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Abstract: This study investigated the spatial behavior and structural stability of solutions for a
higher-order heat conduction model within the second gradient theory of type III. By constructing
a tailored energy functional and employing integral-differential inequality techniques, we derived a
continuous dependence estimate for the solution with respect to the elastic coefficient u. Our results
demonstrate that the energy not only decays exponentially with respect to the spatial variable z, but
also diminishes as the parameter u tends to zero. This work extends the understanding of structural
stability in unbounded domains and underscores the robustness of the model under perturbations of
material parameters.

Keywords: integral-differential inequality; structural stability; sontinuous dependence; second
gradient of type III

1. Introduction

The concepts of structural stability and continuous dependence occupy a central role in the
analysis of partial differential equations (PDEs), critically underpinning the reliability and robustness
of mathematical models across numerous scientific and engineering disciplines. The significance of
continuous dependence results cannot be overstated, as they play a crucial role in quantifying the
influence of uncertainties and errors that are inherently present in numerical computations and
physical measurements. A comprehensive understanding of how these errors impact the solutions is
of utmost importance for ensuring the accuracy and dependability of mathematical models.

While significant contributions to the theory of stability and continuous dependence have been
made by numerous researchers. The monograph by Ames and Straughan [1] provides an extensive
array of references that underscore the significance of continuous dependence and convergence in
relation to modifications in the model structure. Other results may be found in Celebi et al. [2, 3],
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Franchi and Straughan [4], Harfash [5], Kaloni and Guo [6], showing that a substantial portion of the
existing literature focuses on bounded domains. For example, [7] studied the stability for the primitive
equations, [8] studied the stability for the Darcy equation, and [9] studied the stability for
double-diffusion equations in a bounded domain. Other than [10], the investigation of these properties
in unbounded domains, particularly strip-like regions, remains a relatively less explored area.
Unbounded strip-like domains are relevant in several practical contexts, including: long structural
components in engineering (e.g., beams, plates, or thermal conductors extending far in one direction)
and semi-infinite media in thermal or mechanical systems where boundary effects are localized but
the domain extends far away. Understanding the spatial decay and stability of solutions in unbounded
domains is crucial for ensuring the reliability and predictive accuracy of such models in real-world
applications. Recently, [11] studied the spatial decay estimates for the equations in unbounded
domains. This paper aims to address this gap by studying the structural stability of solutions within an
unbounded strip, a problem that presents unique challenges, chief among them being the management
of energy estimates associated with the biharmonic operator. This necessitates the development of
novel analytical approaches.

One of the major challenges in this study lies in managing the energy relationships associated with
the biharmonic operator within such domains. This necessitates the development and application of
innovative approaches and techniques. We are convinced that a detailed mathematical analysis of these
equations will shed light on their practical applicability in the fields of physics and engineering. Type
I heat conduction models the heat flux being proportional to the gradient of temperature. However,
it leads to a physically unrealistic phenomenon: an infinite signal speed of paradox where a sudden
temperature or thermal disturbance changes at certain points and will be felt instantly everywhere. In
order to overcome this paradox, type II and type III heat conductions arise, where the theory of type
IT does not allow the dissipation of the energy (the evolution equation without a damping term). For
the type III model, the heat flux is assumed to be propotional to the thermal displacement gradient.
The type III model is the type II model with an additional dissipation and can be understood by the
evolution equation with a kind of damping mechanism. Iesan has developed distinct theories that
incorporate second-gradient effects into the heat equation. The authors studied the second gradient
theory for thermoelasticity in [12], for thermoviscoelasticity in [13, 14], and for microtemperatures
in [15]. In [16], the authors studied analytically a higher-order equation in a semi-infinite cylinder.
The spatial energy decay was proved to be of exponential type. They also considered the application to
some heat conduction problems. Our analysis is set within the framework of the second gradient theory
of type III. We continue the work of [16], and we study the structural stability on the same equation.
The governing evolution equation for the thermal displacement u such that iz = 6 is given by (see [16]):

cit = uAu + 1 Air — doAN*u — dy A, (1.1)

where ¢ denotes the inertia coefficient, which reflects the material’s thermal capacity or inertia,
quantifying its ability to store thermal energy. The coefficient u is the elastic coeflicient, associated
with thermal diffusivity, characterizing the rate at which heat diffuses through the material under
steady-state conditions. The time-dependent elastic coefficient y; accounts for variations in thermal
diffusivity over time, while dj and d; are diffusion coefficients related to higher-order thermal effects,
capturing non-Fourier heat conduction behaviors such as wave-like heat propagation. The operators A
and A? represent the Laplacian and biharmonic operators, respectively, describing second-order and
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fourth-order spatial derivatives. These operators reflect the diffusion of heat and account for
dispersive or non-local thermal interactions.
This model is defined on the unbounded domain Q,, which is defined by

Qo :={(x1,x2) | x; > 0,0 < x, < h},
where £ 1s a constant. We now define a notation
L, ={(x1,x)|x1=2>20,0<x, <hl},

where 7 represents the variable in the x; direction. The initial and boundary conditions are

u(x1,0,H)=0 x;>0,r>0, (1.2)
u(x;,h,t)=0 x;>0,t>0, (1.3)
M(O, X2, t) = gl(XZ’ t) 0< Xy < h,t > O, (14)
u1(0,x2,0) = g2(x2,8) 0<xp <h,t>0, (L.5)
and
ux1,x,00)=0 0<x,<hx >0. (1.6)

We impose the standard asymptotic condition that u and its derivatives decay to zero at infinity:
u(xbe’ t)’ u,a/(xl’XZa Z)’ u,afﬂ('xl’XZ’ t) - O as 7 — oo. (17)

Equation (1.1) provides a comprehensive model for heat conduction in materials exhibiting
complex microstructural and non-Fourier thermal behaviors. As noted in [12], the well-posedness of
the associated boundary-initial-value problem has been established, forming a solid foundation for the
current stability analysis.

A crucial step toward our continuous dependence result is the derivation of spatial decay estimates.
The study of spatial decay has been extensively developed over the past decades, significantly
extending the classical Saint-Venant principle. A parallel line of inquiry focuses on the
Phragmén-Lindelof alternative principle, which characterizes the spatial behavior of solutions to
equations like the biharmonic without presupposing decay, stating that the energy must either grow or
decay exponentially at infinity. In [17], the authors studied the spatial property for the Laplace
equation. Similar work may be found in [18] and [19]. Similar results may be found in [20], [21],
and [22] for the thermoelastic equations and the Boussinesq equation. Liu et al. investigated the
spatial properties for different equations in [23]. In [24] and [25], the authors studied the structural
stability for fluid flows. In [26], the authors studied the structural stability for the interfacing problem.
For recent advances on the spatial decay for biharmonic equations, we refer the reader to [27].

The primary objective of this work is to investigate the continuous dependence of the solution to
the problem defined by (1.1)—(1.7) on the elastic coefficient u. The main challenge lies in effectively
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handling the energy structure associated with the biharmonic operator in an unbounded strip. The
paper is structured as follows: Section 2 derives the essential spatial decay estimates for the solution.
Based on these estimates, Section 3 establishes the continuous dependence result on the parameter u.

In the present paper, the comma stands for partial differentiation, and ,k stands for partial
differentiation with respect to the direction x;. Hence, the symbol ; represents g—z, and the symbol 6
representszg. In the whole paper, repeated Greek subscripts represent summation from 1 to 2, i.e.,
9’0(9’0{ — Z 00 06

a=1 E 0xy°

2. Formulation of the problem

This paper is devoted to establishing the continuous dependence of the solution on the coefficient u.
To this end, let u# denote the solution of the problem described by Eq (1.1) with the parameter u = uy,
subject to the initial and boundary conditions (1.2)—(1.7). Similarly, let v be the solution corresponding
to the parameter u = iy, under the same set of initial and boundary conditions. We define the difference
in the parameters and the corresponding difference in the solutions as:

W=u-v,u=p— Ho. (2.1)

The function w then satisfies the following evolution equation, derived by subtracting the respective
equations for u and v:

cW = floAw + pAu + 1 Aw — doA*w — di A*w. (2.2)

The initial and boundary conditions for the difference function w are homogeneous:

w(x,0,)=0 x;>0,7r>0, (2.3)
w(x,h,t) =0 x;>0,t>0, 2.4)
w(0,x,)=0 0<x <ht>0, (2.5
wi(0,x2,6) =0 0<x < h,t>0, (2.6)
and
w(x1,x%,0)0=0 0<x<hx >0. 2.7)

Furthermore, we impose the standard asymptotic condition that w and its relevant spatial derivatives
decay to zero at infinity:

W(x]’XZ’ t),W’a,(X],xz,t),w’aﬁ(.X],xz, t) - 0 as z — oo. (2'8)

The primary objective of the subsequent analysis is to rigorously demonstrate how the solution
depends continuously on the coefficient u, specifically by showing that the energy of the difference w
can be controlled by the difference in the parameter .
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3. Structural stability result

To establish the desired continuous dependence result of the solution, we construct an energy
functional F(z, t) that captures the spatial and temporal evolution of the system’s energy.

Proposition 3.1: Suppose that w constitutes the classical solution to the initial-boundary value
problems described by Eqs (2.2)—(2.8). Subsequently, we define a function

cC (™ o
Fen=5 [ [ waa+ 2 [ [ wovaal
2 b4 Le 2 4 Le | ’
! 00 ) ) d() 00
+ W oW dAdn + > W oW opdAln= (3.1)
0 Z Lg Z Lg
! 00
+ dlf f f W,aﬁw’aﬁdAdn.
0 Jz Le

F(z,t) can also be formulated as (or expressed in the form of)

o (! o (!
Fz,t:d—ffww dx,d +d—ffvi/w dx,d
(z,0) 13Z o Ju BB Ax2dn 06Z o Ju BB Ax2dn
f f
— dl »fo jL\ W’lw,ﬁﬁ dde?] — d() L j; W’lw,ﬁﬁ dde?]
! ; ! )
—,Uof f ww  dxodn — f f ww ; dx,dn (3.2)
0 JL, 0 JL,
! !
- dO f f W,ww,la dxldn - dl f f W,(xw,la d-x2d77
0 JIL, 0 JL,
! t 00
- U f f wu  dxpdn — u f f f Wt dAdn.
0 Lz 0 Z Lf

Proof: Multiplying (2.2), by w and integrating, we can get
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! 00
0= f f f W(CW - /JOW,(m —HU o — /’llW,aa/ + dOW,aalBIB + dlw,aaﬂﬁ)dAdn
0 Z Lg

C 00 f 00 !
=— f f W2 dAl,~ + fo f f f W oW odAdn + f f ww dx,dn
2 Z L‘f 0 Z L§ 0 LZ
! 00 !
+,u1ff fw,aw,adAdn+u1ffww,ldedn
0 Z L§ 0 LZ
! 00 !
—doff fWaW,a ﬁdAdT]—dof f WW,lﬁﬁdXle]
0 Z L{ 0 LZ
! 00 !
—dlff fw,(,w,aﬁﬁdAdn—dlf f WW’wﬁdXan
0 Jz Le 0 JL,
! 00 !
+,uff fw,au,adAdn+yf f wu 1dx,dn
0 Z Le 0 L,
C 00 ~ 00 f
S f f W2dA,, + 2 f f W.aW oAl + fio f f yow 1 dxpdny
2 Z L§ 2 Z Lf 0 LZ
! 00 !
+,ulff fwaw,adAdn +,u1ffww,1dxzdn
0 Z L‘f O LZ
! 00 !
+ d f f f W oW opdAdn + dy f f W oW 10dxodn
0 Z Lg 0 LZ
t ! 00
—dof f WWJﬁﬁdde]]'i‘d]ff fw,aﬂwﬂ[;dAdn
0 LZ 0 Z L§
! !
+d1ffw,awya1d)€2d7]—d1ffww,lﬂﬂd.deﬂ
0o JL. 0o JL,
t 00 !
+,uff fw,au,adAdn+uf f wu 1 dx,dn.
0 Jz JL 0o JL,
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From (3.3), we obtain

C [o9] ~ 00
¢ f f W2dAy,, + f f W Al
2 z L 2 z Le
! 00 do 00
+/11f f f W’aw’adAdn'l' —f f w,aﬁw,aﬁdAln:,
0 Z L5 2 Z Lf
f 00
+d1f f f W’aﬁw,aﬁdAdT]
0 Z Lf
! t
= —flo f f vw 1dxadn — 1y f f Wi 1dx,dn
0o Ji, 0 JL.
! t
- d() f f W’aW’ladXle] + d() f f WWJﬁﬁdXZdn
0 JL, 0 JL,
! t
—-d; f f W,aw’aldXQdﬂ + d f f Ww’llgﬁdX2dT7
0 JL, 0 JL
! 00 !
—uf f f W dAdn —,uf f wu 1dx,dn
0 Jz L¢ 0 JL,
a t 6 !
=d — WW g dxodn + do— Ww gg dxod
10Z‘fosz B dx2dn anLL B dx2dn
! !
- d] f f W,lw’ﬁlg d.deT] - d() f f W,lwﬂﬁ d.deT]
0 L, 0 L,
t t
— Ho f f ww i dxodn — uy f f Wi dx,dn
0 JL; 0 JL.
! t
— d() f f W,aw’la d)Czdl] - dl f f W’QW,IO, d)Csz]
0 L, 0 L,
! t 00
- /lf f wu 1 dxpdn — p f f f Wt dAdn.
0 JIL, 0 Jz Le

(3.4)

We define

c (- o [
Fen=5 [ [ was+ 2 [ [ wovaal
2 Z L.f 2 Z Lf ’ ’
! 00 ' . d() 00
+ 1 W oW dAdn + > W oW opdAln= (3.5)
0 Z Lg Z Lg
! 00
+ dlf f f W,aﬁw’aﬁdAdn.
0 Z L‘f
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Inserting (3.5) into (3.4), we can also get

t !
F(z,1) = —ﬂof f ww 1dxodn — f f Wi dxodn
0 JI, 0 JrL,
! !
—dy f f w,aw,mdxzdn +dy f f WW’llgﬁd)Czdn
0 JL, 0 JL,
! !
— d] f f W,(,W,Q]d)(,'zdf] + d] f f WW,lﬁﬁdXan
0 JL, 0 JL,
t 00 t
- f f f Wt dAdn — u f f wu 1dx,dn
0 Jz L¢ 0 JL;
o (" o ("
=d — WW gg dxodn + dy— Ww gg dxpd
1azj(;sz pp dx2dn Oazfosz pp Ax2dn
! !
- d] f f W’lw,ﬁﬁ d)Czdl] - do f f W,lwﬁﬁ d)Czdl]
0 L, 0 L,
! !
— Ho f f w1 dxadn — py f f W 1 dxodn
0 JL, 0 JL,
t t
- dO f f W,afw,la/ dxzdﬂ - dl f f W,aw,la dedT]
0 L, 0 L,
! t 00
- U f f wu p dxdn — u f f f Wt o dAdn.
0 JL, 0 Jz Le

(3.6)

Pl‘OpOSition 3.2: For the function F(z, f) defined in (3.1) and (3.2), we can obtain the following

inequality:
” OF(z,t -
j‘F@n@skm%— ©0) 4 boF (1) + 200,
Z
n2 4dy® 2 42 2 2
(di+do)  di+—7 2d1+2do+ 15 po+ 25 po+ 1 g+ + )
where k(1) = =5 + T and ky(r) = ST g

Proof: An integration of (3.2) with respect to z gives

00 ! t
f F&, ndé = d, f f WW ggdxodn + dj f f ww ggdx,dn
z 0 JL, 0 JL,
t 00 ! 00
- d] f f f W]WﬁﬁdAd?] - d() f f f WJWﬁﬁdAd?]
0 Z Lg 0 Z Lé:
! 00 ! 00
—,Uof f f ww 1 dAdn — f f f ww 1 dAdn
0 z L.f 0 4 L¢
t 00 ! 00
~do [ [ wawsstadg-ar [ [ [ ibiaaadn
0 Z Lg 0 Z Lf

t 00 ! 00
- ,uf f f wu dAdn — u f f f (& — W u dAdn.
0 z L 0 z L¢

(3.7

(3.8)
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Integrating (3.1) with respect to z, we can also get

f F(&,0dé = f f (€ - z)wsz| o ¥ Ho f L (& —z)w,aw,adA|n:I
+ f f f (€ — DWW dAdn + % f f (& - Z)W,aﬁw,aﬁdA|n:t (3.9)
0 Jz L, z L,
+ dl f f f (é: - Z)W,aﬁw,aﬁdAdn'
0 Jz L,

We want to give a bound for (3.8). Using Schwarz’s inequality, we can obtain

‘uftfmf@ Wit dAdn <—ff f(f it adAdn
0 Jz Le

(3.10)
ff f(f—z)uau «dAdn.
2#1
Combining (3.9) and (3.10), we obtain
‘/1 [ [ [ - ammamanan <5 f F(&, 1dé
O e ‘ (3.11)

ff (€ — 2uudAdn.
2#1 Le

Inserting (3.11) into (3.8) and using (3.9), we obtain

00 1 !
f F(¢é,ndé < 2d, f f Ww ggdxodn + 2d f f Www ggdxrdn
z 0 L, 0 L,
! 00 ! 00
- 2d1 f f f W’]WﬁﬁdAdf] - 2d0 f f f WJW’ﬁﬁdAdl]
0 Jz Le 0 Jz L¢
! 00 ! 00
- 2;10f f f ww dAdn - 2 f f f ww dAdn (3.12)
0 z Le 0 Jz Le
! 00 ! 00
- Zd() f f f W,aW’ladAdl] - 2d1 f f f wawmdAdn
0 4 L‘f 0 z Lf
! 00 /,,[2 00
- 2u f f f wu dAdn + — f f (& = Duu,dAdn.
0 b4 L¢ /Jl z L

Differentiating (3.1) with respect to z, we have

OF(z,t C 1
— ) —f 2cl)CQ|,7,+'%fwaw o dX2|p=

0z
+M1ff W oW, dx2d77+—f W apW apd X2 y= (3.13)
+d1f f W,aﬁW,QBdXZdT].
0 JrL,
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The following Poincaré inequality will be used(see [18]):

h2
f uzdxzs; f wdox,. (3.14)
L, L,

We also use the following Wirtinger inequality (see (2.7) in [28]),

! a2 (!
f f u2dx2d77£p f f u%dxodn. (3.15)
0 JL, 0 JL,

Using Schwarz’s inequality, the Poincaré inequality (3.14), and Wirtinger’s inequality (3.15) in
(3.12), we obtain

00 hZ t t
f F(é‘:, t)df < Pdl f f W’QW’QdXZdT] +d; f f W’aﬁw’aﬁdXan
z 0 JL, 0 JL,
Wd, (" ady
+ 71-_20 f f W,aW’ad.del] + 2 0 f f W’aﬁW’QBdXQdI]
0 JL, 0 JL
! 00 ! 00
+d1ff fw,aw,adAdn+d1ff fw,aﬁw,aﬁdAdn
0 z L¢ 0 z L¢
N 4rdy (7 (T
+dy f f f o o dAds + — f f f W oW gpdAdn
0 Jz Le 0 0 Jz Le
h2 t 0 4t2 ! 00
+ = Ho f f f W 0 o dAdn + 0 f f f W oW odAdn
T 0 Zz Lé: T 0 Z Lé.'
h2 t 00 t 00
[ [ wevatag e [ [ wanaaady
T 0 Jz Le 0 Jz L
i 42dy (" (7
+dy f f f W oW odAd + — f f f W oW apdAdn
0 Z Lg T 0 Z Lg
! 00 ! 00
+d1ff fWaWadAdn-i'dlff fw,aﬁw,aﬁdAdn
0 Jz L¢ 0 Jz Lg
l’l2 t 00 qu ! 00
+ ) f f f W,aw,adAdn + — f f f(é: - Z)u,a/u,oszdn
™ Jo J: JLg i Jo Jz JLe
! 00
+ 1’ f f f u21dAd77.
0 z Lg ’

Using (3.13) and (3.8) in (3.16), we obtain

(3.16)

°° O0F (z,
f FE.1)dE < k(1) (— é(f )

) + ky(t)F (2, 1)

<
W
+— f f (€ — Duu o dAdn (3.17)
M1 Jo Jz Le

! 00
+1° f f f u’zldAdn,
0 Z L‘f
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4dy?
2 (di+do)  di+ D
with k(1) = 2% —=— and ky(t) =

M1
In the following study of structural stability, it is necessary to use the estimates for
fo fz fo u qpu opdAdn, the study of which belongs to the domain of spatial decay estimates. The

2 2 2
2d, +2d0+h7ﬂ0+4%/~t0+h7/11+ﬂl+ 2+ 4d0,
1 .

results for spatial decay estimates have already been established in [27]. The equation in this paper is
similar to that in [27], with the core terms being identical and only minor differences in a few terms.
Following the method from [27], we can similarly obtain the estimates for the bounds of
fot fz ” fLs U qpu opdAdn. In this paper, we omit the derivation here. Following the same procedure as

deriving the main result (3.17) in [27], we can also get the decay estimates:

! 00
f f f U opit opdAdn) < ks(r)e ™, (3.18)
0 Z Lg

where k(1) is a positive function and k4 is a positive constant.
Using the Poincaré inequality, we have

[ o dAdn<_2fff

(3.19)
p ks(t)e ™.
We can also get
1 ! 00 ! 00 ) h2 00 9 $ h2 »
— (¢ — Duqu,dAdn + uidAdn < —2k3(t) e dé + —ks(ne 42
M1 Jo J: L¢ 0 Jz L¢ ' T
h k3(1) oz h? & (3.20)
+ —k3(t)e ™+
I k47?2 2 3()e
= k(e ™,
with &3(1) = 2£9 1 Ljey(r),
Inserting (3.20) into (3.17), we obtain
« OF (z,t ~
f F(&,0dé < k(1) (— ;Z )) + k() F (2, 1) + p*hs(t)e ™. (3.21)
Z
Z
Inequality (3.21) is the desired result (3.7).
In the following discussions, we will define two functions
ko (1)
H(z. 1) = € W0°F(z,1) (3.22)
and
T R0y
M(z,t) = H(z, 1) + r(t) eM 0 H(E, HdéE, (3.23)
z

where r(¢) is a positive function to be determined later.
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Pl’OpOSition 3.3: For the function M(z, 1) defined in (3.23), we can obtain the following
estimates:

OM(z, t) 3() 2 _ks(n)z 324
oz +ro(MM(z, 1) < kit ),U e , (3.24)

o, [0
not (klm) 20

where ro(f) = ———"5——— and ks(¢) = ks + 23 .
Proof: We can rewrite (3.7) as
OF (z,1) 1 f ka (1) ka(t) 5 4
+ Ndé < —F e, (3.25)
e T, TS L B0 o
Differentiating (3.23) with respect to z, we have
OM(z,t) O0H(z,t) k(1) 0y
= - — g H(E H)dé— rH(z, t
oz o2 ()kl() el (&, 0)d¢ —rH(z, 1)
ka®) o Lo, OF(z,1)
- _ 0 F(z,t RO 3.26
PN (z,0)+eh oz (3.26)
- <t>k2—() e BT, 0dE - e T ).
ki (1)
We can easily get
OM(z,1) k(1) _ko, ko, dF(z, 1)
NM(z,t e MO°F(z,t RO
oz +r(M(z, 1) = kl() 10 F(z,0) + e P
- ()’;2—?; RO, DdE — Ht)e R (2, 1) (3.27)
1

0 k(1)
T+ R E@) + () | e BORE, 1.

Z

From (3.7), we have

kZ( ) 2 82 L) <t>z (Z’ t) f Z
ROF(z, 1) + € RO < RO R, 1)d
Tt F@D 0 < TEo (& 1)de

k3 (t) Ze—ks(t)z
ki (1) ’

(3.28)

with ks(f) = ks + kzgf;
Inserting (3.28) into (3.27), we have

OM(z,1) .- (OB f‘” _k0, ks(t) et
oz +r(t)M(z, 1) < |r (?) 0 (t)r(t) T (t)) z O F(&, t)d§+kl() (3.29)

o _la®
In order to delete the term fz e kﬁ”ZF (&, Hdé in (3.29), we choose suitable r(7) that satisfies r%(f) —

ka (1) _
20— 55 =0.
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o, [0V, 4
Z10) I310) kl 6]

5 , we have

If we choose r(f) = ry(t) =

oM(z, ~ks(0)z.
1 50 oo

Proposition 3.4: For the energy function F(z,f) defined in (3.1), we have the following
estimates: For any fixed ¢, if ro(#y) — ks(tp) # O, the energy satisfies the following estimates:

Fla.to) < | M0.10) = —== : ks (1 )fg‘);ﬂz {0z
1 —
oZo s(fo) k1(Zo (3.31)
1 k3(t0) 2e_k4z
i’o(to) ks(to) ki1 (o) '
If there exist a ¢y such that ro(ty) — ks(#) = 0, the energy satisfies the following estimates:
(ro( fo)— Az(to)) i{;(to) 2 —(ro(lo)—kz(to))
F(z,ty) < M(O, ty)e Rl 4 e K1) (3.32)
ki(to)
Proof: For any fixed ¢y, if ro(ty) — ks(tp) # 0, an integration of (3.24) gives
1 ]F{;(tﬂ) 21 -
M(z, 1) < [M(O, f) — e
to) — ks(to) ky(t
7’0(~o) s(to) k1(to) (3.33)
N ! k3(t0) 2 kst
ro(fo) — ks(to) k1(to)
From (3.22) and (3.23), we have
ky (1)
F(Z, l‘o) < M(O, to) (t ) 1 - (t )i%i;o; ]e (ro(to)—i\?(g))z
ro(fo s(fo) k1(Zo (3.34)
1 k3(t0) ze_k4z
ro(fo) ks(to) k1(o)
If there exist a ¢y such that ro(¢y) — ks(tp) = 0, an integration of (3.24) gives
e, Ka®0) ~ro(io)e.
M(z,ty) < M(0,ty)e + ——ue (3.35)
ki(to)
From (3.22) and (3.23), we obtain
F(z,15) < M(0, ty)e (ro(to) Egg;)z + k3(t0)'u2e—(ro(to)—k?gg;) (3.36)
ki (o)
Proposition 3.5: For the function M(0, ), we have the following estimate:
M(0, 10) < ks (t0), (3.37)
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with ke(to) = (Lks(to) + = ro(to)ka(to)ks(to) + K3(to)) .

w?

Proof: From the definition of M(z, t) defined in (3.23), we can easily get
® ki,
MO, ty) = H(O, tp) + ro(ty) f efw®> H(E, l‘)d.f
0

_ F(0, 10) + ro(to) fo F(&, t0)de.

From the definition of F(z, ) in (3.1) and (3.2), we have

C (o) — (o)
F(0, 1) = = f f wda| _ +E f f WowadA|
2 Jo Le n=to 2 Jo Le n=to
1) 00 do 00
+ f f f W oW odAdn + = f f W oW opdA|
0o Jo Jr 2 Jo Ji 7=
) o]
+d1f f fW’QﬁW’QBdAdT]
0o Jo JL
10 00
= —Mf f fw,au’adAdn.
o Jo JrL

10 00 IJ 10 00
';1 f f f W gl odAdn| < = f f f W oW odAdn
o Jo Ji, 2Jo Jo Ji
2 to 00
+ £ f f f Uqu o dAdn,
2ur Jo Jo Le

/l2 10 00
F(0,1) < — f f f U odAdY.
HrJo Jo JLg

2 h2
F(0, 1) < %;kmo).

Since we know

we thus obtain

Using (3.19), we obtain

From (3.7), we have

a 0F (0, ~
f F(&, 10)dé < ki (10) (— ( tO)) + ka(10)F (0, 19) + p°K5 (o).
0
From (3.13), we have
OF(0,10)
- 0,

we thus obtain

j(; F(&,10)d€ < ka(to)F(0, t9) + p*ks(to).

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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Inserting (3.42) and (3.45) into (3.38), we obtain

n? h? ~
M0, 1) < (plﬁ(fo) + ﬁro(to)kz(fo)/%(to) + ks(fo)) : (3.40)
1
Combining the results of Propositions 2.4 and 2.5, we can obtain the main results of this paper:

Theorem 3.1: For the energy function F(z,t) defined in (3.1), we establish the following
important estimates: Given any fixed #y, provided that ry(zy) — ks(fy) # 0, we obtain

2 —(Fo(to)—w)z —k
F(z,10) < pu | ks(t0)e AT + ks(fo)e ™™ (3.47)

In the critical case where there exists a #, such that ry(#)) — ks(y) = 0, we notably obtain

I ko (1)
F(z,10) < 'u2 (kﬁ(to) " k3(t0))e—(ro(to)—/f(:g))z’ (3.48)
ki (t0)
with ky(16) = ke(to) — ————RW gy = __1__ ki)

. ro(to)—ks(f0) ki(to)’ ro(t0)—ks(to) ki(to) " . . .
Inequalities (3.47) and (3.48) not only demonstrate exponential decay with respect to the variable

Z, but also indicate that the amplitude-related terms in these inequalities tend to zero as the parameter
u approaches zero.

4. Conclusions

In this paper, we have investigated the structural stability and continuous dependence of solutions
for a higher-order heat conduction model within the framework of the second gradient theory of type
III. By introducing a carefully constructed energy functional and employing integral-differential
inequality techniques, we have rigorously derived estimates that demonstrate how the solution
depends continuously on the elastic coefficient . Our main results, encapsulated in inequalities (3.44)
and (3.45), show that the energy functional F(z, ¢) not only decays exponentially with respect to the
spatial variable z, but also diminishes as the parameter u tends to zero. This confirms the robustness of
the model under perturbations in material parameters and validates the reliability of the mathematical
formulation in unbounded strip-like domains.

The methodology developed in this study, particularly the use of integral-differential inequalities
and energy estimates, can be extended to analyze the continuous dependence of solutions on other
model coefficients. Moreover, this work lays a foundation for future investigations into the convergence
of solutions, which remains a challenging direction due to the loss of certain terms in the energy
structure and the complexity of the associated inequalities.

In summary, this research contributes to the broader understanding of structural stability in
unbounded domains and reinforces the applicability of second-gradient type III models in capturing
non-classical thermal behaviors. Future work will focus on extending these results to study the
convergence properties of solutions under varying physical parameters. This paper primarily focuses
on the theoretical investigation of structural stability, and the results establish a theoretical foundation
for subsequent numerical simulations. In later stages, we will endeavor to represent the findings of
this study through numerical simulations.

Electronic Research Archive Volume 34, Issue 1, 318-335.



333

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

The work was supported by the Science Foundation of Guangzhou Huashang College (The study

on the qualitative behavior of solutions to a class of damped magnetohydrodynamic equations, Grant
No. 2025HSGGS), and the National Natural Science Foundation of Guangdong Province (Grant No.
2023A1515012044).

Conflict of interest

The authors declare there are no conflicts of interest.

References

1.

K. A. Ames, L. E. Payne, On stabilizing against modelling errors in a penetrative convection
problem for a porous medium, Models Methods Appl. Sci., 4 (1990), 733-740. https://doi.org/
10.1142/S0218202594000406

A. O. Celebi, V. K. Kalantarov, D. Ugurlu, Continuous dependence for the convective
Brinkman-Forchheimer equations, Appl. Anal., 84 (2005), 877-888. https://doi.org/
10.1080/00036810500148911

A. O. Celebi, V. K. Kalantarov, D. Ugurlu, On continuous dependence on coefficients of
the Brinkman-Forchheimer equations, Appl. Math. Lett., 19 (2006), 801-807. https://doi.org/
10.1016/j.aml1.2005.11.002

F. Franchi, B. Straughan, Continuous dependence and decay for the Forchheimer
equations, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 459 (2003), 3195-3202.
https://doi.org/10.1098/rspa.2003.1169

A. J. Harfash, Structural stability for two convection models in a reacting fluid with magnetic field
effect, Ann. Henri Poincaré, 15 (2014), 2441-2465. https://doi.org/10.1007/s00023-013-0307-z

P. N. Kaloni, J. Guo, Steady nonlinear double-diffusive convection in a porous medium
based upon the Brinkman-Forchheimer Model, J. Math. Anal. Appl., 204 (1996), 138-155.
https://doi.org/10.1006/jmaa.1996.0428

Y. F. Li, S. Z. Xiao, P. Zeng, The applications of some basic mathematical inequalities on the
convergence of the primitive equations of moist atmosphere, J. Math. Inequal., 15 (2021), 293—
304. https://doi.org/10.7153/jmi-2021-15-22

X. J. Chen, Y. F. Li, Spatial properties and the influence of the Soret coefficient on the solutions
of time-dependent double-diffusive Darcy plane flow, Electron. Res. Arch., 31 (2022), 421-441.
https://doi.org/10.3934/era.2023021

Electronic Research Archive Volume 34, Issue 1, 318-335.



334

0.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Y. F Li, X. J. Chen, Spatial decay bound and structural stability for the double-diffusion
perturbation equations, Math. Biosci. Eng., 20 (2023), 2998-3022. https://doi.org/ 10.3934/mbe.
2023142

Y. Liu, S. Z. Xiao, Structural stability for the Brinkman fluid interfacing with a
Darcy fluid in an unbounded domain, Nonlinear Anal-Real., 42 (2018), 308-333.
https://doi.org/10.1016/j.nonrwa.2018.01.007

N. Q. Qin, J. C. Shi, Y. . Wen, Spatial decay estimates for the moore—gibson—thompson
heat equation based on an integral differential inequality, Axioms, 14 (2025), 265.
https://doi.org/10.3390/axioms 14040265

D. Iesan, R. Quintanilla, A second gradient theory of thermoelasticity, J. Elast., 154 (2023), 629—
643. https://doi.org/10.1007/s10659-023-10020-1

D. Iesan, A. Magafia, R. Quintanilla, A second gradient theory of thermoviscoelasticity, J. Therm.
Stress, 47 (2024),1145-1158. https://doi.org/10.1080/01495739.2024.2365265

D. Iesan, Second gradient theory of thermopiezoelectricity, Acta Mech., 235 (2024), 5379-5391.
https://doi.org/10.1007/s00707-024-03999-8

D. Iesan, R. Quintanilla, Second gradient thermoelasticity with microtemperatures, Electron. Res.
Arch., 33 (2025), 537-555. https://doi.org/10.3934/era.2025025

J. R. Fernandez, R. Quintanilla, Analysis of a higher order problem within the second gradient
theory, Appl. Math. Lett., 154 (2024), 109086. https://doi.org/10.1016/j.am1.2024.109086

M. C. Leseduarte, R. Quintanilla, Phragmén-Lindelof of alternative for the Laplace
equation with dynamic boundary conditions, J. Appl. Anal. Comput., 7 (2017), 1323-1335.
https://doi.org/10.11948/2017081

Y. Liu, C. Lin, Phragmén-Lindelof type alternative results for the stokes flow equation, Math.
Inequal. Appl., 9 (2006), 671-694. https://doi.org/10.7153/mia-09-60

C. O. Horgan, L. E. Payne, Phragmén-Lindelof type results for Harmonic functions
with nonlinear boundary conditions, Arch. Rational Mech. Anal., 122 (1993), 123-144.
https://doi.org/10.1007/BF00378164

W. H. Chen, Cauchy problem for thermoelastic  plate equations  with
different damping mechanisms, Commun. Math. Sci., 18 (2020), 429-457.
https://doi.org/10.4310/cms.2020.v18.n2.a7

W. H. Chen, T. A. Dao, Asymptotic behaviors for the nonlinear viscous Boussinesq
equation in the LY framework, J. Differ Equations, 320 (2022), 558-597.
https://doi.org/10.48550/arXiv.2109.09144

A. E. Green, P. M. Naghdi, Thermoelasticity without energy dissipation, J. Elast., 31 (1993),
189-208. https://doi.org/10.1007/BF00044969

Y. Liu, X. L. Qin, S. H. Zhang, Global existence and estimates for Blackstock’s model of
thermoviscous flow with second sound phenomena, J. Differ. Equations, 324 (2022), 76-101.
https://doi.org/10.1016/j.jde.2022.04.001

Electronic Research Archive Volume 34, Issue 1, 318-335.



335

24.

25.

26.

27.

28.

Y. Liu, X. L. Qin, J. C. Shi, W. J. Zhi, Structural stability of the Boussinesq fluid interfacing
with a Darcy fluid in a bounded region in R?, Appl. Math. Comput., 411 (2021), 126488.
https://doi.org/10.1016/j.amc.2021.126488

Y. Liu, Continuous dependence for a thermal convection model with temperature-dependent
solubility, Appl. Math. Comput., 308 (2017), 18-30. https://doi.org/10.1016/j.amc.2017.03.004

Y. F. Li, X. J. Chen, J. C. Shi, Structural stability in resonant penetrative convection in a
Brinkman-Forchheimer fluid interfacing with a Darcy fluid, Appl. Math. Opt., 84 (2021), 979—
999. https://doi.org/10.1007/s00245-021-09791-7

J. C. Shi, S. M. Li, C. T. Xiao, Y. Liu, Spatial behavior for the quasi-static heat
conduction within the second gradient of type Ill, Electron. Res. Arch., 32 (2024), 6235-6257.
https://doi.org/10.3934/era.2024290

Y. Liu, W. H. Liao, C. Lin, Some alternative results for the nonlinear viscoelasticity equations,
Appl. Anal., 89 (2010), 775-787. https://doi.org/10.1080/00036811003649082

, ©2026 the Author(s), licensee AIMS Press. This
E is an open access article distributed under the
p

Elec

@5 AIMS Press terms of the Creative Commons Attribution License

(https://creativecommons.org/licenses/by/4.0)

tronic Research Archive Volume 34, Issue 1, 318-335.


https://creativecommons.org/licenses/by/4.0

	Introduction
	Formulation of the problem 
	Structural stability result
	Conclusions

