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Abstract: In this paper, the upper bound of the dimension of the global attractor associated with
the four-dimensional cubic complex Ginzburg-Landau system is derived using the Lyapunov exponent
method. First, by employing the Faedo-Galerkin method and energy estimation, the existence and
uniqueness of solutions under the variational form of the system are established. Subsequently, a
specific quantity is constructed and transformed into an inequality, from which the upper bound of the
fractal dimension corresponding to the global attractor of the dynamical system is obtained.
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1. Introduction

The complex Ginzburg-Landau (CGL) system plays a fundamental role in the study of
infinite-dimensional dynamical systems and serves as a canonical model for describing a wide variety
of nonlinear phenomena. Originally introduced by Ginzburg and Landau [1] in 1950 to model
superconductivity in type-I materials from a macroscopic perspective, the equation was later
complemented by the microscopic Bardeen-Cooper-Schrieffer (BCS) theory, which significantly
advanced the field [2].

With the advancement of research, the CGL system has demonstrated remarkable universality and
has been applied in diverse areas such as fluid mechanics, optics, and materials science. In fluid
mechanics, it provides an effective description of convective instabilities and turbulence [3]. In optics,
it captures key mechanisms such as laser generation, mode selection, and output characteristics [4].
In materials science, the CGL framework models microstructural evolution during phase transitions,
thereby offering theoretical guidance for the design and optimization of new materials [5].
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From the perspective of dynamical systems, the long-time behavior of solutions to the CGL system
is naturally linked to the notion of attractors, which characterize the system’s asymptotic dynamics.
The dimension of an attractor is a crucial indicator of its geometric complexity.Among various
approaches to dimension estimation, the Lyapunov exponent method is particularly significant. The
Lyapunov exponents, introduced by Lyapunov [6], quantify the average exponential rate of divergence
or convergence of nearby trajectories in phase space [7, 8]. Their relation to fractal dimension was
first proposed in the Kaplan-Yorke conjecture. Although not rigorously established in full generality,
this relationship has been validated in numerous physical systems [9].

Considerable progress has been made in the analysis of attractors for the CGL system and its
variants. For example, Guo and Wang [10, 11] established the existence of global attractors and
initiated the study of their geometric properties for generalized two-dimensional CGL equations,
including Hausdorft and fractal dimensions. More recent works have extended this line of research to
fractional spatial and temporal operators, as well as discrete lattice settings. Lu et al. [12] introduced
spatial fractional order into the complex Ginzburg-Landau equation, formulating it as

u = pu—(1+)(=A)"u— 1+ iw)ul*u

where x eR%, p>0,0>0and 1 <a < 1.

The fractional Laplacian (—A)® introduces non-local spatial interactions, altering diffusion and wave-
propagation, and thereby reshaping attractor dynamics. In parallel, Zhang et al. [13] explored time-
fractional variants such as

e DM — Av = 7P ly, xeRMN, >0,
(0, ) = vo(x), xeRY.

By defining two operators and establishing suitable estimates, they obtained the local and global
existence of the Cauchy problem. In addition to the fractionalization of space and time, discrete
equations have also been investigated. Zhao and Zhou [14] studied the global attractor of the complex
Ginzburg-Landau equation on a discrete infinite lattice:

{ium — (@ = i)y — Ups1 — 1) + ikityy + Bl ity = e M € Z,

um(o) = Uo,m» meZz.

and established the upper semicontinuity of the associated semigroup of the discrete global attractor
in 2008. Seven years later, Du et al. [15] further investigated these discrete equations and proved the
existence of exponential attractors for the discrete complex Ginzburg-Landau equations with given
parameters. In discrete cases, global and exponential attractors have been obtained, though dimension
estimates remain largely unresolved. In contrast, continuous high-dimensional systems pose additional
challenges, stemming from the complexity of high-dimensional spatial regions and the spatio-temporal
chaos caused by coupling with the time dimension [16]. Specifically:

o Enhanced Coupling of Nonlocal Terms: The phase field interaction term |u[>u leads to higher-
order nonlinear coupling.

e Criticality of Sobolev Embedding: The embedding H'(Q) — L*(Q) loses compactness in R* .

e Estimation of Trace Operators: The estimation of the volume deformation rate Tr(F’ o Q,,)
requires anisotropic embedding techniques.
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Despite these difficulties, the study of high-dimensional CGL systems remains of substantial
interest, both for its theoretical implications and for its relevance to spatio temporal chaotic behavior.
For example, Cheng et al. [17] studied the trichotomy solution of the energy-critical complex
Ginzburg Landau equation in three and four dimensions. Cheng and Zheng [18] proved the global
well-posedness of the energy-critical complex Ginzburg-Landau equations in the exterior domain in
three and four dimensions. Yang et al. [19] established the existence of the global attractor for the
complex Ginzburg-Landau system by using Galerkin’s approximation method and the theory of
compact embedding in Sobolev spaces, but did not investigate the geometrical properties of the
attractor, including its dimension.

The present paper focuses on the four-dimensional cubic complex Ginzburg-Landau system. By
employing the Lyapunov exponent method, we derive an explicit upper bound for the fractal dimension
of its global attractor under standard boundary conditions. This work extends existing results from
lower-dimensional or fractional-order settings to the critical four-dimensional case. Related studies
can be found in [20-23].

In this paper, we consider the following system of equations.

_ . . 2., —
{atv A+ ia)Av + (k +iB)v[v—yv =0, (L.1)

v(0) = vy

in whichv = (v, )T, v := vi(x, 1), vy := »a(x, 1), (x,1) € Q X R, Q is a bounded opening set of R*;
A>0,k>0,y <0, @, can be any real number.

The m-dimensional volume element is constructed using the first variational equation of (1.1), and
the main theorem of this paper is established by combining the semi-group technique with
inequality estimation.

Theorem 1.1. Consider the dynamical system generated by (1.1) under one of the following boundary
conditions: Dirichlet, Neumann, or space-periodicity. Let O denote the corresponding global attractor
and let m be a constant. Then the following theorem holds:

(i) Within the phase space H X H, the m-dimensional volume element exhibits exponential decay as
t — oo,

(i) The Hausdorff dimension of O is bounded above by m, and its fractal dimension is less than or
equal to 2m.

The proof of this theorem primarily employs the Lyapunov exponent method, which is central to
analyzing the system’s dynamics. The core idea is to examine the behavior of the volume element in
phase space under semigroup dynamics. We proceed by establishing estimates for the deformation rate
of the volume element, leveraging the semi-group properties together with inequality techniques.

Step 1: Lyapunov exponent estimate

Consider the time evolution of the volume element corresponding to the phase space H X H. For
each initial condition vy € H X H, the semigroup S (¢) evolves the system according to the equation:

d
ES(l)Vo = F(S(Ovo),

here, F' denotes the non-linear operator defined by the system. By analyzing the eigenvalues of the
linearized operator at each point in phase space, we obtain the Lyapunov exponents, which describe
the average exponential rate of divergence or convergence of neighboring trajectories.
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Step 2: Volume deformation

Using the Lyapunov exponents, the deformation of the m-dimensional volume element can be
estimated. Specifically, we consider the quantity w,,(t), which represents the volume expansion rate in
the phase space:

wp (1) = sup i log|[Vi(t) AVa(t) A+ AV ,(0)|.
moll<t 141

We use this quantity to establish exponential decay, which ultimately shows that the volume element
decays exponentially as 1 — oo. This exponential decay implies that the global attractor O is finite-
dimensional, with its dimension bounded above by m.

Step 3: Dimension bounds

The final step involves estimating the Hausdorff dimension of the global attractor. Using the
properties of Lyapunov exponents and volume distortion, we derive an upper bound for the Hausdorff
dimension of the attractor O as m, and an upper bound for its fractal dimension as 2m.

Hence, we conclude that the Hausdorff dimension of O is at most m, and its fractal dimension is at
most 2m, as stated in the theorem.

2. Background knowledge

In this paper, the function space represented by X is the complex space of the real function space X.
In order to obtain the main results of this paper, the following assumptions and related theorems and
lemmas are given, and the proof of them can be found [24].

Firstly, we introduce the three basic types of boundary conditions that are used in this paper:

e Dirichlet boundary condition:

v=0 onI'xR,; 2.1
e Neumann boundary condition:

0

220 onTxR,, 2.2)

ov

Where v is the unit outward normal on I;
e Space - periodicity, in which case,

vis Q — periodic, Q = [0, L;] X [0, L,] X [0, L3] X [0, L4]. (2.3)
Under the above three boundary conditions, let H = L*(€2), and
K = H'(Q), D(A) = Hy(Q) N HA(Q) x Hy(Q) NHA(Q) in case (2.1),
K =HY(Q), D(A) = {v e H*(Q) x HX(Q), % = 0}

when v is on the boundary in case (2.2),
K = H} (), D(A) = H,,(Q) X H},(Q) in case (2.3).
To construct a theoretical basis for the subsequent proofs, we shall consider an abstract framework.
Let f € L2(0,T; H) x L*(0,T; H) and vy € H x H. Consider a Gelfand triple of Hilbert spaces

KxKcHXHcCK xK,
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where each embedding is dense and continuous. We seek a function v : [0,7] — K X K satisfying the

abstract evolution equation
dv(1)

dt

+A(yv(t) = f(r), te(0,T). (2.4)

with initial condition
v(0) = vy. (2.5

For the above abstract initial value problem, we give the first theorem needed for the
subsequent proof.

Theorem 2.1. Assume thatvy € Hx H, f € L*(0,T;K’) x L*(0,T;K’) (or L*(0,T; H) x L*(0,T; H)),
and that the bilinear form b(t, %, x)satisfies the following conditions:

(i) for everyu,v € K X K, the mapping t — b(t,u,v) is measurable;
(i) there exists My < oo, such that

Ib(t, u,V)|uxu < Mrl|lullkxxlVllkxx, Yu,v € KX K,a.e.t€[0,T];
(iii) there exists 6 > 0 such that
b(t,v,v) > 0| k. Yve€KxK,ae.te[0,T].
Then there exists a unique solution v of (2.4),(2.5) such that
v € C([0,T]; H) x C([0,T]; H) N L*(0, T; K) x L*(0, T; K),
v € L}0,T;K") x L*(0,T; K").

Now, we shift our focus to the variational problem below. Consider a Banach subspace W x W of
H x H, where the embedding W x W into H X H is continuous. Let ' : W x W — H X H be a given
function. We assume that the initial-value problem

L(1) = Fo(1), 1> 0,
v(0) = o,

is well posed for every vg € H X H, with v(r) € W x W, ¥Vt > 0, and the mapping S (1): vo € H X H —
v(t) € H X H enjoys the properties (2.6), (2.7):

St+s5)=8)-S(s), Vs,t >0, 2.6)
S (0) = I (unit mapping) '
S (¢) is a nonlinear and continuous operator from H X H into itself. 2.7)

We also assume that F is Fréchet differential from W x W into H X H, with differential F’, and that
the associated linear initial-value problem

Vi — .
{mm—FGmm>wm 08

V(0) =¢,
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is well - posed for every vy, & € H X H. Finally, we assume that S(7) is uniformly differentiable in
H x H,i.e., for every v € H X H, there exists a linear operator L(v) € L(H X H) and

ISv —Su — L(v)(v — u)l
sup

vaueHxXH ”V - ll||
O<|jv—ull<e

—0 ase—0.

Additionally, it is necessary to acquire the following conditions for the operator L(v):

sup |ILW)l| geaxmy < +00,
veHxH

and

sup wy(L(v)) < 1 for some d > 0,
veHxH

where w,(L) represents the d-dimensional volume expansion rate:

e w,(L) < 1: d-dimensional volume is compressed.
e w,(L) > 1: d-dimensional volume expands.
e wy(L) = 1: volume is preserved.

Now, for vy fixed in H X H, let §,,&,,...,&,, be m unit elements of H X H and let V,,V,,...,V,, be
the corresponding solutions of (2.8). Then, in view of studying the ratio

|L(t’ v0)§1 A L(t9 v0)§2 ARRRAN L(t’ v0)§m|/\mH><H
161 A& A= NGl amaxn
:lL(t, vo)fl A L(ta v0)§2 ARRRAN L(t, v0)§m|/\’”H><H,

where “A” represents the exterior product, and we want to seek an evolution equation satisfied by

|L(t,v0)& A L(1,v0)Ey A -+ N L(2,v0)E | \mbixcr
=V AV2(0) - A VOl ameixs-

By time differentiation:

2
ANMHXH

1d
S VIO AVa 0 A A VL)

d
= (E(Vl(t) A A Vm([)), Vl(t) A A Vm(t))

AN"HxH
=(ViOA-- AV, VIO A AVi(0) it
ot (VIO A AVL@, VIO A AVi(0) ot
= (F'0O)WiDA - AVu@, Vi) A+ AVia(D) spicss
+o+ (VIOOA - AFO)WVu@), Vi) A AVi(0) g
= (F'0@)n(Vi@®s .-, V@), Vi) A+ A Vi) jmprens
= Vi) A AV D[y THEF 0(0) 0 Q)

AN"HXH
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where Q,, = Q,(t,vp;€,,...,&,) is the orthogonal projector in H X H onto the space spanned by

Vi),...,V,(t). Therefore,
1d )
37 Vi) AV2@) A -+ AVuOllimpxn
= Vi) AV A AVl Tr (F' () 0 Qu),
% Vi) A V@) A A VOl angxr
= Vi) AV2@) A=+ AViuOllangixr Tr (F'(0) 0 Q) -
Integral over ¢, we derive:

Vi) AVo(®) A+ AV (Ol ampxa

=I&1 A A&l amrixm €XP (fo Tr(F'(S (T)ve) © Qm(T))dT|.

Since
Q)I1I(L(t7 VO)) = Sup |V] (t) /\ Vz(t) /\ LR /\ Vm(t)|A”lHXH
é€eHxH
lig:l<1
i=1,...m
and [£, A -+ A §m|AmeH < 1, we derive

wn(L(t,v9)) < sup exp ( f Tr(F'(S (1)vg) © Qn(7))dT].
éi€eHxH 0

ligill<1
=1,....m

1

Therefore, it is useful to give the following quantities:

1 A

an(t) =sup sup + [ THE (S (Em0) 0 Qe

voeX g,eHxH T Jo
'!flillﬁl

i=1,..., m

qm = lim sup g,,(?),

t—00

where, as above, Q,,(7) = O, (1, v9; €, ..., E,,), and vy € X is a functional-invariant set.

Infer from (2.9), (2.10):

Wy(1) = sup w,(L(t,vy)) < exp(tqu(t)).

voeX
or alternatively,

1
am(t)l/t < eXp(Qm(t))a ; log am(l‘) < (Im(t)-

(2.9)

(2.10)

2.11)

(2.12)

Then, when m — oo, we can get the upper bound of the uniform Lyapunov numbers and Lyapunov

exponents for X.
AiA; -+ A, < exp(gm).

Hot e i S G

As a result, we can conclude with

(2.13)
(2.14)
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Proposition 2.1. If for some m and some ty > 0,
Qm(t) <-0<0, Vt> to,

then the volume element |V1(t) AVo(®) A A Vm(t)|
uniformly forvy € X, &,,...,&, € HX H,

gy €Xhibits exponential decay as t — oo,

Vi) AV () A+ AV, ()] < Cexp(—61).

AN"HxH —

If X is a functional-invariant set for the semigroup S (t) and
qm <0

for some m, then11,, = Ay --- A, < 1, g + -+, <O,
Finally, we give the two lemmas needed for the following proof of the main theorem.

Lemma 2.1. Under assumptions (2.11)-(2.14) and, if for some n > 1,

i+t e <0,

then
M1t Uy

<1,
|ﬂn+1|

/ln+1 < 09
and

1) the Hausdorff dimension of X is less than or equal to

+...+ n
n+(/11 /l);
|/-1n+1|

2) the fractal dimension of X is less than or equal to

+...+ .
(n+ 1) [max Gl Hi) .
1<jsn |y + -+ + sl

Lemma 2.2. Assume that the sequence of numbers u;(j > 1) satisfies the following inequalities:
o+t < —aff +8, Vi1,

where a, 3,0 > 0. Let m € N be defined by

Then puy + - - + w, < 0and

(r + -+ )y .
<1, j=1,...,m,
IR
where (+), denotes the positive part, i.e., x, = max{x, 0} for any real number x.
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3. Proof of the main theorem

For simplicity, we denote |-| as the norm in the space H X H, and ||-|| as the norm in space K X K
throughout this section. The first variation equation corresponding to (1.1) is given by

ot , 3.1)
V) =¢

and added by one of the boundary conditions (2.1)-(2.3).
If v is a solution of (1.1), then by application of Theorem 2.1, for every & given in H X H, (3.1)
possesses a unique solution V satisfying

{G_V — (A +i)AV + (k + iB) {IvIZV + 2Re(17V)} -yV =0

Vel*0,T;K)x L*0,T; K)NL>(0,T; H) x L~(0,T; H), YT > 0.

Here, the semigroup S (¥) in H X H is Fréchet differentiable (The Fréchet differentiability of S(7) can
refer to [24]).

Then, the dimension of the global attractor O provided by (1.1) is estimated.

For m € N, consider ¢ = &,,&,,...,&, m elements of H X H, and the corresponding solutions
Vi,Vo,...,V,,0f (3.1), where v = v(1) = S(1)vy is a fixed orbit. Since

Vi) AV A= A V(D wnpixrs

= €1 A AE s XD (j; ReTr(F'(S (T)vy) © Qm(T))dT),

where Q,,(1) = On(1,v0; €4, ..., &,,) 1s the orthonormal basis of H X H such that
On(m)H X H = Span{V (1), ..., V,.(1)},

and since V(1) € K x K for almost every 7, it follows that ¢,(7),...¢,,(7) also belong to K X K for
almost every 7.

Furthermore, since H = L*(Q) = L*(Q)?, the ¢ ;(7) considered as vectors of H X H are orthogonal
too. As a result, the following holds: 4

Re Tr(F'(v(1)) 0 Qu(7))

2 Re(F/ (1)) 0 QD) (1). 9,(0)
j=1

Z Re(F'(n(1))p (1), 9 ,(7)),
j=1

where (-, -) is the scalar product in H X H. Temporarily omitting the variable t, it follows that:

(F0)p; ) = (A+ia) A, ¢)
— (k+iB) {1V (@, ;) + 2Re(Fp )(v, 0 )} + V(@) 0))

:—(/l+ia/)fV<pj-Vg'ojdx
Q

Electronic Research Archive Volume 34, Issue 1, 463-476.



472

—(K+iﬂ)f{|v|2<pj+2vRe(f)<pj)}-¢jdx+7f¢j'¢jdx.
o Q

Therefore,
, 2
Re(F' g, 97 = ~a|p ||~ « f vPle;F dx
Q

‘2 fg Re(p)) {BIm(Fp,) - kRe(p)] dx + Yl .

Since |, = 1, the family ¢; being orthonormal, and

fﬁRe(‘_"Pj) Im(vep;)dx < B f vlle;I* dx,
Q Q
it follows that
(P00 < g I - (- 280 [ pPig P+,
Q
hence (k > 0)

DUF' 00,0 <=1 lig)lI* + 28] f wPodx +ym. (3.2)
j=1 = Q

Here we define o,
p=px1)= Z |<pj(x, D ae. x,T.
J=1
Refer to Corollary A.4.1 in [24], there exist two dimensionally independent constants ¢; and c,, which
depend only on n and the shape of Q) , such that

m
f pride< e, -
Q =)

1€

Thanks to the Holder and Young inequalities:

2 2
28] fg P dx < 2BIDIE, 2ol 52 (3.3)
2
ol = m < 1Q1=2lpl] w2 o , (3.4)
the right-hand side of (3.2) can be majorized as
A 2 Acy m )
_C_ZHPHL”,%Z(Q) + c_2 |Q|% + 2|ﬁ|||V||Ln+2(g)><Ln+2(Q)”p||L%(Q) + )’m

Through the application of the Young inequality, we have

2
2|,3|||V||Ln+2(g)an+z(Q)||p||Ln%2 @

n+2 n+2

n 2 3
< ”'DHLHTJrz Q) (zlﬁlIlvlan+2(Q)XLn+2(Q))
T a2 (3.5)

n 2
2+n n+2 n+2

n+2 ZT |[3|T IIvIIL”+2(Q)><L”+2(Q)

n
Sllell

o+
n+ L% Q) n+2
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4 n . .
By setting ¢3 = T(2/l)§, and combining (3.3)—(3.5), we have
n

w2 /101 m 5
L' (Q) C_2 ||Q||% + 2|B|||V| L”+2(Q)><L”+2(Q)||p L";—Z(Q)

< || "*2 + /lCl m g Iﬁlnsz -z v n+2
> 2C2 L2 (Q) c ||Q||n 3 Lr+2(Q)XL+2(Q)
n+2
A mn Aciy m n2 _nyl (2
2 - 2 + C3|ﬁ| 21 ||V L+ 2(Q)XL2(Q)
o @ faf
n+2
/l mn /l n+2 n n+2
- +2¢4 ) e el 19 et :
4C2 % % o+ (Q)XL”*Z(Q)
lof” e
Finally,
Y S A
Re Tr(F'(v(1)) 0 Q(1)) < —c5 |Q| —m'" +c6|Q|2(1 +
|ﬁ| n+2
( ) L"+2(Q)><L"+2(Q))
where ¢s = - and ¢ = max{cs, 2c4).

4c
Assuming 2that vo belong to the global attractor O, the quantity

g = limsup sup 1 f Re Tr(F'(v(1)) o Q,(7))d7
0

t—oo  §,€cHxH

|§,|<1
can be majorized as follows:
n+2
Gm < —Kim'" + Ky, (3.6)
where 1 Bl 2
Ki =Cs——, Ky =Co Q76
f |Q|n< w(3)ere)
and
L 1 ! n+2 d
6 - ll;rlioup folig; 0 ||S (T)V() L2(Q)XL2(Q) X.

Here, k1, k; depend on the parameter 4, , 8, m, n, and the volume of the region |€Q].
From (3.6) and (2.14), we infer the following bound on the uniform Lyapunov exponents y;, j € N,
associated with O :

n+2

/J1+---+/,th(]j§—K1jT+K2, VJEN

(2K )n+2
-1< <m,
K

By Lemma 2.2, let m satisfy

then uy + pp + -+ + w,, < 0 and

(i + -+ )y
IR

<1, Vj=1,...,m—1.
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Finally, by applying Proposition 2.1 and Lemma 2.1, we establish the proof of Theorem 1.1.
4. Conclusions

In this work, we have established an explicit upper bound for the dimension of the global attractor
associated with the four-dimensional cubic complex Ginzburg-Landau system by employing the
Lyapunov exponent method. The analysis relies on the first variational equation, semigroup estimates,
and a carefully constructed functional inequality that enables rigorous control of volume distortion in
phase space. As a consequence, the Hausdorff and fractal dimensions of the global attractor are
shown to be finite and bounded above in terms of the system parameters.

Compared with existing studies on lower-dimensional or fractional-order complex
Ginzburg-Landau systems, our results extend the theory to the critical four-dimensional case, where
the absence of compact Sobolev embeddings and the presence of strong nonlinear couplings pose
significant analytical challenges. This demonstrates that the Lyapunov exponent method remains a
powerful tool for addressing the geometric complexity of attractors in high-dimensional
dissipative systems.

The present findings contribute to a deeper understanding of spatio-temporal chaos in
high-dimensional complex Ginzburg-Landau dynamics, and provide a rigorous foundation for future
investigations of related models. Possible extensions include the study of exponential attractors,
stochastic perturbations, and systems with more general nonlinearities or boundary conditions.
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