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Abstract: This paper investigates the asymptotic behavior of solutions to the inflow problem for the
one-dimensional bipolar compressible quantum Navier-Stokes-Poisson system, a model describing the
motion of two-species charged particles, electrons and holes, in ultra-small sub-micron semiconductor
devices where quantum effects are significant. First, with the aid of stable manifold theory and center
manifold theory, we established the existence and spatial-decay properties of the boundary layer to the
inflow problem for the transonic and subsonic cases. Next, under suitable assumptions on the boundary
data and the space-asymptotic states, we proved the asymptotic stability of the boundary layer and the
superposition of the boundary layer and the rarefaction wave in the case that the initial perturbation and
the strength of the boundary layer are sufficiently small. The proof was completed by the L>-energy
method with the help of the spatial-decay properties of the boundary layer and the time-decay properties
of the smooth approximate rarefaction wave.
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1. Introduction

The bipolar compressible quantum Navier-Stokes-Poisson system is commonly employed to model
the motion of two-species charged particles, electrons and holes, in ultra-small sub-micron semiconduc-
tor devices where quantum effects are significant [1,2]. In a one-dimensional setting, this system can be
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formulated in Eulerian coordinates as

o1+ (o1u), =0,
(o1 + (1 + p1), — 2hﬁpl(%)x =p1E+ (ui(pnuiy)
P2+ (2ur), = 0, (1.1)

(p2u2); + (qug + Pz)x - 27@%102((\/5?” )x =-p;E+ (Hz(Pz)sz)x,

2

E, =p1—p2—D(x),

where (¢, x) € (0, +00) X (0, +o0). The unknown functions are the electron density p; = p;(t, x) > 0, the
hole density p, = pa(t, x) > 0, the electron velocity u; = u,(t, x), the hole velocity u, = u,(t, x), and the
electric field E = E(t, x). The terms p; = p1(o;1) and p, = p»(p;) denote the pressures. (o) and uz(o7)
represent the viscosity coefficients, and the positive constants 7, and 7, are the scaled Planck constants.
The terms Zh%pl((\/p—%)x and 2h§p2(£\/g“")x in the momentum equations (1.1), and (1.1), are referred
to as quantum correction terms (or dispersive terms), first derived by Wigner [3]. The given function
D(x) represents the doping profile, describing the density of impurities in semiconductor devices. When
modeling the transport of a single charged particle in semiconductors, system (1.1) reduces to the
unipolar compressible quantum Navier-Stokes-Poisson equations. Moreover, in the absence of quantum
effects, namely 7; = 0 (i = 1,2), system (1.1) then simplifies to its classical counterpart, the bipolar
compressible Navier-Stokes-Poisson equations. A detailed discussion of the compressible quantum
Navier-Stokes-Poisson equations’ applications can be found in, for example, [4, 5].

Over the past few years, there has been growing interest in the mathematical analysis of the com-
pressible quantum Navier-Stokes-Poisson equations, leading to substantial progress. Now, let us review
some of these results. For the unipolar compressible quantum Navier-Stokes-Poisson system, Yang and
Ju [6] first investigated the global-in-time existence of weak solutions and combined a quasi-neutral and
vanishing damping limit on a three-dimensional torus. Subsequently, Yang and Ju [7] and Kwon [8]
considered the combined quasi-neutral, inviscid limit with general initial data on a three-dimensional
torus and an unbounded domain, respectively. Tang et al. [9] discussed the global existence of weak
solutions to the two-dimensional unipolar compressible quantum Navier-Stokes-Poisson equations
with large initial data. Anotonelli et al. [10] showed the convergence of the weak solutions to the
unipolar compressible quantum Navier-Stokes-Poisson system toward the weak solutions to the quan-
tum drift-diffusion equations as relaxation time tends to zero. Li and Sun in [11] demonstrated the
asymptotic stability of rarefaction waves to the initial value problem for the one-dimensional system.
Furthermore, Tong and Xia [12] and Wu and Hou [13] considered the stability of stationary solutions
to the initial value problem for the three-dimensional system. However, the research on the bipolar
compressible quantum Navier-Stokes-Poisson equations remains limited due to the system’s inherent
complexity. Wu [14] first investigated the large-time behavior of solutions to the Cauchy problem for
the three-dimensional system with a non-trivial doping profile. Later, Wu and Zhu [15] studied the
existence and asymptotic stability of the boundary layer to the outflow problem for the one-dimensional
bipolar compressible quantum Navier-Stokes-Poisson equations, and in [16], they proved the nonlinear
stability of the superposition of the boundary layer and rarefaction wave.

To our knowledge, the asymptotic behavior of solutions to the inflow problem for the bipolar
compressible quantum Navier-Stokes-Poisson equations remains unexplored, forming the primary focus
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of this work. For simplicity, we assume throughout this paper that
men) = wo(p2) =, =Ty =1, pi(s) = pa(s) = p(s) =as”, D(x) =0, (1.2)

where y > 0,a > 0, and y > 1 are constants. Under this assumption, system (1.1) reduces to

P+ (p1ur)y =0,

(p1u): + (p1u7 + p(p1)), — 2/01((\/\[/)_);—1”))6 = p1E + puy s

P2+ (pauta)y = 0, (1.3)
(p2u2); + (qug + p(p2)), — 2/02((\/\[/)_)%” )x = — 2 E + puy,y,

E, =p1—p2.

We investigate the inflow problem for system (1.3) with the initial data

(o1, U1, P2, u2)(0, x) = (P10, U105 P20, U20)(X) = (04, Uy, P4, U4) AS X — +00, (1.4)

and the boundary conditions

p1(1,0) = po(1,0) = p—, 1 (1,0) = ux(1,0) = u_,  p1:(£,0) = p2:(£,0) = py, (1.5)

E(t,0)=0. (1.6)

Here, p., u., and p, are given constants satisfying
u_->0, p.:>0, py#*p,

and the initial data p;o(x) and p,o(x) satisfy the following conditions:

+00
i%f pio(x) >0, i=12, f (10 — P20)(x)dx = 0.
x€R, 0

Since u_ > 0 signifies that charged particles blow into the region through the boundary {x = 0}, the
initial-boundary value problem (1.3)—(1.6) is termed an inflow problem [17]. Conversely, the case of
u_ < 01is termed an outflow problem. Unlike the outflow problem, the inflow boundary condition implies
that the characteristics of the hyperbolic equations (1.3); and (1.3); are positive around the boundary
{x = 0}. Consequently, the boundary conditions must be imposed on both velocities (u;, u,) and densities
(01, p2) for well-posedness. Additionally, the quantum correction terms necessitate boundary conditions
on the density gradients p;, and p,,. Of course, there exists an extensive body of literature addressing
the asymptotic analysis of solutions to the inflow problem for both the compressible Navier-Stokes
equations and the compressible Navier-Stokes-Poisson equations. For example, [18—22] considered the
isentropic compressible Navier-Stokes equations, [23-27] investigated the full compressible Navier-
Stokes equations, and [28-32] studied the compressible Navier-Stokes-Poisson equations.

In this paper, inspired by [15, 16,20], we will investigate the asymptotic behavior of solutions to the
inflow problem (1.3)—(1.6). Here, we are interested particularly in the case that the time-asymptotic
state of the solution to the inflow problem (1.3)—(1.6) is the boundary layer (also called the stationary
wave) and the superposition of the boundary layer and the rarefaction wave. We note that the previous
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studies [20-22, 26, 27] addressed the inflow problem for compressible Navier-Stokes equations in
Lagrangian coordinates, however, this approach is inapplicable to the bipolar compressible quantum
Navier-Stokes-Poisson system because of the complexity of the system itself. Inspired by [25, 28], we
consider the inflow problem for the bipolar compressible quantum Navier-Stokes-Poisson equations in
Eulerian coordinates.

The first purpose of this article is to establish the existence of the boundary layer (p, it)(x) to the
inflow problem of the bipolar compressible quantum Navier-Stokes-Poisson equations (1.3)—(1.6),
which is the solution to the following boundary value problem:

(ﬁﬁ)x =0,
~~D A~ ~ (\/E)xx —_ ~
@i + p@)), — 26( ) = (1.7)
PO) =p-, wO0)=u_, px0)=pp, (@, i)+00)= (ps,u).
The results on the existence and properties of the boundary layer (p, it)(x) are stated as follows.

Theorem 1.1. Suppose that u, > 0, and that the boundary data (o_, u_, py) satisfies

P-U-— = P1U4 (1.8)

and
(0-. ) € M= {(p1,p2) € B |0 < Ipy = pul + |pal < &), (1.9)

where gy > 0 is a sufficiently small constant. Set 6 := |p- — p4| + |os|. Note that condition (1.9) is
equivalent to 6 < &.
1) For the supersonic case, i.e., (04, u,) satisfies uy > /p’(p+), there is no solution to problem (1.7).
2) For the transonic case, i.e., (0, uy) satisfies u, = +/p’(0.), there exists a curve I'y C M such that if

(o-,pp) €Ty, (1.10)

then problem (1.7) has a unique smooth solution (p, it)(x) which satisfies

6k+1
kB — py, it — <— =0,1,2,--- 1.11
1050 — py, it — uy)(X)] < T+ 60T k=0,1,2,---, (L.IT)
and
0:(x) <0, i1,(x)>0. (1.12)

3) For the subsonic case, i.e., (04, u,) satisfies 0 < u, < +/p’(0,), there exists a curve I'y C M such
that if
(0-,pp) € I, (1.13)

then problem (1.7) has a unique smooth solution (p, it)(x) which satisfies
1056 — pur it — u)(x)] < Coe™,  k=0,1,2,--- .

The second aim of this work is to establish the asymptotic stability of the boundary layer (g, it)(x) to
the inflow problem (1.3)—(1.6). This result is formulated in the theorem below.

Electronic Research Archive Volume 34, Issue 1, 553-582.



557

Theorem 1.2. Suppose that (1.8) and one of the following conditions hold: (1) u, = \/p’(p;) and
(1.10); (2) 0 < uy < P'(py) and (1.13). Assume that (1o — P, U9 — it, 020 — P, Uz — it, Ep) €

HZ(RJr) X HI(R+) X HZ(R+) X Hl(R+) X LZ(RJr), and set
M, = |l(p10 = P, p20 — Pll2 + (w10 — it, uzo — @)|[; + [|Eoll-

Then there exists a sufficiently small positive constant €, such that if M\ + 6 < &, then the inflow
problem (1.3)—(1.6) admits a unique global solution (o1, uy, p2, Uz, E)(t, x), which satisfies

pi—p € C([0, +00); H*(R,)),  di(pi —p) € L*(0,+00; H*(R,)), i=1,2,

u; — it € C([0, +00); H'(R,)),  0.(u; — it) € L*(0,+00; H'(R,)), i=1,2,

E € C([0, +0); H'(R,)),  E, € L*(0, +00; L*(R,)),

and

sup{ll(o1 = 2 = PYOI + iy — i1, uy — 1, E)D)II)

>0

+ f (19001 = 5. p2 = DYOIG + 10:(101 = iy s = DOI} + IEL)IP)dt < C(MF +5).
0

Here, Eo(x) = fox(plo — p20)(y)dy. Moreover, it holds that

lim sup |(p1, u1, p2, w2, E)(t, x) — (B, i, p, i1, 0)(x)| = O.

I=+ yeR,

The final purpose of this article is to establish the asymptotic stability of the superposition of the
boundary layer and the rarefaction wave to the inflow problem (1.3)—(1.6). For this aim, we assume that

uy > NP (P4)s (1.14)

and then there exists a unique constant state (p., u.) which satisfies

Uy = U, —
o ¢

We need to emphasize that in what follows, (o, u,) in (1.7) and Theorem 1.1 is replaced by (p., u..).
Now we assume that the boundary data (o_, u_, p,) satisfies the conditions (1.8) and (1.10), and then
there exists a boundary layer (o, it)(x) to (1.7) which connects (o_, u_, p,) and (p., u.) and satisfies (1.11)
and (1.12). Moreover, there exists a rarefaction wave (0", u")(%) connecting (p., u.) and (o, u,), which
is the unique entropy solution to the Riemann problem for the compressible Euler equations given by

dé, u., = \p'(.), P+ <P Uy >u,>0. (1.15)

t x = Oa
{p + low) (1.16)

(o), + (pu® + p(p)), = 0,
with
EX) E VAl f O?
(p,u)(O,x):{(p o) M (1.17)

(04, uy), if x> 0.
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Then we can define the nonlinear wave (o*, u*)(¢, x) as

X
!

(0%, )t ) = (B, D)) + (o, 1) Z) = (pus 102, (1.18)

which is the superposition of two different wave patterns: the boundary layer and the rarefaction wave.
To show the asymptotic stability of this nonlinear wave, we have to introduce the following smooth
approximate nonlinear wave:

(P, w)(t, x) := (P, w)(x) + (P, w)(7, X) = (0, Us), (1.19)

where (p, it)(¢, x) is the smooth approximate rarefaction wave, which is defined in (3.3) and (3.4). The
stability result of the nonlinear wave (p*, u*)(¢, x) to the inflow problem (1.3)—(1.6) is stated in the
following theorem.

Theorem 1.3. Suppose that (1.14) and (1.15) hold, and that (o_, u_, p,) satisfies the conditions (1.8) and
(1.10). Assume that (p19—po, u10—0o, P20—Po, ao—ito, Eo) € H* (R )XH' (Ry)XH*(R)xH' (R)XL*(R.),
and set

M, = |(p10 — Po, P20 — Po)ll2 + [[(ee10 — fio, 20 — lio)lly + || Eoll. (1.20)
Then there exists a sufficiently small positive constant &, such that if M, + 6 + el < &, then the inflow

problem (1.3)—(1.6) has a unique global solution (o, uy, p2, Uz, E)(t, x), which satisfies

pi — P € C([0, +00); H*(R,)),  8.(p; — p) € L*(0, +00; HA(R,)), i=1,2,
u; — it € C([0,+00); H'(R,)),  0.(w; — 1) € L*(0, +00; H'(R,)), i=1,2,
E € C([0,+0); H\(R,)), E, € L*0,+co; L*(R,)),

and

sup {ll(p1 = o2 = YOI + Iy — t,uz — 1, EYDII)

>0

=

+00
+ f (Ilﬁx(,Ol =P, p2 = P)OI3 + 10:(uy — 1,1z — D)@} + IIEx(t)Ilz)dl < C(Mj +6+¢).
0
Here, (Do, tig)(x) = (0, 1)(0, x), Eo(x) = fox(plo — p20)(V)dy, and € is given in (3.2). Moreover, it holds
that

lim sup |(oy. 1. p2. 12, ENt. ) = (0, p°, 0’ 0)(2, )| = 0. (121)

t—+00 xeR,

Remark 1.4. Theorem 1.1 shows the existence and spatial-decay estimates of the boundary layer to the
inflow problem of the one-dimensional bipolar compressible quantum Navier-Stokes-Poisson equations
(1.3)—(1.6) for the transonic and subsonic cases. Theorems 1.2 and 1.3 show that the boundary layer
and the superposition of the boundary layer and the rarefaction wave to the inflow problem (1.3)—(1.6)
are time-asymptotically stable when the initial perturbation and the strength of the boundary layer are
small enough. We should mention that the proof of Theorem 1.2 is analogous to but simpler than that of
Theorem 1.3, thus, for brevity, we omit the proof of Theorem 1.2 and only present the proof of Theorems
1.1 and 1.3 in this article.
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Remark 1.5. In this article, we only consider the case that the initial perturbation is small enough. In
fact, it is more fascinating to consider the corresponding stability results for a large initial perturbation.
Moreover, we should mention that if the doping profile D(x) is a non-trivial function, the asymptotic
behavior of solutions to the inflow problem will be more interesting but more challenging than the case
considered in this article. Investigating similar problems for the bipolar full compressible quantum
Navier-Stokes-Poisson equations and the bipolar compressible quantum Navier-Stokes-Maxwell equa-
tions also remains an important direction for future research. These cases will be addressed in our
subsequent work.

We now sketch the proofs for Theorems 1.1 and 1.3. First, inspired by [25], to establish the existence
of the boundary layer, we rewrite the boundary value problem (1.7) into a 2 X 2 autonomous system
of first-order ordinary differential equations. Then, with the aid of stable manifold theory and center
manifold theory, we show the existence and spatial-decay properties of the boundary layer. Next, making
use of the L?>-energy method with the help of the spatial-decay estimates of the boundary layer and the
time-decay rates of the smooth approximate rarefaction wave, we prove the asymptotic stability of the
superposition of the boundary layer and the rarefaction wave in the case that the initial perturbation
and the strength of the boundary layer are small enough. Compared to the previous study [20], the
main difficulties of this article are stated as follows. The first difficulty is the occurrence of quantum
correction terms, which yields highly nonlinear terms in establishing the a priori estimates. Our strategy
to overcome this difficulty is to decompose the quantum correction terms into two parts: third-order
linear terms and lower-order nonlinear terms. This allows us to employ the third-order linear terms,
together with the linear part of the system, to control the nonlinear terms. Moreover, we need more
regularities of the densities to obtain the energy estimates (see Proposition 3.3). The second difficulty is
the intersection of the boundary layer and the rarefaction wave. To overcome this difficulty, we will
apply the wave interaction estimates (see Lemma 3.5). The third difficulty comes from the electric field.
More precisely, the term fom %ﬁszdx cannot be estimated directly. To address this difficulty, inspired
by [15,16,28], we shall employ the equations (1.3), and (1.3),4 to derive a new form of E (see (3.41)),
and then we will use this form to estimate the term fom %ﬁszdx.

Finally, we explain the new points of the inflow problem, compared to the outflow problem [15,16],
in analyzing the asymptotic behavior of solutions to the one-dimensional bipolar compressible quantum
Navier-Stokes-Poisson equations. The first one is the existence result of the boundary layer. More
precisely, for the outflow problem, [15] shows that there exists a smooth boundary layer for the
supersonic case. But for the inflow problem, as clearly shown in Theorem 1.1, there is no solution
for the supersonic case. Moreover, for the transonic case, we can obtain the monotonicity of the
boundary layer for the inflow problem, but we do not expect that for the outflow problem. The second
one lies in the stability analysis for nonlinear waves. For the outflow problem, [16] indicates that
uy(t,0) = uy(1,0) = u_ < 0 is essential in establishing the a priori estimates. For example, in (3.30) and
(3.40), one can deduce using u_ < 0 that

—+00
f (pitie;) dx = — pi(t, 0)u_e;(t,0) > Clpi(t,0)]* > 0
0

and . .
1. ) +0o0 _ ! 5
5 E e 2u_lE(t, 0)|- > 0.
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However, for the inflow problem, the above two terms are non-positive and cannot be controlled due
to u_ > 0. We overcome such bad terms using the boundary conditions ¢;(z,0) = p;(t,0) — p(¢,0) = 0
and E(t,0) = 0. Next, under the condition u_ > 0, we can derive the estimate for the boundary term
?ix:(2,0) directly (see Lemma 3.9). Moreover, to overcome the interaction terms between the electron
field and the densities, we develop a new strategy to establish the energy estimates (see Eqgs (3.50),
(3.51), (3.66), and (3.67)), which is different from the previous techniques [15, 16,28]. These are the
main novel aspects of this study.

The remainder of this paper is organized as follows. In Section 2, we establish the existence and
spatial-decay properties of the boundary layer, and complete the proof of Theorem 1.1. Then we present
the proof of Theorem 1.3 in Section 3.

Notations. C > 0 denotes a universal constant, which is independent of time and may vary from line
toline. C; >0 (i =1,2,---) denotes some specific constant. L”(R,) (1 < p < oo) represents the usual
Lebesgue space on R,, with the norm || - ||». For the special case p = 2, we simply denote || - ||;2 by
|| - ||. Furthermore, for a nonnegative integer I, H'(R.) denotes the usual L*-type Sobolev space of order
I. We write || - ||; for the standard norm of H'(R,). Finally, for T > 0, we use C([0, T]; H'(R,)) (resp.,
L*(0,T; H(R,))) to denote the space of continuous (resp., square integrable) functions on [0, 7] with
values taken in H'(R.).

2. Existence of the boundary layer

In this section, we are going to establish the existence of the boundary layer, which is the solution
to the boundary value problem (1.7), thereby proving Theorem 1.1. First, integrating (1.7); over
(0, +00) yields

p-U_ = p Uy,

which, together with u_ > 0, implies that u, > O is necessary for the existence of the boundary layer.
Next, we reformulate problem (1.7) into a 2 X 2 autonomous first-order ODE system. By integrating
Eqgs (1.7), and (1.7), over (x, +00) respectively, we derive

i:l — P+~u+’
g 2 (2.1)
Pty (uy — i) + ap} — ap” + (P — %) = — iy,
where we have used the fact that Zﬁ(w%) = (”xx - %2) . Now we introduce the new variables
Wi=p-p+, Wa=ps (2.2)

Then (2.1) can be rewritten into the following form:

d(w\ (W 0
E(Wz)‘P(W2)+(G<WhW2))’ (3)

b 0 1
o ﬁ,(p+)_u%r e P

Electronic Research Archive Volume 34, Issue 1, 553-582.
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i Wi ww?
pr (Wi +p0)
2uu . W, W, w; it WW,
- Wi +p.)? Wi +p, - p+(W; +P+)2.
Moreover, it follows from (1.7); and (2.2) that

GWy, W) = a((Wy +p,) —pl —ypl”'Wy) +

(Wi, W2)(0) = (Wi, Wa) = (o- = pspp), (Wi, Wo)(+00) = (0,0). (2.4)

Let A, and A, denote eigenvalues of the matrix P, which come from the characteristic equation

MU

det(Al — P) = 2> = —ZA+ (12 — p'(p,)) = 0, (2.5)

and let r; and r, be the corresponding eigenvectors of P, associated with 4; and A,, respectively.
According to elementary linear algebra, there exists a real nonsingular matrix Q such that

Q'PQ =P,

where P is a 2 X 2 real matrix with two eigenvalues A; and A,. Especially, if A; and A, are different real
eigenvalues, then Q = (1, ), P = diag(1;, 1,). Now we set

Wi\ o Wi
( W) ) =0 ( W) ) =0
Wi\ _ o Wi Gi(W,,Wa) \ _ 0
( - ) =0 ( W ) ( G (W, W) )" ¢ ( G(W,. W) ) 7
Then problem (2.3)—(2.4) can be reformulated into
d Wl 5 Wl Gl(Wla WZ)
E( Wz)_P( W2)+(G_2(W1,W2))’ 2.8)
with
(W1, W2)(0) = (Wi_, W,0), (W, W))(+0) = (0,0). (2.9)

Thus, proving the existence of the boundary layer (p, it)(x) reduces to establishing the existence of the
solution (W}, W,)(x) to problem (2.8)—(2.9).

First, we consider the supersonic case, namely, u, > +/p’(p,). It is easy to see from (2.5) that the
matrix P has two positive real eigenvalues or two complex conjugate eigenvalues with positive real
parts. Therefore, there is no solution to problem (2.8)—(2.9).

Next, we investigate the transonic case that u, = +/p’(p,). In this case, the eigenvalues of P are

= Mty
P+

/11 = 0, /12

>0,

and the corresponding eigenvectors are
n=0,0, n=(1L5%),
P+
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respectively. Then

1 1
2=(o o)
P+

According to manifold theory (see, for instance, Theorem 3.2.1 on page 38 of [33]), there exists a local
center manifold Wy (0, 0) and a local unstable manifold W} (0, 0) corresponding to 4; = 0 and 4, > 0,
respectively. More specifically,

Wiee(0,0) = {(W1, W) € R? ] W = h(Wh), W] sufficiently small},
and
Wit (0,0) = {(Wy, Wy) € R? ‘ Wi = h'(Wy), [W| sufficiently small},

where /#¢(x) and 4"(x) are smooth functions with A°(0) = (h¢)’(0) = 0 and A*(0) = (A*)’(0) = 0. Thus, to
establish the existence of the solution (W, W5)(x) for problem (2.8)—(2.9), it is necessary to analyze the
dynamics on the center manifold. To this end, let z = z(x) denote the solution to the first equation of
(2.8) restricted to the center manifold, that is, z(x) satisfies the following equation:

zr = G1(z,h°(2)). (2.10)

Then, based on center manifold theory (see Theorem 2 on page 4 of [34]), the solution to problem
(2.8)—(2.9) can be expressed as

W, (x) = z(x), (2.11)
Wa(x) = h(z(x)). (2.12)

Thus, to show the existence of the solution to (2.8)—(2.9), we only need to prove the existence of the
solution z(x) to (2.10) satisfying z(x) — 0 as x — +oo. It follows from (2.6) and (2.7), and the fact

h(z) = 0(2%), (2.13)

that o
L= - Mf + 0(23)' (2.14)

2uu,
Since u, > 0, z(x) decreases monotonically when z(x) is sufficiently small. To ensure z(x) — O as
x — +oo, the boundary data z(0) must be positive. Consequently, for the solution (W, W>) to exist, the
boundary data (W,;_, W,_) should be located in the right region from the local unstable manifold, that is,

(W,_, W,_) must satisfy

V_Vg_ = hC(Wl_), Wl_ > hu(Wg_). (215)
Next, Eq (2.14) gives
— < <— |0 <— k=1,2,---. 2.16
STrox MW= Ty 10l e (10
The combination of (2.11)—(2.13) with (2.16) yields
k+1

10 (W1, Wa)(x)| < k=0,1,2,---. (2.17)

(1 + ox)k+t’
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Finally, we study the subsonic case u, < /p’(p,). It is obvious that the eigenvalues of the matrix P
satisfy 4; < 0, A, > 0. Then there exists a local stable manifold W, (0, 0) and a local unstable manifold
Wi (0, 0) corresponding to 4; and A, respectively. The local stable manifold is presented by

loc

W;io(0,0) = {(W1, W) € R? ] Wy = h*(Wy), |Wy| sufficiently small},

where h*(x) is a smooth function with 4°(0) = (h*)’(0) = 0. Therefore, if the boundary data (W;_, W,_)
is located on the local stable manifold, namely,

Wyl = h*(Wy), (2.18)
then problem (2.8)—(2.9) has a unique smooth solution (W;, W,)(x) which satisfies
10 (W, Wo)(x)] < Coe™, k=0,1,2,---. (2.19)
We consolidate the preceding analysis into the following lemma.

Lemma 2.1. Suppose that the boundary data |(W,_, W,_)| is sufficiently small.

(i) For the supersonic case u, > +/p’(p.), problem (2.8)—(2.9) has no solution.

(ii) For the transonic case u, = \/p’(p.), if (W\_, W>_) satisfies (2.15), then problem (2.8)—(2.9) has
a unique smooth solution (W, W»)(x) which satisfies (2.17).

(iii) For the subsonic case u, < ~p'(p4), if (Wi_, W,_) satisfies (2.18), then problem (2.8)—(2.9) has
a unique smooth solution (W, W,)(x) which satisfies (2.19).

Proof of Theorem 1.1. The existence and spatial-decay properties of the solution (g, it)(x) to problem
(1.7) follow immediately from Lemma 2.1. We should mention that property (1.12) can be proved as
follows. From (2.6), (2.11)—(2.13), we see that

p—pr =W =W +W,=z+0),
which, together with (2.14), implies

ay(y + Dol ,

+ D! !
_—MZ2+O(Z3)S— 77 <0,

e 2, A,

where we have used the smallness of |z].
Finally, we shall show that (2.15) and (2.18) yield (1.10) and (1.13), respectively. We define
W, = Wl(ﬁ,ﬁx) and W, = WZ(ﬁ’ﬁx) by

Wi, W) = Q7' (B - ps, )

and then, we may write that W,(x) = W1(D, 5x), Wa(x) = W»(p, px). The curves I'; and I, in Theorem 1.1
are defined by

[y i= (01, p2) € B2 | Walpr,p2) = hE Wi, p2), Wil 2) > h'Walpr, pa))},

I = {(Pl,,Dz) eR’ Wz(ﬂupz) = hx(Wl(Pl,Pz))}-

Thus, we have completed the proof of Theorem 1.1.
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3. Proof of Theorem 1.3

This section is devoted to proving Theorem 1.3. For this aim, we first review the time-decay properties
of the smooth approximate rarefaction wave and show some useful properties of the smooth approximate
nonlinear wave in Subsection 3.1. Then we reformulate the original problem using perturbation variables
in Subsection 3.2. Finally, we establish the a priori estimates and thereby complete the proof of Theorem
1.3 in Subsection 3.3.

3.1. The nonlinear wave

It is well known that the rarefaction wave (0", u")(%) is not smooth. Thus, to study the asymptotic
behavior of solutions to the inflow problem (1.3)—(1.6), it is necessary to construct a smooth approximate
rarefaction wave (p, it)(t, x) and a smooth approximate nonlinear wave (9, it)(t, x). In this subsection, we
first review the properties of (0, it)(, x), which have been established in [35], and then show some useful
properties of (p, it)(t, x).

We begin with an analysis of the following Cauchy problem for the Burgers equation:

wr +wwy =0, 3.1

with

w_, x<0,
w(0, %) = wo(x) = N (3.2)
w_+ Cy(wy —w_) fo yile™dy, x>0,

where w_ = u,—+/p’(p.) = 0, w, = u,—+/p’(p+) > 0,C, > 0is aconstant satisfying C, f0+°° yieVdy =1
with g > 10 being a positive constant, and ¢ is a small positive constant to be determined later. As shown
in [35], problem (3.1)—(3.2) has a unique global smooth solution w(z, x). Then the smooth approximate
rarefaction wave (p, i1)(t, x) can be constructed as follows:

w(l+1,x) =u— vp'(p), (3.3)
du VD' (P
di __NPD . (3.4)
dp p

It is well known that (p, it)(z, x) has the following properties.

Lemma 3.1. (See [35]) Let 6 = |p, — p.| + lus — u.l, and then (p, )(t, x) satisfies
(i) px <0, 5, >0, p, <p(t,x) < Pu Ui < u(t,x) <u, xeR t>0.

(ii) @), 11y = ©ortt)s 2B 0|, 1,y = (0,0), j=1,2,3.
(iii) For any p (1 < p < +00), there exists a constant Cp, , > 0 such that

1B ) (Dllzr < Cpgmintde' 7,87 (1 + 1)747), (3.5)
1B ) (Dl < Cpgmingde® 7, 8567775 (1 + 1)1 *4), (3.6)
1B res ) Dl < Cpgmingde® 7, 85627775 (1 + 1)71*5), (3.7)
1B rcces ) Dllir < Cpgmingde* 7,876 750 (1 4 1)713), (3.8)

(iv) lim Sup (o, W)z, x) = (0", u")(7)| = 0.
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We restrict (o, i1)(t, x) on the half space x > 0, and it is easy to verify that (o, i1)(z, x) satisfies

P+ (pit)x = 0,
(o), + (pi* + p(p)), = 0, (3.9)
P, w)(t,0) = (s, us), (P, W), +00) = (0, Us).
Next, from (1.7) and (3.9), we see that the smooth approximate nonlinear wave (9, it)(t, x), which is

defined in (1.19), satisfies

pi+ (pit), = f,

Pt + i) + P'(P)px = Milyx + Py + &,

(0, )(0, x) = (Po, ito)(x),

@, )(t,0) = (p-, u-), px(1,0) = pp, (P, W)(1, +o0) = (0,0),

(3.10)

where

Pt — u,) + it (p — p.) + pi(it — u,) + i (P — p.),
1= (P — i) + Pt — w) + it — us) + po(P'(0) = P'(P)) + px(P'(P) — P (D))
Wi, B _ P PPP =) _
p P’ p
Now we derive some properties of the smooth approximate nonlinear wave (9, it). First, from
0 —p)+lt—u)<Co<x1,p, <p<p.,andu, <iu <u,, we obtain that

o %,
i

,uﬁxx - pxxx-

3 . 3
0<%sﬁ:ﬁ+ﬁ—p*§§p*, 0<%§ﬁ:ﬁ+ﬁ—u*§§u+. G3.11)
Next, employing (1.12) and the first item in Lemma 3.1, one gets
0, <0, a,>0. (3.12)

3.2. Reformulation of the original problem

In this subsection, we are going to reformulate the original problem (1.3)—(1.6) using perturbation
variables. First, we define

oi(t, x) = pi(t,x) — p(t, x), Yi(t,x) = u(t,x)—u(t,x), i=172. (3.13)
Then, from (1.3)—(1.6) and (1.19), we see that (¢, Y1, ¢2, Y2, E)(t, x) satisfies

O1 + w11y + P11y = F,
1 + w1y + PP(e)d1x = P1E + i + G + G,

Gor + Uy + P22 = Fa, (3.14)
P2 + uripay) + P (02)h2x = — P2E + phogy + hoax + Ga,
Ey=¢1 — ¢,
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with
(@191, d2, Y2, ENO, x) = (10, Y10, $20, Y20, E) (%), (3.15)
01(t,0) = 92(1,0) = 0, Y1(£,0) = Y2(2,0) = 0, ¢1,(2,0) = ¢2,(2,0) =0, E(£,0) = 0. (3.16)
Here
Pio(x) = pio(x) — Po(x),  Yio(x) = uip(x) — ig(x), i=1,2,
and

A

Fi = —pui— g — f,
1
G, = —pily;— (ﬁ/(pz) - ﬁ/(ﬁ))ﬁx - E(ﬂﬁxx + P — ﬁ/(ﬁ)ﬁx + §)¢l — (0 — p. )iy,
—ﬁ(ft - u*)ﬁx _ﬁ(ﬁ - u*)ﬁx - (ﬁ,(ﬁ) - ﬁ,(p))px - (p’(ﬁ) - ﬁ/(ﬁ))ﬁx

PP _ _ 2 . .
+ ﬁ (,0 - P*)Px + HUyx + Paxxx — ;(¢ix¢ixx + pxx¢ix + px¢ixx)

1 R R 2 . L 2 . _
+ _2(¢?x + 3px¢12x + 3p§¢lx) - _(pxpxx + PxPxx + pxpxx) + ~_pxpxx(¢i +p0— ,0*)
Pj Pi PPi
| e . | R o _
+ =03+ 303p + 30070 — 5P ; + 200 + 2p(p — p.) + (B = p.)?)
Pj PP;
fori=1,2.

To prove that the solution (o1, uy, 2, us, E)(t, x) to the inflow problem (1.3)—(1.6) exists globally, it
suffices to show the global existence of the solution (@1, 1, @2, ¥, E)(t, x) to problem (3.14)—(3.16). To
this end, we apply the standard continuation argument, which hinges on two key components: a local
existence theorem and a priori estimates. Using standard techniques, namely the dual argument and
the iteration method, as employed in [36,37], we establish the local existence of the solution in the
following proposition and omit the detailed proof.

Proposition 3.2. (Local existence) If the conditions of Theorem 1.3 are satisfied, then there exists a
positive constant T,y such that problem (3.14)—(3.16) has a unique solution (¢, ¥y, ¢2, U2, E)(t, x) on the
time interval [0, Ty, which satisfies

¢i € C([0, Tol; HA(R,)),  ¢i € L*(0,To; H*(Ry)), i=1,2,
¥ € C([0, Tol; H'(RY)), Wi, € L*(0,To; H'(RY)), i=1,2,
E € C(0,Tol; H'(Ry)), E, € L*0,To; L*(R,)).

The main effort in the rest of this article is to prove the following a priori estimates.

Proposition 3.3. (A priori estimates) Suppose that the assumptions of Theorem 1.3 hold, and let
(1, Y1, P2, U2, E)(t, X) be the solution to problem (3.14)—(3.16) on the time interval [0, T] for some
constant T > 0. Set

M(T) := sup {II(¢1,¢2)(I)||2 + 11, )OIl + IIE(t)II}- (3.17)

0<t<T

Electronic Research Archive Volume 34, Issue 1, 553-582.



567

Then there exists a sufficiently small positive constant &3 such that if M(T) + 6 + el < &3, then the

following estimate holds:

@1, )OI + W1, 2, EYOIIT +f0 (||(¢1x,¢zx)(T)||§ + 110 Yo ) DI+ IELDIP

+ Vi1 b2, 01, W) OIP + (D1, P2 (T, O)IZ)dT < C(M; +6 +&70) (3.18)
foranyt € [0,T], where M is given in (1.20).

3.3. A priori estimates

This subsection is devoted to proving Proposition 3.3. For brevity, we take ¢ = 10 in Lemma 3.1.
First of all, we derive from (3.17), (3.14)s, and the Sobolev inequality ||fllz~ < CIIfII]If:ll? that

”(¢15 ¢29 ¢1x, ¢ZX9 wla w29 E)(l‘)”L‘>o < CM(T) < 1’ re [O’ T]a (319)
which, together with (3.11), implies
0< % < pit,x) < 2p,, 0< % <u(t,x) <2uy, i=1,2, (t,x) € [0,T] X R,. (3.20)

The following Poincaré-type inequality, whose proof is given in [38], will be employed in deriving
the a priori estimates.

Lemma 3.4. Assume that f € {p, it}, and then for any h € H'(R,), it holds that
f 107 11 dx < CS(IhO) + (I, (3.21)
Ry

fork,j=1,2,---, exceptk =j=1.

Moreover, to control the interaction terms originating from the boundary layer and the rarefaction
wave, we require the following inequalities, whose proofs can be found in [39].

Lemma 3.5. (Wave interaction estimates) For any f, g € {p, u}, it holds that

1@ — g)Dll +1fi@ — gDl < C@S +eB)(1 + 175, (3.22)
1fi(@ — )N + (& — g)DIl < C@6 + £T)(1 + 1), (3.23)
17x(@ = )Nl + 1 fix(@ — 8ION + | fea(®@ — )OI < CS(L+ )7, (3.24)
/8Dl + &I + | fx@: Ol < C5(A + )7 (3.25)

In what follows, we shall derive some a priori estimates for (¢, Y1, ¢, ¥, E)(t, x), which will be
used to prove Proposition 3.3. The first step is to establish the basic energy estimate for the solution

(91, Y1, 2, Y2, E)(, x) to problem (3.14)—(3.16).
Lemma 3.6. Suppose that the conditions listed in Proposition 3.3 are met, and then it holds that

(@1, B2y D15 Drs Y1, W2, E)DIIP + ﬁ (I \/ﬁ—x(fﬁl L2, U1, W) O + W, Y2 )@ )dT

< C(M(T) +6 +¢M) f (B 1> Brr Brxes s Ex(DIPdT + C(My + 6 + £T0) (3.26)
0

foranyte[0,T].
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Proof. As in [16], we define

e = %wf + O(p;, P), (3.27)
where o) - )
o= [ PEZPD e
5 &

Hereafter, the subscript i takes values 1, 2 and suppose i is not summed. Combining (3.27) with
(3.20) gives

C(p? + ) < e; < Cy(¢? + D), (3.28)

for some positive constants C3 and C4. Next, a tedious but direct computation yields

((p,e )i + (pittien)s + (PGoi) — PO — ki) + )

M“ HMN

= (Gixextli + H; — MxPM ) + (011 — pao)E, (3.29)
i=1
where
— A AN AL A ~ A/(p) A~ 4 AL A A
= = (p(p) — p(O) — P'(P)p)ix — foi+ (Gi + pitt; + (P'(pi) = P'(P))Px
) A
AP
p
Integrating (3.29) over (0, +oc0) with respect to x and applying the boundary conditions (3.16), we arrive at
2 d —+00 +00 2
; (E L pieidx + f .U‘/’lxdx IZ f ¢lxxxwldx + f Hd-x
+00
- f ﬁxpilﬂ,zdx) + f (P11 — paya)Edx. (3.30)
0 0

Taking integration by parts, and employing (3.14), and (3.14)3, one gets

+00 +00
f ¢ixxxwidx _f ¢ixxl//ixd-x
0 0
+00 1 +00 1 —+00 1
f _¢ixx¢itdx + f _¢ixxui¢ixd~x - f _¢ixxFidx
0o Pi 0o Pi 0o Pi

= Iy +1p+ I5. (331)

First, we obtain, by applying the Holder inequality, Lemma 3.1, (3.19)—(3.21), and (3.23), that
+00 +00 N
¢1x¢1xt dx + ¢1x¢tt(¢1x + p)C) dx

Iy =
0 Pi 0 p?
+o0 12 +oo g2 (g _ A
— ¢1xd ¢ix(¢lt ; pt)dx + ¢1x¢ttpx
dt 0o 2pi 0 2p; 0 o7
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[Ty +f+m1¢2<F Gux = piltic = [ + il + pi)d
= —— ~=dx i (Fi = wihix — piix — ot + pil)dx
+c><>1
+ f E(pixﬁx(Fi_ui(ﬁix_pil/’ix)dx
0

+00 2
dt f = dx + CUFOlls + 1Ol + 17Ol + 190l
0
+ 1Ol O + Cligix (Dl + DOl B Ol ()]
+C | @4+ i+ )+ 67+ uDdx + Clp Ol F D)l

0

s 2
dt 3 2, ~—dx+ C(M(T) + 6 + &)ll(dix, Yi) DIl

+C (pi + 127 + YDdx + Cligi NP (@ — )OIl + i@ — p) Dl

0

+ IIﬁx(ﬁ w )@+ i@ — p)®I)
e ¢12x 2

dt Y 5—dx+ C(M(T) + 6 + e)l(ix, Yi) Dl

+ 6(6 + &)1+ 1) 0| (D) + CUIdi (D)l + WOl UB DI + Nt D)
400 12

it e+ COMUT) + 6 + 6@, )OI + C6 + &)1 + )}

dt 0o 2pi

+ C(||¢ OOl + IOl O (1 + )7
+00 12
¢’xd + C(M(T) + & + e™)|[( iz i) DI + CS + eT)(1 +1)73
dt 0 2p

+ CM(T)(||¢1x(t)II + Wi (1 + )71

+oo 12
< Pic 4. + C(M(T) + 6 + £0)|(ies hi)OIF + CE + ™)1 +1)75. (332)
dl 0 2p

Second, one obtains after using (3.19) that

i, Y Uiy Ui Pix
f (—¢’x) dx—f —¢’xdx+f ¢”‘f dx
0 2p; 0 2p; 0 2p;

+00 i 2 +00 Ax 2 +00 u; 3 +00 uiAx 2
[ iy f BPis g+ f Ul g+ f P
0 2p; 0 2p; 0 2p; 0 2p;

1

< CligiOlle=guOll il + 1B (DIP) + C6 + ellgin(D)II*
< C(M(T) + 6 + &)l(Pis i) DI (3.33)

IA

IA

IA

IA

IA

I

Third, taking integration by parts, and using the Holder inequality, the Poincaré-type inequality (3.21),
and (3.23) and (3.24), one arrives at

e Fix ix e ix, ixFi
Ii3 = f ¢ dx — ¢ p2 dx
0 Pi 0 P;

IA

C(6 + &(¢ins Yi) DIF + C f prclyidx + C f i |7 dx
0 0
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+ Clige ONUFON + IO + CUF Ol lgin (DI + C f (P + W2)(¢7 + Y)dx
0

C(G + &™) ins i) DI + CG + )1 + 1)

+ CIg Dl + WO WDl + Nl + 15D + N (0)IP)

C(G + £)[(Gins i) DI + C(G + 1)(1 +1)73

+ CUGOMIB O + DIl DI (1 + 1) 10

< C(S + M) Bies YOI + C@S +D)(1 + )72 (3.34)

IA

IA

Putting (3.32)—(3.34) into (3.31) leads to

2 +00 2 +oo 12
D f brthidx < ) (- ¢”d + CM(T) + 8+ &™)[(Bies Ui OI)
i=1 V0 i=1 Pi
+ COE+e0)(1+1)75. (3.35)

Next, we shall estimate the term fom H;dx. First, it is easy to verify from Taylor’s formula that

which, together with &, > 0, implies

- fo (B(o9) = D) — P (D) )itndx < — C fo .. (3.36)

Next, using (3.17) and (3.22), we arrive at

- fo (p)fgz < ClgOll= )l

Cllg D2 i OII (15 — )l + 7D = p )OIl

15 = w)Olls + 7D = p)DllL)

CM(T)(5 + e™)(1 + 1) ¥ [Igu(D?

CS + )|gi DI + CS + e0)(1 + 1)1, (3.37)

IAN A

Finally, employing (3.22), (3.24), and (3.25), and using an analysis similar to the proof of (3.32)—(3.34),
we can show

\[()‘ (Gz +piaxlpi + (ﬁl(pl) - ﬁ/(ﬁ))px - /,(jp px¢ )dx
< C(M(T) + 6 + &) |(die, W) DI + CS + £1)(1 + 1)1, (3.38)

Combining (3.38) with (3.36) and (3.37) yields
2 +00 2 +00 .
> f Hdx< ) (-C f it g7dx + C(M(T) + 6 + £)||(die, i) DI
= Jo Py 0
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1

o

+ C@G+ed)(1+1)5. (3.39)
Next, differentiating (1.3)s in ¢, one obtains using (1.3); and (1.3);
Ext = (le/’Z —PIWI)x - (ﬁEx)x
Integrating it with respect to x over (x, +o0) yields
piy —pyr = —E, — QE,.
Then we have
+00 +00 +00
f (pll//] —pzlﬁz)EdX = —f EEtdx—f ﬁEExdx
0 0 0
d +00 1 1 +00 +00 1
- = —E*d aE?Y|  + —i.E*d
a ), 272" o fo gt X
d +00 1 +00 1
= —— —E%dx + —ii E*dx. 3.40
aJ, 27 fo i 4t (3-40)
Now we focus on the estimate of the term f0+°° % E?dx. Performing (1 3)1 (1 3)2 gives
E = -t + 2~ id)x+ ) —E(M—um)
PR ) 2Yp1
_ ((\/p_l)xx _ (\//)_Z)xx) ) (341)
o e
Using (3.41), we can rewrite f —uszdx as follows:
fWI pa=4 [L )d +f+wﬁx<p+ Y - y)d
—iuEdx = — X — — x
. 2 o — ;g P2)W — ¥
oo mexE ", " Ay E
- [ s f SEG-ud)dx- [ S - s
0 o 8 0 4
oo ayux y—1 y-1 f+oo ﬂﬁxE Uixx  Udxx
dx — - dx
fo 4(y - (p R )x 0 4 ( L1 P2 )
+00 A
_ f (( \/_)X)C ( \/_)xx) (3'42)
A TR

First, taking integration by parts, and using Young’s inequality and the Poincaré-type inequality (3.21),
we see

e AAxxE ™ Ax
. fo Wt (g, oy + f ”—(E(w% ~y3),dx

—+00 AAXXE +00 A
- f ””4 W1 — Wo)dx — f — yR)dx
0 0

Cf (] + i DE? + 47 + y3)dx + CIE(®@)| f (il + BT + y3)dx
0 0

IA
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IA

COllW12 Y EDDIP + CUED| + W@l + ol ea (D)l
COl|(W 12 Yaes D@ + CM(TY(IEL)| + 1Dl + oD (1 + 1)7T0
C(S + W1 Yo EN@)P + Ce™(1 +1)73. (3.43)

IAN A

Next, it follows in a similar way as for the proof of (3.43) that

" 0.E > ayn,E _
- f = (W1 — gn)dx + f Y (- ol dx
0 0

4 4y —1)
oo /JI:ZXE U xx U xx e ﬁxE ( \/p_l)xx ( \/p_Z)xx
- ( - )dx - ( - ) dx
0 4 ‘o p o 2 Apr Vo2 x

< C(d + Srlo)ll(‘ﬁlxv ¢2x, ¢lxx7 ¢2xxa wlxa w2x, Ex)(t)”z + Ca%(l + t)_%-
This combined with (3.42) and (3.43) gives

—+00 1 ) d +00 ﬁxE +00 ﬁx
L EuszdX < ar o 7] W1 —Yr)dx +‘f0 E(pl +p2) (W1 — ¥a) dx

+ CeT(1+1)73 + C(6 + ™)1 P> Brces Pres Wis Y2 ED DI (3.44)

Then, (3.44) together with (3.40) implies

+00 d +00 1 d 400 lf/\t E
- Edx < — — —Edx + — - —yn)d
j; (P1Y1 — paya)Edx < dtj; > x+dtj(; W1 —¥r)dx

4
+ f %(pl + Pz)(lﬁl - wZ)zdx + C(5 + 8%)”(¢1x’ ¢2x’ ¢1xxa ¢2xm wlm lﬁZx, Ex)(t)”z
0
+ Cen(l+1)5. (3.45)

Moreover, applying the Young inequality, one has

- f (P17 + payp3)dx + f %(,01 + )1 — Y2) dx
0 0

A

_ f 8P + W) — f B + pay D) + f D1+ 92+ )~ )
0 0 0

+eo 3 3 1 +eo
< f 108 + 03+ )+ CUA O + la0)l) f 0,02 + YR)dx
0 0
< -1 f 8. + W)dx + CM(T) f 0,02 + YR)dx
0 0
< —c f " Wt + v, (3.46)
0

The combination of (3.46) with (3.45) shows
+00 +00 d +00 1
—f i (o107 + pay3)dx + f (01Y1 — pa2)Edx < — —f —E*dx
0 0 dt 0 2

d +00 I’/\le +00 R ) ) 1 9
— W —Y)dx - C (Y7 +y3)dx + Ce (1 +1)75
dt Jo 4 0
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+ C(6 + 8%)“(¢1xa ¢2x’ ¢1xx, ¢2xxa l//lx’ wa’ Ex)(l)llz (347)
Inserting (3.35), (3.39), and (3.47) into (3.30), we have

d (= 1. ¢, 1, E

- x ST —

ar ). (1016’1 + pres + 2, + s + 7 ) W ¢’2))dx

+00 +0oo
+ f uW, +y3)dx + C f (¢ + 83 + 93 +Yd)dx < (6 +eT)(1 + 1)
0 0

+ CM(T) + 6+ €0 B1s $res Pres Brces Wis Y20 EDDI (3.48)

1

Integrating it over (0, ¢), and employing (3.20), (3.28), and the smallness of M(T) + § + 10
obtain the desired estimate (3.26). This completes the proof.

, we then

Next, we will derive the estimate of fot (@12 Prxs Brxes Do, Ex(D))|2dT.

Lemma 3.7. Under the hypotheses of Proposition 3.3, the following estimate holds:
t
||(¢1x, ¢2x)(t)”2 + f ”(¢1x’ ¢’2x’ ¢lxx’ ¢2xx’ Ex(T)HZdT
0

< Cl, )OI + Cf W1 Y2 )OIPdT + C(My + 6 + £70) (3.49)
0

foranyt e [0,T].
Proof. Multiplying (3.14), by %, (3.14)4 by %, adding them together, and then integrating the resultant
expression with respect to x over (0, +00), we obtain

2

Z(i f " puidx + f QLAY f W’de): f (G- G0Edx
i \dt 0 i 0 pi 0

i=1 0 l

—+00
ixxx%ix ixGi
it )dx + 9 dx).
Pi 0 Pi

(3.50)

2
+

1

(f (¢ixtlr//i - ui¢ix¢’ix +
1 0

Let us estimate the terms on the right-hand side of (3.50). First, taking integration by parts and using
(3.14)5, we have

—f (91 — P2 Edx
0

+00
- f Eldx. (3.51)
0

f (¢1x - ¢2x)de
0

Next, taking integration by parts, and then applying the Young inequality, (3.19), (3.21), and (3.23),
one has

f B (Buutts = s+ 2220V
0 0

i
¢ix

E)x)dx

= — j(: (l//ix¢it + Ui Wiy + ¢ixx(
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- [ Yix(oirix — Fi)dx — f P i o [ ¢ixx¢ix(¢2ix P,
0 0o Pi 0 p;
=T O+°° %xd + Cllya®IF + CIFIP + Cl¢n®llzs + I Oldn@ldiDl
< - e ¢zxxd + Cllyi (Ol + Cf (PP + i2¢? + f2)dx
+ C(EM(T) +6 + &)l(¢ixs P DI
= O+°° (%xd + CllyuIP + CM(T) + 6 + (b, i) DI
+C+e0)1+1)5+C 0 (ﬁilﬁiz + 2gN)dx
= - fo h j’;xdx + Clli®I + CM(T) + 6 + &)[($irs i) DI
+C(S + D)1 +1)75 + CMI)(IWn MBI + g Ol 0I)
= - Om (ffxd + Clw®IF + COMT) + 6 + £0)||(bier ix) DI

+C(0+ aﬁ)(l + t)‘g

Finally, similar to the proofs of (3.35) and (3.39), we can show

9uGi 2 dx < f (p)%d + C(M(T) + 6 + e)|(¢irs b)) DI
0 Pi 0 2p;

+ Clyu®IP + C6 +&T)(1 +1)75

Putting (3.51)—(3.53) into (3.50) gives

L od [t () o 62 Ui
Z(d_tf ¢,~xtﬁ,-dx+f(; ¢1xd X+ —dx j(: 'u—dX)

0 Pi Pi

oo 2
+ f Eldx < Z (CIW@IF + CU(T) + 5 + £W)l|( B )OI

uﬂw

=1
+ C@+ 310)(1 +1)”
Next, differentiating (3.14), and (3.14); in x, respectively, we have

¢17“ + u1x¢1x + u1¢1xx +P1xlﬁ1x +plw1xx =Fiy,
¢2xt + u2x¢2x + u2¢2xx + pleﬂzx + pzlﬁzxx = sz.

(3.52)

(3.53)

(3.54)

(3.55)
(3.56)

Taking f0+°° ((3.55) x ’% +(3.56) x ’%)dx, we obtain after using an analysis similar to the proof of
1 2

(3.54) that

[\

2 +00 +0o
S f K g s f Bl g < c + a1+ 078+ Y (Clun®IP
i=1 dt Jo 0

2p7

i i=1
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+ CM(T)+ 6 +0)|gu(DIP).

(3.57)
Then adding (3.57) to (3.54) yields

gt e, e p(p) p(p)
E (2101% + 2,02% + @1 +¢2x¢’2)dx+f0 ( 1 ¢7 .+ 2
2

+ pl—l ‘ij;“‘ + E2)dx < C(M(T) + 8 + £0)|[(11: $ar: Prer $2:) O

+ Ol W Ya) DI + C@E + D)1 +1)73.

¢2x

Integrating it over (0, #) and using the smallness of M(T) + ¢ + s% one obtains (3.49). This finishes the
proof of Lemma 3.7.

Now we can establish the following basic energy estimate

Corollary 3.8. If the conditions of Proposition 3.3 are satisfied, then it holds that

(@1, B2y D15 Doy Y1, Y2, E)DIIP + f (@105 D205 Prxes Prws Wi Y2 ED(@)I
+ Vi1, d2 01, ¥)@IP)dT < C(My + 8 + £

(3.58)
foranyte[0,T].

Proof. By taking A X (3.26) + (3.49) for some suitably large positive constant A, and using the smallness
of M(T) + 6 + sTIO, we obtain (3.58). The proof of Corollary 3.8 is finished

Next, we derive the estimates for ”(¢lxxa ¢2xx’ lplx, '702x)(t)” and jg “(lplxx» w2xx)(T)”2dT'
Lemma 3.9. Suppose that the conditions of Proposition 3.3 are satisfied, then it holds that

”(¢1xm ¢2xxa wlm lpr)(t)Hz + f (”(wlxx’ lprx)(T)”z + |(¢1xm ¢2xx)(T5 0)|2)dT

< CM(T)+6+ S‘O)f (@120 Bree)DOIPdT + C(My + 6 + &

foranyte[0,T].

o‘“

10) (3.59)

Proof. Taking fom (= Yiex X (3.14); =Yg X (3.14)4)dx leads to the following equation

2

d +cx)1 +00
2. (= f P + f i dx) = f e
= 4t Jo 0

+00 2 +00
1 N
f (plx(yblx - szlﬁzx)de + Z [f (_pitl//?x + piuill’ixwixx + P (pi)(pixwixx)dx

- f+oo (l.pixlﬁix¢ixxx + ¢ixxxl//ixx)dx - f+°° plxl/’zx( lvlft.xx _l (p )
’ pi 0 Pi Pi
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i )elx ~ f " G| (3.60)
0

First, integration by parts implies that

- f (plwlxx - p2'~/’2xx)de - f (plxlrlllx - p2x¢’2x)de
0 0

+00

= —f (P1¥1x = patbax)Edx
0
—+00

= (plwlx - p2§[/2x)Exdx
0

Cll@ 10 Y2 EQDIP (3.61)

IA

Next, making use of the Young inequality and (3.17), we arrive at

+ 00 1 .
f (Epitw?x + pitithiWixx + P'(0)PitWixy)dX
0

IA

Cf (1ixl + Wil + D] + |7 dx + %II!//,‘M(I)II2 + Cll(¢ies Yi) DI
0

IA

Cll i (Ol i (D + ﬂfnwmmnz + Cll(iwr i) DI
Clly O Wi (DI + %uwixx(r)nz + Cll( i Yi) DI
CM(T) Wi O Wi (D17 + %Hlﬁm(f)”z + Cll(ix Yir) DI

< %”lr//ixx(t)llz + CM(Die DI + Cll( i, i) O (3.62)

IA

IA

Moreover, taking integration by parts and applying (3.17), (3.21), (3.24), (3.25), (3.55), and (3.56),
one has

+oo
- f (—.pixwfx%xx + Picct) l'“)dx
0o Pi

+00 1
f _¢ixxx(¢ixt + uix¢ix + ui¢ixx - Fix)dx
0 Pi

d l+oo ¢2
dt 0o 2pi

+00 1 . R
+ f F(‘ﬁixui + Palti + Pl + il )P dx
0 Pi

1

o . . . . .
- f E(pixx(gbix + px)(ui¢ixx + 2wix¢ix + 2ux¢ix + 2pxl//ix + pil//ixx + pxxwi + uxx¢i
0 .

1

A ] . u_ 5 1,
+ fx)d-x + _¢ixxx¢ix(¢’ix + ux)dx - _|¢ixx(ta O)l - _(pixx(
0 Pi 2p_ 0o 2

ix + Px ! A A ~ ~ £
- ¢ ,02 p )d-x + f p_(bixxx(pxwix + pxx'vbi + ux¢ix + uxx¢i + fx)d-x
i 0 i
d +00 ¢2
dt 0o 2pi

wix + ax
Pi

dx + C||(¢ix’ ¢ixx, l/’ix)(t)llz + C(M(T) +0+ 8)”(¢ixxx, wixx)(t)llz
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+ Cll Ol lIgicc DI + CIGOI B (Dl + CllgiO7 (D]
+ C(ll el + i DI = %Ifﬁm(l, 0

d e ¢1’2xx u_ 2 2
< -3 ) aedx = nOF + QG i i) O
+ C(M(T) + 6 + £0)|(Bixers Yir) DI + CMDIW i) 1Z WD b ()]
+C(S + &)1 + 173 + CM(T)(gix DIl + W)™ (1 + 1)
d e ¢i2xx u- 2 2
< - 7 S dx — £|¢ixx(t» OI° + Cll(@ix> Pixx> i )OI
+ C(M(T) + 6 + £0)|[(Bines Yir) DI + C(S + £T)(1 +1)75. (3.63)

Finally, using an analysis similar to the proofs of (3.35) and (3.39), we can prove that
e ixx Gi p’ i e
_f pixwix(luw +— - P (p )l//ix - uiwix)d-x - f Gil//ixxd-x
0 Pi Pi Pi 0
'ﬂ;flllﬂm(t)ll2 + C(M(T) + 6 + £0)iaOIP + Cll(Bixs Bivs i) DI
+CE+em)(1+1)5. (3.64)

IA

Inserting (3.61)—(3.64) into (3.60) yields

d +00 1 1 % ¢§ +E><>lu
— —p Wi+ = 2+”+—“d+f—2+2d
dt 0 (2p1¢1x 2p2¢’2x 2P1 2p2) X 0 z(wlxx wax) X

€1

+ Zb;T__l((ﬁlxxa ¢2xx)(f, 0)'2 < C(M(T) +0+ 810)||(¢1xxxa ¢2xxx’ lrl/lxx’ l/llxx)(t)llz

+ Cll( @12 Bos Bxes o Wis Yoo EN@IP + C6 + £T)(1 + 1)

Integrating it over (0, #), and making use of the estimate (3.58) and the smallness of M(T') + 6 + 8%, we

arrive at (3.59), thereby completing the proof of Lemma 3.9.
Finally, we derive the estimate of fot (@ 1xxx> Prxex) (TP dT.

Lemma 3.10. Under the assumptions of Proposition 3.3, it holds that

1

f ||(¢1xxx’ ¢2xxx)(T)”2dT < C(MZ +0+ 810) (365)
0

foranyte[0,T].

Proof. Multiplying (3.14), by —‘ﬁ;‘)‘%, (3.14)4 by —%, adding them together, and then integrating the
resultant equation with respect to x over (0, +c0), we obtain

d +00 +oo 42 +00
Z (_ o ¢ixxwixdx + f(; ﬂdx) == (¢1xxx - ¢2xxx)de

Pi 0

: o e A’(pi) ¢ixxxwix ¢ixxxGi
+ Z [ '//ix(bixxtdx + L (uiqsixxxwi + ppl ¢ix¢ixxx - K 0 - o )dX]
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(3.66)

First, applying integration by parts, one gets

f (¢1xx - ¢2xx)Exdx
0
Cll (@120 B2 EDOIP. (3.67)

Next, taking integration by parts and utilizing (3.55) and (3.56), we have

+00 +00
f l//ix¢ixxtdx - f l//ixx¢ixtdx
0 0
+00

wixx(uix¢ix + ui¢ixx + pixwix + piwixx - Fix)d-x

- f (¢1xxx - ¢2xxx)Ed-x
0

IA

0
Cll(Pixs Birer Wi i) DI + C(S + £1)(1 +1)73. (3.68)

IA

Finally, employing Young’s inequality and (3.23)—(3.25), one shows

2 +00 n’ . . . . .
; ‘f(; (ui(pixxxwi + pp—(f)l)‘pix(ﬁixxx - M(p”;vjwlx - ¢lx;):Gl )dx

2

+oo 42
< Z:; ( 0 %dx + Cll(@ixs Pixxs Yixs wixx)(t)Hz) +C(0 + 31]70)(1 + t)‘%_ (3.69)

Putting (3.67)—(3.69) into (3.66), one arrives at

e " s, 8
. waWix T P2xx xdx+f —= + == )dx
= fo (Broatiis + o + | ( ot o )

< C”(¢lx7 ¢2x’ ¢1xxa ¢2xx’ l//IX’ l/’Zx’ lr//lxxa w2xx, Ex)(t)”z + C(é + 817'0)(1 + t)_g . (370)

We obtain the desired estimate, thereby completing the proof, by integrating (3.70) over (0, ¢) and
making use of (3.58) and (3.59).

Proof of Proposition 3.3. Combining the estimates (3.58), (3.59), and (3.65), and using the fact that
IE(DI> < Cli(¢1,$2)(@®)|*, we directly establish the estimate (3.18), thereby completing the proof of
Proposition 3.3.

Proof of Theorem 1.3. The global-in-time existence of the solution (o1, uy, 02, U, E)(t, x) to the inflow
problem (1.3)—(1.6) follows from the standard continuation argument based on the local existence
theorem (Proposition 3.2) and the a priori estimates (Proposition 3.3). Hence, to complete the proof of
Theorem 1.3, we only need to prove (1.21). To this end, it suffices to show

||(¢1x’ wlm ¢2x’ ¢2x7Ex)(t)” —0 as 11— +oo. (371)

In fact, if (3.71) is proven, then from the Sobolev inequality || f]|;~ < C||f 12| fxllé and the estimate
”(¢la wla ¢2a wZa E)(t)H < C’
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we infer that

(P15 Y1, 2, Y2, E)(Dll> — 0 as 1 — +oo,
namely,
(o1 = pyur = i, 02 = P ur — i1, E)(Dll1= > 0 as  t — +oo,
which, together with the fact lim sup |(, #)(z, x) — (n", u")(3)| = 0, implies (1.21).

1=+00 R

In what follows, we focus on the proof of (3.71). First, taking f0+oo (P12 X (3.55) + ¢y, X (3.56))dx
and [ (= %= x (3.14); — 222 x (3.14),)dx, we can show

ey
+00 d 5
f | Z U110, a0 w2 )OI e < € (3.72)
0

with the help of the estimate (3.18). Next, using (3.14)s and (3.18), we can prove that

-
fo S oiar

—+00 +00
< C f f Eldxdt + C f E2dxdt
0 . 0 R,
+00 +00
< C f f Eldxdt + C f f (¢7, + ¢3,)dxdt
0 R4 0 R4
+00 +00
ccf [ Baarve [ [ @ordoavioadeguiedd
0 R4 0 Ry

+02(¢7 + ¢2) + fH)dxdt

< Cf (@1, P> Yixs '702xaEx)(t)”2dl+Cf (1+073dt
0 0
< C. (3.73)

The combination of (3.72) and (3.73) with (3.18) gives (3.71). This completes the proof of Theorem 1.3.
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