv
3 := tv

2 + t3 − t2, ∆tv
1 := tv

2 − tv
c, and Cv

0 := Iv(0) + S v(0) − γ
β

ln S v(0). From the above result, we
further obtain

Iv(tv
3) = Iv(tv

c)(e−γ∆tv1 − 1) + I(Cv
0) > I(Cv

0)e−γ∆tv1 .

Here, we have used two facts: the first one is that there exists a value I(Cv
0) such that I(Cv

0) + S v(tv
3) −

γ

β
ln S v(tv

3) = Cv
0; the second one is that Iv(tv

c) < I(Cv
0). This is because S v(tv

c) >
γ

β
and S v(tv

3) = γ
β
. The

value I(Cv
0) indicates the value of I(t) at the time t, where S (t) = γ

β
, based on the system (2.1) with u = 0.

Thus, we further have
Iv(tv

3)e−γ∆t2 > I(Cv
0)e−γ∆tv ,

where ∆t2 := t4 − t3 and ∆tv := ∆tv
1 + ∆t2. On the other hand, one has

Iv(tv
T ) + S v(tv

T ) −
γ

β
ln S v(tv

T ) = Iv(tv
4) + S v(tv

4) −
γ

β
ln S v(tv

4)

= Iv(tv
3)e−γ∆t2 + S v(tv

3) −
γ

β
ln S v(tv

3)

= Iv(tv
3)e−γ∆t2 − I(Cv

0) +Cv
0,

where tv
4 := tv

2 + t4 − t2.
By the foregoing results, we obtain

S v(tv
T ) −

γ

β
ln S v(tv

T ) = Iv(tv
3)e−γ∆t2 − I(Cv

0) +Cv
0 − Iv(tv

T )

> I(Cv
0)(e−γ∆tv − 1) +Cv

0 − Iv(tv
T ),

(3.15)
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Thus, by combining Eq (3.15) with Eq (3.9), we have S r(tv
T ) = S v(tv

T ) < S ∗(t∗T ) since ∆tv < ΓC and
I(Cv

0) = I∗(tp) = I(tp)|u=0. Note that Iv(tv
T ) = I∗(t∗T ) = IC and Cv

0 = C∗0.
Now, let us consider the case where ur is purely bang-bang. We first assume that ur = 1 on only one

interval, named [t1, t2). This can be further divided into three cases: 0 < t1 < t2 < tT , 0 = t1 < t2 < tT ,
and 0 < t1 < t2 = tT , which we call Cases 1–3, respectively.

Let us begin with Case 1. After the similar analysis, we have

Ir(tr
T ) + S r(tr

T ) −
γ

β
ln S r(tr

T ) = Ir(t2) + S r(t2) −
γ

β
ln S r(t2)

= Ir(t1)e−γΓC + S r(t1) −
γ

β
ln S r(t1)

= Ir(t1)(e−γΓC − 1) +Cr
0,

where Cr
0 := Ir(0) + S r(0) − γ

β
ln S r(0). Then, it follows that

S r(tr
T ) −

γ

β
ln S r(tr

T ) = Ir(t1)(e−γΓC − 1) +Cr
0 − Ir(tr

T ). (3.16)

Thus, from Eqs (3.16) and (3.9), we conclude that S r(tr
T ) ≤ S ∗(t∗T ). Note that Ir(t1) ≤ I∗(tp) = I(tp)|u=0,

Ir(tr
T ) = I∗(t∗T ) = IC, and Cr

0 = C∗0.
Next, let us consider Case 2. By the similar arguments, we obtain

S r(tr
T ) −

γ

β
ln S r(tr

T ) = Ir(0)(e−γΓC − 1) +Cr
0 − Ir(tr

T ).

Thus, we have S r(tr
T ) ≤ S ∗(t∗T ) due to Ir(0) ≤ I∗(tp) = I(tp)|u=0.

Finally, we discuss Case 3. Under the similar procedures, the following equality holds:

S r(tr
T ) −

γ

β
ln S r(tr

T ) = S r(t1) −
γ

β
ln S r(t1)

= Cr
0 − Ir(t1)

= Cr
0 − Ir(tr

T )eγΓC .

(3.17)

Let D be the difference between the right-hand sides of Eqs (3.17) and (3.9). Then, one has

D = [I∗(tp)(e−γΓC − 1) +C∗0 − I∗(t∗T )] − (Cr
0 − Ir(tr

T )eγΓC )
= I∗(tp)(e−γΓC − 1) + IC(eγΓC − 1)
= (eγΓC − 1)(IC − I∗(tp)e−γΓC ) < 0.

This is because ΓC < −
1
γ

ln IC
I0

, implying that I0e−γΓC > IC. Thus, we obtain S r(tr
T ) ≤ S ∗(t∗T ).

As for the case where ur = 1 on two or more intervals, the arguments mentioned in Scenario 2 are
applicable under some modifications. One main change is that the auxiliary control function is not
needed any more.

To summarize, compared with any admissible control ur, the control u∗ given by Eq (3.3) brings
about the maximal terminal proportion of susceptible individuals. Therefore, the pair (u∗, t∗T ) is the
optimal solution to the problem (OC).
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Figure 1. Comparison of two phase trajectories corresponding to an admissible control (black
solid line), ur, and the optimal control (gray solid line), u∗, for the problem (OC) in four
cases. In the first three cases (a)–(c), ur is singular on an interval [t1, t2] and ur = 0 on the
other interval(s), where (a) 0 < t1 < t2 < tr

T , (b) 0 = t1 < t2 < tr
T , and (c) 0 < t1 < t2 = tr

T ,
while in the last case (d), ur is singular on an interval [t1, t2], ur = 1 on another interval
[t3, t4], and ur = 0 on other intervals, where 0 ≤ t1 < t2 < t3 < t4 < tr

T . Consider the case of
S r(t1) > γ

β
, and S r(t3) = γ

β
. Here, S r(t) represents the proportion of susceptible individuals

at the time t. In addition, four auxiliary controls (black dotted lines) associated with ur are
introduced: un, um, uw, and uv. The example phase trajectories are generated by three classes
of control functions illustrated in the insets based on the problem (OC). Here, β = 0.4, γ = 0.1,
(S 0, I0)T = (0.5, 0.3)T, IC = 0.1, and ΓC = 6.
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Remark 3.5. It can be easily demonstrated that if S 0 ≤
γ

β
and I0 > IC, then the optimal control u∗ for

the problem (OC) has the following form: u∗ = 1 on [0, ΓC), while u∗ = 0 on [ΓC, t∗T ].

Remark 3.6. Scenario 2 can, in fact, be split into two categories: S r(t2) > γ

β
and S r(t2) ≤ γ

β
. For

the former category, once ur is given on [t1, t2), the optimal setting of ur on [t2, tr
T ] is that ur = 1 on

an interval [t3, t4) and ur = 0 on other intervals, where S r(t3) = γ
β
, and t4 − t3 = ΓC − Γ(t2; t1). This

can be explained by Scenario 1, in which xr(t2) is regarded as the new initial condition. For the latter
category, when ur is fixed on [t1, t2), Remark 3.5 reveals that the following setting of ur on [t2, tr

T ] is
optimal: ur = 1 on [t3, t4) and ur = 0 on the remaining interval, where t3 = t2 and t4 − t3 = ΓC −Γ(t2; t1).
This form of ur defined on [0, tr

T ] has been proved to be not optimal.

Remark 3.7. For a general case where ur contains three or more intervals on which ur is singular
or ur = 1, a series of auxiliary control functions can be provided, each featuring one fewer interval
of ur = 1 than its predecessor. This process can be terminated since there exist a limited number of
intervals on which ur is singular or ur=1. As an example, it is assumed that there exist three intervals,
denoted by [t1, t2), [t3, t4), and [t5, t6), on which ur is singular or ur = 1. The first auxiliary control
function, named u f , can be constructed as one of the following three alternatives according to the
comparison of ur(t3) and ur(t6) with γ

β
. The first option is that u f (t) = 0, t ∈ [t3, t

f
p); u f (t) = 1, t ∈ [t f

p, t
f
c );

u f (t) = 0, t ∈ [t f
c , t

f
6 ); u f (t) = 0 on other intervals, where t f

c is chosen under the condition that there
exists a time t f

6 > t f
c at which S f (t f

6 ) = S r(t6) and I f (t f
6 ) = Ir(t6). It should be noted that t f

p is the time at
which S (t f

p)|u=0 =
γ

β
based on the condition (S (t2), I(t2))T = (S r(t2), Ir(t2))T. The second option is that

u f (t) = 0, t ∈ [t3, t
f
c ); u f (t) = 1, t ∈ [t f

c , t
f
6 ); u f (t) = 0 on other intervals, where t f

c and t f
6 are set such that

S f (t f
c ) = S r(t6) and I f (t f

6 ) = Ir(t6). The final option is that u f (t) = 1, t ∈ [t3, t
f
c ); u f (t) = 0, t ∈ [t f

c , t
f
6 );

u f (t) = 0 on other intervals, where t f
c is chosen subject to the condition that there exists a time t f

6 > t f
c

at which S f (t f
6 ) = S r(t6) and I f (t f

6 ) = Ir(t6). Thus, u f can be regarded as a replacement of ur with two
intervals on which u f is singular or u f = 1. Then, the second auxiliary control function, called ud, can
be similarly formed by replacing u f defined on [t1, t

f
6 ) with ud defined on [t1, td

6) under the condition of
S d(td

6) = S f (t f
6 ) and Id(td

6) = I f (t f
6 ). Therefore, ud contains only one interval on which ud = 1. On the

other hand, based on the above process, we have Γd(td
T ) < Γ f (t f

T ) < Γr(tr
T ) by Lemma 3.1. Obviously, ud

is not optimal compared with u∗. Here, x f = (S f , I f , Γ f )T and xd = (S d, Id, Γd)T are state trajectories
corresponding to u f and ud, and t f

T and td
T are the corresponding terminal times, respectively.

3.2. Short-term horizon

Next, we turn our attention to the short-term issue. Another state constraint is introduced to the
problem (OC):

h(x(t)) = Imax − I(t) ≥ 0 (H)

for t ∈ [0, tT ], describing that the disease prevalence cannot exceed the capacity Imax of the health-care
system during the whole horizon [0, tT ]. We call the problem (OC) coupled with the constraint (H) the
problem (OC’) hereafter.

Theorem 3.8. For the initial condition x0 = (S 0, I0, Γ0)T, if S 0 >
γ

β
, I0 = IC = Imax, and ΓC ≤

Electronic Research Archive Volume 34, Issue 10, 7027–7045.



7038∫ T

0

(
1 − γ

β
1

S 0−γImaxt

)
dt, then the optimal control for the problem (OC’) is given by

u∗(t) =

umax, t ∈ [0, ΓC/umax);
0, t ∈ [ΓC/umax, t∗T ].

(3.18)

Here, T = 1
γImax

(S 0 −
γ

β
), and t∗T is the optimal terminal time.

Remark 3.9. The restriction on ΓC guarantees that for any admissible control function the terminal
proportion of susceptible individuals is not less than the threshold parameter γ

β
, that is, S (tT ) ≥ γ

β
. This

restriction reflects the requirement that the cost limit ΓC is less than the accumulative cost of control
along the phase trajectory in the S I-plane, which begins at the initial point (S 0, Imax), ends at the point
(γ
β
, Imax), and stays at the line I = Imax.

For any admissible state trajectory of the problem (OC’), its phase trajectory in the S I-plane is,
obviously, made up of one or more arc components, all of which begin and end at the line I = Imax. The
proof of Theorem 3.8 relies on the following propositions. Before stating them, we need to introduce
some lemmas.

Let us define two kinds of arcs: boundary arcs and interior arcs. Given two points in the S I-plane,
for example, the beginning point mb = (S b, Ib) and the ending point md = (S d, Id), both of which lie on
I = Imax, implying Ib = Id = Imax, consider all possible arcs connecting them. Here, the term ‘arc’ refers
to the phase trajectory of state trajectory of the system (2.1) in the S I-plane. If S b >

γ

β
and S d >

γ

β
, then

Lemma 3.1 reveals that the most “costly” arc, i.e., the one along which the cost function is maximal, is
generated by the following control function û:

û(t) =
{

umax, t ∈ [tb, tc);
0, t ∈ [tc, td],

(3.19)

where tb, td, and tc stand for the initial time, the terminal time, and the switching time, respectively. It
should be stressed that once tb and mb are given, tc and td can be uniquely determined by md, or, more
precisely, S d. To distinguish this arc from the other arcs, we call it the boundary arc and collectively the
others interior arcs. Unless otherwise specified, both of arcs satisfy S b >

γ

β
and S d >

γ

β
hereafter.

Two conclusions about boundary arcs are drawn as below.

Lemma 3.10. For two boundary arcs, L1 and L2, linking mi
b = (S i

b, I
i
b) and mi

d = (S i
d, I

i
d) for Li, i = 1, 2,

where S 1
b = S 2

b, if S 1
d < S 2

d, then Γ1 > Γ2, and vice versa. Here, Γ1 and Γ2 are the cost functions
corresponding to L1 and L2, respectively.

Obviously, Lemma 3.10 holds by Lemma 3.1.

Lemma 3.11. When an initial time tb, a beginning point mb = (S b, Ib), and a parameter Γ0 are given,
there exist uniquely a switching time tc, a terminal time td, and an ending point md such that a boundary
arc linking mb and md can be generated by the control function û of the form (3.19), along which the
cost function is equal to Γ0.

Proof. Let us first deduce a result. By the system (2.1), we know that if u ≡ u0 , 1 on an interval [t1, t2],
then the following equality holds [18, 25]:

I(t) + S (t) −
γ

(1 − u0)β
ln S (t) = I(t1) + S (t1) −

γ

(1 − u0)β
ln S (t1) (3.20)
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for t ∈ (t1, t2]. From Eq (3.20), it can be concluded that once S (t1) and I(t1) are given, I(t) can be
uniquely expressed by S (t). We use a function I(S ; S (t1), I(t1), u0) to describe this relation. Note that
this function is related to the control constant u0. Thus, by the system (2.1), one has

t2 − t1 = −
1

(1 − u0)β

∫ S (t2)

S (t1)

dS
S I(S ; S (t1), I(t1), u0)

. (3.21)

In particular, when u ≡ 1 on [t1, t2], one has

t2 − t1 = −
1
γ

ln
(

I(t2)
I(t1)

)
.

Now, if there exists a boundary arc, say Lbd, linking mb and md under the control function û of the
form (3.19), then one has

tc − tb =

 − 1
(1−umax)β

∫ S c

S b

dS
S I(S ;S b,Ib,umax) , umax < 1;

− 1
γ

ln
(

Ic
Ib

)
, umax = 1,

(3.22)

and
Id + S d −

γ

β
ln S d = Ic + S c −

γ

β
ln S c. (3.23)

Here, md := (S d, Id), S c := S (tc), and Ic := I(tc). In addition, the cost function along Lbd is equal to
(tc − tb)umax, i.e., Γ0 = (tc − tb)umax, by which tc can be uniquely determined. Next, Eq (3.22) reveals
that its right-hand side is continuous with respect to S c or Ic. Furthermore, it is also monotonic. This is
because for the case of umax < 1, S (t) > 0 and I(t) > 0 for all t and S c only serves as the upper bound
of the integral. Thus, we can solve for S c or Ic uniquely from Eq (3.22). Finally, S d can be uniquely
obtained from Eq (3.23) since Id = Imax, and thus td can be uniquely determined by Eq (3.21), where
u0 = 0, t1 = tc, and t2 = td. □

Based on the above lemmas, we give the first proposition. In the following arguments, we make no
distinction between state trajectories and their phase trajectories. The phrase ‘state trajectory’ is used to
refer to either the state trajectory itself or its phase trajectory.

Proposition 3.12. For the problem (OC’), the optimal state trajectory is composed of one or more
boundary arc components.

Proof. Suppose that the optimal state trajectory x∗ contains an interior arc L∗. Now, we construct a new
admissible state trajectory, which is made up of the boundary arc component(s).

Consider first the case where L∗ is the last component of x∗. We introduce two boundary arcs, named
L1 and L2, as shown in Figure 2. For the sake of brevity, we keep up the previous notations. On the
one hand, both L1 and L2 begin from the same point as L∗. On the other hand, L1 has the same ending
point as L∗, while along L2 and L∗, Γ2 = Γ∗. Here, Γ∗ is the cost function along L∗. Thus, according to
Lemma 3.1, we have

Γ1 > Γ∗ = Γ2.

Then, by Lemma 3.10, we further obtain

S 1
d = S ∗d < S 2

d, (3.24)
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Figure 2. Comparison of three arcs: an interior arc (black solid line), L∗, and two boundary
arcs (black dotted and gray solid lines), L1 and L2. Both L1 and L2 begin from the same point
as L∗. In addition, L1 has the same ending point as L∗, while along L2 and L∗, Γ2 = Γ∗. The
terminal proportion of susceptible individuals is large for L2 compared with L1 and L∗. Three
example arcs are formed by the control functions illustrated in the inset according to the
system (2.1). Here, β = 0.4, γ = 0.1, (S 0, I0)T = (0.6, 0.3)T, Imax = 0.3, and Γ∗ = 4.

where S ∗d stands for the terminal proportion of susceptible individuals corresponding to L∗. By replacing
L∗ with L2 and keeping the other components unchanged, an admissible state trajectory xnew is formed.
From Eq (3.24), we know

J(xnew, unew, tnew
T ) > J(x∗, u∗, t∗T ), (3.25)

since L∗ and L2 are the last components of x∗ and xnew, respectively. Here, unew and tnew
T are the control

function and the terminal time corresponding to xnew, respectively. This leads to a contradiction.
Next, let us turn to the other case. In other words, L∗ lies in the middle part of x∗. Different from

the previous case, we introduce an admissible state trajectory by two steps. First, we change L∗ to a
boundary arc with the same endpoints as L∗. As demonstrated before, this process gives rise to an
increase in the cost function along the modified state trajectory, say xinter, compared with the original
one x∗. Second, we alter the last boundary arc component(s) of xinter with a boundary arc such that the
cost function along the new state trajectory, named xnew, is equal to the cost limit ΓC. Thus, the state
trajectory xnew is admissible. This step is feasible based on Lemma 3.11. It should be pointed out that
in the second step the last two or more boundary arcs will involve in the alteration process, provided
that the last one cannot compensate for the increase in the cost function during the first step. Since the
cost function along the last component of xnew is less than the one along the last component(s) of xinter,
Eq (3.25) can be obtained similarly. This result contradicts the optimality assumption of x∗. □

The following proposition answers the question about the number of boundary arc components the
optimal state trajectory contains for the problem (OC’).

Proposition 3.13. For the problem (OC’), if two admissible state trajectories, xn and xm, consist of one
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Figure 3. Comparison of three state trajectories: two admissible state trajectories with one
boundary arc (gray solid line), xn, and two boundary arcs (black solid line), xm, and a state
trajectory with one boundary arc (black dotted line), xau. Both xau and xm have the same
endpoints. The terminal proportion of susceptible individuals is larger for xn than for xm.
Three example state trajectories are formed by the control function illustrated in the inset
according to the problem (OC’). Here, β = 0.4, γ = 0.1, (S 0, I0)T = (0.6, 0.3)T, Imax = 0.3,
and ΓC = 4.

boundary arc and two boundary arcs, respectively, then one has

J(xn, un, tn
T ) > J(xm, um, tm

T ),

where un and tn
T are the control function and the terminal time corresponding to xn, and um and tm

T are
the ones corresponding to xm, respectively.

Proof. Let us introduce an auxiliary state trajectory, say xau, which contains only one boundary arc and
has the same endpoints as xm, as shown in Figure 3. Thus, we have

Γn = Γm < Γau,

where Γn, Γm, and Γau are the corresponding cost functions. Then, by Lemma 3.10, we obtain

S n
T > S m

T = S au
T .

Here, S n
T , S m

T , and S au
T are the terminal proportions of susceptible individuals corresponding to three

state trajectories. From the above result, it is concluded that

J(xn, un, tn
T ) > J(xm, um, tm

T ).

□

Proposition 3.13 shows that the performance of the admissible state trajectory with only one boundary
arc is better than the one of the admissible trajectory with two boundary arcs. It can be easily found that

Electronic Research Archive Volume 34, Issue 10, 7027–7045.



7042

this result can be extended to a more general case, specifically speaking, the admissible state trajectory
with three or more boundary arcs performs poorer than the one with one boundary arc. In fact, by
constructing an auxiliary state trajectory, which is composed by one boundary arc and connects the
same endpoints as the state trajectory with more than two boundary arcs, the above result can be
similarly derived.

Based on above propositions, we conclude that the optimal state trajectory consists of one boundary
arc, which implies that the control function of the form (3.18) is optimal.

Next, we relax the limitations on the initial condition and give the following corollary.

Corollary 3.14. For the problem (OC’), if x0 = (S 0, I0, Γ0)T satisfies S 0 >
γ

β
and I0 < Imax, IC = Imax,

and ΓC ≤
∫ T

0

(
1 − γ

β
1

S c−γImaxt

)
dt, then the optimal control has the form (3.18). Here, T = 1

γImax
(S c −

γ

β
),

where S c satisfies the equality Imax + S c −
γ

β
ln S c = I0 + S 0 −

γ

β
ln S 0.

Proof. Under the hypotheses in the corollary, all admissible state trajectories can be classified into
three categories according to the proportion of infected individuals at the time instant, say te, when
interventions first come into effect: I(te) = I0, I(te) ∈ (I0, Imax), and I(te) = Imax.

Before proceeding, we need to introduce several types of arcs. We first extend the meaning of
boundary arcs. Given two arbitrary points, among all arcs connecting these two points, the boundary
arc is defined as the one that is generated by the control function of the form (3.19). It should be noted
that the endpoints of boundary arcs are not required to lie on the line I = Imax anymore. Next, we call a
special arc the free arc, named L f , which begins at the initial point (S 0, I0) and ends at the line I = Imax,
and along which no intervention is imposed. Related to the free arc L f , we introduce three classes of
boundary arcs: they begin at the beginning point, an intermediate point, and the ending point of L f ,
and all end at the line I = Imax, which we refer to as Lb, Lt, and Ld, respectively. Thus, we deduce that
the optimal state trajectory is among three kinds of admissible state trajectories, named xb, xt, and xd,
which are composed of Lb, a part of L f and Lt, and L f plus Ld, respectively. This deduction is based
on a fact that any admissible state trajectory containing one of Lb, Lt, and Ld, and another subsequent
boundary arc, is not optimal.

Now, let us define two kinds of auxiliary state trajectories, say xt
au and xd

au, which have the same
endpoints as xt and xd, respectively, and is made up of one boundary arc. Thus, according to Lemma 3.1,
one has

Γt
au > Γ

t = Γb and Γd
au > Γ

d = Γb,

where Γb, Γt, Γd, Γt
au, and Γd

au are the corresponding costs functions. Then, we further obtain

S t
T < S b

T and S d
T < S b

T ,

where S b
T , S t

T , and S d
T are the terminal proportions of susceptible individuals corresponding to xb, xt,

and xd, respectively. To apply Lemma 3.10, we supplement xt
au, xd

au, and xb with a same imaginary arc,
which begins at the line I = Imax, ends at the initial point (S 0, I0), and is generated by u = umax. Based
on this result, it is proved that xb is the optimal state trajectory. □

4. Conclusions

In this paper, we investigate optimal one-round non-pharmaceutical interventions for an SIR epidemic
under two distinct time horizons. The results show that both of the optimal solutions to the problems are
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purely bang-bang with only a switch. However, their timings of onset are different: for the first problem,
the optimal control policies come into effect at the time where the disease prevalence reaches the peak;
for the second problem, the optimal intervention strategies are imposed at the initial time.

There exist some shortcomings in this work. First, the optimal control problems are developed
under several hypotheses. For example, the cost function is assumed to be linear in the reduction
strength, and the terminal proportion of infected individuals is set to equal to a predetermined constant.
These assumptions are introduced mainly out of mathematical tractability, but not based on the realistic
consideration. Thus, it hinders the obtained results from being applied to real-world scenarios. However,
these researches may provide some guidelines on the formulation of intervention measures [16, 18].
Second, for the problem (OC), the assumption of umax = 1 is quite restrictive. Once umax < 1, the
approach we develop is not valid anymore. To deal with this trouble, we need to introduce a new method
or technique [16].

Some improvements will be made in future work. On the one hand, a more general terminal state
constraint will be examined since the constraint I = IC lacks practical significance. On the other hand,
an attempt will be made to incorporate the network structure into the models to reflect the heterogeneity
of population contacts.
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