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Abstract: In this paper, we investigated the coefficient-based regularized distribution regression for
data generated by unbounded sampling processes. The algorithm adopts a two-stage sampling frame-
work: the first-stage sample consists of probability distributions, from which the second-stage sample
is drawn. A rigorous capacity-dependent convergence analysis was conducted under more general
conditions, and its performance was comparable to that of one-stage sampling learning. Regulariza-
tion was imposed on the coefficients and the kernel K was permitted to be indefinite. The important
feature of this algorithm is that it can improve the saturation effect suffered by classical kernel ridge
regression (KRR). Notably, the output sample values were assumed to satisfy a moment condition
(rather than the stricter uniform boundedness constraint common in related works). We derived the
convergence error bounds via the novel integral operator techniques, and further established the mini-
max optimal learning rates of the algorithm, which were comparable to those achieved under bounded
sampling settings.

Keywords: coefficient-based regularized distribution regression; moment hypothesis; integral
operator; learning rates

1. Introduction and main results

1.1. Introduction

In the study, we investigate the learning problem of distribution regression (DR) under a two-
stage sampling framework, where the aim is to predict real-valued responses from probability dis-
tributions [1-4]. We start by providing a brief introduction to the concept of distribution regression.
Let D = {(x;, v}, be a dataset, where x; represents a probability distribution and each corresponding
label y; takes values in R?. The pair (x;,;) is independent and identically distributed (i.i.d.) from a
meta distribution X. However, it is not feasible to directly observe the distributions x;. Instead, we

obtain samples x;, ..., x;y,, independently and identically sampled from x;. Consequently, we can
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write {({xl-,n}nN;l, ¥y, . Since x;; is sampled from x; and each x; itself comes from X, the hierarchical
sampling procedure can be referred to as two-stage sampling. The objective is to predict y,,.; using
observations X411, - - -, Xm+1.n,,, generated from a previously unknown distribution x,,,;.

By using distribution regression methods, we can efficiently address problems that traditional re-
gression methods struggle with, such as point estimation tasks lacking analytical solutions. The ap-
proach not only expands the scope of machine learning applications but also enhances the ability to
model complex datasets. Additionally, by mean embedding [5], distributions are embedded into the re-
producing kernel Hilbert space (RKHS), enabling us to take advantage of established machine learning
algorithms to analyze and learn from these distributions, thus overcoming the limitations of traditional
regression analysis.

The Mercer kernel K is defined on X X X — R, and the induced RKHS is (Hk, || - ||x), with the
corresponding embedding given by

Uy = fK(-, $)dx(s) € Hy. (1.1)
X

Let the embedding set of the distributions be denoted as
X, = {1y, x € X} C Hk,

which forms a separable compact set consisting of continuous functions defined on X. In particular,
when K is a characteristic kernel, for distributions x and X', ||u, — prllz, = O if and only if x = Xx'.
This injective property ensures that the mean embedding represents the underlying probability distri-
bution within the RKHS, thereby enabling a rigorous functional analysis framework for addressing
distribution regression problems.

In the least squares regression setting, X, and p are, respectively, the input space and the Borel
probability measure on Z = X, X Y. p(-|u,) is the conditional distribution given u,. We provide the
expected risk for a function f : X, — Y-

&(f) = fz () - y)dp. (12)

The regression function f, : X, — Y is given by

o) = f yap(yly),  px € Xy, (1.3)
Y

which has been proven to be the global minimizer of the expected risk. Hence, the primary goal of
DR is to construct an efficient approximation of f, using D= {({x,-, j}j?’: 1 y,»)};il obtained by a two-stage
1.i.d. sampling procedure.

Next, let us review the classical kernel ridge regression (KRR) method [6-8] for distribution learn-
ing. The KRR scheme for distribution regression [9, 10], which is set in a RKHS (Hk, || - ||x) induced

by a Mercer kernel K, is defined as follows:
1 m
K _ )L N o2 2
fo = argg;g({m gl (f(uz) =y~ + ﬂllfllk}, (1.4)
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N

where 4 > 0 is a regularization parameter. For the given samples {x; j}j=1’ the empirical distribution

X; is defined as X; = % Zy:l 0,,,» and its mean embedding is given by u;, = % Z?’:] K(-, x;j). Let the
sample-dependent hypothesis space be given by

i=1

7’{K,[A) = {fa € 7’{K | fa = Za/iK("/lXi)’ Q- ,Qy € R} .

Based on representer theorem, we can uniquely determine the estimator fg as

K=" ok Kuous) with aof = (ml, + &)y, peeX,,
i=1

where I, represents the identity matrix on the space R x R™, the vectory = (y;,--+ , V) € R™, and
Ko = [K (o )17y

KRR relies on positive semi-definite kernels, but in real-world scenarios, there may exist asymmet-
ric, negative, or non-metric proximities (such as in graphs, texts, etc.), where positive semi-definite
kernels are not applicable. So in this paper, we consider learning by indefinite kernels X X X — R
which are only required to be continuous and bounded. This relaxation enables the use of indefi-
nite kernels when prior knowledge is available and one aims to fit the data to a specific trend. For
instance, the sigmoid kernel has been successfully applied in support vector machines [11], while frac-
tional power polynomials have seen effective use in face recognition tasks [12]. Since there is no
representation theorem for such kernels, we adopt the coefficient-based regularization scheme, that is,
applying regularization to the coefficients {«;} [13,14]. Thus, the distribution regression algorithm with
coefficient-based regularization is given by

fp = Ja, Wwhere ap=argmin {l Z(fa(p;q) - yl-)2 + /lQ(a)} , (1.5
aeR | m &
with Q(a) = a’K,,a.

Algorithm (1.5) has several advantages [15]. First, it directly corresponds to a finite-dimensional
optimization problem and can be easily adapted to other algorithms. Second, coeflicient regularization
makes it possible to use indefinite kernels, which has already been successfully applied in support
vector machines, face recognition, and wavelet analysis. Third, the parameter g in the £,-coeflicient
regularization term (1 < g < 2) can be chosen according to the properties to be estimated [16], such
as smoothness, computational complexity, and sparsity. For example, £,-regularization yields smooth
estimators [17, 18], whereas ¢;-regularization produces sparse estimators. Here, we consider Q(a) =
mila]3:

aeR™

Ip = fa, Where a@p =argmin {n% ;(fa(ﬂx,») -y’ + /lmllallﬁ} : (1.6)

The explicit expression of the estimator f; thus follows:
fo) = > ap K(uops) with @ = (ml, + RIR,)"R]y. (1.7)
i=1
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The error performance of algorithm (1.6) was studied in [19] and [20]. In [19], the authors carried
out the error analysis of algorithm (1.6) with the kernel being positive semi-definite. In [20], they first
derived finite sample bounds and further presented explicit learning rates for DR with indefinite ker-
nels. The error results in [19] and [20] were obtained under the uniform boundedness assumption of
output data, that is, [y| < M almost surely for some constant M > 0, which means p(-|x) is supported on
[-M, M] for almost every x € X. However, such an assumption often deviates from real-world scenar-
ios, especially in cases where the output variables follow Gaussian distributions or other unbounded
distributions. In recent years, research on learning algorithms under unbounded sampling has received
significant attention. For example, the authors in [21-24] derived the error bounds of the learning
algorithms with the following moment hypothesis.

Assumption 1. For some constants C > 0 and M > 1, it holds that

flylldp(ylux) <CciM, (1.8)
Y

forallpu, € X,,2 <leN.

Condition (1.8) is more general than the bounded output assumption and satisfied if the distribution
p(-|u,) 1s Gaussian or sub-Gaussian. A simple computation verifies (1.8) for Gaussian noise.

Example 1. Let B > 0 and By > 0. Iffor each x € X, |f,(x)| < B and the condition distribution p(:|u,) is
a normal distribution with variance 0')% bounded by By, then (1.8) is satisfied with M = max{ V2B, B}
and C = 4.

In this paper, our main goal is to derive the learning rates of algorithm (1.6), which are based on
the indefinite kernels under the assumption (1.8) and some mild assumptions on Hx and f, presented
below.

1.2. Assumptions and main results

Throughout this paper we always assume that the kernel K satisfies the boundedness, that is, Bx =
sup,.z K(s,s) < oo almost surely. The boundedness for the kernel K ensures the existence of mean
embeddings for all probability distributions on X. All the constants in this paper are independent of m,
N, 6, or .

Denote by Lﬁxﬂ the Hilbert space of the square integrable functions defined on X,, with respect to
the measure py,, where px, is the marginal measure of p on X, and the norm || - ||px,, induced by

Fn, = [ Fdgtudon, )

For an indefinite kernel K, the integral operator L : L/%X” - LFZ,X“ is further defined as follows:

Lo = [ Keauofudos . VF L, (19)

e

Its adjoint operator L} is given by

L?f(-)=fx K ) f(udpx, (o), Ve Ly . (1.10)

1
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Since X, is compact and K is continuous, both L and its adjoint L} are compact operators. When
K is positive definite, for given r > 0, the fractional power operator L} is well defined. Let RKHS
‘Hy associated with the Mercer kernel K be the closure of the linear span of the set of functions
{K(-, ),y € X,,} with the inner product

<K(",ux)’ K('a,ux’» = K(ﬂx,ﬂx’)’ V/Jx’/—lx’ € X,u-

The reproducing property in Hy can be formulated as:

S = {fs KCGy o))k (1.11)
It follows that
1 flleo < su)[() VE s | k- (1.12)
HrEX,

Thus Hy can be embedded into C(X), equipped with the norm |[f||. = SUP,, ex, | f(uy)]. In particular,

1 1 1
L} is an isomorphism from Lf)xﬂ to Hy, i.e., Ly f € Hy and ||fll,,, = IL fllx for all f € L;Z)xﬂ' Then by
the spectral theorem, we have

Le= ) 0@e®ue L= ) cai®ds

>1 £>1

where {0}, denotes the singular values of Lg, and {¢/},>; and {{};>; are orthonormal systems of L;2>x,,
satisfying Lgyr; = o¢¢e and Ly ¢, = o ;. The subsequent assumption with respect to {o7, ¢, Yees1 18
introduced in [15].

Assumption 2. There exists a constant k > 1 such that

sup > o} (u) <k and  sup " o) < K. (1.13)

Hx€Xyu g1 S|

The continuity of the kernel function K yields that if o > 0, ¢, and ¥, can be chosen to be continu-
ous on X,,. Consequently, the terms Y,,»; 07¢¢7(x) and Y, op(x) in (1.13) are defined point-wise on
X,,. The hypothesis is satisfied for some specific and popular kernels. In particular, when K is a Mercer
kernel, Assumption 2 holds with x = max {1, SUP,, ex, \/K(ux,,ux)} by Mercer’s theorem. Moreover,
condition (1.13) holds if the kernel K admits a Kolmogorov decomposition (i.e., K = K, + K_ for
positive semi-definite K, and K_). This decomposition is guaranteed for kernels that are reproducing
kernels of a reproducing kernel Krein space, which includes common indefinite kernels such as linear
combinations of positive semi-definite kernels and conditionally positive definite kernels, see [20] and
the references therein for the details.

Under Assumption 2, two positive semi-definite kernels on X, X X, can be defined as follows:

Kot ) = D 0epeupe(ny)  and Ko pre) = D oabe(ue(pe), (1.14)

=1 >1

which induce RKHSs Hpg, and Hk,. Note that the integral operators Lk, and Lk, have the same eigen-
values {o},>1. Also, it can be observed that

L= ) o0 ®p and Ly, = > o @y,

t>1 £>1
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The fractional power operator Ly of Ly, is also well-defined as

L, = D 0l ® ¢

>1

PX,

Its range space can be expressed as L%o(sz,,) = { fe€ Lﬁxy D s U;ﬁ‘;)z < oo}. It yields that L%O(L2 H) -
14

LZO(Lﬁxﬂ), if r > r, and L;(O(Lgxﬂ) C Hg,, ifr > % Throughout this paper, we require that f, satisfies
the regularity condition of order r.

Assumption 3. Regularity condition. For r > 0,

fo =Ly (g), forsomeg, €L} . (1.15)
PXu

To measure the complexity of Hx, and H,, we now provide the definition of the effective dimen-
sion N(4) with respect to py,.

N = Trl(Al + Ly,) ™ Ly = Tl + Ly) ' Ly ) = ) (o + ). (1.16)
=1

To derive the explicit learning rates for algorithm (1.6), it is necessary to introduce the following
assumption regarding the decay rate of {o/},»; to characterize N(A).

Assumption 4. For constants c, > 0 and a > 1, the inequality
or<c ™ Vl>1 (1.17)

holds.

Under Assumption 4, the following capacity condition

QCy 1

NQ) < 1/1_5 (1.18)

a [—
holds, see [25].

To estimate ||S oY —So¥llx,» ||T§ — T}l and ||T§ - T(’)‘ll appear in the proof, and we recall the following
Holder continuity condition for the kernel K.

Assumption 5. Holder continuity. We say that the mappings K, : X, = Hg, (K,, = K(-, u,)) and K/
(K, = K(uy,-)) are Holder continuous, if there exist constants hy, h, € (0, 1] and L > 0, such that

1Ky, = K lly < Lllua = pollyy, — and 1K, = K Ik, < Llita = polly?, » Yptas s € X, (1.19)

In particular, for positive semi-definite kernels, we have h; = h; and K, = K(*f). Some examples of
Holder continuous kernels are listed in Table 1; these kernels are the natural extensions to distributions
of the Gaussian, exponential, Cauchy, generalized t-student, and inverse multiquadratic kernels, see
[26] and the references therein. However, in the case of indefinite kernels, it has been proved in
Lemma 4.1 of [14] that there exists a linear isometric operator U € B(Hk,, H,) such that

K;x = K(ﬂxa ) = U*KO(/Jxa ) € 7-(K]’ ny = K(,,le) = UKI('aﬂx) € 7—{Koa V,ux € Xp (120)

Electronic Research Archive Volume 34, Issue 1, 291-317.



297

hold, where U* € B(Hk,, Hk,) denotes the adjoint operator of U and the Banach space B(H, H’)
consists of all bounded linear operators from Hilbert space H to Hilbert space H’. Based on this fact,
we can obtain the Holder continuity condition for indefinite kernels.

Table 1. Holder continuity kernels.
K K. K, K;

a—;2 a”Hp )
S ( ya ol /) (Ul = ol (bt = bl + 62)

e 2 262

h=1 h:% h= h=50<2) h=1

_1
2

Now we state the error bound of algorithm (1.6) under the above assumptions.

Theorem 1. The estimator fy is given by algorithm (1.6) with the indefinite and continuous kernel K.
Assume Ly f, € L2 for r> l and K satisfies (1.13) and (1.19). Suppose the moment hypothesis (1.8)
and the capacity condltlon ( ] 18) hold. Let h = mln{hl, hy} and h' = max{hy, h,}. If the regularization
parameter A satisfies k*c(t) log (13m/8)m™2 < A < k* with c(t) = 4(1 + t/3)*t™ for t € (0,1/4], then
for anyy > 0and § € (0, 1), with confidence 1 =& — €™, ||fp = fylloy, is bounded by

2r+4 r
¢ (log )" P2 By + AF + Dyl +m7H)]
x (1 +r%z>mw>(1 + l1golloy, +A57F), ifl<r<3,

Ifp = follox, < , (1.21)
P e (log BY 25 [Ba + AbmE 4 amn 18} 4 D, (1 + )]
X (1+A° 4z>m,w>(2+ I8l + AmintE5751), ifr>3,
where
By = 3{ S \/N(/ll/z)}, (1.22)
’ Vm | ymAal/4
Pua=1+148B,,. (1.23)
and
3 h ’
Dypna=AIN2(1 + +flogm + )" (1.24)
Corollary 1. Under the assumptions of Theorem I and Assumption 4, if we take A = K*m™ with
2a 1 < < 2
,3:{26212“’ l.f2 =r=s (1.25)
Tatr UT>2
N = m¢log m with
3a+2ar .
¢= {—ha;ﬁ)’ e (1.26)
Lo ifr>2 '
hdatD)? L ’

and m satisfies

m > max ([4c(r) log?(13/6)]77, [2%74(2 - (07},
then for any 6 € (0,1), ¥y > 0, and t € (0, Z]’ with confidence 1 — 6 — e, we have

o), < [ 008 ) e VTE v G, b rsh o
D Pllox, = 13 2w Wb~ mmmitsT | if > 3 '
& (log 2) (1 + {T+7)* (logm) . ifr> 2,
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If the positive definite kernel K is used in algorithm (1.6), then the logarithmic term logm in the
learning rate (1.27) can be removed while the assumption on the sample size m is less restrictive.
Furthermore, due to the properties of positive semi-definite kernels such as h; = h, and K, = K, in
Assumption 5, the learning rate can be improved to the optimal order O(m™ 2emint-2+T) for r > % in a
minimax sense. Then we provide the following error bound of algorithm (1.6) for the positive definite

kernel including 0 < r < %

Theorem 2. Under the same assumptions of Theorem I and L' f,, € Lf,X# for r > 0, if K is positive
semi-definite, then for any y > 0 and 6 € (0, 1), with confidence 1 — 6 — e™”, we have

do A, 2 (log 7)3 [/ﬁ + ATINTI(1 + AJy + logm)'(m™? + 1)], if0<r<l,

2 (1,r} max{3 2r+1}
di A (log § |
fo = Follow, < X [Bua + A2 + ZINEA+ [y +logm)im2 + 1|, ifi<r<3,
3
dZﬂrzn,N,A (log (9'5)
x| B + A2 4 qmindlE} £ ATINTE(L 4y + Togm)' (7 + D], if r > 3,
(1.28)
where
hey h
1 n22 Bli
Anna=1+138,, + KL(I + \y+ logm) VR
2/V2
Corollary 2. Under the assumptions of Theorem 2 and Assumption 4, if we take A = m™ with
2 if0<r<i,
— 2a e 1
B=\5g, f35r<2, (1.29)
oy ifr>2,
N = mf logm with
w0 <r<l,
(= pae, ify<r<2, (1.30)
Ta .
TGa+1)’ lfl" > 2,
and m > 3, then for any 6 € (0,1) and y > 0, with confidence 1 — 6 — e™”, we have
3 3 ar
dy(log2) (1+ «/1 F ) if0<r< l,
~ max{3,2r 1}
175 = %l < {41 (10g ] ) 4 T yymadarstyy st -l < p g3 (131)
~ amin{r,2
d2 (log ) (1 + ,/1 + )3hm Zamm({rZ)L—l lfr > 5.

Notice that the convergence rate is suboptimal when 0 < r < % It would be interesting to further
improve the learning performance in the future. Detailed proofs for these results are presented in
Sections 3 and 4.
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1.3. Related work and discussions

In this section, we present a detailed discussion and explain our main contributions by comparing
the learning rates of algorithm (1.6) with the previous results. A comparative summary of some of the
literature is presented in Table 2.

Consider the positive semi-definite kernel case. We first recall that Theorem 5 in [9] provides a
capacity dependent analysis of algorithm (1.4) undezr the uniform boundedness assumption of output
sample values, which shows that by taking N > MG T log m, ||fl{)< - fpllgxﬂ < O(m‘z(zv%) for % <r<l.
The above rate is the same as the result in Corollary 2 for % <r< % but with less restriction on the
second-stage sample size N. In particular, Theorem 9 in [9] obtained the capacity independent case

IIfg - fpllﬁxﬂ < O(m_r%) forO <r < % with N > mics log m. For the purpose of comparison, we take
a = 1in (1.18) on the capacity assumption condition and derive the learning rate || fg -1 ||§X# <O(m™)
which is sharper than that in [9]. Note when r > 1, the rate in Corollary 2 keeps improving while
algorithm (1.4) in [9] suffers from saturation and the rate stops improving. This explains why our rate
obtained in Corollary 2 is better when r > 1.

As for algorithm (1.6), the capacity independent learning rate has been derived in [19] for % <r<?2

when N = miorm. Compared to the result in [19], our study can relax the restriction on the second stage
sample size in distributed learning and extend to a more general setting including indefinite kernels and
unbounded outputs. In addition, it should be pointed out that our convergence rate is the same as those
obtained in [20] with indefinite kernels under the bounded sampling assumption without increasing the
requirement for N.

Table 2. Comparison of rates and assumptions for kernel-based learning methods.

Literature comparison Output condition Kernel type Range of r Learning rate
0<r< % O(m_r%)

Reference [9] Uniform boundedness Positive definite % <r<l O(m—%)
r>1 O(m™ 1)
Lopo3 [0 _ztrfg
5Sr<j (m”2+9)

Reference [19] Uniform boundedness Positive definite % <r<?2 O(m‘%)
r=2 O(m’%)
0O<r<i Om=)

Reference [20] Uniform boundedness Indefinite % <r< % O(m*%)

2@ min{r,2}
7> % O(m_ 2amin(n,2)+1)
0<r<i Om)

Our work Moment assumption (weaker) Indefinite % <r< % O(m*%)

2« min{r,2}

r> % O(m_ 2amin(n2)+1)

We also present experimental results to demonstrate the generalization performance of distributed
learning algorithms under varying noise levels. Specifically, we define the input space as X = [0, 1]
and adopt the kernel function K(x, x") = 1 + min(x, x"). The target function f(x) is defined as

X 0<x<0.5,
f(x)={

1-x 05<x<1.

Electronic Research Archive Volume 34, Issue 1, 291-317.
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Response variables are generated based on the following regression model:

yi = f(x) + €&,

where € ~ N(0, 0%) denotes Gaussian noise. To investigate the impact of noise on model performance,
we compare the noise-free case (i.e., o = 0) with three noisy scenarios: o, = 0.01,0.1,0.25. The
generalization performance is evaluated using the mean squared error (MSE) on an independent test
set {fc,-}]i’l (test set size N, = 1000), which is defined as:

1 oy 3
MSE = - Zl Gi - F(E))?,

where J; denotes the predicted value of the model for the test input %;, and f(%;) is the corresponding
true value.

m=10 m=50 m=100

MSE

AN

10 ‘\\

~ . 10
-~

2000 4000 6000 8000 10000 2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
The number of training samples The number of training samples The number of training samples

Figure 1. Generalization performance (MSE) of distributed learning algorithms under vary-
ing noise levels, numbers of local machines, and training sample sizes.

The relationship between MSE and the number of training samples, under varying noise levels and
different numbers of local machines, is visualized in Figure 1. It can be observed that as the number
of training samples increases, all curves exhibit a clear downward trend, indicating that enlarging the
sample size effectively reduces the generalization error of the algorithm. Moreover, under low noise
levels (i.e., o < 0.25), the generalization performance of the algorithm is highly consistent with
that in the noise-free scenario. In addition, the variation in the number of local machines m does not
exert a significant impact on the generalization performance of the distributed learning algorithm under
different noise levels. When m is large, the algorithm still exhibits better performance under low noise
levels. This phenomenon verifies the good applicability and effectiveness of the moment-bounded
assumption in distributed learning algorithms.

The remainder of the paper is organized as follows. In the second section, we will provide some
preliminary results and establish the error decomposition of algorithm (1.6). The upper bounds of the
terms in the error decomposition will be given in Sections 3 and 4. In the final section, we will prove
the main results.

2. Preliminary results and error decomposition

To describe the properties of the integral operators mentioned in the previous section, we invoke the
following lemma.

Electronic Research Archive Volume 34, Issue 1, 291-317.
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Lemma 2.1. Under Assumption 2, the following properties hold:

1) { oy o > O} and { Nowpe o > 0} form orthonormal bases of Hx, and H,, respectively.
2) The operator Lk belongs to B(Hk,, Hk,), and its adjoint operator L}, belongs to B (Hk,, Hk,)

with ||Lgll = Il < «*.
3) Lk, € B(Hx,) and L, € B(Hy,) with ||Lg,|l = ILy || < &*.

4) There exists a linear isometry U € B (Hg,, Hx,) satisfying ¢, = Uy, for all ¢ > 0. Moreover; for
any iy € X, it holds that K, = K(-,u,) = UK, (-, u,) € Hy, and K;X = K(uy, ") = U Ko(uy, ") €

Hy,, where U* € B(Hk,, Hk,) denotes the adjoint operator of U.

Before proceeding with the error decomposition, we introduce the following sampling operators and
empirical integral operators. Define the sampling operator S, : H, — R™ associated to the sampling

points X = {uy,, - , Uy, } for the first-stage sampling as follows:

Sqf = (f(/‘lxl)a U ’f(uxm))’ vf € ﬂan

where g € {0, 1}.
Let S be its scaled adjoint operator from R™ to H, defined as:

m

Sqazzza’il{q(ﬂxw')a Ya = (ay, - ,ay) € R™.
i=1

Similarly, the sampling operator S ¢ - Hg, — R" for the second-stage sampling is given by

Sqf:(f(/«lfcl),"' ,f(/lfcm)), er(]‘[Kq.

Based on X = {u;,, -+ , iz, ), its scaled adjoint operator S g - R"— (HKq is defined by
A B m
Sqa/:%Zlaqu(,u;q,‘), Ya = (a1, -+ ,a,) € R™.

In the setting of one-stage sampling, we can define the empirical integral operators as
1 m 1 m
TX:_ K Xis " ® K; Xis ' )s TX:_ K xis " ® K Xis " )s
5= o 2 Kotk @ Ko, ). TE= ) K, )@ K )
1 m 1 m
T* = — 3 K y) ® Ki(o)s T2 = — > Kty ) ® Kol .
M Mo
The empirical integral operators in the setting of two-stage sampling are similarly defined by
TS = L3 Kol @ Ktwse TS = LS K 0 Kis
0o — m - 0\M%; 0O\Mxis° ) 1 — m - 1\Mz; 1\Mz5 )

X 1 m A 1 m
T8 =~ Y KCus) ® Kius ) TE= — " K(ug,) ® Kol ).
i=1 i=1

2.1)

(2.2)

(2.3)

(2.4)
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From Lemma 2.1 and the definition of the aforementioned operators, it follows that

LK = UL[(l = L](OU, L;( = U*LK() = LKl (]>x< (25)
T =UTY = USS,, TX=U'TY=U"'S;:S,. (2.6)
T =UT} =US;S,, TY=U'Ty=US;S,. (2.7)

Furthermore, 7§ and T} converge to the limits Lk, and Lg,, respectively. T* and T7 can be viewed as
approximations of Lx and Ly. As a kernel matrix, K,, = [K(uy,, /ij)]fffi:l satisfies K,, = mSo US| and
Km = mS' 0 U SA T .

In order to quantify the approximations of the integral operators and sampling operators, combining
Lemma 2.1 with Assumption 5, the inequality (1.19) for all (u4, 15) € X, X X, can be rewritten as
follows:

1K1 ta) = Ko G o)l = IKC ta) = KCopn)lliey < Llla = ol (2.8)
1K o(tas -) = Koln, My = 1K (as ) = Kpaps i, < Lllta = ol » (2.9)

which hold for all (ug, up) € X, X X,,.
By applying (2.8) and (2.9), we obtain the following Lemma 2.2, and its proof can be found in [9].

Lemma 2.2. Under Assumptions 1, 2, and 5, with confidence 1 — me™, it holds that

2thy hTZ

. 2B
IT§ - T3l < kL(1 + Vo) — (2.10)
N7
22+hl B%l
T = T¥|| < kL(1 + Vo' ——%, (2.11)

a8
2
where 6 = logm + 6.

We provide the upper estimate of ||S oY — S ¥llk,» which is crucial for the subsequent error analysis.
To this end, we recall Lemma 2.3 from [27].

Lemma 2.3. Under Assumption 1, for any ¢ € (0, 1), with confidence 1 — 9, the inequality

log(1/0)
\m

1 m
— > Iyl < CM +4M(1 + V20) (2.12)
m i=1

holds.

Now we prove Proposition 2.1.
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Proposition 2.1. Under Assumptions 1, 2, and 5, for any 6 € (0, 1), with confidence 1 — g —me™, the
inequality

, . 4(1+ VO(2B)?
185y~ Sill, < OC +4)om™* + DLM log s 5 VOB (2.13)

2

holds.

Proof. By the definition (2.1) and (2.2) of the two-stage sampling operator, we have
Say - Seyll, < |k K 2
185y =S¥l < — |[[(Ko(us ) = Koees )il
1 “ 2 2
<= > ||Ko(s,» ) = Kol ||, il (2.14)
m 0

i=1

and by substituting (2.9) into (2.14), we have

e L O 2hy
185y = Savlli, < — > il s, = sy (2.15)
i=1
Furthermore it is known from [26] that
(1+ VO)V2B
s, = ]l < Tk (2.16)
Then plugging (2.12) and (2.16) into (2.15), with confidence 1 — ‘ZS — me~?, we obtain
dou o log4/6) |, (1+ VO'»(2By)"
IS5y = Sevllx, < [CM +4M(1 + V20) N 12 i
41 (1 + VO)=(2BY"
< |(9C + H(m + 1) LM log —] (1+ VO™ 2By . (2.17)
) N
Thus we get the desired result. O

To carry out the error decomposition, we recall the expression of the solution of the algorithm (1.6)
o o=l o
fo = (A1 +T5T.5) T U"Syy, (2.18)

where the vector y = (y1,- -+ ,y,)! € R™ is formed by the output data of sample D.
Let fp be the minimizer of the coeflicient-based regularization on the first-stage sample D =
{(uy,» y)I . The explicit expression of fp can be derived in the same way as follows:

fo = U +T*T.%' T*U"Sy. (2.19)

Then we introduce the following regularization function f; with a positive semi-definite kernel
Ko pte) = By | Ko ) K (e 1) e,

— : 2 2
fo= arg min {If = £ + A}
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and then it follows from Lz = LxLy = Lg,UU*Lg, = L that

fi= @+ Lg) 'L f,
= (Al + LgLy) ' Lg Ly f,
= (Al + L)' Ly, f, (2.20)

see [28] and the references therein. Note that f) is the population version of fp. Now we present the
following error decomposition of the total error fp — f,:

s = Follpy, < 1> = Folloy, + 1> = Filloy, + 111 = Follpy (2.21)

where the first term ||f5 — fplly,, 1S known as the distributed error. The second term |[|fp — fill,, 18
u "
known as the sample error. The last term || f; — fpllpxﬂ is known as the approximation error.
We proceed with further error analysis of the distributed error ||fp — fD||pr and the sample error
Ilfp— fﬂllpxp. We define fa‘ =T*U* = n% > Ky py) ® K (-, py,), which is positive semi-definite on Hy,
and provides a good approximation to Lk,. Accordingly, fp can be represented using 77 as follows:

A -1 A
fo = (A1 +T3Ty)  T3S5y. (2.22)
Similarly,
POSEIPOE PN
fo = (A + T3T5) 1585y, (2.23)

where T§ = TXU* = L 3", K(, piz,) ® K (-, 1)
For the approximation error, we provide the following proposition, which can be proved by the
same method as that employed in Theorem 4 of [28].

Proposition 2.2. Under Assumption 3, it holds that

1fa = follpy, < cd™3) r >0, (2.24)

Ifs = follgy < coamnl5 > =) (2.25)

N | —

where ¢, = max {1, K2r_4} 8plloy, and c; = max {1, K2r—5} l18pllox, -
3. Error analysis

In this section, to obtain the total error [|f5 = fylly,» we will analyze the sample error ||fp = fall,y,
and the distribution error || f5 — fpl| ox, in turn. We first consider the indefinite kernel case.

Proposition 3.1. (Indefinite kernel case). Let K be an indefinite kernel. Under Assumption 3 for
g € LE)XH with r > %, for any 6 € (0, 1), with confidence 1 — 36, it holds that

1o = fallpy, < 2U1U3U4 + AULU3 ULl
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where

U,

(VAL -+ Lig) (S5 = T3, -

b

U, = (VA + L) (NAT + T2

7S A S ax{0, r—1
Us = (VI + T + T3T) ™ Ly {0.r=)

b

Us = (VAT + T2 + XTI + T3 (VAT + T2

The proof of Proposition 3.1 can be completed by the same method as employed in Proposition 5.1
in [14]. We omit it here.

Proposition 3.2. (Indefinite kernel case). Under Assumptions 1 and 2, for any 6 € (0, 1), with confi-

dence 1 — % —me™?, it holds that
1fs = follpy, < 43 (M + K473 UrU,UsUs, (3.1)
where
Us = 7Ty = TS + ATy - T3] + 1, (3.2)

A

A x " -1 4 2% X
Us = (||S0y - So¥llk, + OC +4)(m™2 + 1) log SIIT0 |

+foll, (175 = TSN+ 15 = T511). (3.3)

Proof. Similar to Proposition 4.3 in [20], by the expressions (2.22) and (2.23) of fp and fj, we have
the following error decomposition:

Wfp = folloy, T+ T2+ T3+ Ta, (3.4)
where
T1 = 4 TTULULUSIS by — Sk, (3.5)
72 = 42500, i, 173 - 73 (173 - 73] + 175 - 73]). 39)
T3 = 207U Us [ISoy]l, 175 = 75 (3.7)

Ta = 4 UV foll| 2 (15 - T3]+ |3 - 73]

+ || TE - TE|| + A ||TE - T ] (3.8)
Then we only need to estimate the upper bound of | Soy | . under the moment assumption (1.8).

m

Combining the upper bound of % 21 lyil in Lemma 2.3 and the definition of S yields with confidence
1-6/4,
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Then the desired error bound follows by substituting (3.9) into (3.6) and (3.7), respectively:
n 4 . .
/5 = Sollpy, < 4(M + K)/l_?‘UzU4U5[||SE§y — Se¥ll, + (OC +4)(m™? + 1) log SIIT(’)‘ - Tyl
+ Ul (T3 = TSI+ 173 = 750D (3.10)

This proves Proposition 3.2. O

Following the error decomposition scheme in (2.21), we can get the general bound for || f5 — j}llpxﬂ
with the indefinite kernel immediately by combining the upper bounds obtained in Propositions 2.2,
3.1, and 3.2.

Proposition 3.3. (Indefinite kernel case). Under the assumptions of Theorem 1, for any 6 € (0, 1), with
confidence 1 — 5% — me™, it holds that

_3
||fb - fp”pxp < 43(M + KA TULULUsUs
+ UsQQULU3 + UaUsligllpy, ) + c, A3 3.11)

When K is positive semi-definite, the different decompositions for the terms [ fp — fill,,, and
Ilfp — fD||pX” can be performed as follows to refine the error estimate. Based on Proposition 3.1, it
is uncomplicated to derive the following decomposition of || fp — fﬂllpxﬂ.

Proposition 3.4. (Positive semi-definite kernel case). Let K be a positive semi-definite kernel. Under
Assumption 3 for g, € Lﬁxﬂ,for any 6 € (0, 1), with confidence 1 — 32—5f0r() <r< % and 1 =26 forr > 3,
it holds that

1fo = filloy, < 2U1U3 + U Usllgpllyy, ™04 331, (3.12)

Proposition 3.5. (Positive semi-definite kernel case). Under the assumptions of Theorem 2, for any
0 € (0, 1), with confidence 1 — 34—‘5 —me?, it holds that

(3.13)

1S5y —Sgy

1 4
+6(9C +4)(m™* + 1) log SKM/I_% Us |

1o = foll,, <2470 ,

At A
TO - TO

2

where

s = |(Var+ L)' (Var + 75)

Proof. Since K is positive semi-definite, T(’)‘ =T} and f’(’;‘ = T(’;‘. Thus we can rewrite the decomposition
(3.1) for the indefinite kernel case as follows:

1o = foll, = |ILi, (o= 1), < 75+ 7Te. (3.14)
where
Ts = Lk, (1 + T375) 7 75 (S - SSy)HKO , (3.15)
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7o = Lk [(/U F TSTS) " 15— (0 + 7313) To] Sty (3.16)
Ko
Then we directly invoke the following upper bounds from Proposition 4.5 in [20].

T5 <2070, S5y - Sovll,.. » (3.17)

To < 64705 ||Soyl, 175 - 73 (3.18)
By substituting (3.9) into (3.18), we have

4 A e 2
T < 60C + )™ + Dlog kM7 Uy |15 - T3] (3.19)
Finally we get our desired result by plugging (3.17) and (3.19) into (3.14). O

Then we provide the upper bound for || f5— f,l,,,, With the positive semi-definite kernel by combining
Propositions 2.2, 3.4, and 3.5.

Proposition 3.6. (Positive semi-definite kernel case). Under the assumptions of Theorem 2, for any

6 € (0, 1), with confidence 1 — 2 — me™ for 0 < r < 3 and 1 — % — me™® for r > 3, it holds that

<2740, ||S’Sy - S0y

115 = £l e, (3.20)

4 A las
+6(9C +4)m™* + 1) log <kMAT U |15 - T3
+ 20U U3 + UoUsllgllpy, A543 4 ¢, qmind 12},
Then the task is to estimate U; (i = 1,2,3,4,5,6) and U, in (3.11) and (3.20).
Lemma 3.1. Under Assumptions 1 and 3, for any 6 € (0, 1), with confidence 1 — 6, it holds that
P 4 i
Uy < o™ 021 min{05-3} g log s+ ¢, i3}, (3.21)
where ¢, = 2(C + )M + ||gp||pxﬂ.
Proof. Recall the upper error bound with U, proved in Proposition 5.2 of [14],

4
U, < caBpalog 57 o = Sfallpy, (3.22)

where
c1=2(C+ DM + || filleok ™.

To obtain the upper bound for U;, we only need to estimate || f,||. By (1.12), we have

Ifallo < sup v/ Ko(ter, ol fallx,-
Hx€Xy

1
Furthermore, it is known from || f ||pX# = [|ILg fllx for all f € Lf,xu and the expression (2.20) of f; that
£ < NI + Lz )7 L 8, Ik,
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3.1 2
= 2 H(/u + L%(o)_lle(: L,@ngHKO

2

R
=K U+ L3 ) L > (80§00, 90
=1

PXy

By the spectral decomposition lemma for operators (from [29], p.273), we proceed to expand the

operator action:

2

0o 34r
2 2 ¢
Ifalls < & 2 ro_?<gp,¢f>pxﬂ¢€
- PXy
® 3+2r
2 Oy 2
=K - - , .
; R
When 0 < r < %,
© 3+2r 0 N3 4r
(o)) 1 )
———— (g b0)y, = —(gp, br)
Zl 1 2)2 p PXy ; (A + 0.2)%+r A+ O.%)Z—% P Pxy
< 1R I, .
and when r > 1,
*© 3+2r 0 252
(O-f) 2r 1
Z[ ( 2)2 <gp’ ¢€>px,, - Z (/1 2)2 <gp’ ¢t’>px
4’ gl -

This implies
1falleo < Kmax“’zr}”gp”pxﬂ/lmi“{o’g‘%}.
By plugging (2.24) and (3.23) into (3.22), we complete the proof of Lemma 3.1.

Then we need to invoke the following bounds of U; (i = 2, 3,4) and U, in [14].
Lemma 3.2. For any 6 € (0, 1), with confidence 1 — g, it holds that

2 < H( VaI + L) (Var + fg)‘lﬂ <|1+2718,,log %]2

Moreover, we have with confidence 1 — g,

UZ:“(VZHLKO) (Var+7y) l<a-nt,

where c(f)k* ( g5) <A<kt withO <t i

(3.23)

(3.24)

(3.25)
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Lemma 3.3. Under Assumption 3, for any 6 € (0, 1), with confidence 1 — g forr > % it holds that

2/1—%, ifo<r<?i
2r-1
Us <127 [1+ 2748, log 4|7 237, ift<r<3, (3.26)
(8r =4~ [m™327% log g + Amin{o’%-l}] . ifr> 2.

Lemma 3.4. For any 6 € (0, 1), with confidence 1 — =, it holds that
4 2 1 2
Us < (0| log (1+27%8B,.) . (3.27)

where ') = 1 +4(1 —1)"2 + 8 [1 —2V2+ 1):]_1

Recall that T(’)‘ = UT}U" and YA“(’;‘ =U Tf‘ U*, and combining the results in Lemma 2.2, we can get the
following Lemma 3.5.

Lemma 3.5. Under Assumptions 1, 2, and 5, with confidence 1 — me™", it holds that

2+h, M2 24hy M1
277 B 277 B?
Us < I'kL(1 + VoY ——— + 27'kL(1 + Vo> —* + 1. (3.28)
N# N%
Lemma 3.6. Under Assumptions 1, 2, and 5, for any 6 € (0, 1), with confidence 1 — 135 me™", it holds
that
, 4 2r+2 1 2r+2 _h n r_1 1 o1 3
i) (log )" (14 4788,0)" N1+ VO (14 lIgylly, + A27%) (m72 +1), ifi<r<3,
Us < 4\3 _1 3k W inf3 r_1 _1 . 3
cb(0) (log 2) (1 + 274 8Bya) N30+ VO (2+ ligollyy, + A58 ) (m™2 + 1), ifr> 3,

(3.29)

hy

where c/(1)(i = 1,2) = (9C + 4)27 KLk + M)(c; + c,)(B, 2+ B )c - t)“

Proof. To estimate Ug, we need to derive the upper bound for || fpl|k,, which can be proved by the same

method employed in Theorem 5.1 of [20]. When <r< %, with confidence 1 — 34, it holds that

2r+1

2r+2
Ifollk, < cic’ (1 =n72 (1 ( ) (1+4758,,)
X (A3Bua + 573) + 4T + kg Iy, (3.30)
where ¢| = 2¢, k> + 2" Igpllpy, + 2¢;.

When r > %, with confidence 1 — 30, it holds that

4\’ 2 3
Ifollk, < c5¢(B)(1 = 1)72 (log 5) (1+4758,0) (A7 B0+ m2 + Amnl3573)
+_C;ﬂpﬁn{h2z—} 2r 1”gp”p&l (3.31)

where ¢} = 2,k + (87 — 4)* " |g,ll,y, + 2¢,. By substituting the bounds of (2.10), (2.11), (2.13),
(3.30), and (3.31) into (3.3), we can obtain the upper bound of Uk. O
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Note that under positive semi-definite kernels, Assumption 5 holds for #; = h, = h. The lemma
below is given to provide the bound of U,.

Lemma 3.7. Under Assumptions 1, 2, and 5, for any ¢ € (0, 1), with confidence 1 — g —me™?, it holds
that

h+2

2

U, <1+«L(1+ Vo)

2

1 4
-+ 118, log —. (3.32)
2N2 10)

4. Proof of main results

Now we are in a position to prove Theorem 1.

Proof. By substituting (3.21) and (3.25)—(3.29) into (3.11) in Proposition 3.3, we obtain the followin
y g P g

bound of ||f — f,;)”pxﬂ by scaling % to ¢ and me~? to e™. For % < r < 3, we have with confidence

2’
I-6-e€7,

2r+4
”ff) - ﬁ)”pxy < (log ?) (1 + A—%BmJ)Zr+4

X [Ba+ 27 + AIN"2(1 + flogm + )" (m2+ 1)]
x [1+ AN+ Viogm + )" | (1 + lIgyllny, +427%).

where
/+ hf hf
¢ =01 —1)! [2cp/<2"‘ £ 27l MLy, + 3, + 2 K (k + M)el (1) (1 +LB? + LB} )] .

Similarly, for r > %, we have with confidence 1 — 6 —e77?,

13\’ B
W = follox, <2 (log F) (1+7%8,,,)°
x| Bt At 2 L BN logma ) (1)
x[1+ 7N+ Vlogm + )" (2 + gy, + AmMEE7H),

ES

where
. n A
e = (D1 - 1) [2c,,,<2’-1 + 87 = D g lly, + 3¢, + 27 Kk + M) (1) (1 +LB? + LB )] .

This proves Theorem 1. O
Next we will prove Corollary 1 by choosing 4 and N according to Theorem 1.

Proof. We choose the values of A in (1.25) and N in (1.26). First, it is necessary to select a sufficiently
large value of m such that

K*e() log?(13m/6)ym™ < A = k*'m™® < «*.
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It is sufficient to ensure that the following inequalities hold:

Im* P > 2c() log*(13/9),
Im* P > 2¢(t) log® m.

The first inequality can be obtained when

m 2 |4c(r)(log 13 /5)2]ﬁ .

Next, we transform the second inequality into %m¥ > 20(t)m‘2;2ﬁ log® m. Let f(m) = m-F log® m.
By the elementary derivative calculation, we find that the function f(m) attains its maximum value
when m = e™7, ie., f(eﬁ) = 16e72(2 — p)~2. Therefore, from %m¥ > 2e(m 7 log?m >
2¢(f)16e7%(2 — )2, we can derive that

m = [2Re - gy
Thus, it suffices to choose m such that
m = max {[4cn)log 13/07] 7 [2%e @ - ] 7).

Furthermore, recall that N(1) < c;/l‘l/ “with ¢/, = gi'l To get the fastest learning rates, we choose

2a
A =k*m = for 1 < r <2, and we have
2
N(/ll/z) S C;K @ 2er+l

Thus,

2K K | I ar
By = — A <2 el 4.1
A N { NIL + A N( )} < (K+ VLK ) 4.1)

which implies
Poi=1+158,, <1+ 2(1 + \/ZK_%Y). (4.2)

Let N = mitarsh log m. It holds that

h/
@ a+2ar 4 1 + 1
Dm,N,/l S K—3m4(3r+2 m— 34(1/3*—2 (log m)_% (log m)hf [ — w
logm logm

< (logm)'™ (1+ \T+7) m 3, 4.3)
and
4Dy < (logm)' T (1+ T+7)" . (4.4)

Electronic Research Archive Volume 34, Issue 1, 291-317.



312

By substituting (4.1)—(4.4) into (1.21), we have

) 13 2r+4 ) . e
||fﬁ - ﬁ’llpxﬂ < (log F) (1 + \/1 + y)Zh (log m)h hm Zar+T |

where e 1
& =201 (3+2cpre) |24 K7+ 2 (k+ Ve T )| (14 lIgplly, +£77).

When % < r < 2, the proof is analogous to that of the case where 1 < r < % except that we can

2
obtain

_ 2ar+a+l

im™2 < ks 4.5)

and

A2 < i m T (4.6)

Then by substituting (4.1)—(4.6) into (1.21), we have

. 13\’ , e
Ilfp — prpX# < ¢y (log ?) (1+ 1+ y)Zh (log m)h =z , 4.7)

where
1

Gy =2c, (3 +2 \/ak_i)5 [2 + K+ g4 4 9 (K + \/ZKI_E)] 2+ llgollox, + mint2r=13hy

When r > 2, the learning rate can be derived using the same method as employed in the aforemen-
tioned cases and thus its detailed derivation is omitted.
This completes the proof of Corollary 1. O

Then we proceed to prove Theorem 2 when the positive semi-definite K is used.

Proof. By substituting (2.10), (2.13), (3.21), (3.24), (3.26), and (3.32) into (3.20) in Proposition 3.6,
we obtain the following bound of [|f5 — fyll,,, by scaling ? to 6 and me™® to e™. When 0 < r < %, the
following result holds with confidence 1 — 6 —e™:

21+ Vo) 2By)* 7

7
15 = folloy, < (9C +4)(126% + 2)(m™? + 1)LM (log —) i NA (4.8)
. 0 AiN3
\ 7 ] 7V
+2 (cpthm,A log = + c,ﬁ) (1 + 1748, log 5) (4.9)

7 3 r r
+ (1 + /l_%Bm’/l 10g 5) 2/1_1||gp”pxﬂ/lf+% + C,»/l7

7 3 r h 1
<d A, (log 5) (45 2N (14 Ay eTogm) @t + D), @10)

where do = 2(c, + lIgolly, ) + 3¢r + (OC + 4)(126% + 2)LM(2By)*.
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When 1 < r < 2, with confidence 1 — 6 — e, it holds that

*(1+ Vo' 2By
AiN3

.
1fp = Folloy, < (OC +H(126% + 2)(m ™2 + 1)LM (log 5) A (4.11)

7 , 7\ ; 7
+2 (cpsz—lsm,ﬂ log <+ c,/lZ) (1 + 278, log 5) + (1 + 278, log 5)

2r—1
7 r r
x 2"+ (1 + 7B, log (—5) lIgpllox, 4> + ¢,A2

[B,M F A5+ N (14 fy v logm) (7t + 1)] ,

where d; = 26, + 27 Igylly, + 3¢, + (9C +4)(126> + 2)LM(2By)?.

)max{3,2r+1}

2 max{1,r}
< dlﬂm,zv,a (log 5

96

+ todand me~ to 77, the result holds with confidence 1 — 6 — e™”:

When r > %, by scaling

> (1+ VO)'(2By)}
ALiN:

9
U = Fllpy, < (OC + (122 +2)(m™t + LM (log 5) Apna 4.12)
2r—1 9 s -1 9\’
+2 CpK Bm,ﬂlogg +c 7)1+ A 4Bm’,110g5

9
+ (1 + 718, log 5) (8r— 4!

9 ., o
m™2 17 log =+ /lm‘“{o’fl}} Igpllpy, A + cyamnl-3)
3
2 9 14, 172 min{l1.5} | 5-3 -t b -1
< o,y (log 5| B+ A2 4 ) 4 AN (1+ fy+logm) (m2 + 1),
where dy = 26, + (87 = g, lloy, + 3¢, + (9C + 4)(126% + DLM(2B))?.
We complete the proof of Theorem 2. O

Next we prove Corollary 2 by choosing A and N according to Theorem 2.

Proof. For the positive semi-definite K, the constraint on m can be completely removed and the esti-
mates can be further refined. To maximize the learning rate, we take the values of A4 in (1.29) and N in
(1.30).

When O < r < % we choose 1 = m~+¢1. Then

2K 1 a
Ba = —— + N2 § < 2% + kAfc,)ym™ 7, 4.13
A \/n_i{ — YN( )} ( ) (4.13)
and it follows that
ATiB,, 5 < 2K + k). (4.14)

Let N = m% log m, and thus
LN (14 Vv logm) < (1+ VT+y) mo, (4.15)
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and

AINE (1 + \y + log m)h < (1 + 41+ y)h.

By substituting (4.13)—(4.16) into (1.28), we have
7\ 4h
< d logg (1 + 4/1 +y)
3 ar ar+a+1 ar
X [1 +2(% + K\/Z) + 2KL(ZBk)%] (m_m T m_ﬁ)

3
< d, (log %) (1 + 41 +y)4h m- T,

175 £

PXy

where dy = 3do [1+ 20 + k) + 2kL(2By)} |-
When 1 < r <2, we choose A = m~%7, and it holds that
Byua < 208 + kAJcym™
and
18,0 < 2 + k+Jc)).
Moreover, let N = m% log m, and we have

AN (14 ylogm) < (1+ {T+y) ms,

and

N1+ Jfy+iogm) < (1+ {T+9)".

By substituting (4.17)—(4.20) into (1.28), we can derive

||fA ) f || 3 Jl (log g)max{3,2r+1} (1 + T+ y)hmax{3,2r+1} m_Zaaril ’ i % <r< %,
where
dy = 8dy(< + k[l [1 + 207 + kAJc) + 2KL(ZBk)%]2maX{l’r} ,
and

3

d = 5d; |1+ 20 + kJc}) + 2kL(2By)’? |
When r > 2, we choose A = m~ %1, and the following inequalities hold:

2a
B < 2(K2 + kAJCl)m T,

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

Electronic Research Archive Volume 34, Issue 1, 291-317.



315

and
1B, < 203 + k). (4.22)
Let N = miasn log m, and we have

UINE (14 Vy +Togm) < (1+ {T+y) ms, (4.23)

and

N (14 fy+logm) < (1+ {T+7)". 4.24)

By substituting (4.21)—(4.24) into (1.28), we have

3
”fﬁ - ﬁ)”p)‘u = 672 (log g) (1 + m).%h m_éil.

This completes the proof of Corollary 2. O
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