ERA, 34(1): 606-626.

B\ Electroni DOT: 10.3934/era. 2026028
Atnig lectronic Received: 11 September 2025

@ Research Archive Revised: 23 December 2025
Accepted: 04 January 2026
https://www.aimspress.com/journal/bdia Published: 19 January 2026

Research article

Double thresholds for blowup and global existence of the solution to a
system of parabolic equations

Xiaowei An'-? and Xianfa Song?>**

! School of Intelligence Policing, China People’s Police University, Langfang 065000, China

2 Hebei Key Laboratory of Information Support Technology for Smart Policing, China People’s
Police University, Langfang 065000, China

Department of Mathematics, School of Mathematics, Tianjin University, Tianjin 300072, China
Xinjiang Production and Construction Corps Key Laboratory of Green and Intelligent Development
and Efficient Utilization of Strategic Mineral Resources, Xinjiang University of Technology, Hotan
84800, China

* Correspondence: Email: songxianfa@tju.edu.cn, songxianfa2004 @ 163.com.

Abstract: We considered the following parabolic system:

u, = diAu—alx)-Vu+ f(u,v), xe€Q,t>0,
vi =drAv —b(x)-Vv+gu,v), xeQ,t>0,
u(x,0) = up(x), v(x,0) =vo(x), x€Q,

subject to Dirichlet (or Neumann) boundary conditions. Here Q c RY(N > 1) is a bounded smooth
domain. In addition to some results on blowup and global existence of the solution, we found some
more interesting results as follows: (1) There exists double thresholds for blowup and global existence
of the solution. Under certain conditions, if f(u,v) = fi(v)g:(u) and g(u,v) = f>(v)g>(u), then the first

watershed is
f+oo du +00 dV
= +oc0 and = +o0,
c1 81 (I/t) & fZ(V)

and the second watershed is

f+°° au = +oo and f+md—v—+oo
o [fEYKGU))) & ZG'EFWV))

Here f ,&, F and G will be defined in Section 2.2. (2) If there exist nonnegative smooth functions A(x),
[(v) and H(s) such that

S, v @)l(v) + gu, v)h(w)l'(v) = H[h(w)l(v)] > 0,
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then the watershed for blowup in finite time and global existence of the solution is

+00 dS B
o H(s)

+00.

Keywords: system of parabolic equations; global existence; blowup; double thresholds

1. Introduction

In this paper, we consider the following problem:

u, = diAu—alx)-Vu+ f(u,v), xe€Q,t>0,
v, =dAv—b(x)-Vv+gu,v), xeQ, t>0, (1.1
u(x,0) = up(x), v(x,0)=vo(x), xeQ,

subject to Neumann boundary condition 3—7’; = 3—; = 0 or Dirichlet boundary condition # = v = 0 on
0Q, t > 0, where Q c RY(N > 1) is a bounded domain with smooth boundary, 7 is the outer normal
vector with respect to 0€), di,d, € R*, a(x) and b(x) are continuous vector valued functions on Q,
0 < up(x), vo(x) € C(Q), and f, g are continuous functions. It is well known that in heat transfer, # and
vin (1.1) are the temperature of two bodies, a(x) - Vu and b(x) - Vv describe the heat convection. Under
some assumptions on a(x), b(x), f(u,v), g(u, v), up(x) and vy(x), the local well-posedness of problems
(1.1) is true, see [1] and the references therein.

In this paper, we are mainly concerned with the phenomena of global existence and blowup in
finite time. Global existence means that the solution equipped with L*-norm is always finite for all
0 < t < oo; blowup in finite time means that the L*-norm of solution is unbounded as t — T for some
T < oo,

Our results on (1.1) keep close contact with those of the following ODE problem

{ u, = f(u,v), v,=gu,v), t>0,

u(0)=uy >0, v0)=vy>0. (1.2)

Deriving properties of solution to a system of parabolic equations from the associated ODE has
been considered by many authors. Among them, the pioneering work of Smoller and his collaborators
have played an important role, we refer to [2—4]. Inspired by their results, considering (1.2), we find a
very interesting phenomenon: Roughly speaking, we show that, if the solution of (1.2) exists globally
(or blows up in finite time) under certain assumptions on f and g, then we prove that the solution of
(1.1) exists globally (or blows up in finite time) with suitable conditions on a(x) and b(x).

Let us recall some history in this direction. Let u(t) € C'(0,00) N C[0, o) the solution of the
following ODE problem:

u, = f(u), t>0, wu0)=uy=>0, (1.3)
where f € C'[0, o). If
+00 dl/l
fm < 400, (14)
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then the solution will blow up in finite time provided that either f(0) > 0 or uy > 0. While if

+00 du

LI 1.5
Fay T (15

then the solution exists globally. Here the notation f “ means that we take the integral near infinity
(see [5)).
Let’s recall some results on the following scalar semi-linear parabolic equation problems:

u,=dAu+ f(u), xeQ, t>0,
w=0, xedQ >0, (1.6)
u(x,0) = up(x), x€Q,

and
u,=dAu+ f(u), xeQ, t>0,

u=0, xedQ, >0, (1.7)
u(x,0) = up(x), xe€Q.

In [5-9], the global existence and nonexistence results were obtained. By their results, if (1.4) holds,
then the solution to (1.6) and (1.7) blows up in finite time. Similar results on semi-linear parabolic
equations in the spatial inhomogeneous case were also obtained in [10, 11]. Parallel results on the
following problem

u, =dAu, xeQ, >0,
G=rfw), xed, >0, (1.8)
u(x,0) = up(x), xeQ,

were established in [12, 13]. The blowup criterion of the solution to (1.8) is also (1.4). Some authors
considered the continuity of blowup solutions to nonlinear heat equations, see [14].

Blowups in finite time and global existence phenomena have already been noticed in some special
models of (1.1) when a(x) = b(x) = 0. In regards to the results on the global existence and
nonexistence of the solutions to (1.1) when f, g enjoy the form of f(u,v) = v/'u', g(u,v) = vP*u? for
some nonnegative constants py, p2, g1, g2, we can see [15-20]. In [21], the blowup set was considered.
In regards to the results on the global existence and nonexistence of the solution to (1.1) when
f(u,v) = gu,v) = F(u)(1 —v) or f(u,v) = g(u,v) = F(u) exp(%) for some suitable function F, or
f(u,v) = —g(u,v), or Gierer-Meinhardt model (i.e., f(u,v) = % and g(u,v) = ), we can refer
to [22-25] respectively. In regards to the global and non-global existence results on (1.1) when the
nonlinear terms are h(#)v"'u?" and h,(1)v">u? in the governing equations, we can see [26,27]. Some
authors considered the blowup mechanism for a chemotaxis model, see [28], while some authors
considered the Fujita critical exponent for the Cauchy problem of u, = Au + v’'u', v, = Av + vP2u??,
see [29,30]. In regards to the results of the blow up phenomenon of the solution to parabolic systems
which include the nonlinear boundary condition case, see [31,32]. Some other results on global
existence and blowup in finite time of solution to parabolic equations also can be seen in [33-37]. To
see more information on the blowup results about parabolic equations, we can see the books [38,39]
and the references therein.

We establish some deeper results and find more interesting phenomena of the solution to (1.1) and
(1.2), for general functions f and g. Under certain conditions, if f(u,v) = fi(v)g:(«) and g(u,v) =
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f2(v)g2(u), then the first watershed is

f+°° du N d T dy N
= oo, an = 00,
c 81 (l/l) o f2(v)

and the second watershed is

fm av = 400, and f+wd—v—+oo
o fIE(KG))) ’ o BG'EFWV))

Here f , 8, F, and G will be defined in Section 2.2. Additionally, when the nonlinear Neumann boundary
ou

conditions are = r(u,v) and g—; = s(u,v) under the assumptions on r(u,v) > 0 and s(u,v) > 0
in [40,41], the properties for the solutions are very dependent on r(u, v) and s(u, v), while in this paper,
(1.1) have homogeneous Neumann or Dirichlet boundary conditions, consequently, the properties for
the solution to (1.1) are heavily dependent on nonlinearities f(u,v) and g(u, v) in the equations.
Deferring to the restricted condition f + g < 0 in [42] which dealt with the blowup phenomenon of
the solution to (1.1) in dissipation mass case, we do not need to require f + g < 0 here, and we will
establish the blowup results on the solution to (1.1) with more general f(u, v) and g(u, v) as follows. If

there exist nonnegative smooth functions /(u), [(v) and H(s) such that

fu, v w)l(v) + g(u, vIh(w)l'(v) < H[h(w)l(v)], and " ds = 400,
o H(s)
then the solution is global; if
S, v W)I(v) + gu, vh(w)l'(v) = H[h(u)l(v)], and " ds < 400,
o H(s)

then the solution will blow up in finite time. Especially, if

fu, VI (w)l(v) + g(u, v)h(w)l'(v) = H[h(u)l(v)] > 0,

then the watershed is f()+°° Hs = +oo.

In conclusion, we will analyze parabolic problems as well as ODE in this paper. Similar ideas
can be seen in [43,44], which develop new methods of studying nonlocal partial differential equations
based on the results about nonlocal ODE.

We will use Theorem A and Theorem B to state the results on ODE problem (1.2), while Theorem 1,
2 and 3 state the results on parabolic equation problem (1.1). In the next section, (xi,y;) > (x2,y2)
means that x; > x, and y; > y,.

The rest of this paper is organized as follows: in Section 2, we will give the results on (1.1) and
(1.2) when f and g are separable in the variables u and v. In Section 3, we will give the results on (1.1)
and (1.2) when f and g are not separable in the variables # and v. In Section 4, we will consider the

roles of the convection terms a(x) - Vu and b(x) - Vv.
2. The results on the case of f(u,v) = fi(v)g1(u) and g(u,v) = fL(v)g2(u)

In this section, we deal with problems (1.1) and (1.2), when f and g are in the forms of
f(u,v) = fi(v)gi(u) and g(u,v) = fo(v)g2(u) with nonnegative fi, g1, f2, 82 € C'(R*).
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2.1. A special case of (1.1) and (1.2)

We consider a special case of (1.1) and (1.2) as follows:

u, =diAu—alx)-Vu+ f(v), xeQ, t>0,

vi =dhAv —b(x)-Vv+gu), xe€Q,t>0,
==, x€dQ, 1>0,
n "

u(x,0) = up(x), v(x,0)=vy(x), x€Q,

u, =dAu—alx)-Vu+ f(v), xeQ, t>0,
vi=doAv—b(x)-Vv+gu), xeQ, >0,
u=v=_0, x€oQ, t>0,
u(x,0) = up(x), v(x,0)=vy(x), x€Q,

and

u, = f(v), v,=guw, t>0,
u0)=uy >0, v(0)=vy=>0.

Here f(v), f'(v) > 0forv > 0, g(u), g'(u) > 0 foru > 0.

(2.1

(2.2)

(2.3)

We first establish the results on the ODE problem (2.3), then we will apply them to the problems of

(2.1) and (2.2).
About (2.3), we have

Lemma 2.1.1. Assume that there exist 0 < c3 < ug, 0 < ¢4 < vg such that f(v), f'(v) >0 forv > c3,

g(u), g'(u) > 0 for u > c4. Define

Fw) = fv fwdv, Gu) = fu gw)du, wu,v=>0.

3

Suppose that there exist positive constants 0 < € < 1, K > 1 and C > 0 such that
€G(up) < F(vo) < KG(uo),
KG(o0) < CF(c0), and 1F(c0) < CG(c0). Then we have:
(i) If

fm du = +oo, and IML—ﬂm
w SfIFYKGw) w glGAFW)]

both hold, then the solution to (2.3) exists globally.
(ii) If either one of the following

+eo du oo dv
f FF Gy = f JAGTAFo]
ugy Vo K

holds, then the solution to (2.3) blows up in finite time.

(2.4)

(2.5)

(2.6)
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Here F~! and G™! are the inverse functions of F and G defined on [0, F(c0)) and [0, G(0)) respectively.
Proof: Noticing that f(v) > 0 and g(u) > 0, we know that F(v), G(u), F~! and G! are all
increasing functions.
Let
I(t) = F(»(1)) — eG(u(1)),  J(1) = F(v(1)) — KG(u(?)).

Then 1(0) > 0, J(0) < 0 and by the definitions of F(v) and G(u),
I't)=~1-ef(v®)gu) 20, J'()=1-K)f(v@)gu@) < 0.
Consequently,
eGu(?) < F(v(1)) < KG(u(1)), %F (v(@®) < Gu(@)) < éF (1)),
and
F™' (eG(u(®)) < (1) < FH (KG(u(1))) ,

G! (lF(V(r))) <u(t) <G (lF(v(t))).
K €

f'(v) > 0and g’(v) > 0( and # O in any subinterval of (0, +00)) imply that f(v) and g(u) are increasing
functions, so

SIFT (G < fOv() < fIF (KGu®))],
glG™' (%F(v(r)))] < gu(t) < glG™ (éF(v(r)))].
That is,
SIF (eGu®)] < u, < fIF™ (KGu®))], 2.7)

1 1
glG™! (EF (V(t)))] <v <glG™! (ZF (V(t)))]- (2.8)

Using (2.7) and (2.8), by the sub-solution and super-solution theory of ODE, it is easy to verify that
the solution of (1.2) is global if

f+oo dlxt f+00 dV
= +oo and ———— = 400,
¢ JIFY(KGw)] e gIG'EFw)]

and it will blow up in finite time for large initial data if

+oo du oo dv
f iG] o f dGCFo] .
c c K

We can apply the results of Lemma 2.1.1 to (2.1) and (2.2).
Lemma 2.1.2. (1) Under the condition (2.5), then the solutions of (2.1) and (2.2) are global for any
a(x), b(x), and nonnegative initial data (uy, vo).
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(2) Suppose that

diAug — a(x) - Vug + f(vg) 20 for xeQ, (2.9)
d,Avg — b(x) - Vvg + g(up) 20 for xe Q. (2.10)

Under the condition (2.6), if the solution of (2.3) blows up in finite time for initial data (cy, c;) = 0,
then the solution of (2.1) will blow up in finite time for initial data (uy, vy) > (c1, c2); parallelly, if the
solution of (2.3) blows up in finite time for initial data (cy, c;) = 0, then the solution of (2.2) will blow
up in finite time for nonnegative initial data (ug, vy).

Proof: (1) Under the conditions of (2.5), the solution of (2.3) with ¢; = max, .5 up(x) and ¢, =
max . Vo(x) can be taken as a super-solution of (2.1), which implies that the solution of (2.1) is global
for any nonnegative initial data (u, vy).

(2) Suppose that (2.9) and (2.10) hold. Then by the comparison principle, we have u, > 0 and
v; > 0. Under the conditions of (2.6), if the solution of (2.3) will blow up in finite time for initial data
(c1,¢2), then the solution of (2.3) with ¢; < ¢] = min g up(x) and ¢, < ¢; = min g vo(x) can be taken
as a sub-solution of (2.1), which implies that the solution of (2.1) will blow up in finite time for initial
data up(x) > ¢y and vo(x) > c,.

If the solution of (2.3) with initial data (¢, ¢;) = 0 will blow up in finite time, then we can take the
sub-solution in the form of

(u(x, 1), v(x,1)) = (u(@td(x)), v(Bré(x))).
Here the functions u(-) and v(-) satisfy

L o
dt_fy’ ar S ’

w0) =0, ¥(0)=0,

i.e., (u(-), v(-)) is the blowup solution of (2.3) with initial data (c;, c;) = 0. And a, § are small positive
constants to be determined later, the functions d(x) and &(x) are arbitrary independent nonnegative
functions satisfy

diAd —a(x)-Vo+p)=0 inQ, 6=0 onoQ, 2.11)
and
dAE—b(x)-VE+qgé)=0 inQ, &£=0 ondQ, (2.12)

where p(6) > 0 and ¢g(¢) > 0 are continuous functions such that (2.11) and (2.12) have nonnegative
solutions. Obviously, u(x, ) = v(x,t) = 0 for x € 9Q), t > 0. After some computations, we have

u, —diAu+a(x)-Vu

= af(VIBE(X))[S(x) + tp(8)] — *diafgw) f' (VS - VE

< fB&(x)) = f(v), (2.13)
v, —d)Ay + b(x) - Vy
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= Be(u(tas(x))E(x) + 1q(€)] — PdraBf (Vg W)VS - VE
< g(u(tad(x))) = g(u) (2.14)

for x € Q and ¢ small enough if @ << 1, 8 << 1. That is, (u,v) is a sub-solution of (2.2). Therefore,
there exist some xy € Q and 7 > 0 such that

lif%l [u(xo, 1) + v(xg,1)] = +00,
t—T~

and
T*
r<—
max(ady, BEy)
where 7™ is the blowup time of the solution to (2.3), d) = max,co d(x) and & = max,cq £(x). O

Some examples. We will present some examples to illustrate Lemmas 2.1.1 and 2.1.2.
Example 2.1. f(v) = v, g(u) = u?. Then F(v) = 5, G(u) = 25

p+1’ g+1°

pg+1)

fIF'(KG@)] = Ci(p.q. K", fIF (€G] = Cy(p.q. u'FT

41 , 4w+ 1 , gp+1)
g[G 1(ZF(V))] = C (p» q, G)V a+! ’ g[G 1(EF(V))] = CZ(p9 q, K)V e,
The solutions of ODE (2.3) is global if and only if pg < 1. Consequently, the solution of (2.1) is global
for any initial data if pg < 1, while the solution of (2.1) will blow up in finite time if pg > 1 for the
initial data which satisfy Lemma 2.1.2 with uy(x) > ¢; > 0 and vo(x) > ¢, > 0.
Example 2.2. f(v) = ¢”, g(u) = €“. Then F(v) = ¢" -1 > % forv>1In2, Glu)=¢€¢"-12> % for
u>In2,

fIFY(KG@))] = C1(K)e",  fIF ' (eGu))] = Cj(e)e",
1 1
g[G‘l(;F(v))] > Cy(e)e’, g[G‘l(EF(v»] > Cy(K)e',

for w, z large enough. The solution of ODE (2.3) will blow up in finite time for nonnegative initial data.
Consequently, the solutions of (2.1) and (2.2) will blow up in finite time for the nonnegative initial data
which satisfy Lemma 2.1.2.

Example 2.3. (i) f(v) = €', g(u) =Inu,c3 =0,c4 = 1. Then F(v) < e',Gu) =ulnu+ 1 —u,

fIFYKGw)] < Ci(K)ulnu+1-ul, fIF ' (eGw)] < Ci(e)ulnu+1-ul.

Obviously,

f+°° du o f+°° du e
L fIFFYKGw)] — Jr CGiB)lulnu+1-u] '

Although we cannot give the explicit expression of G™!, since G(u) < ulnu for u > 1, we can obtain

g[G‘l(éF(v))] <Ci(p,q,e)v(l +1nv) for v>>1.

f A
¢ gIG'EF()]

Electronic Research Archive Volume 34, Issue 1, 606-626.
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So the solution of ODE (2.3) is global for initial data ¢; > 1 and ¢, > 0. In fact, we even can construct
the following super-solution of ODE (2.3)

a(t) = M, v(t) = MeX, K>1, M =max(c,,cy),

and verify that the solution of ODE (2.3) is global. Consequently, the solution of (2.1) is global for
initial data uy > 1 and vg > O.

(i) f(v) = e, g(u) = Inu. Although we cannot write out the explicit expression of F~! and G,
we can construct a sub-solution of ODE (2.3) with the form of

wp) = e, W)=t L>K >, s min(%, o),
and prove that the solution of ODE (2.3) blows up in finite time. Consequently, the solution of (2.1)
blows up in finite time for large initial data.

(iii) f(z) = e, g(w) = In(Inu). Although we cannot write out the explicit expression of F~! and
G~!, we can construct a super-solution of ODE (2.3) with the form of

- eM"Kt = Kt
ult)=-e , v(@)=Me", K>1, M =max(cy,cp),

and verify that the solution of ODE (2.3) is global. Consequently, the solution of (2.1) is global for
initial data uy > 1 and vg > O.
(iv) Generally, consider the ODE problem

u, = exp(exp(...(exp(v))...)),
v, = In(In(...(An(M + u))...)), t>0, (2.15)
u0) =cy, v()=c,.

Here exp(exp(...(exp(v))...)) is m-multiple contained function, In(In(...(In(M + w))...)) is n-multiple
contained function, M is large enough such that

In(In(...(In(M))...)) = 0.

If m > n, and ¢y, ¢, are large enough, we can construct the blowup sub-solution having the form of

= )K» N w0 = I t)L

Here exp(exp(...(exp(+))...)) is (m — 1)-multiple contained function. The solution of ODE (2.15) will
blow up in finite time. Consider

u(r) = exp(exp(...(exp( ).

u, = Au + a(x) - Vu + exp(exp(...(exp(v))...)), xe€Q, t>0,
v, = Av+ b(x) - Vv + In(In(...(An(M + u))...)), x€Q, t>0,
e— -0, xeoQ t>0,

an "

u(x,0) = ug(x), v(x,0)=v9(x), xeQ.

(2.16)

By Lemma 2.1.2, the solution of (2.16) will blow up in finite time if a(x), b(x) and the initial data
satisfy the assumptions of Lemma 2.1.2.
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If m < n, we can construct the global super-solution with the form of
(1) = exp(exp(...(M exp(K?)...)), ¥(t) = Me™.
Here exp(exp(...(exp(+))...)) is (m + 1)-multiple contained function. The solution of ODE (2.15) is
global. Consequently, by Lemma 2.1.2, the solution of (2.16) is global for any a(x), b(x) and
initial data.
2.2. The results on (1.1) and (1.2) when the nonlinearities are separable in the variables u and v

In this case, the corresponding ODE problem (1.2) becomes

u = [iv)gi(w), v = HL(ga(u), >0,
{ u0)=uy >0, v(0)=vy=0. (2.17)
Here
i) >0, giw)>0G=1,2), fi() = 0and g, >0, (2.18)

forv>0,u>0.

If fv Om fj(vv) < 400 Or u;roo gfi(‘;) < +o00, then the solution to (2.17) will blow up in finite time if ©y > 0
and vy > 0. In fact, (2.17) implies that u, > cg;(u) or v, > cf>(v) for some ¢ > 0 under the assumptions
of (2.18), while solution to the initial value problem u, = cg(u), u(0) = uy will blow up in finite time
if fu :w gf(‘;) < +00, so does the solution to v, = ¢ f,(v), v(0) = vy if fv :w fj(vv) < 400.

Consequently, we consider the case of

f+c>o dl/l +00 dV
= +OO, = +OO’
uy 81 (I/l) Vo fZ(V)

in the remaining part of this section below.
Define

“ du Vo dv
= ‘M Eo-= , 2.19
1) f aw V=50 (=-19)

Thus, (2.17) can be written as

[ G =g, (0 g0
Denote
U®) = Gi(u(t)), V() = F2(0(0), 2.21)
FV) = i) = AIF' D] &) = g2w) = &I GO, (2.22)
Then (2.17) becomes i
{ voto v o " (2.23)

Since (2.23) has the form of (2.3), by the results and the proof of Lemma 2.1.1, we can obtain

Theorem A. Assume that f(u,v) = fi(v)gi(u) and gu,v) = fr(vV)g(w), fi(v), f{(v) 2 0forv >0
and f;(v), f/(v) # 0 in any subinterval of (0, +0), g;(u), g'(u) > 0 for u > 0 and g;(u), g'(u) # 0 in any
subinterval of (0, +c0), i = 1,2.
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(1) Iffu:oo A < 400 or fv:m & < too. Then the solution of (2.17) will blow up in finite time for

o g1(w) L)
positive initial data.
R T S . ~ ~ ~ ~
(2) Assume that fuo o = T and b By = T And there exist 0 < &3 < ¢, 0 £ ¢4 < &,

\

FO).F (V) 2 0forall V 2 &, gU).Z W) 2 0 forall U 2 &. Let F(V(0) = [ f(V)dV and
u@

GU(Y)) = fga g(U)dU fort > 0. Suppose that there exist positive constants € and K such that
eG(¢)) < F(&,) < KG(@&)). (2.24)

Then the solution of (2.23) exists globally provided that

+00 +oo
f _ a’U~ = +oc0 and f # = +o00, (2.25)
a  SIFHKGU))] & BlIGT(F(V))]
and it will blow up in finite time for large initial data if
+00 +00
f — dU~ < +00 or f — d1V~ < +o00. (2.26)
a  JIF(eGU))] & BlGH(FF(V))I

Here F~' and G are the inverse functions of F and G respectively. Therefore, the solution of
(2.17) exists globally or blows up in finite time correspondingly.

We can use the above results on ODE (2.17) to (1.1) when the nonlinearities are separable in u# and
v as follows.

Theorem 1. Assume that f(u,v) = fi(v)gi(u) and g(u,v) = fr(v)g2(u), fi(v), ff(v) = 0 forv >0
and f;(v), f/(v) # 0 in any subinterval of (0, +o0), gi(u), gi(u) > 0 for u > 0 and g;(u), g:(u) # 0 in any
subinterval of (0, +o0), i = 1,2.

(1) If the assumptions of Theorem A(2) and (2.25) hold, then the solutions of (1.1) are global for any
nonnegative initial data (uy, vo).
(2) Suppose that

diAuy — a(x) - Vug + f(ug,vg) 20 for xeQ, 2.27)
d,Avg — b(x) - Vvg + g(ug,vo) 20 for xe Q. (2.28)

If the assumptions of Theorem A(1) hold or the assumptions of Theorem A(2) hold, and (2.26) are
true, then the solution of (1.1) will blow up in finite time for initial data (uy, vo) = (Wo, 20). If the
solution of (2.17) blows up in finite time for initial data (wy, zo) = 0, then the solutions of (1.1)
will blow up in finite time for any nonnegative initial data (uy, vo).

The proof of Theorem 1: (1) Let (u(¢), v(¢)) be the global solution of (2.17) with initial data

c1 = maxuy(x), ¢y = max vo(x).
xeQ xeQ)

It is to verify that (i(), V(¢)) is a super-solution of (1.1) and

u(x,t) < u(t), vix,t)<wt) for xeQ, t>0,
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which implies that the solutions of (1.1) are global.
(2) Let (u(1), v(¢)) be the blowup solution of (2.17) with initial data

c1 < minuy(x), ¢, < minvy(x).
x€Q x€Q
Since % > 0 and g—‘z > 0, we can apply the comparison principle to (1.1). It is easy to verify that
(u(1), v(t)) is a sub-solution of (1.1). And

u(x,t) > u), vix,t)>v() for xeQ, >0,

which implies that the solutions of (1.1) will blow up in finite time. O

Some examples. We would like to give some examples to illustrate the results of Theorem A and
Theorem 1.

Example 2.4. fi(v)g1(v) = vPul, H,(v)g.(w) = u'v*, pr = (1 — g)(1 — ) is the watershed for the
blowup in finite time and global existence of the solutions to (1.1) and (1.2) when the nonlinearities
are separable in variables u and v.

Example 2.5. fi(v)g(u) = ;—; LH()ga(u) = ;‘— pr = (g+1)(s+ 1) is the watershed for the blowup in
finite time and global existence of the solutions to (1.1) and (1.2) when the nonlinearities are separable
in variables u and v.

3. The results on (1.1) when f and g are not separable in variables « and v

In this section, we will consider (1.1) when f and g are not separable in variables u and v. Due
to the complexity of nonlinearities, in this case, whether the solution is global or blowup cannot be
judged directly by the structures of f and g, therefore, we need some auxiliary functions. First, we
state the results on ODE (1.2) as follows.

Theorem B (1) Assume that f(u,v) and g(u, v) are locally Lipschitz continuous functions for (u,v) >
0, and there exist nonnegative smooth functions h(u) and l(v) such that

fu, v )l(v) + g(u, vIk(w)l'(v) < H[h(w)l(v)], (3.1)
where H(s) is a continuous function for s > 0. If H(s) > 0 for s > 0 and
+00 ds
. H) = +o0, (3.2)

or —oo < H(s) <0 for s > 0, then h(u)l(v) is global.

Especially, if (3.2) holds, f(u,v) > 0, gu,v) > 0, h'(u) > O(# 0) and I'(v) = O(z 0), then the
solution of (1.2) is global for any nonnegative initial data.

(2) Assume that f(u,v) and g(u,v) are locally Lipchitz continuous functions for all (u,v) > 0, and
there exist nonnegative smooth functions h(u) and l(v) such that

S, K WIv) + g(u, A (v) > H[h(uw)l(v)] = 0, (3.3)
where H(s) is a continuous function for s > 0. If
” ﬂ < 400 for some given >0 (3.4)
. H) sYEem s ‘
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then h(u)l(v) and the solution of (1.2) will blow up in finite time for large initial data.
Proof: (1) Multiplying the equation u, = f(u,v) by h’'(u)l(v), the equation v, = g(u, v) by h(u)l'(v),
then adding the results, we have

R (Wl(v)u; + h(w)l' v, = f(u, v ()Iv) + gu, vkl (v) < H(h(u)l(v)). (3.5)

By the classic results of ODE, if H(s) > 0 with the condition of (3.2) or —oco < H(s) < 0, then the
solution of the following ODE problem

s, = H(s(2)), s(0)=c>0, (3.6)

is global. However, the solution of (3.6) with s(0) = h(c;)l(c;) is a super-solution of (3.5).
Consequently, h(u(?))I(v(1)) is global.

Especially, if (3.2) holds, f(u,v), g(u,v), h’(u) and I'(v) are nonnegative, then we have u, > 0, v, > 0,
h(u) > h(u(ty)) > 0 and I(v) > I(v(ty)) > O for some ¢, > 0. Therefore,

h(u(1o)I(v(1)) < h(u(@)I(v(D),  hu(®)I(v(to)) < h(u(®)I(v(1)),

which implies that 4(u(#)) and I(v(¢)) are global. By the continuity and monotonicity of i(u) and I(v),
we know that ~7! and [7! exist, if h(u(r)) < M(t) and I(v()) < M(t) for any 0 < t < +oo, then
u(t) < h™'(M()) and v(¢t) < [7'(M(¢t)) for any given 0 < t < +oo. That is, (u(t), v(f)) is global for any
nonnegative initial data.

(2) Multiplying the equation u, = f(u,v) by h'(u)l(v), the equation v, = g(u,v) by h(u)!’(v), then
adding the results, we have

B Wlv)u, + hl' W)v, = f(u, K @WIV) + g(u, VAW (v) = H(hw)l(v)). (3.7
By the classic theory of ODE, under the condition of (3.4), the solution of the following ODE problem
s; = H(s(), s0)=c>0 (3.8)

will blow up in finite time for large initial data. The solution of (3.8) with s(0) = h(cy)l(c;) is a sub-
solution of (3.7). Consequently, A(u())I(v(¢)) will blow up in finite time for large initial data. By the
continuities of 4(u) and I(v), we know that (u(¢), v(¢)) will blow up in finite time for large initial data.o

Remark 3.1: By the result of (1) and (2), if there exist nonnegative smooth functions A(u) and I(v)
such that f(u, v)h'(w)l(v) + g(u, v)h(u)!'(v) = H[h(u)l(v)] > 0, then the watershed for blowup in finite
time and global existence of the solution is f;w Pf(ss 5

Some examples. We will give some examples to illustrate the results.

Example 3.1. f(u,v) = Au*>v — Bu”, g(u,v) = Cuv’ — Dvi(A,B,C,D > 0). If p # 2 and g # 2, we
cannot write f(u,v) and g(u, v) in the form of f(u,v) = f1(v)g:(u) and g(u,v) = fo(v)g2(u).

(1) However, if 0 < p < 2 and 0 < g < 2, and (u(0),v(0)) > (M, N) with (M, N) is large enough
such that f(«(0),v(0)) > 0 and g(u(0), v(0)) > 0, taking h(u) = u and /(v) = v, then we can get

= +00.

(uv), = (A + O)u>V* — BuPv — Du¥, (3.9)

and prove that uv and the solution of ODE (1.2) will blow up in finite time for large initial data. In fact,
by continuities, we have u#, > 0 and v, > 0 for all > 0, and we can write (3.9) as

B D (A+C)
_ 2.2 _ _
(uv), = uvi[A+0C) P uvz‘q] > >

(uv)? := L(uv). (3.10)
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Obviously, (1uv) will blow up in finite time for large initial data. Moreover, we even can construct the
sub-solution of (1.2) has the form of

M N
(I =ct)’ (1=cp)

(@), () = ( ),

with u(0) = M, v(0) = N and
AM*N > BM?, CMN? > DNY,
ifO0<p<2and0 < g < 2. Here

¢ = min(AMN — BMP~', CMN — DN‘™Y).

(2) On the other hand, if 0 < p < 2, 0 < g < 2, the initial data u(0) = € and v(0) = & are small

enough such that elz_p & <Bande¢ 6227[1 < 2, then (3.9) can be written as

(uv), = uPv(Au*"v — B) + w(Cuv*™1 — D) < 0 = H(uv), (3.11)

the solution of ODE (1.2) is global. In fact, we even can let (€, €) be a super-solution of (1.2), and
obtain u(t) < €, v(t) < 6.

Example 3.2. (1) The case of f(u,v) < 0 and g(u,v) > 0 is contained in the cases of Theorem B.
For example: Consider the following problem

{ u; = —Auk(W'(0), v, = Bu"(ov'(t), t>0, (3.12)
u)=c; >0, v(0)=c,>0.
If there exist @ > 0 and 8 > 0 such that
k+Z_1:l;ﬁ::Pa m;a/:n+£—1::q. (3.13)
Then
UV, = —Aa(uV?)? + BB V?)1. (3.14)

If 1 < p < gand Aa < BB, (u®) will blow up in finite time for positive initial data .

(2) In Theorem B and Theorem 2, the conditions f(u,v) > 0, g(u,v) > 0, /’'(u) > 0 and I'(v) > 0
are needed to keep the solution (u,v) of (1.2) be global. We consider (3.12) again, but we will show
that: There exist A, B, k, [, m and [ such that lim,_,7- u(¢) = 0, lim,,7- v(f) = +oco but uv keeps bounded
in [0, 7).

Let

. 1
u = (T =0 0= =

Suppose that a, b, k, [, m and n satisfy
all-ky+bl=1, am+b(l —n)=-1,

and
[+1-n k—1-m

A Thd-w-m " T aThacnm
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(Forexample,k=1,l=2,m=1,n=4,a=>b = %).
If A = a, B = b and initial data
c1 =T c= %,
then (3.12) has the exact solution (u(?),v(r)) = (T - 1, (Ti I)b). Moreover, lim,_r- u(t) = 0,
lim,_,7- v(¢) = +oo but wz keeps bounded in [0, T) ifa > b > 0.

(3) Applying these results to Example 3.2, we see that: Some kind of nonlinearities f(u,v) and
g(u,v) make (u,v) blow up but (u*1#) exist globally, while some kind of nonlinearities f(u,v) and
g(u,v) can make both (u, v) and (u®*) blow up.

We can apply the conclusions of Theorem B to (1.1) as follows.

Theorem 2. Assume that f(u,v) and g(u,v) are locally Lipchitz continuous functions for (u,v) > 0,
% > 0 and % > 0. Suppose that h(u) > 0 and h'(u) > 0 foru > 0, I(v) > 0 and I'(v) > O for
v > 0.

(1) 1If (3.1) and (3.2) hold, then the solutions of (1.1) are global for any nonnegative initial data;

(2) Suppose that (2.27) and (2.28) hold. If (3.3) and (3.4) hold and the solution of (1.2) blows up
in finite time for initial data (c, c,), then the solution of (1.1) will blow up in finite time for initial data
(uo(x), vo(x)) = (c1, ). If the solution of (1.2) blows up in finite time for initial data (cy,c,) = 0, then
the solutions of (1.1) will blow up in finite time for initial data (uo(x), vo(x)) > 0.

Proof: The proof is entirely similar to that of Theorem 1. We can take the solution of (1.2) as the
sub-solution or super-solution of (1.1), then we can obtain the corresponding conclusions. O

4. Some kinds of convection terms make the solution exist globally

In this section, we will show that some kinds of convection terms a(x) - Vu and b(x) - Vv make the
solution exist globally.

Theorem 3. Assume that f(u,v) and g(u,v) are smooth functions for (u,v) > 0, % > 0 and g—‘z > 0.

(1) Suppose that the initial data (ug,vo) € C*(Q) X C*(Q), (up(x),vo(x)) > 0, Vuy(x) # 0 and
Vyo(x) # 0 for all x € Q. Moreover, for (1.1) suppose that %;) > 0 and %;) > 0 on 0Q. Then there exist
a(x) and b(x) such that the solution of (1.1) is global.

(2) Assume that there exist positive constants K > 1, L > 1, ¢3, ¢4, p1, p2, q1 and g, such that

0<p1<1,0<q <1, pgi 2 (1= p)1—q) c&'cl' < idic3K, 57 ¢ < AidresL,

f(c?)SDK, C4()DL) < chCZI(pr1+Lq1, g(C3QDK, C4()DL) < cé’chngKp2+Lq2, (41)

and
e(x)a(x) - Vo(x) 2 (K - D[Ve((x)P, (4.2)
@(0)b(x) - Vep(x) 2 (L - DIVe(x)[. (4.3)

Here ¢ is the first eigenfunction of
-Ap=A1p InQ, ¢=0 on Q. 4.4)

normalised by max,.g ¢(x) = 1. Then the solution of (1.1) is global if the initial data (uy(x), vo(x))
satisfies ug(x) < ¢3¢0 (x) and vo(x) < cat(x).
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Proof: (1) Note that g—f > 0 and % > 0, the comparison principle of a system of parabolic equations
can be applied to (1.1). Since Vu, # 0 and Vv, # O for all x € Q, there exist a(x) and b(x) such that

a(x) - Vug > diAug + f(ug,vo), b(x)-Vvy > drAvy + g(up, vo). 4.5)
We write it as
0> dAuy — a(x) - Vug + f(ug,vo), 0=drAvyg— b(x)-Vvy+ g(ug, vo). (4.6)

Combining this and the assumptions of aa—bg’ > 0 and %—VT;’ > 0 on 0Q, we know that (1, vo) is a super-
solution of (1.1) with a(x) and b(x) satisfying (4.5) subject to Neumann boundary condition, hence the
solutions of (1.1) is global.

Since a(x) and b(x) satisfy (4.6), and noticing that u, > 0 and vy > 0 on 0Q, we can take (uo, vo) as
a super-solution of (1.1) subject to Dirichlet boundary condition. Consequently, the solution of (1.1)
subject to Dirichlet boundary condition is also global (globally bounded).

(2) Since % >0 and g—i > 0, we can apply the comparison principle to (1.1).

Under the assumptions of f(u,v), g(u,v), a(x) and b(x), taking

(@(x, 1), 7(x, 1) = (39" (%), cag" (x),

we have
diAit —a(x) - Vi + f(i,v)
= —Nidic3Ke® + c3K(K — D" |Vl — c3K*a(x) - Vo + flesp®, cap”)
< —lidiesKe® + s KoK 2[(K = DIVl = ga(x) - Vel + ¢l i
< [cf'ed — hidiesK1® + s K" P[(K = DIVl = pa(x) - Vel
<0 for xeQ, t>0, 4.7
and
d, AV — b(x) - Vv + g(i1, V)
= —NidaesLg™ + ¢ L(L — 1" 2 [V* — c4Lg" ' b(x) - Voo + g(c3¢0%, cagp™)
< ~lidsesLg® + eaLg P L(L = DIV — gb(x) - V] + ¢ priee
< [e52cP — NidaesL1o" + caLg"2[(L — DIVl — ob(x) - Vo]
<0 for xeQ, t>0. 4.8)
Obviously,
(ia(x, 1), ¥(x, 1) = (c39" (%), cap"(x)) = (0,0), 4.9)
Z—Z = c3K<pK‘1(;—(’; =0, ? = c4L90L_13—"; =0 (4.10)

for x e 0Q and 1 > 0.
Equations (4.7)—(4.9) (or Eq (4.10)) show that (i, V) is a super-solution of (1.1) for initial data
up(x) < c3¢%(x) and vo(x) < c49*(x), which means that the solution of (1.1)) is globally bounded. O
Remark 4.1. Theorem 3 shows that, the convection terms a(x) - Vu and b(x) - Vv can affect the
properties for the solutions under certain conditions.

Remark 4.2. The typical f(u,v) and g(u, v) satisfying Theorem 3 are f(u,v) = u”'v?' and g(u,v) =
MPZV(IZ.
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