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Abstract: In this paper, we present a nonlinear correction finite volume scheme that preserves
the discrete extremum principle for convection-diffusion equations on tetrahedral meshes. The
approximation of the diffusive flux is based on a nonlinear correction of the second-order linear flux,
while the convection flux is approximated by the upwind scheme with second-order accuracy given by
a Taylor expansion. In the construction of the new scheme, the requirement to represent auxiliary
unknowns as convex combinations of primary unknowns can be removed, which greatly reduces
the restrictions on diffusion coeflicients and mesh geometry. Moreover, the obtained new scheme
is cell-centered and satisfies local conservation. In addition, we theoretically testify that the numerical
solution of the new scheme keeps the discrete extremum principle and verify it numerically. Numerical
results also show that our scheme has almost second-order accuracy.

Keywords: convection-diffusion equation; extremum principle; tetrahedral meshes; second-order
accuracy

1. Introduction

The convection-diffusion equation is a partial differential equation that describes the transfer of
matter or energy in a fluid due to the combined effects of convection and diffusion mechanisms. It has
a wide range of applications in physics, engineering, environmental science, and other fields, such as
fluid dynamics, heat conduction, pollutant migration, semiconductor simulation, and so on. In many
cases, computational meshes may have large aspect ratios or non-orthogonality, diffusion tensors may
be strongly anisotropic, and models may have high Reynolds numbers, all of which can make numerical
calculations difficult. There are some numerical simulations related to convection-diffusion problems,
such as the domain decomposition method [1], the oscillation-free discontinuous Galerkin scheme [2],
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and so on. The finite volume (FV) scheme has been widely studied by scholars due to its adaptability
to complex geometry and strict conservation. So in this paper, we aim to construct an FV scheme for
the convection-diffusion equation.

In the numerical solution of convection-diffusion equations, it is not only required that the scheme
satisfies basic properties such as the stability, existence, uniqueness, and convergence of the solution,
but also that the scheme preserves some physical properties of the equation, such as the local
conservation, the positivity, and the discrete extremum principle. The property of preserving
positivity can maintain the positivity of numerical solutions, and there has been a lot of literature on
this topic over the past few decades; see [3-5] and the references therein. However, the schemes
preserving positivity cannot maintain the upper bound of numerical solutions, which may lead to
numerical oscillations. The scheme that preserves the discrete extremum principle not only maintains
the physical bounds (including upper and lower bounds) of numerical solutions, but also avoids
numerical oscillations [6]. Therefore, the schemes that satisfy this property are very robust.

The diffusion schemes that satisfy the discrete extremum principle on general meshes can be
mainly divided into two categories. The first one is to construct a nonlinear scheme preserving
extremum principle directly, and the scheme presented in [7] is a pioneer of this strategy. Based on
this idea, two nonlinear FV schemes that satisfy the extremum principle on polygonal meshes are
constructed in [6, 8]. Especially, the local maximum principle (LMP) structure has been firstly
presented by the authors of [6], and they proved that any FV scheme possessing the LMP structure
can satisfy the discrete maximum principle. Later, a number of nonlinear discrete extremum principle
preserving schemes with the LMP structure were proposed (e.g., [9-11]). This type of extremum
principle preserving diffusion scheme usually requires the introduction of auxiliary unknowns (such
as cell vertex unknowns, face-centered unknowns, and the harmonic averaging points, etc.) in the
construction of the scheme. Therefore, they often suffer from problems caused by auxiliary unknown
interpolation. For example, in order to maintain the extremum principle without sacrificing the overall
accuracy of the scheme, certain restrictions need to be added to the mesh geometry and diffusion
coefficients. The second category is the correction approach. The authors of [12] constructed a
nonlinear scheme that satisfies the discrete extremum principle by adding a certain nonlinear term to
the linear scheme. The nonlinear scheme maintains some good numerical properties that are inherent
in the original linear scheme, such as the local conservation and the coercivity. However, it has only
first-order accuracy, even though the original scheme is second-order accurate. Afterwards, Le
Potier [13] improved the symmetric and linear cell-centered FV scheme by using an updated
second-order correction technique and obtained an extremum principle preserving scheme. The
two-point fluxes scheme was corrected to obtain the extremum principle preserving scheme in [14].
The nonlinear correction method was also applied to the so-called nine-point scheme [15] to get
discrete extremum principle preserving schemes for two-dimensional (2D) diffusion problems [16,17]
and a three-dimensional (3D) case [18].

The upwind approximation is one of the most popular methods for numerically approximating the
convection flux, which is controlled by artificial viscosity [19] and different slope limiters [20-22].
The monotonic upstream-centered scheme for conservation laws (MUSCL) was introduced in [20].
Following this idea, the authors of [22] presented a new slope limiting technique that minimizes
deviation of the reconstructed linear function from given values at selected points in each cell subject
to some monotonicity constraints. Later, different slope limiting techniques were used to obtain
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second-order upwind approximations (see [9, 10, 23]). A corrected upwind method was proposed
in [4] to approximate the convection flux. The basic idea is that three points are chosen to reconstruct
the gradient, and the Taylor series expansion at cell-edge to the cell-center is used to achieve the
second-order accuracy.

In this paper, we construct a nonlinear correction FV scheme that preserves the discrete extremum
principle for convection-diffusion equations on tetrahedral meshes. Following the method proposed
in [4], an improved gradient reconstruction method for the 3D case is used to approximate the
convection flux. Meanwhile, the diffusion scheme preserving a strong discrete extremum principle
proposed in [18] is applied to discrete the diffusive flux. The obtained scheme is cell-centered and
holds conservation. The new scheme can deal with anisotropic and discontinuous diffusion coefficient
problems and is applicable to any tetrahedral mesh. It is worth remarking that in the derivation of the
new scheme, the interpolation of auxiliary unknowns needs to have second-order accuracy without
any other limitations, which is an improvement for many existing schemes [4, 10,23]. Moreover, we
confirm theoretically that the scheme satisfies the discrete extremum principle. In addition, we display
some numerical tests to verify that the scheme not only satisfies the discrete extremum principle, but
also obtains second-order accuracy.

The synopsis of this paper is arranged as follows: In Section 2, the problem and notation are
provided. The nonlinear correction FV scheme preserving a discrete extremum principle is
established in Section 3. The discrete extremum principle of numerical solution is proved in
Section 4. Then in Section 5, some numerical tests are presented to verify the properties of the
scheme. Finally, Section 6 closes this paper with conclusions.

2. Problem and notation

Consider the stationary convection-diffusion equation with unknown u = u(x):

—div(«Vu — vu) = f, in Q, 2.1)
u=g, on 0Q, 2.2)

where Q is a bounded polyhedral domain in R? with boundary dQ. k = (k; i(x)) is the viscosity scalar
or tensor field, which satisfies the V-elliptic condition, i.e., there exist two positive constants 4 and A
such that A& < k;;(0)&E; < AR forace. x € Qand all &€ = (£, &,,&)" € R3. #(x) is the velocity field
vector, f(x) is a right-hand term, and g(x) is a given boundary value function. To enable our numerical
analysis, we make the following assumptions:

divi(x) = 0, #(x) e C(Q)*; (2.3)
f() e LF(Q);  g(x) € L™(Q). (2.4)

The solvability of the problem (2.1) and (2.2) can be traced back to [24], and their maximum and
minimum principles are also sought out in [25].

In this paper, we divide the area Q into tetrahedral meshes. The mesh cells and their cell-centers
are denoted as K, L, - - -. Here, the cell-center is taken as the centroid of the tetrahedron. Cell vertices
are recorded as A, B, C, - - -. The cell face is labeled as §, the cell face-center is marked as M, and the
face-center is taken as the centroid of the triangle. In the event that the cell face S with vertices A, B, C
is the common face of tetrahedron cells K and L, it is denoted as S = K|L = ABC; see Figure 1.

Electronic Research Archive Volume 34, Issue 1, 583-605.



586

Figure 1. Notation related to two adjacent tetrahedron cells.

The set of all cells is marked as 7. Let #;, be the collection of cell-centers within Q and #,,; be the
collection of cell face-centers on 9€2. The set of all cell vertices is labeled as N. The set of all cell faces
is recorded as &. Additionally, Eg represents the collection of all faces of cell K. Let &;,, = EN Q and

Eexr = ENOQ. Denote h = (supKE 7 V(K))g, where V(K) is the volume of cell K. Suppose 7igs (resp.

firs) is the unit outer normal vector on the face S of cell K (resp. L), and it is tenable that 7iigs = —7irg
for S = K|L.

3. The construction of the correction scheme

Now, we construct the nonlinear correction FV scheme that maintains the discrete
extremum principle.
Integrate (2.1) over cell K, and use the Gaussian formula to get

Z (Fks + Gks) = f f(odx,
K

SESK

where
Frs = — f Vu - " itggds, (3.1)
S
and

QK,S :fl/tl_/)'fl)](sds. (32)
S

3.1. Numerical discretization for the diffusion term

The diffusion scheme preserving a strong discrete extremum principle [4] is used to discrete the
diffusion flux (3.1) in this subsection. For the sake of the completeness of this paper, here we only
provide a brief description.
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Assuming that starting from the cell-center K (resp. L), the ray along the direction of the vector
k' (K)itks (resp. k' (L)il.s) intersects with the plane, where the triangle S = AABC lies, at point K’
(resp. L"), which is shown in Figure 2.

K

Figure 2. The discrete template of the linear flux.

By using the method in [26], the linear diffusion flux with second-order accuracy can be derived as

T - T - - - - =177
& (K)rigs k" (L)fs|IS | (uaficp + upliac + uctips) - K'L

N — |4k — UL — 28| ],
kT (K)iigs||ILL'| + |kT (L) s [|KK'|

where 7icp, fisc, and i, respectively represent the cross product of the unit normal vector 77 to AABC
—_— — — .
and the vectors CB, AC, and BA; see Figure 3.

Fys = (3.3)

M,

Nep

Figure 3. The face stencil.
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Note that the scheme presented in [26] does not have the property of positivity or extremum
principle due to the tangential part of the discrete normal flux (3.3). Therefore, the tangential part will
be reconstructed to satisfy the discrete extremum principle.

Let Jx denote the set of cells around cell K, i.e., Jx = {L eqg |E NL # 0}, where K represents
the closure of cell K. Choose K,,;, € Jk such that ug,, = min u;. It should be noted that the local

LeJk
minimum value may be achieved at several cells. At this time, if ux = m}fn ur, we set K,;, = K.

Similarly, choose K., € Jk such that ux, = m%x uy. Especially if uy = m%x ur, we also set
LeJk

K,.. = K. Now, by modifying (3.3), we can obtain the single-sided flux with the LMP structure
as follows:

Frs = ts(ux —uy + D) = 75 (ug — ur, + D§ — DY)

D; Dy
= 7s|ux — up + ————(ux - ug,, + &) ~ —————(ux — ug,,, — €)|
ug — Uug,, + € Ug = UK, ~ €
~ Ts(ug —ur) + grs(U)(ug — ug,,), (3.4)

where

= " (K)iis Ik (L)iigs IS | >0,

— —
k" (K)iigsILL'| + [k (L)itLs || KK'|

- - - P
(uaficp + upliac + uctips) - K'L

Ds = - :
’ 28|
Dg|+ D Dg| -
D§=|S|TS20, s=|S|TSZO,

i, DS > 0, K i DS > O

gs(U) = { it R

| —S, Dg < 0, Kmax, DS < 07
UK, —Ug+e€o

U = (ug)kep, 18 the vector composed of discrete unknowns, and € is a positive parameter that
approximates the accuracy of the machine, used to avoid situations where the denominator is zero. In
numerical experiments, we take € = 107",

Notice that F Ls = Ts(uy — uxg — Dyg). Then we similarly redefine it as

Frs =1s(u —ug) + grs(U)u, —uz,),

where

L Lnas Ds >0

grs(U) =4 “np® L, = ’ IS

’ —S’ DS < ()’ Lmina DS < 0.

Ur—ur,, +€
So for § = K|L € &,,, there are

Frs = ts(ug —ur) + exs(U), (3.5)
FL,S = 1s(ur —ug) + ers(U), (3.6)
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where

exs(U) = ggs(U)(ug — ug,,), ers(U) = grs(U)uy —uy,).

It can be seen that the single-sided fluxes (3.5) and (3.6) satisfy the LMP structure but have no local
conservation. So then, we use a nonlinear harmonic average [7, 8] of exs(U) and e, s (U) to obtain the
conservative flux with the LMP structure. If |ex s (U)| + leL s (U)| # 0, there are

N lers (U)] exs(U) — lex.s (U)]
lex.s (U] + les(U)] lex.s (U] + lers (U)]
N lex.s (U)] ers(U) - lezs (U)|
leks(U)| + leLs(U)] lex.s (U] + lers(U)

Fgs = ts(ug —uyr) ers(U),

Frs = 1s(ur — ug) exs(U).
Moreover, if |exs(U)| + lers(U)| = 0, we take Fxs = 75(ux — ur) and define F s analogously. It is
easy to see that Fxs + Frs = 0.

Notice that regardless of whether Dy > 0 or Dg < 0, there hold gxs(U) > 0 and g, s(U) > 0. In the
case of Dg > 0, there are ug, = ug,, and u;, = u;, . Therefore, we have exs(U)e,s(U) < 0. In the
case of Dg < 0, there are ug, = ug,  and u;, = u;, .. We also have exs(U)ers(U) < 0. So, there is

min *

lers(U)leks(U) = —legs(U)leLs(U), and as a result, we have
Frs = ts(ug —ur) + hgs(U)(ug — ug,,), 3.7
Frs =ts(up —ug) + hy s(U)ug — uy,), (3.8)
where

2lers (U .
his (U) = { s Ores@i8ks(U),  ifegs(UeLs(U) <0,

0, ifexs(U)ers(U) 20,
ts@ e s(U),  ifexs(U)ers(U) <0,

h U) = lex,s (U)I+ler,s (U)
L7S( ) { Oa ifeK,S(U)eL,S(U) > 0,

and ]’ZK,S(U) >0, hL,S(U) > 0.

For the case of S € &y, suppose the ray starting from the cell-center K, along the direction of
vector ! (K)ilgs, will not intersect with the discontinuity surface, and assuming that the ray intersects
with the face S € &,,;, the intersection point is marked as K’ € Q. Whereupon, we have

K" (K)iigs IS

————(ug — ug) = o.s(ug — g(K"), (3.9)
|KK'|

Fgs = -

T
where 6k s = b Wrs 181, |,
IKK'|
3.2. Numerical discretization for the convection term

In this subsection, we apply a gradient reconstruction strategy based on the Taylor expansion,
which is derived from the Patankar-type scheme proposed in [27], to complete the discretization of
the convection part.
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Recall that the face-center of S = AABC is labeled as M, and the convection flux (3.2) can be
rewritten as

Gks = fm7~ figsds = quV- figsds = uyvig — UnVis, (3.10)
s

S

where

+ —
Ves = f;.ﬁmds, yr o= sl ¥ves oo sl Zves
s 2 2
Distinctly, using uy, to approximate u(M) in (3.10) does not maintain the upwind property.
According to the standard upwind formula in [20], (3.10) should be written as

Gks ~ Vs Wis(M) — vigg Wi s(M), (3.11)

where Wy s (M) (resp. W s(M)) is the approximation with upwind property to cell K (resp. L) of the
face-centered value u(M).

In cell K (resp. L), starting from M, the ray along the direction of vector MK (resp. ML) will
definitely intersect with one of the faces of cell K (resp. L), which can be referred to as AADC (resp.
AAEC), and the intersection point can be set as K; (resp. L) (see Figure 4).

Figure 4. The approximate stencil for face-centered values.

By performing the Taylor expansion at the point K, there is
% 2
Wgs(M) = ug + Vulg - KM + O(h”). (3.12)

Remark 1. If ux is a local minimum (resp. maximum) value, that is, ux < Minpey, Up (resp. ug >
maxpep, Up), where Nx is the collection of vertices composed of cell K, then Vu|x = 0. The reason is
a consequence of a well-known fact: If u is a continuous differentiable function in a domain Q, and u
achieves local minimum (or maximum) value at a point K, € €, then the gradient of u vanishes at the
point K.
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— R
Because KM and K; M are collinear, the second item on the right end of (3.12) can be written as

—>
|KM|
—_—

|K M|

— 5 = 5 = 5
VM|K‘KM: VuthKMlKMl = VMthK]MlKMl = (MM—MK|)+O(h ), (313)

g ng : : . .S v
where ) (resp. tk, ) 1s the unit tangent vector along direction KM (resp. K, M).
Substituting (3.13) into (3.12) yields
KM|
Wgs(M) = ug +

—_—
|K1 M|

where ug, can be approximated with second-order accuracy using the three vertex values on the
triangular face where K is located. Discard the higher term, and there is

—

|KM|

Wis(M) = ug + —=-(uy — ux,).

|K1 M|
It is obvious that Wk s (M) is the approximation with upwind property for u,,. Furthermore, to satisfy
the discrete extremum principle, ax € [0, 1] is introduced into W s (M) as follows:

(uy — ux,) + O(h?),

KM|
Wis(M) = ug + ax——=(uy — ux,) (3.14)
|Ky M|
such that
min{ux, up,} < Wis(M) < max{u, up,},
where P; € Nk.

Remark 2. Denote upy,, = min{ug, up,} and upy,, = max{ug, up,}. Then ag can be taken as

min{l.O, 1Ky M| —“P’””_”K}, uy —ug, >0,

|KM| up—ug,
— . Ki M| upin—u
04 e | 1 Pmin K} _
K mm{l.O, Tt uy —ug, <0,
0, Uy — Uk, = 0.

Likewise, WL,S (M) can also be written as

LM
WL’S(M) =u; +ap, — (MM_MLl)- (315)
|Li M|
Substitute (3.14) and (3.15) into (3.11). For the case of § € &,,;, there is
GK,S = Brsukx — Prsur, (3.16)
wherein
Wi.s (M) Wys(M)
Brs = Vks e Brs = VZSL'
Ug ur

If ug = 0 (resp. u; = 0), then Bg s = v, (resp. Brs = V).
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Remark 3. Since iixs = —iig for S = K|L, so

— 7.7 d —
Vis = V-hApsds = —Vgs,
S

t oy -t
and then vig = Vg, Vig = Vikg-

For the case of S € &,,,, it can also be derived as

Gks = Brsux — b, (3.17)

in which bgs = vig(M) > 0.

3.3. The treatment of the auxiliary unknown

During the construction of the scheme, in addition to basic unknowns, i.e., cell-centered
unknowns, there are also auxiliary unknowns involved, including face-centered unknowns and vertex
unknowns. By reason that the final scheme is a cell-centered one, these auxiliary unknowns demand
to be interpolated by basic unknowns.

In now available literature (such as [4, 10, 21, 23]), in order to make the scheme have second-
order accuracy and maintain the discrete extremum principle, the auxiliary unknowns demand to be
represented as a convex combination of basic unknowns around at least second-order accuracy, which
is extremely difficult to meet. If the interpolation method for auxiliary unknowns satisfies these two
requirements, it usually has a relatively complex form, leading to a large amount of computation; or if
it cannot satisfy both requirements simultaneously, restrictions will be imposed on the mesh properties
and diffusion properties. Due to the correction of Dy in (3.4), our scheme no longer requires the
auxiliary unknowns to be represented as convex combinations of basic unknowns, which is one of the
innovations of this paper. Thus, we need only to express auxiliary unknowns as certain combinations
of neighboring cell-centered unknowns with second-order accuracy.

A

el

B C

Figure 5. Interpolation template for face-centered unknowns.

Here, we employ the vertex calculation method in [28], which boasts second-order accuracy.
However, it may potentially disrupt convex combinations. The numerical examples demonstrate that
adopting this method does not compromise the ability of the scheme to preserve the discrete
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extremum principle. Theoretically, other interpolation approaches with second-order accuracy are
also viable. As for the face-centered unknown, it can be obtained through the area interpolation (see
Figure 5). Specifically, as below:

m(AMBC) m(AMAC) m(AMAB)
= Uy + up + Uc,
m(AABC) m(AABC) m(AABC)

Upm

where m(AABC) expresses the area of AABC, and m(AMBC), m(AMAC), and m(AMAB) are defined
in the same way.

3.4. The FV scheme and its Picard iteration

With the expression of discrete diffusion and convection fluxes, the nonlinear correction FV scheme
is derived as below:

D (Fis +Gs) = V(K)fi, YK € Py, (3.18)

SESK
uy = g(M), VM € Pous, (3.19)

in which fx = f(K).

According to the scheme (3.18) and (3.19), we can obtain a system of algebraic equations:
M(U)U = N, which is nonlinear. The nonlinear coefficient matrix M(U) is composed of the
coefficients of Fgs and Ggs. Besides, N is the discrete vector, which is determined by the
information of boundary conditions (3.19) and the right-hand term of (3.18).

Now, we iteratively solve the aforementioned nonlinear system by using the Picard iteration: Select
the small positive parameter &,,, and the positive initial value vector U°, and loop through the following
process for s = 1,2, ---

1) Solve the linear system M(U“")U® = N.

2) Stop if [M(U)U® — N|| < &0l M(UP)U — N|I.

The linearized system M(U“~Y)U = N can be solved by using the bi-conjugate gradient stabilized
method [29]. When the relative norm of the initial residuals is less than gy, the loop in this process
terminates. In numerical examples, we take &,,, = 107® and &;;,, = 10712,

4. The discrete extremum principle

Now, we declare our major conclusion that the new correction scheme maintains the discrete
extremum principle. Let u,,;,, = max{0, mingep, up,, Uk} and u,,,, = max{0, maxgep, up,, Uk}-

out

Theorem 4.1. The nonlinear correction FV scheme (3.18) and (3.19) maintains the discrete extremum
principle. That is to say,

(i) in the case of f > 0, uy;, can only be achieved on the boundary of domain Q, only if {ux|K €
Pin UP,ut is constant;

(ii) in the case of f < 0, U can only be achieved on the boundary of domain Q, only if {ug|K €
Pin U P, is constant.
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Proof. According to the diffusion fluxes (3.7) and (3.9), we obtain the diffusion terms of cell K:

Do Frs= Y (rsux —up) + hisUdug —ugn) + > (kslux —ug)), (4.1

Sebk SeExNEins SeExNEext

where 75 > 0, hgs(U) > 0, and 6xs > 0.
On the basis of the convection fluxes (3.16) and (3.17), we gain the convection terms of cell K:

> Grs= > (VisWksM) =viWesD)+ > (visWis(M) = vigg(M))

Sebk SeEkNEint SeExNEpxt
= > VisWrs(M) = > vig(Wes(M) — ug)
SeEk SeEgNEin
= D Vis(gM) —uk) = Y Visux, 4.2)
SeExNEeyt Sebk

where vgs = Vg — Vi, Vi = 0, and v, > 0.

At present, let’s consider the situation where f > 0. Suppose there is Ky € P;, such that ug, =
Umin < 0. Then it will definitely be established by ug, — u;, < 0 for all L € P;,, U P,,. So in (4.1),
due to 75 > 0, hg,s(U) > 0, and 6k, s > 0, there are 75 (ug, — uy) < 0, hg, s(U)(ug, — ug,m) < 0, and
6K0,S (MKO - MK/) < 0, then ZSESKO FKO,S <0.

According to Remark 1, for all § € &g, there have I/T/KO,S(M) = ug,. And by the initial
assumption (2.3), there is

Z Vks = Z fVﬁKSdS:fleVdXZO
N K

N 681( S 681(
So, we have
Z Gkys = Z Vkys Uk, + Z Vios ik, = Wrs(M)) + Z Vios (k, — (M) < 0.
S€8K0 S €8K0 S 681(0 NEint S 681(0 NEext

Notice (3.18); it holds that

Z Fg,s + Z Gk,s = V(Ko)fk, = 0.

S ESKO S GSKO

SO, ZSESKO FKO,S =0. As Ts > O, it has Up = Uk, for YL € Pin U Pout-
Therefore, unless ug is a constant throughout the entire domain, this is a contradiction. Then, the
case of f < 0 can be similarly proven. Hence, we finish the proof. O

5. Numerical examples

In this section, we provide several numerical examples to certificate the computational performance
of our new scheme. The discrete extremum principle and convergent order are tested on two types of
meshes (see Figure 6). Among which, Mesh A is obtained by first dividing the region Q into n* cubes,

and then dividing each cube into 24 uniform tetrahedrons, while Mesh B is obtained by dividing each
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cube into 24 random tetrahedrons. The randomly distorted positions of vertices in Mesh B are defined
as follows:

X=xy+nh, Y=yo+nh, Z=2z+nh,

where 7., 17y, and 17, are random numbers between —0.3 and 0.3.

(a) Mesh A (b) Mesh B

Figure 6. Internal structure diagram of a tetrahedral mesh with size h = 1/4.

Here we apply the discrete L?>-norm to assess the approximate error between the numerical solution
and the exact solution:

A=

ew=| D W) - ug)*VK)|',
Keg

where u(K) represents the value of the exact solution at the cell-center K, while ug represents the
numerical solution at K.
The rate of convergence R, is computed by the below formula (referred in [4]):

_ logle,(hy)/ e, ()]
T log(ha/hy)
where /; and h, are the mesh sizes of two successive meshes and e, (h;) and e, (h;) are the corresponding
discrete errors of the numerical solutions, respectively.

5.1. The discrete extremum principle

First, we verify the discrete extremum principle of our new scheme. Denote

= min ug, Uy, = MAX Ug.
KePi, KePiy,

in
umin

In other words, u™, (resp. u", ) denotes the minimum (resp. maximum) value of internal cells, and N,

‘min max

denotes the number of cells.
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5.1.1. The problem of diffusion dominance with f =0

Now, we take into account the problem (2.1) and (2.2) on Q = (0, 1)*. In this problem, the velocity
field vector is set to ¥ = (1, 1, 1)7, and the diffusion coefficient is chosen to

cosd sinfd O kk 0 O cosd —sinf 0O
k=| —sinf cosf O 0 k& O sinf cosf O |,
0 0 1 0 0 ks 0 0 1

where k; = 1,k;, = 0.1, and k3 = 10, 0 = %. The Dirichlet boundary condition is g = x + sin(’%y) + 22,
the right-hand term is f = 0, and the exact solution is unknown. On the basis of the discrete extremum
principle, the maximum and minimum values of this problem are all reached on the boundary. Here,
the minimum and maximum values on the boundary can be obtained as 0.0 and 3.0, respectively.

Table 1 gives the minimum and maximum values of our scheme on Mesh A and B, from which we
can see that the minimum and maximum values are reached on the boundary. These results verify that
our new scheme satisfies the discrete extremum principle on tetrahedral meshes.

Table 1. The maximum and minimum values of the diffusion dominance problem with f = 0.

N, 24 x 43 24 x 83 24 x 123 24 x 16 24 x 243

Mesh A ul 1564985 x 1071 6.753397 x 1072 4.247997 x 1072 3.088732x 107 1.993522 x 1072
u',,  2.868769 2.936138 2.957734 2.968410 2.979013

Mesh B u  1.567168 x 107! 6.755607 x 1072 4.250229 x 1072 3.088322x 10  1.993637 x 1072
ul',,  2.868572 2.936152 2.957694 2.968388 2.979007

max

5.1.2. The problem of convection dominance with f = 0

In this subsection, we consider the problem (2.1) and (2.2) on Q = (0,1)* and take v = (1 — z,1 —
z, 1)T. The boundary condition is set as

_J 1, if0<xy<05,2z=0;
£V 0, otherwise.

In this problem, f = 0, and the exact solution is unknown. However, it can be inferred from the
discrete extremum principle that both its maximum value 1.0 and minimum value 0.0 are achieved on
the boundary. The discrete extreme principle preserving scheme is used to solve this problem. The
numerical solutions on Mesh A and B with the diffusion coefficient « = 0.1 are shown in Figure 7. The
maximum and minimum values of the new scheme are shown in Table 2, which reveals that the new
scheme maintains the discrete extremum principle.
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(a) on Mesh A

(b) on Mesh B

Figure 7. The screenshots of the numerical solution on the plane where x = y.

Table 2. The maximum and minimum values of the convection dominance problem with

f=0.
N, 24 x 43 24 x 83 24 x 123 24 x 16 24 x 243
Mech A u 6745252 107°  3.317500x 107 9.364764 x 1077 3.896320x 107 1.150803 x 1077
€S
u o 9.593711x 107" 9.774463 x 107! 9.844215x 107" 9.888563 x 107" 9.925758 x 10"
Meh B ul 3221821 107°  3.229276x 10°°  8.739608 x 1077 3.703387 x 1077 1.133482x 107’
€s

in
max

9.569165 x 107!

9.772570 x 107!

9.843944 x 107!

9.888419 x 107!

9.925863 x 107!

5.1.3. The problem of convection dominance with f >0 or f <0

Here, we take into account the case of convection dominance in Q = (0,1)>. Set x = 107> and
v =(1,1,1)T. The linear function u = x+y + z serves as the exact solution, then the positive right-hand
term and the Dirichlet boundary values can be calculated from the exact solution. The minimum value
of this problem is 0.0, which can be reached on the boundary in light of the minimum principle.

Table 3 shows that the minimum value of this problem is indeed taken at the boundary. Moreover,
it can be seen from the table that e, can achieve machine accuracy, indicating that our scheme can
maintain linearity.

Next, we consider the problem with a negative right-hand term. The computational domain, meshes,
diffusion tensor, exact solution, and boundary conditions are the same as the previous problem. Set
v = (=1,-1,-1)T, so there is negative right-hand term. Now, the maximum value of this problem
is 3.0, which can also be reached on the boundary, according to the maxinum principle. The maximum
values of this problem are shown in Table 4, which also show that the maximum value of this problem
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is taken at the boundary and our scheme can maintain linearity.

Table 3. The minimum values of the problem with f > 0.

N, 24 x 43 24 x 83 24 x 123 24 x 16° 24 x 243

Mesh A 3.824493 x 1078 3.053807 x 107®  1.109510 x 10 2.540190 x 10®  9.584987 x 10~°
w, 2187503 x 107" 1.093756 x 107 7.291710 x 107> 5.468899 x 107> 3.645932 x 107

MehB 1.935499 x 107%  5.733474x 10 8.295302x 108 1.603117 x 10~®  9.600641 x 10~°
u - 2.187501 x 107" 1.093750 x 107" 7.291667 x 107 5.468750 x 1072 3.645833 x 107>

Table 4. The maximum values of the problem with f < 0.

N, 24 x 43 24 x 8 24 x 123 24 x 167 24 x 243

Mesh A & 4.195426 x 107 7.338961 x 107 1.620704 x 10  8.563802 x 10™°  3.740120 x 10~
u 2781250 2.890625 2.927083 2.945313 2.963542

MeshB 5.028932 x 107 2.562194 x 10®  2.265778 x 108 1.873065 x 107®  4.439731 x 1078
ul 2781250 2.890625 2.927083 2.945313 2.963542

max

5.2. The accuracy of the new scheme

In this section, we will provide several different types of examples defined on Q = (0, 1)? to verify
the convergence order of the new scheme and compare it with the scheme proposed in [30] for the
steady-state convection-diffusion equation. For the convenience of narration, we denote the discrete
extremum principle preserving scheme here by DEP and the positivity preserving scheme in [30]

by DPP.

5.2.1. Example 1

This example is a scalar diffusion coeflicient problem, given as follows:

1_/): (17_1,_1)T’

K

Il
S O Q

S Q O

Q O O

where a = 1.0, 1072, 10™*. f and g are given by (2.1) and (2.2).

Tables 5 and 6 display the L>-norm of the error between the numerical solution and the exact solution
for the new scheme with different diffusion coefficients on two meshes. From these tables, one can see
that whether diffusion-dominated or convection-dominated, the solutions of both of the two schemes
are able to achieve approximate second-order accuracy.
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Table 5. Numerical results of Example 1 on Mesh A.

A 24 x 43 24 x 83 24 x 123 24 x 16 24 x 243
w10 75021 x 107 1.9402x 107 8.7542x 107> 4.9650 x 107> 2.2260 x 107
R, - 1.95 1.96 1.97 1.98
DEP a- o2 © 18603 107 3.7239x 107 1.4155x 107 7.1263x 107 2.7738 x 107
R, - 2.32 2.39 2.39 2.33
Lo qgd G 24648 107 77156 x 107 2.7233x 107" 1.5120x 107" 6.3419x 107
R - 1.68 2.57 2.05 2.14
Lo1o Cu 75020 107% 1.9402x 107 8.7540x 10 4.9648 x 107 2.2259 x 107°
R, - 1.95 1.96 1.97 1.98
DPP a0 1.8604 x 1072 3.7135x 10™*  1.4150x 107™* 7.1241 x 107  2.7700 x 107>
R, - 2.32 2.40 2.38 2.33
Lo Cu 24651 107 5.8856x 107 2.5664 x 107 1.4279x 107 6.2660 x 107
R, - 2.07 2.05 2.04 2.03
Table 6. Numerical results of Example 1 on Mesh B.
N, 24 x 43 24 x 83 24 x 123 24 x 163 24 x 243
Lo @ 13178 107 3.9438x 10 1.9931x10™* 1.2184x 10™* 5.6830x 107
R, - 1.74 1.68 1.71 1.88
DEP ao o2 G 2:4466x 107 51651 x 107" 2.0440 x 107" 1.0804 x 10™*  4.2890 x 107
R, - 2.24 2.29 2.22 2.28
Lo gt G 41330 107 85881x 107 4.1196x 107  2.3445x10™*  1.0386 x 10™*
R, - 2.27 1.81 1.96 2.01
w10 1.3019x 107 4.3522x 107 2.1154x 107*  1.2189x 10™*  5.6965 x 107>
R, - 1.58 1.78 1.92 1.88
DPP 4o o2 G 22792x 107 52538x 107 2.0722x 10  1.0680 x 10~ 4.2837 x 107
R, - 2.12 2.29 2.30 2.25
Lo Cu 30397 107 85334x 107" 3.8186x 107" 21908 x 107" 9.9213x 107
R, - 1.82 1.98 1.93 1.95
5.2.2. Example 2
Example 2 is a discontinuous diffusion coefficient problem, given as follows:
o (L1 k= { ac, x< 1%, . {sm(gx) + sin(Zy) + sin(Z2), x<l
. ox23, 10 V21 (x — 1) + sin(Zy) + sin(Zz) + 2, x> 1,

where ¢ = 40 and a = 1.0,1072,10~*. f and g are given by (2.1) and (2.2).
Tables 7 and 8 represent the numerical results of Example 2 for different @ on Mesh A and Mesh
B, from which one can see that for the examples with a discontinuous coefficient, the solutions of the
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new scheme are able to achieve approximate second-order accuracy. However, the DPP scheme does
not converge in nonlinear iterations when a = 1.0 x 10~ on both Mesh A and B.

Table 7. Numerical results of Example 2 on Mesh A.

N, 24 x 43 24 x 83 24 x 123 24 x 16 24 x 243
Lolo G 17540 107 44190 x 107" 1.9696 x 107" 1.1095x 10™*  4.9379 x 107
R, - 1.99 1.99 1.99 2.00
DEP 4o 02 & 20507x 107 4.8362x 107" 2.0534x 107" 1.1094 x 107" 4.6333 x 107
R. - 2.08 2.11 2.14 2.15
Lo Cu 3ALALX 107 8.1871x 107  3.6025x 107" 19987 x 10™*  9.1005 x 107
R, - 2.06 2.02 2.05 1.94
yo1po @ 17539 107 44190 x 107 1.9693x 107" 1.1094 x 10™*  4.9378 x 107
DPP R, - 1.99 1.99 1.99 2.00
Lo g2 w0502 107 4.8365x 107 2.0537x 107" 1.1096 x 107*  4.6390 x 107
R, - 2.08 2.11 2.14 2.15
Table 8. Numerical results of Example 2 on Mesh B.
N, 24 x 43 24 x 83 24 %123 24 x 16 24 x 243
Lolo Cu 35704x 107 1.1715x 107  53357x 107  2.8751x 107 1.3912x107*
R, - 1.61 1.94 2.15 1.79
DEP ac o2 & 32743x 107 1.0196x 107 4.6501 x 107" 2.5945x 10~  1.3782x 107
R, - 1.68 1.94 2.03 1.56
Lo Cu 43164x 107 1.0848x 1077  4.8584x 107 2.6981x 10 1.2076 x 107
R, - 1.99 1.98 2.04 1.98
Lo1p @ 30921 107 1.0750x 107 5.1267x 10™*  3.0486 x 10™*  1.4109 x 107*
DPP R, - 1.78 1.83 1.81 1.90
Lo g2 w3554 107 9.1508 x 107* 44746 x 107*  2.6102x 10 1.2182x 107*
R. - 1.96 1.76 1.87 1.88

5.2.3. Example 3

This example is a problem with an anisotropic diffusion coefficient described as

where a = 1.0, 1072, 10™*. f and g are given by (2.1) and (2.2).
Tables 9 and 10 represent the numerical results of Example 3 for different @ on Mesh A and Mesh

10a 0 O
V=(,1,D", k=] 0 0la 0 |, u=exp(xy) +2z,
0 0 a

B, from which one can see that whether diffusion-dominated or convection-dominated, the solutions
of both of the two schemes are able to achieve approximate second-order accuracy.
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Table 9. Numerical results of Example 3 on Mesh A.

N, 24 x 43 24 % 8° 24 x 12 24 % 16° 24 x 24°
_io o 33lax 107 1.0155x 107 47981 x 107" 2.7806 x 10*  1.2726 x 10™*
TR - 1.74 1.85 1.90 1.93
DEP g2 Cu 26985 107 8.0531x 107 3.9422% 107" 23515x10™* 1.1180% 107*
a =
R - 1.74 1.76 1.80 1.83
o4 en AAIS3X 107 1.1264x 107 5.0312x 107" 2.8263x 107" 1.2438x 107
‘= R - 1.97 1.99 2.00 2.02
Lo Cu 33914x 107 1.0156x 107 4.7996 x 107+ 2.7819x 107*  1.2697 x 10™*
a=1.
R - 1.74 1.85 1.90 1.93
DPP a- o2 o 26986x 107 8.0532x 10 3.9415x 107" 2.3505x 107"  1.1167 x 107
‘= R - 1.74 1.76 1.80 1.84
g Cu HAISTX 107 1.1268x 107  5.0346x 107" 2.8295x 10™* 1.2468 x 10™*
a =
R - 1.97 1.99 2.00 2.02
Table 10. Numerical results of Example 3 on Mesh B.
N, 24 x 43 24 % 8° 24 % 123 24 x 16° 24 x 243
o o 53086 x 107 1.9767x 107  9.9107x 10™* 5.8211x10™* 2.6866 x 107
a=1.
R - 1.43 1.70 1.85 1.91
DEP 02 3.2210x 10 1.0776 x 107 5.5404 x 10 3.3539x 10  1.6740x 107
a =
R, - 1.58 1.64 1.74 1.71
o O 52814 x 107 1.4865x 107  6.9404 x 10™*  4.0056 x 10™*  1.8007 x 10~
a =
R - 1.83 1.88 1.91 1.97
o 6.3679x 107 2.0150x 107  9.5792x 10 5.6580x 107 2.7271 x 107
a=1.
R, - 1.66 1.83 1.83 1.80
DEP o o 3.1872x 107 1.0888 x 10  5.4705x 10" 3.3677x 107"  1.6698 x 10™*
a =
R, - 1.55 1.70 1.69 1.73
o 54691 x 107 1.5205x 107 6.9866 x 107  4.0241x 10™* 1.8173x 107
a =
R, - 1.85 1.92 1.92 1.96

5.2.4. Example 4

Example 4 presents problems with a nonconstant velocity field vector given as v =

1 z
(E7 10°

y

107°

The exact solution is # = (1 — x?) sinyexp(—z), and the diffusion tensor is k = 1, which is diffusion-

dominated, while the convection-dominated case is u = x

2

sinyexp(—z) and k = 1074,

The numerical results for the case of diffusion dominance are displayed in Table 11, while results
for the case of convection dominance are displayed in Table 12. From these tables, one can see that for
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both of the two cases, the solutions of our new scheme are able to achieve approximate second-order
accuracy. However, the DPP scheme is not effective in dealing with steady-state nonconstant velocity

field vector problems.

Table 11. Numerical results of Example 4 with diffusion dominance.

N. 24 x 43 24 x 83 24 x 123 24 x 163 24 x 243
e, 5.8820x10™* 1.4370x10™* 6.3375x 107 3.5509 x 107  1.5720 x 107>
Mesh A
R, - 2.03 2.02 2.01 2.01
DEP
e, 82196x10™* 24569x10™* 12277 x107* 7.4302x 107 3.2177 x 107
Mesh B
R, - 1.74 1.71 1.75 2.06
e, 1.0698x1073 7.7806x 107 7.4598 x 107 7.3839 x 107* 7.3545x 107*
Mesh A
R, - 0.46 - - -
DPP
e, 1.3839x107° 85479x10™* 7.6510x10™* 7.5764x 107* 7.4126x 107*
Mesh B
R, - 0.70 - - -
Table 12. Numerical results of Example 4 with convection dominance.
N, 24 x 43 24 x 83 24 x 123 24 x 163 24 x 243
e, 18444x107° 4.8843x10™* 2.1399x 107* 1.1686x 107™* 4.8693 x 107>
Mesh A
R, - 1.92 2.04 2.10 2.16
DEP
e, 22058x107% 6.0426x 10~ 2.6608 x 107* 1.4989 x 10™* 6.3812x 107>
Mesh B
R, - 1.87 2.02 1.99 2.11
e, 5.3748x1072 53628 x 1072 53245x 1072 52957 x 1072  5.2604 x 1072
Mesh A
R, - - - - -
DPP
e, 5.3671x1072 53574x 1072 53243x 1072 52988 x 1072 5.2641 x 1072
Mesh B
R, - - - - -

6. Conclusions

A nonlinear FV scheme preserving the discrete extremum principle for convection-diffusion
equations with anisotropy and discontinuous diffusion coefficients on tetrahedral meshes is proposed,
which can be regarded as an improvement of the existing schemes, such as the schemes in [4,30]. In
the process of the scheme construction, the diffusion term is discretized by employing the strong
extremum principle preserving scheme in [18], while the convection term is discretized by applying

the upwind scheme in [4, 30].

The obtained scheme keeps the discrete extremum principle and

maintains conservation. More importantly, the construction of this scheme does not require that
auxiliary unknowns are convex combinations of primary unknowns, which greatly reduces the
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limitations on mesh properties and diffusion coefficients. Finally, numerical examples are used to
verify the discrete extremum principle and second-order accuracy of the discrete solution.

We use the tetrahedral meshes in this paper, but the construction idea of this scheme can be
generalized to general polyhedral meshes without essential difficulty. In particular, combined with the
effective face technique described in [28], the approach of designing the scheme that satisfies the
discrete extremum principle can be generalized to general polyhedral meshes with non-planar
cell-faces.
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