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Abstract: This study explores a system of singular nonlinear higher-order katugampola fractional
differential equations (KFDEs) with nonlocal coupled Riemann-Stieltjes integral boundary conditions.
First, the addressed KFDEs are reformulated as the equivalent integral equations through explicit
construction of some appropriate Green’s functions. Second, through synergistic application of
Schauder’s and Guo-Krasnoselskii’s fixed-point theorems, some explicit parameter interval-dependent
existence criteria are established for at least one or two positive solutions to the considered KFDEs
with the help of the properties of Green’s functions. Finally, some concrete examples are provided to
validate the effectiveness of the main theoretical results.
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1. Introduction

Consider the following nonlinear singular higher-order Katugampola fractional differential
equations (KFDEs) with nonlocal coupled Riemann-Stieltjes integral boundary conditions (IBCs):

Dl o1 + Afi(t, ¢1(1), 2(1) = 0, DI ¢a(1) + Afalt, §1(1), $2(D) = 0, 1 € (a,b), >0,

. . b dU b dU (1.1)
Y'oi(a) = y'¢r(a) =0, ¢i(b) = VzJ ur ()2 (s) 2(s) $o(b) = mJ ui ()¢ (s) 145)

a a

2

Sl—p ’ S]_p

where 0 < i < m; —2,0 < j < my—2, D, denotes the Katugampola fractional derivatives of
order @, > 0; y = t'*d/dt, p > 0; fs ug(s)%(s)dzﬁf) stands for the Riemann-Stieltjes integral for a
nondecreasing function U, of bounded variation and a nonnegative continuous function u,; A, v, are
three parameters satisfying the conditions presented subsequently; a, € (m, — 1, m,] for some positive

integer m, > 3; and f, is sign-changing continuous and may be singular atf = g or/and t = b, 0 = 1, 2.
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Over the past few decades, considerable attention has been drawn to the investigation of FDEs
owing to their extensive applications across diverse fields including physics, engineering, and
economics. The evolution of fractional calculus has furnished robust mathematical frameworks for
characterizing intricate systems exhibiting memory effects and hereditary traits. Particularly, notable
contributions from multiple scholars have propelled progress in this research domain. A number of
notable contributions from multiple scholars have focused on the boundary value problems (BVPs)
that incorporate diverse fractional derivatives such as the Riemann-Liouville [1], Caputo [2-4],
Hadamard [5-7], Caputo-Hadamard [8], generalized Caputo [9], generalized Riemann-Liouville [10],
and tempered fractional operators [11]. The reader can also refer to [12—15] and the reference cited
here. For example, leveraging a contribution of Meir-Keeler’s fixed-point theorem (FPT) alongside
the principle of measures of noncompactness, Berrighi et al. [16] considered the realm of mild
solutions for conformable fractional order functional evolution equations. Szajek and Sumelka [17]
applied the Riesz-Caputo fractional derivative to the discrete mass-spring structure identification in
nonlocal continuum space. Utilizing methodologies from stochastic FPTs, Malki et al. [18] studied
the existence and uniqueness of solutions for systems of random sequential FDEs with IBCs. By
using the FPTs, Jiang et al. [19] and Yuan et al. [20] obtained positive solutions for some nonlinear
Riemann-Liouville FDEs with four-points and integral boundary conditions, respectively.

On the other hand, Hadamard FDEs and other generalized FDEs have attracted the attention of
scholars both at home and abroad. Based on Leray-Schauder’s alternative and Banach’s contraction
principle, Ahmad and Ntouyas [21] and Ahmad et al. [22] obtained the existence and uniqueness of
solutions for a system of Hadamard and Caputo-type FDEs with Hadamard type IBCs and coupled
nonlocal IBCs, respectively. Yang [23,24] considered the existence of positive solutions for singular
nonlinear Hadamard-type FDEs subject to four-point coupled boundary conditions and coupled IBCs,
respectively. By employing some FPTs, Tudorache and Luca [25, 26] investigated the existence and
uniqueness of solutions and positive solutions for systems of Hilfer-Hadamard and Hadamard-type
FDEs with nonlocal coupled boundary conditions, respectively. By using standard FPTs, Kiataramkul
et al. [27] studied the existence and uniqueness of solution for mixed Riemann-Liouville and
Hadamard-Caputo FDEs associated to nonlocal coupled fractional IBCs. Mehmood et al. [28] used
the FPTs to show the existence and uniqueness of solutions for a coupled nonlinear AB-Caputo FDEs
with three-point boundary conditions. By means of Mawhin’s coincidence degree theory, Salim et
al. [29] studied some existence and uniqueness results for a class of problems systems for nonlinear
k-generalized y-Hilfer fractional differential equations with periodic conditions. By employing the
standard FPTs, Yang [30] considered the existence and nonexistence of positive solutions for
nonlinear p-Laplacian Hadamard FDEs with coupled nonlocal Riemann-Stieltjes IBCs. Zibar
et al. [31] investigated the existence, uniqueness, and stability of solutions for nonlinear mixed
generalized FDEs with mixed fractional derivative boundary conditions.

Katugampola fractional calculus offers a unified approach that encompasses both Riemann-
Liouville and Hadamard fractional calculus frameworks. Conversely, scholarly attention toward
KFDEs has surged in recent years. Illustrating this trend, Subramanian et al. [9] employed the Leray-
Schauder alternative and Krasnoselskii’s FPTs to establish the existence, uniqueness, and Hyers-Ulam
stability of solutions for a coupled system of generalized Liouville-Caputo FDEs incorporating
Katugampola IBCs. Subsequent studies further expanded the theoretical framework: leveraging
properties of Green’s functions, researchers derived a fractional Lyapunov inequality for higher-order
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KFDEs [32]. Classical FPTs were also applied to investigate the existence and uniqueness of
solutions for nonlinear Katugampola fractional BVPs [33]. Meanwhile, Lupiriska and Schmeidel [34]
developed criteria for the existence and non-existence of solutions to FDEs with Katugampola
derivative-based boundary conditions by constructing a Lyapunov-type inequality. Complementing
these approaches, Srivastava et al. [35] utilized coincidence degree theory to prove the existence of
solutions for resonant KFDEs involving Riemann-Stieltjes IBCs. In the paper [36], Sadek et al.
introduced the general Caputo-Katugampola fractional derivative, which can be seen as the
generalization of Riemann-Liouville-Katugampola, the Caputo, Caputo-Katugampola and Caputo-
Hadamard-type fractional derivatives.

To the best of our knowledge, the study of higher-order KFDEs incorporating nonlocal coupled
Riemann-Stieltjes IBCs remains unexplored in the literature. To bridge this gap, this work employs
the nonlinear alternative of Leray-Schauder type and Guo-Krasnoselskii’s FPTs to establish novel
existence criteria for at least one or two positive solutions to KFDE (1.1) under some specified
hypotheses. The main contributions of this paper are listed as follows:

e Incorporate nonlocal coupled Riemann-Stieltjes integral boundary conditions into higher-order
KFDEs with singular nonlinearities.

e Convert the coupled KFDEs into the equivalent integral equations and obtain the Green’s
functions along with its properties.

e Establish the explicit parameter intervals for the existence of single and multiple positive solutions
using Leray-Schauder and Guo-Krasnoselskii FPTs.

e Employ concrete examples to show the effectiveness of the theoretical findings.

The structure of this paper is listed below. Section 2 presents foundational concepts from
Katugampola fractional calculus theory. At the same time, the Green’s functions for the addressed
KFDE (1.1) and their essential properties are also given. In Section 3, some explicit parameter
interval-dependent existence criteria for at least one or two positive solutions to the proposed KFDE
(1.1) are developed. As applications, some concrete examples are verified to validate the feasibility of
the main theoretical findings in Section 4. Finally, the conclusions of this paper are outlined in
Section 5.

2. Preliminaries

To facilitate subsequent analysis, we begin by reviewing the fundamental principles from
Katugampola fractional calculus theory. For more comprehensive overviews, the reader may refer
to [32,37,38].

Definition 1 ( [37,38]). Let a,p >0, —co <a < b < oo, p > 1, and ¢ € LP(a,b). Define the following
left-sided and right-sided Katugampola fractional integrals of order « for t € (a, b), respectively,
l-a ot 1-a b
a, P a-1 g 45 a, P a1 4oy 458
Il = - s d T ¢(t) = §

o = F L( PO and Iiew = £ J (& — ) ()
Definition 2 ( [32,38]). Leta,p >0, n=[a]+1,0<a<b<oo, p>1,and ¢ € L?(a,b). Define the
Jfollowing left-sided and right-sided Katugampola fractional derivatives of order a, respectively,

P P \nma-
[
P s1

P sl-p"

n

DL o) =y T () = =7

I'n-a) dt’
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Do) =(=y)"T,"""(1) =

=y Jb S‘O—tp)n—a—l
I'n-a) ), P

Let ACla, b] denote the collection of all absolutely continuous functions on the interval [a, b], we
introduce AC}[a,b] = {¢ : [a,b] - Rand y""'¢ € ACla, b,y = 1'"7d/dt|, AC}[a,b] = ACIa, b].

¢(s)(f—fp fort € (a,b).
s

Lemma 1 ([10]). Leta >0, n=[a] + 1, ¢ € L(a,b), I,7¢ € ACJla,b] and I,°¢ e ACJ[a,b]. Then
the following equations holds

a°

ToLDLE9() = 9 + Zc, p; )" and 130 D090 = 9(0) + Zc,

— P

a—j
)

where &; = —D* 7 d(a)/T(a — j+ 1) and &= (—l)f+IDZ:j’p¢(b)/F(a —j+1).
Lemma 2 ( [10,38]). Leta,a,p >0, and k > a — 1. Then, fori=1,2,...,[a] + 1, we have

r —ap)K _ I'k+1) (fp —Clp>l<—01

N
d D" =0
o 'k—a+1)' p an b‘( )

D >
Lemma 3 ( [39]). Let gp be a continuous function on [a,b], 0 < a < b < oo, i > 2. Then the unique
solution of KFDE 1) o) + o) = 0, ypla) = ¢b) = 0, 0 < i < [A] =1, is

(1) = f Gn(t, S)QD(S) -, where

— P _
1—n (tp a4 )h 1(b"—sf’)""l—(tf’—sp)h‘l, a<s<t<b,
P aP

bP — af
gh(t’ S) = (21)
I'(h) | —a \n-1 -
(bp_ap) 0" = s, a<t<s<b.

Lemma 4 ( [39]). The Green’s function Gy(t, s) defined by (2.1) has the following properties:

(I) Gx(t, 5) is continuous function on (t, s) € [a, b]* and Gy(t, s) > 0 for t,s € (a,b);
D 0(oa(s) < E2PGu(t, 5) < (71— Dori(s) and oa(Doa(s) < LGyt s) < (h = Dy(1) for

t, s € [a,b], where o(1) = (=)' Z=L and o(1) = (2= 22 for h > 2 and 1 € [a, b].

Now, we will investigate the corresponding Green’s function for KFDE (1.1) and its
fundamental properties.

Lemma 5. Let x,, x, € LP(a, b) be given functions. Then the following KFDE

D1 (0) + x1() = D3¢+ x2(t) =0, 1€ (a,b),

2( ) dUl(S) (2.2)

b
, (D) = V1J ui(s)p1(s) ,

b
Y'¢1(a) = y/'¢a(a) =0, ¢1(b) = VzJ Mz(S)¢2(S)

where 0 < i <m; —2,0< j<my—2, has an integral representation

b d b d
d1(1) = J Gi(1, S)Xl(S)l—_s +J H,(t, S)Xz(s)l—_s,
a S p a S p

b (2.3)

d b d
$a(t) = J G, s>x2<s>sl—fp +J Hi(, s)xl(s)sl—i,

a
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where c5: = 1 —vivpCe,Cay > 0,

@ ar— du
G 5) =G (15) + (=) IJ 0 (OGa (9,

aj

aq 2 -1 dU
Galt,9) =Gt ) + e (£ Jw(r)%(r DECECS
P — af \ar- dUu P — af dUu
H(t,s) :Cv_glf(ltop _Zp) IJ ()G, (1, 5) 1(t), Cay = L(ﬁ)m_]m() tllit),

b
Hy(1, s) :szz(tp - ap) J 1o(OGo (1. ) Uz(t), o, = J (tp -a’ )az—luz(t)dUz(t).

Cal \DP — aP o \bP—ar ti-r

(2.4a)

(2.4b)

(2.4¢)

(2.4d)

Proof. It follows from Lemma 1 that the solution of KFDE (2.2) can be rewritten the equivalent integral

systems as follows
' —af\er-1 ' —af \o1-m pl_al Jt 1 ds
) = tooo ey (—— — £ — Py
$1(1) = e > ) Cum p ) T L@ =" a5

ar-1 ¥ —af\ar-my  plTe (7 a1 ds
e v Ml vy L“p ~ IRl

From y'¢p(a) = ¥/¢2(a) = 0,0 < i <my —2,0 < j < my—2, we have Com, = Comy-1) =
(0 = 1,2). Thus, Eq (2.5) becomes the following form

' —a

(1) = C21(

(2.5)

=y =0

(2.6)

2.7)

(1) = en( =LY I’?éz) J (# = )" 1x1(s)_
pa0) = en( L) - 18(1%) J;(zp - sp)”-lxz(s)sl—i,.
It follows from ¢, (6) = v, [ ts()2(5) "2 and ¢y(b) = v [* u1(5)¢h1(5) 29 that we obtain by means
of Eq (2.6)
(=) eu =, J 60+ s J ¥ - O ),
Z - Ly e = J i S)hiGs LD, r; 2) J:(bp O

Combining (2.5) and (2.7), we derive

P — aP \a1—- b dU 1(11 b d
610 =(1—=) 1( | a0 S22 + J(bp—spw-‘x](s)sl—i)

b —ar - r( D .
pl—m t o ﬂ
~ T(an) L(’p SR
L - b d
= Z(Qp_ap) IJ ta()a(s) — Z(S) J Gt 9121(5) .
P -a duU
b0 =(55—=)" 1( Jm(s)qbl() 1153) i 2)J(bp . (s)—)

(2.82)
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1—02 t d
~ e L(’p SRR R
P — g a1 (7 dU ’ d
e J ()1 (s) Sll_is) ; J Gt 902(8) <. (2.8b)

Integrating the above Eq (2.8) with respect from a to b, we obtain

b dU P _ P b dU b JU
Jul(t)(m(t) tlif(’t) :J ul(t)( (t a) JMZ(S)(/)Z(S) slz—S)JrJ Go (1, S)xl(S)_) =

a° 5 | i
=W%JZM®%@) il Lj‘lm@4t> e S e
Jbuz(f)ﬁﬁz()dUZ(t) : rm(r)(w(;‘;_“ )* J w5 ¢ J Gl 510(5)- p)@
:vlcmrul(sml(s)dU‘() JJ ()G 1, 9) ff,)xz(s>sl_p, (2.9b)
Solving for [ u(5)¢1 ()™ and [ uy(s)¢a(5) 22 in Eq (2.9), we acquire
rm(s)qb](s)dUl(s) - J J 06069 ()5
" Ux(1)

QUQMWWQ 20
Jbuz(swz(s)dUz“) —vff r fuxng@(r Dlell (s)jfp -

+%j;m%ﬂwfymﬁﬁ

Combining (2.6), (2.7) and (2.10), we get

-y [t P — af \ai- @ brb dU d
¢1(f) = — ?(al) J( S,O)(ll 1_x (S) (;0 _Zp) I(Vlvif J J ul(t)gal(t’ S) tliit)XI(S)Slfp
v (PP Uz() ds Pl_al a1
o —al \ai-
J( n(t.5) + V”g? () Jul(ogm(t ) 1()) 1(s>s1_sp
—-af a: dUu
J (s J 0060092 () 5
1(12 P _ gP \ar— ” b rb dU. d
ba(t) = - g( 5 J (@ — Py 1xZ(s) (e J J ()G (1, 5) tf,(f)”(s)slfp
v PP dUl(t) ds pl‘o‘2 -
+—J J WG (09 S () + 2)J B - ) x (s)—)
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b o 1P — aP \oa- d
:J (Gurtr 9+ 222 (2 lj 061, 9D ()5
a S

Cor DP —aF t-r

b e
+J (c (tp ap) IJ U (G (1, 5 )dUl(t)) 1(S)sl_—p.

be — ar

Hence, we have

b ds (" d
P1(1) = J Gi(t, $)x1(5) +J Ha(t, 5)3(5) 1
s u s

a
b

d b d
(1) = J G, s>x2<s)sl—fp +J Hi(t, s)m(s)sl—i.

a

The proof of Lemma 5 is completed. O

Lemma 5 implies that KFDE (1.1) admits an integral representation as follows.

b d b d
#i1(1) = A(J Gr(t. )f(5.01(5). 0015 + | S)fz(s,¢1(s),¢2(8))ﬁ),
¢ ‘ (2.11)

b ds b ds
(1) = /l(J G, (1, S)fz(S,¢1(S),¢2(S))S1—_p + J H,(, S)fl(S,fﬁl(S),(bz(S))Sl—_p)

Lemma 6. Fort, s € [a, b], the functions G,(t, s) and H,(t, s) (o = 1,2) defined by (2.4) satisfy

)" g (9) < Gty s)

VIVaCa, (P — aP)M ! (P dU (1) t° — a
pm IC(QF((Z ) Ml(t)Qm(t) ll_p (bp —a

& —a)m! Vivace, [ dU\(1)
p‘“—ll“(al — 1)(1 + = 2 ) ul(l‘)tl—p)O'al(S) (2.12a)

491

a

Vivace, (B —a’) ! (* dU,(t) / 1° — af \ar-1
1 ;azilc‘hr(az) J u2(t)g02(t) tlip (bp _ ap) ’ O-(Iz(s) < Gz(t, S)
g a
b° — a)! Vivaca, (7 dU,(7)
= o a, - i+ J O e 2.120)
v — a?)n! dU 1), tF —al \a 1

_ a;—-1 b
n(® —a) Ju()dUl(t)O'm(s), (2.13a)

~ et (e - 1) -

v (bP — ap)“2‘1

dUz(l)( * —a’
P teg T ()

) T rons) < Halt,5)
V(b — aP)! r ()dw(r)
= u
P (@ -1 ),

J U2(1)0a; (1)

Ta,(5), (2.13b)

G](l, S) <

b — @y (1 L Vi, Jb ul(t)dUl(t))(t” —a )"“‘1, (2.14a)

P 1T () — 1) a2 tl=p J\pp — qP

ay
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(b° — ar)™>! Vivace, [0 dUx(0)\, 1 — @ \ar-1
Galt, ) < 1)(1 e )( ) (2.14b)
Vil =gy (P AU P — af e
H\(t,s )—W uy (1) pra (bP—aP) ; (2.15a)
v —a)> (P AUt P — af -
Halt,8) S ey ), 2O (o) (2.15b)
Proof. First, we will demonstrate the validity of Eq (2.12a).
V1VaCq, ¢ 1F — aP \ai-1 dUl(f)
Gi(8:) =G (1, 9) + —5 () Jul(t)gma ) —5
(b° — aP)m-! VIVaCay (1P — @ -1 [P (B — aP)! dUl(t)
<m(al — 1o, (s) + cgf (bﬂ —ap) ) 1( )W(al — 1oy, (5)
(b —a’)n~! ViVaCa, (B° —a?)™ ' [P dU (t)
e () e —— ()=, (5)
p" ' (a; — 1) Cay PM '@ —1) J,
by — ) w [ AU
:pil_lr("a) 1)(1 , 2 ZJ ul(t)tl—i()) 0, () for Vi, s € [a,b),
1= ] a
3 ViVaCq, (1 — @ \i-1 dUl(t)
Gi(8,) =G (1, 9) + — 5 (o—0) J (DG, (t, ) ———
VIVaCa, (1 — @ \a1-1 b b° —a)v! Ul(t)
g | oy e 0
VIVZCag(bp_ap)wl_l Jb dU](t) af \ai-1
= 10y, (t " for Vt, ,b].
Ty, 00 O () om () for Vs € fa.b]
Second, we will demonstrate the validity of Eq (2.13b).
Vo P —af \ai-1 U (t)
H(t.) == (=) J ()G (1, 5) =
vy 1P —af a1 [P (bp—ap)azl dUz(t)
_C—gz(bp_ap) J )y @~ D=5

- V(B — aP)®! r ()dUz(t)
‘p“z“ciifr(a 1) !

= 2 il )“'_] J (DG oy (1, )2

0q,(s) for Vi, s € [a,b],

lfz(f)

Hz(t S) o —

p (=t [P (B - p)azl dUz(t)
Zc_“f(bp—ap) J uz(ﬁm 0a (D04, (8)———

G e dU(t) 1 — a° \o-1
=TTy ), 2 0en (= ( > _ap) To(s) for Vi, s € [a,b].

Third, we will demonstrate the validity of inequalities (2.14a) and (2.15b).
dU, (1)

t-r

VIVaCqo, (P — a°
Gi(t. 5) =G, (1. 8) + —=(

Cor bP —aFf

ap—1 b
) Julmgmm 5)
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(b° — a?)! VIVACay 1P — aF \ai-1 J” (b° — a?)! dU, (1)
<=7 (@ -1 = (-1

P~ T(a) (@ = Dew () + Car (bp—ap) ) P~ T(a) (@ = Dew =42~
L@y @t e, @ = a0 U@ 1 = af o
T (e - 1)(bp - ap) * p e T(ay — 1) (1) t-r (bP - ap)

(bp - ap)aq—l V1V2Cq b dU(t)\, ¥ — a° yai-1
:pal—‘F(al — 1)(1 z 2 ) (D) pro )(bp — aP) for VYt,s € [a,b],
vy P —df e dU(1) _ vy (1 = \or- (b° — a)! dU(t)

Ho(1, s) = ,n( ) J 121G (1. 5) 5, < gﬁ( ) J ) =y @O

D —ah)™ ! Jb " (t)dUz(t) ( *—a

a-1
< for V1,s € [a,D].
T T () e G ap) or Vt,s € [a,b]

By employing a comparable methodology, we derive (2.12b), (2.13a), (2.14b), and (2.15a). The
arguments above suffice to prove the lemma. O

Remark 1. It follows from Lemma 6 that for any t, s € [a, b], we obtain

* —a’ \ai-1 P — al \ar-1
&(bp — ap) 04, (8) £G1(2, 5) < ,0,,(5), gl(bp — p) T 0, (8) <Gt 8) < broa, (5),
t* — aP \ar-1 * —aP \a1-1
l(bP — ap) 00, (5) SH (1, 5) < 6070, (5), &(bﬂ — p) 0, (5) SH (1, 5) < L0, (5),
* —af \ai-1 * — af \ar-1
G (t, 5), Ha(t, 5) <52( o ap) o Go(t, 5), Hy(t, 5) <€2(b ap) 2,
where

Vivace, (P —aP)1~! duU bﬂ NI du
e [ty (1)Qu, (1) 20 =V (D (1), (1) 22,

.| el 7 T2 ()

£y =min Vivaca, (B —a)2! dUs(t) vo(bP—aP)®2~! anm |’
p(yz—lcg%r((xz) f MZ(I)QQZ(I) =p po2- 1 “21—*(0 ) J‘ Z(I)Q(Iz(t) t-p
(BP—aP)*1 ! ( VlVZCa2 dUl(t)) vi(bP—aP)*1 7! dU; ()

p"l'lr(m—l) f (t) t=r )» P 1 ‘721'*((11 ) J. l(t) =p

(P —aP)2~! (1 VIVZCzy]J‘ (t)dUz(t)) Vo (bP—aP)®2~! f 2(t)dU2(t)

P27 T(ap-1) t=r )2 paa-1 "Zr(az 1) t1-r

{, = max

Throughout the remainder of this paper, we assume always the following hypotheses are satisfied:

(Cy) Let fo(t,¢1,¢2) € C([a,b] x [0, 400)?, (=00, +00)), furthermore, there exists a function 8(1) €
L'([a, b], (0, +c0)) such that Jo(t, ¢1,¢2) > —g, (1) for any t € [a, b], ¢, € [0, +0), 0 = 1,2.

(C)) Let f,(t, ¢1, ¢2) € C((a, b)X[0, +00)?, (=00, +00)), fo may be singular at z = a, b, furthermore, there
exists two functions g,(t) € L'([a, b], (0, +00)) such that Jot, d1,¢2) > —g,(2) for any t € [a,b],
¢o € 10,400),0=1,2.

(Cy) Let f,(2,0,0) > O fort € [a,n],0=1,2.

(C53) There exists [€, €] C (a, b) satisfying hn% inf r[r11n]f1(t’¢ll’¢2) = 400 and lirrTl inf r[nin] JIZ(LZ”"Z) = 400,
@1 T+oo t€€),6 G T+oo t€[€r,62
C;) There exists [€], &] C (a, b) satisfying lim inf min fi@0182) — 4 oo and liminf min 259192 = oo,
ymg
$rT+oo telel,e] 2 $1T+00 r€fer,e] !

(Cy) f T, ()80()E5 < +00 andf T, () fo(S, 1, $2)E < +oo for any ¢, € [0,m], where m > 0 is
any constant, o = 1 2.

Electronic Research Archive Volume 34, Issue 1, 509-533.



518

Lemma 7. Assume the condition (C,) or (C}) holds, then the following KFDE

- D@i(t) = A81(1),  —Dgl@(t) = Ag:(1),  t € (a,b),

. . b dU b dU
Y@i(a) = y'@y(a) =0, @(b) = VzJ uz(s)wz(s)#, @ (b) = vlj ui(s)@i(s) 1)

a a

b

sl-p

where 0 <i<my —2,0 < j<my—2, has an unique solution

b d b d
@ () = J(J Gi(t.9)g1(9)~— +J (1, s>g2<s>1—fp),
s P S

C; s b s (2.16)
@, (1) = ﬂ(J Ga(1, S)gz(S)F + J H(z, S)gl(s)F)-
which satisfy
1 —af \ar-1 [° d
@) < (1) 1J (81(5) + g2+ 1€ labl,
P oot ! 2.17)
@) < Ao 7—) J € [a,b].

Proof. By invoking Lemma 5, Remark 1, and the condition (C;) or (C}), we verify that (2.16) and
(2.17) are satisfied. O

Let E = [a, b]?, then E is a Banach space equipped with the norm ||(¢1, ¢2)lli = |1l + l|#all, llg,ll =
MaX;efq ) [¢o(0)| for any (¢1,¢2) € B, 0 = 1,2. Let P = {(¢1,¢) € E : ¢o(t) > €(5=5)% ||, || for 1 €
la,b],0 = 1,2}, where 0 < £ = ¢/, < 1. Then P is a cone of E.

Next we only consider the following singular KFDE

DY (0) + Afi (2, [ (1) — @1 (D], [P (t) — @2(D]) + g1() =0, 1> 0,
DY (1) + A, [ (1) — @ (D], [Ya(t) — @2(D]) + g2(1)) = 0, t € (a,b),

) . (2.18)
V(@) = Y@ = 0, v (b) = vs J W)

b
, Ya(b) = vy J Ml(s)'ﬂl(s)dUl(S),

where 0 < i <m; —2,0 < j < my — 2, an adjusted function [N(#)]* is defined by [N(#)]* = N(?), if
N(f) = 0, and [R()]* = 0, if X(r) < 0 for any N € Cla, b].

Lemma 8. If (J1,¥») € Cla, b)* with y(t) > wi(t) (i = 1,2) for any t € (a, b) is a positive solution of
KFDE (2.18), then (Y, — @, ¥, — @3) is a positive solution of KFDE (1.1).

Proof. In fact, if (1,¥») € Cla, b]* is a positive solution of KFDE (2.18) such that Yo(t) > w,(t) for
any f € (a,b] and o = 1, 2, then, from (2.18) and the definition of [-]*, we derive

Dy () + Af[i(t, Y1 (D) — @1 (1), Yo (1) — wo (1) + g1(1)) =0, 1> 0,
DY) + A S (1,91 (1) — @1 (1), Yo () — (1) + g2(1) = 0, 1 € (a,b),

) U (2.19)
Y1(a) = yga(a) = 0, YD) = v, J t2()ra(5)— Z(S)

b
uab) = v J ul(s)m(s)dU‘(s),
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where 0 <i<m; —2,0< j<m -2 Let¢, =y, — @,, from Lemma 7, then we have Z)Zi’p%(t) =
DY (1) — D w () = Dy (1) + Ag,(t) for t € (a,b) and o = 1,2. So KFDE (2.19) can be
rewritten as
Dl d1(0) + Afi(t,01(D), $2(0) = 0, D’ o(1) + Afo(t, ¢1(1), p2(1)) =0, 1€ (a,b), 1>0,
b b
. . dUs(s dU (s
Y61(a) = Y/92(a) = 0. ¢1(b) = sz 0D, i) = J (5 (9

a a

b

where 0 <i<m —2,0<j<m—-2,1e., (Y —@,¥, — @) is a positive solution of KFDE (1.1).
This proves Lemma 8. O

It follows from Lemma 3 that KFDE (2.18) can be reformulated as

rb ds

Y (7) =/1( G5, 5)(fi(s, [Y1(s) = D], [Ya(s) — @A) + g1(5))

S]—p

rb d

+ | Ho(t, 5)(f2(s, [Y1(s) — @19, [Yals) — wa(s)]7) + gz(S))sl—,Sp), (2.20a)
rb d
(1) =/1( Gao(t, $)(fa(s, [Y1(s) — @i (D], [Ya(s) — wa(s)]) + gz(S))Sl—i
rb

d
+| @G [016) = T [a05) = 7o) + 1)1 ) (2.200)

A solution to KFDE (2.18) is defined as a solution to the corresponding system of integral equations
(2.20). We introduce an operator T : P — P defined by

T, ¥2) = (Ti(W1, ¢2), Ta(Y1, ¥2)),
where the operators T, : P — Cla, b] (0 = 1, 2) are defined by

rb

d
T, (1, ¥2)() =/1( G(t, )(fi(s, [Y1(s) — @], [Y2(s) — w2(s)]) + gl(S))sl—i,

a
rb

d
+ | Ha )G 06— T O] [0a0) = m) + (o)) 221a)

rb d
To(r1, ¥2)(0) 2/1( Ga(t, $)(fo(s, [Y1(5) = @2(8)]", [Y2(s5) — @o(s)]) + gz(S))Sl—_sp

J
rb

d
+ | Hi@, 9)(fi(s, [Y1(s) — ()], [Ya(s) — @2(9)]") + gl(s))sl_fp)' (2.21b)

Evidently, if the pair (¥,¥,) € P is a fixed point of the operator T, then it necessarily solves
KFDE (2.21).

Lemma 9. If the condition (Cy) or (C}) holds, then T : P — P is a completely continuous operator.

Proof. For any fixed (¥,y,) € P, there exists a positive constant L such that ||(¥,yY)|l; < L. And
then we obtain [,(s) — @, ()] < Yo(s) < |IW,ll < (W1, ¥2)lli < Lfor s € [a,b] and o = 1,2. For any
t € [a, b], it follows from (2.21) and Remark 1 that

b

d
T (1, ¥2)(0) :/l(J Gi(t, )(fi(s, [Y1(s) — @1 ()], [Y2(s) — wa(s)]) + gl(S))sl—fp

a
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b
d
|t )05, 10109 = @O ) = 01 + 2050 1
b . . ds
<At | T 01(5) = BT a(5) = ] + 215
’ . . ds
+0 J T, ()2 (s, [Y1(s) — @1(9)], [Ya(s) — wa(s)]") + gz(S))sl—_p)

b d b d
<AME, J (@, (5) + Ton(5)) = + ALy J (@0 ()81(5) + Tor ()25 =

—aP

b*
<296,

b
ds
+ /wzJ (g1(s) + gz(S))ﬁ < 400,

where M = max{max;e(qp)¢,.¢,e0.£] J1( D1, $2), MaAXie(ap)¢1.60e10.21 2(T, b1, ¢2)} + 1. Similarly, we can

observe that [To(y1,¥2)(1)] < 2AMELPE + AL fs(gl(s) +8()E < 4oo. Thus T : P — Eis
well defined.

Next, we prove that T : P — P. For any fixed (¥1,¥,) € Pand ¢ € [a, b], using (2.21) and Remark 1,
we acquire

Nl

Ty Y)(0) 34(52 J

a

d
To (. [01(5) = T (', [92() = D)) + 1()) 1

b
d
+ fzJ TP [01(5) = T [s) = (5)]) + 825D~ )

S

To(, ¥2)(0) <A

—

d
zzj Toa L () = @A, [2(5) = T2(5)]) + 82(9)
b

d
+ é’zJ oy (105, [¥1(8) = @1 (9], [Ya(s) — @a(9)]") + gl(S))Sl—_sp),

which reveals that

b

IT W1, ¥o)ll <Aty J

a

d
To (. [91(5) = T (], [92(s) = To(9)]) + 1()) <1

b

d
+ J Tar ()2 (s, [1(5) — @1 ()], [Y2(s) — @2(5)]) + g2(5)) sli))’
b
IT2(1, Y)ll <AL, J
b

d
+ J To, ()(f1(5, [Y1(8) — @1 ()], [Y2(s) — @2(s)]) + gl(S))Sl—fp)

d
T o, ()2 (s, [Y1(5) — @], [Y2(8) — wa()]) + gz(S))sl—_sp

Alternatively, combining (2.21) with Remark 1, we further deduce that

' —af

b
a1- d
Ty, 20 246(—) 1(J Car (. [1(5) = T (], [2() = D)) + 1() 7

b
d
| O 16) = T W306) — ) + 25D 5 )
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' —a
bP — af

b
- d
To, Y2)(0) 246 (———) I(J Cur (05 [01(5) = TSI [W2(s) = )]) + 82(5) 1

b
d
| T 1) = BT 0200) = (1) + 215D 55 )

The combination of the preceding two equations yields

* —af
bP — af

To(1,¥2)(0) = { )" I, vo)ll for € [a,bl and o = 1,2,

which implies that T(P) c P. By invoking the Ascoli-Arzela theorem, we immediately establish the
complete continuity of the operator T : P — P. This concludes the verification of the lemma. O

The following Leray-Schauder nonlinear alternative and Krasnoselskii’s FPT will serve as
foundational tools in our subsequent analysis.

Theorem A (Nonlinear alternative of Leray-Schauder type, see [40]). Let X be a Banach space with
closed convex Q € X, U C Q a relatively open neighborhood of 0, and S : U — Q a compact
continuous operator. Then either

(a) S has a fixed point in U, or
(b) there exists u € U and v € (0, 1), with u = vSu.

Theorem B (Krasnoselskii’s FPT, see [41]). Let X be a Banach space equipped with a cone P. Suppose
Q, and Q, are open subsets of X satisfying the following conditions 0 € Q; C Qy C Qy, andS : P - P
is a completely continuous operator such that, either

(@) [ISwll < [Iwll, w € PN 0y, [ISwll = [Iwll, w € PN 0, or
() [ISwll = [wll, w € PN oy, [ISwll < [Iwll, w € P N 9y

Then S has a fixed point w € P N (52\91).
3. Main results

In this section, we present our main existence results. The first theorem guarantees at least one
solution for small values of the parameter A, while the subsequent theorems, under stronger conditions,
establish the existence of two distinct positive solutions.

Theorem 1. Assume that hypotheses (Cy) and (C,) are satisfied. Then there exists a positive constant
A, such that KFDE (1.1) admits at least one positive solution for any 0 < 1 < A,.

Proof. Let e € (0,1) and fixed ¢ € (0, 1), it follows from (C,) that

Jot,d1,02) =2 0f(t,0,0) for a<t<b, 0<¢,<e and o=1,2. (3.1

Let f,(&) = MaXusishocp,<elfolts d1, 2) + 800} and 9, = & [7 074, ()L, we acquire lim,yo(f(e)/¢) =
+oo for o = 1,2. Let A satisfy 0 < 1 < A, := /(89 f(€)), where ¢ = max{d, 9} and f(€) = max{fi(e),
E(s)}, then we have lim, lo(j_f(e) /&) = 400 and f(s) /e < 1/(891). Furthermore, then exists a Ry € (0, &)
such that f(Ry)/Ry = 1/(89).
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For U = {(¥1,¥2) € P : [|[(Y1,¥2)lli < Ro}, let (Y1,42) € OU and 6 € (0, 1) be such that (¥, ¢) =
OT (Y1, ¥0), 1.e., ¥y = 0T 1(Y1,47) and ¥, = 0T,(1, ;). We will apply the Leray-Schauder nonlinear
alternative (Theorem A) to prove T a fixed point in U. To do this, we show that no solution lies on
its boundary dU. We announce that ||(¥, ¥,)|l; # Ro. In fact, for (¥, ¢,) € dU and ||(¥1, ¥2)ll1 = Ro,
we obtian
b

d
Yi1(t) = 0T (Y1, Y2) (1) S/l( Gi(t, )(f1(s, [Y1(s) — @1 ()], [Y2(s) — w2(s)]) + gl(S))sl—fp

Ja
rb

d
+ | Ha 9 W1(5) = @O [W205) = T29]) + 25015 )
<
b

rb
b
%(J T () fl(Ro)+J TSR < 20U R ()

_ d b — d
Gy (t, s)fl(Ro)l—fp + J Hj(t, S)fz(Ro)l—i,)

Ja

Following an analogous approach, we obtain

Ua(t) = OT2(1, Ya)(0) < 20Af(Ry). (3.3)

It follows from (3.2) and (3.3) that Ry = [|(¥1,¥2)lli = [l + [l < 4921 (Ry), i.e., f(Ro)/Ry >
1/(494) > 1/(894) = f(Ro)/Ro, which yields that ||y, ¥2)lli # Ro. It follows from Theorem A that T
has a fixed point (¥, ¥,) € U. Moreover, combining (3.1) and the fact that Ry < &, we derive

b

d
Y () =/1( G1(t, )(fi(s, [W1(s) — @], [Y2(8) — wa(s)]) + g1(S))S1—_Sp

Ja

[ d
+ | Ha 9 () = DO W205) = 2] + 20515 )
rb

d b d
2/1( G1(t, )(6(5.0,0) + g1() s + J Hy(t, )3 f3(5,0,0) + gz(s))—lfp)
s u s

Ja

b
za(

Ja

ds (" d
Gi(t. 9819~ +J Ha(t, )82(9)~ | = @10 for 1€ (a,b).

In the same manner, we derive ¥, (f) > @,(t) for ¢t € (a,b). Then T has a positive fixed point ({1, ¥>)
satisfying ||(¥1, ¥2)lli £ Ro < 1. Namely, (i1,4) is positive solution of KFDE (2.18) with ,(¢) >
w,(t) fort € (a,b) and o = 1,2. Let ¢o(t) = Y, (t) — w,(t) > 0, 0 = 1,2. Then (¢, ¢) is a nonnegative
solution (positive on (a, b)) of KFDE (1.1). The arguments above suffice to prove Theorem 1. O

Theorem 2. Assume that hypotheses (C}) and (C3)—(Cy) are satisfied. Then there exists a positive
constant A* such that KFDE (1.1) admits at least one positive solution for any 0 < 1 < A",

Proof. Let Q; = {(Y1,42) € E : Wl < Ry, 0 = 1,2}, where R, = max{l,r},r = 2 f (81(5) + 82(8) 4.
Set A" = min{l, R;/(2(R+1)), R, /(2r)}, where R = fz(f O o, ($)(MaX0<g, ¢, <k, f1(S b1, 2)+81(5) 4% +
f T o, ($)(MaXo<y, gr<r, [o(5, b1, ¢2) + 82(5))%) > 0. Then, for any (¥1,1¥2) € P N JQy, we derive

1]l = Ry o [gall = Ry. Furthermore, we obtain (1) = @(t) < (1) < Ilell < R1, 0 = 1,2, and
b
d
Ty )l SMZ(J Ta (Fils, W1 (5) = D), Ws) = Do) + 15
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b
d
+ J Ty ($)(fa(8, [Y1(5) = @1 (9], [Ya(s) = @a(9)]) + gz(S))Sl—_sp)
b

<6 | (o max, iCs. 01,62+ £1(0) 1

a 0<¢1,¢2<R;

b
R
+J (), max fols. b1, 2) A0 ~)=ar <

a 0<¢1.42<R

Similarly, we also get ||T2(¢1, ¥2)|| < R1/2. Combining the previous results yields

ITW, )l = T @, )l + T2, Y)ll < Ry < M1, )l W, g2) € PN OGY,.

Alternatively, select two constants Ny, N, > 1 such that

e I oS
€1

bP — aP bP — aP sl=p
N, € —a \ar-1 [ s —al\ar-1 ds

It follows from hypotheses (C;) and (C,4) that there exists a constant 8 > R, satisfying
fl (t’ ¢l ’ ¢2)

b1
S, 1, ¢2)

¢ >N27 namely f2(t7 ¢19 ¢2) > N2¢2 for te [61a62]’ ¢1 > O’ ¢2 > B
2

>N, namely fi(t,¢1,¢2) > Ni¢, for t € [e, 6], ¢ >B, ¢ >0,

(3.4)

(3.5)

(3.6)

Let R, = max{R, +1,24r, 7 maX{(bp ) (G5 (B + D) and Q; = {(1,42) € E: Y]l < Ry,0 =

ep af

1,2}. Then for any (1,47) € PN 692, we have 1]l = R, or ||urs]| = Ry. If ||| = R,, we can state that

b d b d
Ui(t) = @1 (1) = (1) - A(J Gitt. gi(0)- + | s)gﬂs)ﬁ)

a

—a” \a-1 [P d
2y () - A1) 1J(gl(s>+g2<s>)l—fp
i a-1¢
=00 - A((5 _‘;p) 1 2J (g1<s>+g2(s>>
* —af \ai-
=00 - AU(-—) lrz(l—lg)wr)ziwl(r)zo, t € [a,b],

and then

min {[y1(1) = @ (O]} = min {Yy()) = @)} = min {3 o)

tel €

. [ tP _
>
lE[El ,e] {2 (b,D

)“1 I} = ( 5 (5

Since B > R; > r, from (3.5) and the above inequalities, we acquire

N
H@ (1) =], [ () — @2 (D)]) = Ni[yi (1) = (D] > 71%(1), t € [e, el

a” \a;-1
) R,>B+1>8.

(3.7)
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It follows from the previous inequality (3.7) that

b
d
T, ¥2) () :/1(1[ G (t, )(fi(s, [Y1(s) — @1 ()], [Y2(s) — @wa(s)]") + 81(5))S]—_Sp

b
d
+ J Hy(2, $)(fa(s, [Y1(s) — @1(9)]", [Ya(s) — @a(s)]") + g2(5)) Sli,)

b
d
ZﬁJ G, 5)(fi(s, [Y1(s) — @D, [Yals) — wa(s)]) + g1(S))S1—fp

>0 r () o (A W) = @, [(5) = T )1
S J T (9 S0 5) 1

STLILLATY J T () Wl

B G [ o s et

If |lyr»]| = R», we obtain

b d b d 1
Wa(t) — wt) = () - A(J 6a(t. 98:(5) 7 + J $i(t, S>g1<S>S1—i) > S0a()2 0, 1€labl
and then

1
ter[llﬂig]{[lﬁz(t) —w ()]} = tergg}g]{lﬁz(t) —@y(1)} > telﬁli,?z] {sz(t)}
Lt —a - £ e —a°

> min (Sl = S(2—

ar—1
= 5 Ry>8B+1>8.
teler,e] {2 bP — ar br — ap) 2

Since B > R; > r, from (3.6) and the above inequalities, we acquire

N
Lt [ () — 1D, [2(t) — @2D]) = Na[a(t) — @2 ()] > 72902(1), 1€ e, el (3.8)
It follows from (3.8) and the previous inequality that

b

d
Ti(W1, ¥2)(0) =/1(J G, )(f1(s, [Y1(s) = 1], [Yals) — @2(s)]) + gl(S))Sl—i

b

d
- J Ha(t, )35, [9(5) = (9] [a(5) = 7a(9]) + ga(5) 1

b

d
Z/lj H(t, $)(fa(s, i (s) — T 1(9)], [Ya(s) — @a(9)]") + 82(5))S1—_Sp

\%

bp — aP

b0 g en .,
/1J' 51(t 2 ) lmrz(s)fz(S, [wl(s)—wl(s)]*,[%(s)_wz(s)]*)SI_:Vp
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be — ar 1

N, € —d’ a1 (@ s — af \or-1 ds
226,20 J %(s)f( - ap) Il
L, N e —a \ar-1 (@ F —a’\-1 ds
=10, 7( e ap) L Tar(5)( . ap) Rz R 1€ a6l

Based on the previous proof, for any (1,¥,) € P N 0€,, we conclude that T;(¢¥y,¥,)(t) > R, for
t € [€, &]. Similarly, for any (¢, ¥,) € P N 9€,, the following result also holds T, (¢, ¥7)(t) > R, for
t € [€1, &]. Combining the two results yields

T, )l = T (s )ll + T2 @r, )l = Ry = (|1, ), (Y1, 42) € PN O, (3.9)
It follows from (3.4) and (3.9) that condition (b) of Theorem B is satisfied. Consequently, T has a fixed
point (1, ;) with r < Ry < |[|y,ll < Rs, 0 = 1,2. Because r < Ry < |||l < Rp, 0 = 1,2, we obtain

b d b d
() — @ (1) =y (1) - ﬂ(J G (1, s)gl(s)sl—_sp + J H,(z, S)gz(s)sl—_sp)

a

*—a * —af \ai-1 b ds
> ()" il - () J(gl(s>+gz<s>)sl—_p
* —aP \ai-1 P — ar-1¢, b ds
:K(bp " 1]l = /w(bp ) —J (g1(s) + gz(s))—_
' —a’ \e-1 ' —a’ -1 ' —a’ -1
20— r—u(bp_ap) r—(l—/l)f(bp_ )" 20, reab),

b d
Yo (t) — @ (1) =ya(t) — /I(J Go(t, s)gz(s)sl—_sp + J H(, s)gl(s)sl_—p)

r P \ar— t* —af \ar- b d
Zf(bp ap 1”%” _Mz(bp a ) IJ (g1(s) +g2(s))1—fp
r *2= s 2-1¢
:[(bp ap 1”‘#2” - /w(bp — ) = J (g1(s) + gz(S))—

Zf(tp_ap )(IZ_Ir—/lf(tp_ap )az—lr: (1 —/l)f(tp a’ )(22 17-20, ‘e (a,b)_

bP — ar be — ar bP — ar

Thus, (1,y>) 1s positive solution of KFDE (2.18) with y,(f) > @w,(¢) for t € (a,b), 0 = 1,2. Let
Go(t) = Yo(t) —@,(2) > 0,0 = 1,2. Then (¢, ¢») 1s a nonnegative solution (positive on (a, b)) of KFDE
(1.1). This concludes the proof. |

Along with the proof of Theorem 2, it is apparent that (C;) may substitute for (C3). Consequently,
we derive the theorem below.

Theorem 3. Assume that hypotheses (C}), (C3) and (C,) are satisfied. Then there exists a constant
A > 0 such that KFDE (1.1) has at least one positive solution for any 0 < 1 < A..

Given that hypothesis (C;) entails both (C}) and (C,4), the proofs of Theorems 1 and 2 suffice to
derive the following result.
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Theorem 4. Assume that hypotheses (C,)—(C5) are satisfied. Then KFDE (1.1) has at least two positive
solutions for A > 0 sufficiently small.

In fact, it follows from Theorems 1 and 2 that KFDE (1.1) has at least two positive solutions for
0 < A < min{4,, A*}. Correspondingly, it can be inferred that

Theorem S. Assume that hypotheses (C,)—(C,) and (C;) are satisfied. Then KFDE (1.1) has at least
two positive solutions for A > 0 sufficiently small.

4. Some examples

Example 1. Consider the following KFDE with coupled IBCs
1

NQUERIERRY:
1

(Vi-2)(3 - Vi)
9
Y61(8) = s = 0, $1(9) = v, L a()(5)

D, 2<l51(f) + /1(¢P + cos(27r¢2)) =0, A1>0,

D™ 2¢2(t) + /l(qﬁ!B + sin(2ﬂ¢1)) =0, t€4,9), 4.1)
dU(s) dU(s)

¥ v
where 0 <i<m; —2,0<j<m—2, the constant B, satisfies B, > 1; the functions u,, U, and the

constant v, are selected appropriately such that cg: > 0 is satisfied. Then KFDE (4.1) admits a strictly
positive solution (¢, ¢,) satisfying ¢, > 0 for suﬁ?czently small A >0andt e (4,9),0=1,2

9
L 29 = v, J 1 ()1 (5)

Proof. Based on Eq (4.1), we derive

1 2
filt,¢1,42) =¢" + cos(2res), g1(t) = ,
J(VE=2)G = VD J(VE =2~ ¥

1 2
Lot 1, ¢2) =¢§2 + sin(2mey), g (1) = )
NQUEERRY NQVEERRY

Evidently, for ¢1,¢, > 0 and t € [, ] C (4,9), we acquire
Jolt, 1, ¢2) + g1(1) = ¢, + ! > 0, liminfM = +00, 0=1,2.

JNi-23-h T %

Thus hypotheses (&) and (C5)—(Cy) are satisfied.
Letr=2% ds — 307 and R, = 1 + r. Then we have

e

9 ds 9 ds
R :fz( L Ta () max  fis ¢, ¢0) + g1<s>)7 + J (), max  fols, 41, 9) + gz(S))ﬁ)

<t, 9R‘f1 ] s (R ) 95) _ 0 + B + 127)
. +\/(\/§—2)(3—\/§))\/— [ J5-26- xﬂ)‘f) o
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Let A* = min{l,R;/(2(R + 1)), R;/(2r)}. Then, for 0 < A < A*, Theorem 2 ensures that KFDE (4.1)
admits a positive solution (¢, ¢,) satistfying ||¢|| > 1 and ||@,|| > 1. O

Example 1 demonstrates that even when the nonlinearity f; (i = 1,2) is singular at the endpoints
and changes sign, our theory ensures the existence of a strictly positive solution for a sufficiently small
perturbation parameter A.

Example 2. Consider the following KFDE with coupled IBCs

RTOR: A(T<¢1 61)(¢1 — 62) + cos (z%qsz)) =0, 1>0,

o 2 .
2¢2(t)+ﬂ( \ﬁ_1<¢2—93)(¢2—04>+sm(1¢1)):0, te4,9), (4.2)
. . o ’ du
Yoi(d) = ¥/$a(4) = 0, ¢1(9):V2J r(s)pa((s) fr() ¢2<9>—v1J ()1 (s) \}(”

where 0 < i <m;-2,0 < j < my—2, the constants satisfy 6’2 >0, >0, 0, > 63 > 0; the functions u,, U,
and the constant v, are selected appropriately such that cy. > 0 is satisfied, 0 = 1,2. Then KFDE (4.2)
admits two strictly positive solutions (¢11, ¢21) and (¢12, gbzz) satisfying ¢1, > 0 and ¢, > 0 (0 = 1,2)
for sufficiently small A > 0 and t € (4,9).

Proof. Tt follows from (4.2) that we have

Si(t, 1, ¢2) =\/——_(¢1 01)(¢1 — 6,) + cos (2L91¢2),
2
Lt ¢1,¢2) = Vi (¢2 — 63)(¢r — 04) + sm(27;3¢ )

Obviously, we can select g,(f) = g.(t) = my > 0 such that fi(¢, ¢1,¢2) + my > 0 and fr(¢, ¢y, po) +

my > 0 for Vt € (4, 9) Leto = min{01€2, 9394}/[16(0192 + 6304 + 1)], E = min{1,01,03}/4, and ¢ =
9 5 9 o .

max{fZ ‘[4 O-LY](S)dTEa 52 JI4 Uaz(s)dvg}’ we obtain fl(t’ ¢la ¢2) 2 6fl(t’ Oa O) 2 5(9192_'_ 1) and f2(t9 ¢l’ ¢2) =

0/>(2,0,0) > 6650, for t € (4,9) and 0 < ¢y, ¢, < &. Thus hypotheses (C;)—(C,) hold. Since

fole) = reren2X {fot,P1,02) + go(D)} < 201602 + 0304) + mo + 1, 0=1,2,
<t<9,0<¢1,92<¢

f(e) = max{fi(e), fo(€)} < 2(616 + 6:04) + mg + 1.

We can choose 1. = &/[83(2(6,6, + 650,4) + my + 1)]. Then, for 0 < A < A%, Theorem 1 guarantees that
KFDE (4.2) has a positive solution (¢, ¢,1) satisfying ||¢|| < 1/4 and ||¢»]| < 1/4.
On the other hand, for ¢;,¢, > 0 and t € [€], &] C (4,9), we have

fit, é1, ¢2) ot é1, ¢2)

lim inf = +o00 and liminf —— = +o0
$2T+e0 (053 ¢1T+e0 &

Thus hypotheses (C7) and (C3)—(Cy) also hold. Let r = 4myf,/€ and R; = 1 + r. We have

9 9
R = fz( L Ual(S)( max fl(S é1,¢92) + mo)% +J U'az(s)( max - fo(s, $1, $a) + mo) il/sg)

0<¢1,¢2<R 4 0<¢1.92<Ry
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Let A* = min{l,R;/(2(R + 1)), R;/(2r)}. Then, for 0 < A < A*, Theorem 2 ensures that KFDE (4.2)
admits a positive solution (¢, ¢oo) satisfying ||@12|| > 1 and ||¢| > 1.

Combining the previous two results, all the hypotheses of Theorem 4 hold true. Then, if 0 < 4 <
min{A,, A"}, Theorem 4 guarantees that KFDE (4.2) has two positive solutions (@11, ¢»1) and (@12, ¢22)
satisfying ¢, > 0 and ¢, > 0 (0 = 1,2) fort € (4,9). |

Example 3. Consider the following KFDE with coupled IBCs

‘“3¢1(z)+/1(¢ﬁ + cos(2n¢hy)) = 0, Daz3¢2(t)+/l(¢/3 +cos(2ndy)) =0, 1€ (8,27), 1> 0,
dU,(s) du,(sy 43
s s

where 0 < i < my — 2,0 < j < my— 2, the constant 3, satisfies B, > 1, the functions u,, U, and
the constant v, are selected appropriately such that ci* > 0 is satisfied, o = 1,2. KFDE (4.3) admits

two strictly positive solutions (¢11, ¢21) and (P12, d2o) satisfying ¢i, > 0 and ¢, > 0 (0 = 1,2) for
sufficiently small 1 > 0 and t € (8,27).

Proof. 1t follows from (4.3) that we obtain
filt, g1, 82) = @5 +cos2ny),  folt, d1,$2) = @ + cos(2na),  g1(1) = ga(t) =2

Obviously, for ¢;, ¢, > 0, we can acquire

filt.d1.¢2) + g1(6) 245 +1 >0, Fltbr ) + 20 28 +1> 0 for 1€ (8,27),
hmlnfM =+ o0, lim inf f2(ts ¢la ¢2)
$2T+00 02 17400 o1

And £i(¢,0,0) = f5(¢,0,0) =1 >0, fort € [8 27]. Thus hypotheses (C)H—(Cy) are saiisﬁed. o
Letd = 1/2 and € = 1/8, 9 = max{t, fg O'QI(S) =, 0 fg QQ(s)g—%}, we obtain f(g) = max{f;(e),

fz(g) }, where fg(s) = MAaXg</<27,0<¢1.60<c1fo(t; Uy V) + gg(t)} < 8P +3,0 =1,2. Then 3/(805(8)) >
1/(649(1 +3)) = 1/(2561). Let A, = 1/(2561}). Now, if 0 < A < A, Theorem 1 guarantees that KFDE
(4.3) has a positive solution (¢, ¢»1) with ||¢]| < 1/8 and ||¢]| < 1/8.

On the other hand, let r = 30{,/¢ and R; = 1 + r. Then we obtain

27 27
Y'é1(8) = ¥/'$:(8) = 0, ¢1(27>:ij s (8)a(8)——= ¢2<27>:vlj ui ()1 (s)

=+ o0 for t € [g, ] C (8,27).

27 ds 27 ds
R | ol max, Ao +2) e | o, max Ao +2)5)

Let ¥ = min{1,R,/(2(R + 1)),R;/(2r)}. Then, for 0 < A < A*, Theorem 3 ensures that KFDE (4.3)
admits a positive solution (@, ¢,o) satisfying ||@2|| > 1 and ||¢]| > 1.

Combining the previous two results, all the hypotheses of Theorem 5 hold true. Then, if 0 < A <
min{A,, '}, Theorem 5 guarantees that KFDE (4.3) has two positive solutions (@11, ¢»1) and (@12, ¢22)

satisfying ¢, > 0 and ¢, > 0 (0 = 1,2) for ¢ € (8,27). O
Example 4. Consider the following KFDE with coupled IBCs
DI () + A" + 3+ Tcosn(t — gy)) =0, 1€ (8,27), 1>0,
az 3¢2(l‘) + /l( ¢ 4 ¢1 + 7 cos(2n(t — 1)¢2)) , te(8,27), 1>0, (4.4)
. ' 27 dU 27 dU
Y'$1(8) = ¥/$2(8) =0, ¢1(27) = VzJ ur(8)a(s) jfs) $2(27) =wy J u1(s)¢1(s) \/IES)
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where 0 < i <m;—2,0 < j < my—2, the functions u,, U, and the constant v, are selected appropriately
such that cgt > 0 is satisfied, 0 = 1,2. KFDE (4.4) admits two strictly positive solutions (¢11, ¢21) and
(12, P2) satisfying ¢, > 0 and ¢, > 0 (0 = 1,2) for sufficiently small 1 > 0 and t € (8,27).

Proof. 1t follows from (4.4) that we can see

filt,d1.¢2) = € + @5 + Tcosn(t — Dg1),  folt, 1, $2) = €” + ¢7 + T cos2n(t — 1)¢hy).

Obviously, we can choose the functions g,(r) = 8 > 0 such that f,(z,0,0) = 8 and f,(t, 1, $>) + 8 >
1 > 0forVt e (8,27),0 = 1,2. Let 6 = 1/100 and £ = 1/8, we acquire f,(t,u,v) > 0f,(¢,0,0) for
t€(8,27),0 < ¢, < &, and o = 1,2. Thus hypotheses (C,) and (C,) are satisfied. Additionally, we get
fley=max{ max = {filt, 41,00 +@i0)  max (it 1, ¢) + O} < e+ 16.
27 ds 27 ds .
Let ¢ = max{¢, [, O'QI(S)%,KZ J Uaz(s)vg}. Moreover, we set 1, = £/(8%e + 16)). Then, if 0 <
A < A,, Theorem 1 ensures that KFDE (4.4) has a positive solution (¢11, ¢»1) with ||¢11]| < 1/8 and

llgoill < 1/8.
On the other hand, for ¢;,¢, > 0 and ¢ € [€], &] C (8,27), we can observe

lim infM =400 and lim infM = 400
$17+00 b1 $aT+oo (05)

Thus hypotheses (C}) and (C3)—(Cy) also hold. Let r = 60¢,/¢ and R; = 1 + r. We have

27 27
R:fg(J O'QI(S)( max fl(S,¢1,¢2)+8)£+J O'az(s)( max f2(s’¢1’¢2)+8)$)

8 0<¢1.02<Ry \3/E 8 0<1,02<R; \/E
<f (J27( Ri L R2 +7 +8)—ds +J27( Ri v R”Z+7+ S)ds) 156,(e® + R? + 15)
S e e — = e .
s ! s | gs) T e Tl

Let A* = min{l1,R,/(2(R + 1)),R;/(2r)}. Then, for 0 < A < A*, Theorem 2 ensures that KFDE (4.4)
admits a positive solution (¢1,, ¢»;) satisfying [|¢2|| > 1 and [|@os|| > 1.

Combining the previous two results, all the hypotheses of Theorem 4 hold true. Then, if 0 < 4 <
min{A,, 4*}, Theorem 4 guarantees that KFDE (4.4) has two positive solutions (¢, ¢,1) and (¢12, ¢22)
satisfying ¢, > 0 and ¢, > 0 (0 = 1,2) for ¢ € (8,27). m|

It follows from that the preceding examples demonstrate the validity of the main results. Under
different conditions, the existence of at least one or two positive solutions to some KFDE with coupled
IBCs are shown for a sufficiently small parameter A.

5. Conclusions

This study has investigated a system of singular nonlinear higher-order KFDEs governed by
nonlocal coupled Riemann-Stieltjes IBCs. The following key contributions have been made: First, the
targeted KFDEs have been successfully transformed into equivalent integral equations through
systematic construction of specifically designed Green’s functions. Second, by synergistically
employing the Schauder’s and Guo-Krasnoselskii’s FPTs, comprehensive existence criteria dependent
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on explicit parameter intervals have been established. These criteria have been proven to guarantee at
least one or two positive solutions, with their validity rigorously demonstrated through detailed
analysis of Green’s function properties. Finally, concrete numerical examples have been provided to
substantiate the practical applicability and theoretical consistency of the developed criteria. Following
the research presented in this paper, we will continue to investigate the existence of positive solutions
for related KFDEs in future studies.
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