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Abstract: We studied an intraguild–predation system where an intermediate consumer and a top
consumer exploit a shared basal resource. A compact nondimensionalization yielded five interpretable
parameters—relative predator growth α, crowding β, enrichment γ, and depletion couplings δ, ε.
We presented closed-form thresholds that organize the dynamics: the coexistence equilibrium exists
exactly when a quadratic in the resource steady state has a root in (0, β); as γ varies, a two-
equilibria window appears and terminates at an explicit saddle–node value γ+1 , with transversality
confirmed and transcritical/pitchfork alternatives excluded. A Hopf onset criterion was given via the
characteristic polynomial coefficients along the interior branch. For the forward-Euler discretization
we established positivity, an absorbing set under an explicit stepsize bound, and stability tests that
reduce to |1 + ∆τλ| = 1. Extensions to diffusion and stochastic forcing suggest the incorporation
of more realistic spatial and stochastic factors. The thresholds were directly calibratable, enabling
reproducible, mechanistic predictions for applied systems.

Keywords: algebraic elimination; saddle–node and Hopf bifurcation; Euler discretization;
intraguild predation

1. Introduction

The study of ecological systems has been profoundly shaped by the pioneering works of Lotka
[1,2] and Volterra [3]. They introduced mathematical frameworks to describe the interactions between
species in ecosystems. Their models laid the foundation for theoretical ecology, a field concerned with
understanding how populations of different species interact through mechanisms such as predation,
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competition, and cooperation [4, 5]. In particular, three primary types of population interactions are
recognized: (i) prey-predator interactions, where one species depends on the other for survival, (ii)
competition, where populations vie for limited resources, and (iii) cooperation, where species benefit
from mutual existence [6].

Among the various ecological models, those exploring intraguild predation (IGP) have attracted
significant attention due to their complexity and relevance to real-world ecosystems. In IGP systems,
three species are involved: a basal resource, an intermediate IG-prey that consumes the basal
resource, and a top predator that preys on both the resource and the IG-prey. In this framework, the
top predator competes with the IG-prey for the same resource while also preying on it, leading to a
combination of predation and competition within the system. IGP is a common ecological
phenomenon, with significant implications for community structure and species coexistence [7–9]. It
is reported to reach frequencies between 58.4% and 86.7% in ecological systems [10]. The classic
theory by Holt and Polis [11] predicts that coexistence of species in IGP systems is possible only if
the IG-prey is a sufficiently strong competitor for the basal resource.

Predator–prey models differ in how they represent the predator’s carrying capacity: the classical
Lotka–Volterra model assumes it is constant, whereas Leslie-type models (e.g., Leslie–Gower) treat it
as proportional to prey density [12]. Considerable mathematical attention has also been devoted to
intraguild predation models [13–15]. For instance, Holling type-I [16], type-II [17, 18], and
type-III [19] functional responses are common approaches for different intake rates of predators. Sen
et al. [20] analyzed a system with a Holling type-II functional response and demonstrated the
emergence of chaotic dynamics through period-doubling bifurcations. More recently, Shang and
Qiao [21] incorporated both the fear effect and nonlinear top-predator harvesting, revealing periodic
windows and chaotic attractors. Chakravarty et al. [22] inspected the optimal harvesting policy by
Pontryagin’s maximum principle. Reaction-diffusion systems [23–25] or chemotaxis systems [26, 27]
are utilized to incorporate anti-predator strategy. Recent literature has significantly expanded the
theoretical framework of predator-prey and Leslie-Gower-type models by incorporating increasingly
complex biological mechanisms. For instance, the effects of nonlocal competition have been
rigorously analyzed in conjunction with Beddington-DeAngelis functional responses and fear effects,
revealing rich bifurcation structures and spatially inhomogeneous solutions [28–30]. Furthermore, the
interplay between spatial dynamics and double Allee effects has been shown to generate diverse
Turing patterns [31]. Despite these advances in continuous and spatial modeling, there remains a need
for rigorous discrete-time frameworks that can bridge deterministic bifurcation theory with stochastic
population variability. Safuan et al. [32] proposed a model where the carrying capacities of both the
IG-prey and IG-predator depend on a shared resource. They showed that changes in the enrichment
parameter can trigger transcritical and Hopf bifurcations, leading to coexistence, prey extinction, or
oscillatory dynamics. Yao and Yuan [33] further identified a saddle-node bifurcation and excluded
transcritical or pitchfork types, elucidating the catastrophic collapse of the IG-prey population.

While continuous models effectively describe transient dynamics, discrete-time dynamical systems
provide a natural and computationally efficient framework. They are well suited for modeling
biological, ecological, and regulatory processes that evolve in periodic or generational steps. Discrete
formulations not only retain the essential biological structure but also reveal richer dynamical
behaviors. These include period-doubling, Neimark–Sacker bifurcation, and chaotic
regimes—features that cannot be inferred directly from their continuous analogues [34, 35]. To
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further account for population-level randomness, we introduce demographic noise into the discrete
framework to represent finite-population fluctuations absent in the deterministic description. This
stochastic extension, formulated through diffusion approximation of Poisson events, enables the
quantification of demographic noise and is extensible to incorporate biological realism. Building upon
the continuous-time bifurcation analysis of Yao and Yuan [33], our study develops a discrete-time and
stochastic extension. This extension includes rigorous stability characterization, algebraic–spectral
threshold (AST) detection, and comprehensive numerical validation. Our innovations include:

1). Discrete-map formulation. We derive and analyze the forward-Euler discrete map associated with
the continuous ODE system. The resulting difference equations preserve the biological constraints
of nonnegativity and boundedness, thereby enabling a rigorous study of stability and bifurcation
phenomena in the discrete setting.

2). AST algorithm. We develop an explicit computational algorithm that identifies equilibrium
transitions and bifurcation thresholds via algebraic coefficients and spectral radii of the Jacobian.
Unlike standard numerical continuation methods (e.g., path-following solvers like AUTO or
MatCont) that rely on iterative convergence and local derivatives, the AST algorithm exploits
closed-form algebraic conditions, specifically discriminants and trace/determinant criteria, to
derive exact dynamical boundaries. This yields two distinct advantages: it allows for the global
characterization of the parameter space without initialization sensitivity and significantly reduces
computational cost by bypassing the need for extensive transient simulations to determine
stability. Consequently, the approach provides a simple but robust diagnostic tool to classify
dynamical regimes (single equilibrium, bistability, double equilibrium, or no equilibrium) and to
precisely detect saddle–node, flip, and Neimark–Sacker bifurcations.

3). Dissipativity and numerical validation. We establish the dissipativity of the discrete map and
verify the asymptotic behavior of trajectories across representative parameter regimes. Extensive
numerical simulations confirm the analytical predictions and illustrate the correspondence
between algebraic thresholds and qualitative dynamical transitions.

4). Demographic noise extension. We incorporate demographic noise into the discrete framework to
capture finite-population fluctuations. The resulting stochastic model, formulated as
multiplicative Itô–stochastic differential equations (SDEs) with corresponding Fokker–Planck
dynamics, links deterministic bifurcation analysis with stochastic population variability and
extinction risk.

Methodologically, the derivation of explicit algebraic thresholds bridges the gap between forward
bifurcation analysis and the inverse problem of parameter identification. In broader mathematical
contexts, inferring system properties from incomplete or noisy observational data remains a central
challenge. Recent advances have addressed this through Bayesian methods for recovering scattering
obstacles in inhomogeneous media [36], and stable neural network architectures designed to handle
contaminated data [37]. Parallel to these data-driven approaches, analytical breakthroughs in inverse
spectral problems [38] have demonstrated how incomplete spectral data can rigorously reconstruct
underlying operators. Analogous to how asymptotic and effective medium theories provide rigorous
frameworks for resolving electromagnetic inverse scattering and field blow-up [39, 40], our AST
framework utilizes the algebraic structure of the Jacobian to “invert” observed ecological tipping

Electronic Research Archive Volume 34, Issue 1, 251–290.



254

points. By providing exact closed-form constraints, the AST offers a deterministic prior that can
enhance the interpretability and robustness of multi-scale inversion algorithms applied to ecological
time series.

To this end, we formalize the IGP model in Section 2, and discuss the local bifurcation results
in Section 3. The discrete Euler map and its properties is presented in Section 4, and the stochastic
extension is in Section 5. We present numerical simulation results in Section 6. We conclude the work
in Section 7.

2. Model and nondimensionalization

2.1. Dimensional model and biological assumptions

We consider a three-compartment intraguild system comprising a basal prey n(td), an intraguild
predator p(td), and a limiting resource r(td) that modulates crowding in both consumer populations.
The governing equations are

dn
dtd
= r1n

(
1 −

n
r

)
− ηnp,

dp
dtd
= r2 p

(
1 −
βd p

r

)
+ ηnp,

dr
dtd
= ρr

(
Γ − δdn − ϵd p

)
,

(2.1)

with initial data (n(0), p(0), r(0)) ∈ R3
≥0. All parameters are strictly positive. The terms are interpreted

as follows:

(i) The prey n displays logistic growth with intrinsic rate r1 and resource-limited carrying capacity
proportional to r, hence the factor 1 − n/r.

(ii) The predator p has intrinsic (baseline) reproduction r2 and self-crowding proportional to p/r, with
coefficient βd. In addition, predator biomass increases through intraguild predation at the bilinear
rate ηnp, which is mirrored by a loss term in the prey.

(iii) The resource r turns over at rate ρ, is supplied at an enrichment level Γ, and is linearly depleted
by consumers with per-capita intensities δd (prey) and ϵd (predator).

The dimensional parameters and their interpretations are summarized in Table 1.

Table 1. Dimensional parameters used in Eq (2.1). All parameters are positive.

Symbol Meaning (dimensional)
r1 prey intrinsic growth rate
r2 predator intrinsic growth rate
η intraguild predation/transfer coefficient
βd predator crowding coefficient relative to r
ρ resource turnover rate
Γ dimensional enrichment/supply rate
δd, ϵd resource depletion per prey/predator individual
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A prototypical real-world realization of this model is the aquatic food web of Lake Kinneret
(Israel) [41]. In this system, the limiting resource r corresponds to herbivorous zooplankton, which
serves as the basal food source. The population n represents predatory invertebrates (specifically
cyclopoid copepods), which act as the intermediate consumer feeding on the zooplankton. The
intraguild predator p corresponds to planktivorous fish (e.g., Mirogrex terraesanctae), which are
generalist feeders consuming both the zooplankton and the copepods. The Leslie-Gower formulation
is particularly appropriate for this ecosystem because the fish population relies heavily on the
abundant basal zooplankton. Consequently, following the modeling principles of [42], we define the
predator’s carrying capacity as a function of the limiting basal resource r.

We briefly discuss the Leslie-Gower model, which offers several advantages over Holling or
generalized functional responses. First, it captures the ecological context for generalist predators. In
ecosystems such as the Lake Kinneret aquatic food web, the top predator (planktivorous fish) is a
generalist that feeds on both the intermediate consumer (copepods) and the basal resource
(zooplankton); the Leslie-Gower formulation is particularly appropriate for such structures. Second, it
enables the modeling of carrying capacity via shared resources. Unlike standard Lotka-Volterra or
Holling models, which often assume constant carrying capacity, the Leslie-Gower framework allows
the predator’s carrying capacity to be defined as a function of the limiting basal resource r. Third, it
models the dependency on abundant basal resources. In Lake Kinneret, the fish population relies
heavily on the abundant basal zooplankton. Therefore, a realistic model must account for the carrying
capacity being proportional to this resource density (represented by the term 1 − βd p

r ).
We justify the assumption that both consumers (n and p) experience crowding relative to r based on

the specific biological characteristics of the generalist IGP system we model:

(i) For the intermediate consumer n, this species (e.g., copepods) is a strict consumer of the basal
resource (r, zooplankton). Therefore, it is biologically standard to model its carrying capacity
as directly proportional to the abundance of its limiting resources, leading to the logistic term
1 − n/r.

(ii) For the top predator p, the species in our specific system (e.g., plantkivorous fish) is a generalist
that feeds on both the intermediate consumer n and the basal resource r. Since the fish relies
heavily on the abundant basal zooplankton, and this basal resource constitutes a significant portion
of the energy budget for both species, r sets the environmental carrying capacity for both. The
Leslie-Gower formulation 1 − βd p/r captures this dual dependency, reflecting that the predator’s
upper limit is constrained primarily by the availability of the shared basal resource rather than
solely by the density of the intermediate prey.

2.2. Scaling and nondimensional equations

We nondimensionalize time and state variables so that the predation transfer becomes a
unit-coefficient and the crowding terms appear as N/R and P/R.

For the time scale, let
τ B r1td.

For population and resource scales, set a common biomass scale:

B B
r1

η
, R∗ B

r1

η
,
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and define nondimensional variables

N(τ) B
n(td)

B
, P(τ) B

p(td)
B
, R(τ) B

r(td)
R∗
.

With these choices, substituting n = BN, p = BP, r = R∗R into (2.1) and using d/dτ = (1/r1)d/dtd

yield
dN
dτ
= N

(
1 −

N
R

)
− NP,

dP
dτ
= αP

(
1 −
βP
R

)
+ NP,

dR
dτ
= R

(
γ − δN − ϵP

)
,

(2.2)

where the dimensionless parameters are

α B
r2

r1
, β B βd, γ B

ρ

r1
Γ, δ B

ρ

η
δd, ϵ B

ρ

η
ϵd. (2.3)

All five parameters α, β, γ, δ, ϵ are positive and will be treated as free bifurcation and regime parameters
in what follows. The chosen scaling enforces a unit predation transfer coefficient and uses the resource
itself as the crowding currency in both consumers.

For compactness, we will therefore relabel τ as t and write the nondimensional system as

Ṅ = N
(
1 −

N
R

)
− NP,

Ṗ = αP
(
1 −
βP
R

)
+ NP,

Ṙ = R
(
γ − δN − ϵP

)
,

(N, P,R)(0) ∈ R3
≥0. (2.4)

We also introduce the vector notation

X B (N, P,R)⊤, Ẋ = F(X; θ), θ B (α, β, γ, δ, ϵ) ∈ R5
>0.

Remark 2.1 (On the choice of scales). The scaling B = R∗ = r1/η is not unique but is particularly
convenient. (i) It normalizes the predation/transfer term to NP. (ii) It preserves the transparent
“resource-limited” logistic forms 1 − N/R and 1 − βP/R. (iii) It expresses the resource dynamics
in multiplicative form R(·), which guarantees positivity of R for positive initial data. Alternative
choices are possible (e.g., absorbing β into the predator scale), but (2.4) is the most parsimonious
for analysis.

Remark 2.2 (Domain and invariance). Because the right-hand side of (2.4) is locally Lipschitz on
{R > 0}, a unique solution exists and remains in the nonnegative orthant provided R(0) > 0. The
plane R = 0 is invariant and attracts no trajectory with R(0) > 0 due to the multiplicative factor R
in Ṙ. Moreover, the coordinate planes N = 0 and P = 0 are also invariant since Ṅ|N=0 = 0 and
Ṗ|P=0 = 0. Therefore, the unique solution (N(t), P(t),R(t)) starting from (N(0), P(0),R(0)) ∈ R3

>0 will
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remain in R3
>0. The forward invariance of R3

>0 can also be deduced from the following formulas for
(N(t), P(t),R(t)): for all t ≥ 0 in the existence interval,

N(t) =N(0) exp
( ∫ t

0

(
1 −

N(τ)
R(τ)

− P(τ)
)

dτ
)
,

P(t) = P(0) exp
( ∫ t

0
α
(
1 −
βP(τ)
R(τ)

+ N(τ)
)

dτ
)
,

R(t) =R(0) exp
( ∫ t

0

(
γ − δN(τ) − ϵP(τ)

)
dτ

)
.

In the remainder of the paper, we denote equilibria of (2.4) by E1, E2, E3 (as applicable). They are
ordered by biological interpretation, distinguishing boundary equilibria from interior coexistence
states. We also use this nondimensionalization consistently across the continuous-time and
spatial/stochastic extensions. Table 2 lists dimensionless parameters.

Table 2. Dimensionless parameters appearing in (2.4). All are strictly positive.

Symbol Role in (2.4) Definition in terms of (2.1)
α predator intrinsic rate relative to the prey’s r2/r1

β predator self-crowding vs. resource βd

γ enrichment/resource supply (ρ/r1)Γ
δ resource depletion by prey (ρ/η)δd

ϵ resource depletion by predator (ρ/η)ϵd

3. Equilibria and local bifurcations

Recall the nondimensional system (2.4) derived in Section 2, with parameters θ = (α, β, γ, δ, ϵ) ∈
R5
>0. We denote equilibria of (2.4) by E = (N∗, P∗,R∗).

3.1. Boundary and interior equilibria

Setting f1 = f2 = f3 = 0 with one or more coordinates equal to zero yields two biologically relevant
boundary equilibria.

(i) IG-prey only:
E1 =

(γ
δ
, 0,
γ

δ

)
.

At E1, the IG-predator P is absent. Linearization gives three eigenvalues,

spec(J(E1)) =
{
α +
γ

δ
,−

1
2
±

1
2

√
1 − 4γ

}
,

so E1 is unstable, since the first eigenvalue α + γ/δ > 0.

(ii) IG-predator only:

E2 =
(
0,
γ

ϵ
,
βγ

ϵ

)
.
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Here, the IG-prey N is extinct, and the IG-predator P coexists with the resource. E2 has the
characteristic equation

λ3 +
(
α − 1 +

γ

ϵ

)
λ2 +

(α(γ − ϵ − γϵ)
ϵ

)
λ +
αγ(γ − ϵ)
ϵ

= 0,

and the eigenvalues for E2 are

spec(J(E2)) =
{
1 −
γ

ϵ
,−
α

2
±

1
2

√
α(α − 4γ)

}
.

The first eigenvalue crosses 0 at γ = ϵ, the predator-only threshold. From the spectral
information of E2, E2 is stable if γ > ϵ and unstable if γ < ϵ. The condition γ > ϵ ensures that
the predator-only equilibrium is stable by maintaining a predator density P∗ = γ/ϵ > 1. Since the
dimensionless prey intrinsic growth rate is 1, this inequality implies that the resource enrichment
γ is sufficiently high to sustain a predator population whose consumption pressure overwhelms
the prey’s reproductive potential, leading to the competitive exclusion of the mesopredator.

Next we study interior (coexistence) equilibria E3 = (N∗, P∗,R∗) with N∗, P∗,R∗ > 0. Solving f1 = 0
and f2 = 0 gives

P∗ = 1 −
N∗

R∗
, α

(
1 −
βP∗

R∗
)
+ N∗ = 0,

from which one finds
N∗ =

αR∗(β − R∗)
R∗2 + αβ

, P∗ =
R∗(α + R∗)
R∗2 + αβ

.

Finally, f3 = 0 yields γ − δN∗ − ϵP∗ = 0, which, after substitution of the above expressions of N∗ and
P∗, reduces to a quadratic equation for R∗:

c1R2 + c2R + c3 = 0, c1 =
γ − ϵ

α
+ δ, c2 = −(βδ + ϵ), c3 = βγ. (3.1)

Therefore, we can express the interior equilibrium of (2.4) as

E3 =
(αR∗(β − R∗)

R∗2 + αβ
,

R∗(α + R∗)
R∗2 + αβ

,R∗
)
, (3.2)

and each interior equilibrium corresponds exactly to the positive roots of the quadratic (3.1). The
positivity of E3 requires

R∗ ∈ (0, β).

We determine the number of interior equilibria, which depends on the discriminant ∆ = c2
2 − 4c1c3 and

the sign of c1. Since c3 = βγ > 0, the quadratic has either two positive roots, one positive (and one
negative) root, or no real positive roots. A detailed analysis shows the following results.

Theorem 3.1. [33][A positive equilibrium when γ ≤ ϵ] Assume all parameters α, β, γ, δ, ϵ in
model (2.4) are positive. If (i) γ < ϵ or (ii) γ = ϵ and βδ > ϵ, then (2.4) admits a unique interior
equilibrium E3 = (N∗, P∗,R∗) ∈ (0,∞)3. In case (i), this root arises from the quadratic (3.1) having
one positive and one negative root, and in case (ii), it arises from one positive root with one root zero.
No other positive equilibria exist in these cases.
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Theorem 3.1 covers all cases where γ ≤ ϵ (except the degenerate case γ = ϵ with βδ = ϵ, which
yields a triple degeneracy at E2). Next, when γ > ϵ, we can have two interior equilibria. One finds
that two positive roots of (3.1) occur precisely when c1 > 0 and ∆ ≥ 0. The following establishes the
condition for two interior equilibria:

Lemma 3.1. [33][Two interior equilibria for γ > ϵ] Fix α, β, δ, ϵ > 0. Consider (2.4) and let c1, c2, c3

be given in (3.1) so that any interior equilibrium has its third coordinate R∗ solving

c1R2 + c2R + c3 = 0.

Define the concave quadratic

∆(γ) B c2
2 − 4c1c3 = −

4β
α
γ2 + 4β

( ϵ
α
− δ

)
γ + (βδ + ϵ)2,

and let γ±1 denote the two real roots of ∆(γ) = 0, namely

γ±1 =
α

2

(
ϵ

α
− δ ±

√( ϵ
α
− δ

)2
+

(βδ + ϵ)2

αβ

)
, (3.3)

so that γ−1 < 0 < γ+1 . Set also

γ2 =
ϵ2 + βδϵ

2βδ
.

Then, for the parameter γ, (2.4) admits exactly two interior equilibria if and only if

max{ϵ, γ2} < γ < γ
+
1 .

Remark 3.1 (Saddle-node at the upper endpoint). At γ = γ+1 the reduced quadratic in R has a double
positive root R∗, and hence the two interior equilibria coalesce into a single interior equilibrium E∗3 =
(N∗, P∗,R∗). It has been shown in Theorem 3.3 that E∗3 is a saddle-node: the Jacobian at E∗3 has a
simple zero eigenvalue while the remaining eigenvalues have nonzero real parts, and the standard
transversality condition holds. Consequently, as γ increases through γ+1 , the pair of interior equilibria
is created/destroyed in a saddle-node bifurcation.

Theorem 3.2. [33][Sharp condition for the existence of two interior equilibria] Let α, β, δ, ϵ > 0.
For (2.4), define

γ2 =
ϵ2 + βδϵ

2βδ
, γ±1 =

α

2

(
ϵ

α
− δ ±

√( ϵ
α
− δ

)2
+

(βδ + ϵ)2

αβ

)
.

Thus γ−1 < 0 < γ+1 . By Lemma 3.1, the system has two interior equilibria precisely for

γ ∈
(

max{ϵ, γ2}, γ
+
1

)
.

There exists at least one γ with ϵ < γ < γ+1 such that (2.4) has two interior equilibria if and only if

βδ > ϵ.
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From Theorem 3.2 we see that when βδ > ϵ and γ lies in (ϵ, γ+1 ), two interior equilibria appear.
When βδ > ϵ and γ exceeds γ+1 , the two equilibria collide and disappear; this collision at γ = γ+1
is exactly a saddle–node bifurcation, as we establish below. For clarity, we restate the parameter-
dependent outcomes for the number of interior equilibria:

Corollary 3.1 (Complete count of interior equilibria). Let α, β, δ, ϵ > 0, and γ+1 , γ2 are as above. Then:

(i) If either βδ ≤ ϵ and γ < ϵ, or βδ > ϵ with γ ≤ ϵ, (2.4) admits exactly one biologically relevant
(positive) equilibrium.

(ii) If βδ > ϵ and the enrichment parameter lies within the open interval ϵ < γ < γ+1 , two distinct
interior equilibria coexist.

(iii) At the threshold value γ = γ+1 , still with βδ > ϵ, these two equilibria merge into a single degenerate
(double) equilibrium.

(iv) When γ exceeds γ+1 (for βδ > ϵ), or when βδ ≤ ϵ together with γ ≥ ϵ, no positive equilibrium
persists.

In summary, depending on the parameter ordering of (βδ, ϵ, γ), the model supports either zero, one, or
two interior equilibria, with the collision at γ = γ+1 marking the onset of the saddle–node bifurcation.

Ecologically, the emergence of dual interior equilibria corresponds to a regime of bistability created
by a separatrix. The unstable interior equilibrium acts as a critical threshold separating the basin of
attraction for species coexistence from that of IG-prey exclusion E2. This implies priority effects, where
the system’s long-term state is determined by initial population densities rather than environmental
carrying capacities alone. If the initial populations (N0, P0) are above this separatrix, the system flows
to the coexistence state. If they are below it (e.g., the IG-prey density is too low), the system is pulled
into the predator-only state.

Furthermore, the saddle-node bifurcation at γ = γ+1 identifies a catastrophic tipping point driven by
resource enrichment. If the enrichment rate γ exceeds this critical threshold, the coexistence window
vanishes abruptly, forcing the IG-prey to extinction. Unlike gradual declines observed in other
bifurcation scenarios, this transition is discontinuous and hysteretic; once the species is lost, simply
reducing the enrichment parameter γ back below γ+1 is insufficient to recover the coexistence state, as
the system remains trapped in the predator-only attractor.

Remark 3.2 (Degeneracy at the prey-free point when βδ = γ = ϵ). When βδ = ϵ and γ = ϵ, the
reduced equilibrium equations collapse to

c1(R − β)2 = 0.

Thus, the prey-free equilibrium E2 = (0, 1, β) becomes degenerate, and the associated R-quadratic has
a double root at R = β. This is the natural boundary between the regimes.

Having classified the number of equilibria, we next analyze their local stability and bifurcation
structure. We focus first on the saddle–node bifurcation that occurs at γ = γ+1 . Let E3 = (N∗, P∗,R∗)
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denote a positive equilibrium of (2.4) when it exists. The Jacobian of (2.4) at E3 is

J =


1 − 2N∗/R∗ − P∗ −N∗ N∗2

R∗2

P∗ α − 2αβP∗/R∗ + N∗ αβP∗2

R∗2

− δR∗ − ϵR∗ γ − δN∗ − ϵP∗

 .
Using the steady state equations f1(E3) = f2(E3) = f3(E3) = 0, the characteristic polynomial is
simplified as

λ3 + a1λ
2 + a2λ + a3 = 0,

with

a1 =
N∗ + αβP∗

R∗
, a2 = N∗P∗ +

δN∗2 + αβϵP∗2

R∗
+
αβN∗P∗

R∗2
,

a3 =
N∗P∗

R∗2
(
αβδN∗ + ϵN∗R∗ + αβϵP∗ − αβδP∗R∗

)
.

One can show that a1 > 0 and a2 > 0 whenever an equilibrium exists, so Routh-Hurwitz tells us:

(ODE stability) =⇒ a1 > 0, a2 > 0, a3 > 0, and a1a2 > a3.

A saddle–node bifurcation occurs when the Jacobian has a simple zero eigenvalue. Indeed, one finds
that at γ = γ+1 , ∆ = 0 and the quadratic (3.1) has a double root R∗ = (βδ + ϵ)/[2(γ

+
1−ϵ

α
+ δ)], and one

checks that the corresponding E3 makes a3 = 0. To make this explicit, we rewrite a3 in a factored form.
Starting from its definition,

a3 =
N∗P∗

R∗2
(
αβδN∗ + ϵN∗R∗ + αβϵP∗ − αβδP∗R∗

)
,

and using the equilibrium relations

N∗ =
αR∗(β − R∗)

R∗2 + αβ
, P∗ =

R∗(α + R∗)
R∗2 + αβ

,

we can simplify the parentheses as

αβδN∗ + ϵN∗R∗ + αβϵP∗ − αβδP∗R∗ =
αN∗P∗

R∗(αβ + R∗2)

[
− (ϵ + βδ)R∗2 + 2β(ϵ − αδ)R∗ + αβ(βδ + ϵ)

]
.

The prefactor
αN∗P∗

R∗(αβ + R∗2)
is strictly positive for an interior equilibrium R∗ ∈ (0, β), so the sign of a3

is determined by the last bracket. Therefore, a3 = 0 when

R∗ =
βϵ − αβδ + αβ

√
( ϵ
α
− δ)2 + 1

αβ
(βδ + ϵ)2

βδ + ϵ

=
αβ(βδ + ϵ)

αβ
√

( ϵ
α
− δ)2 + 1

αβ
(βδ + ϵ)2 + αβδ − βϵ

=
βδ + ϵ

2
(γ+1−ϵ
α
+ δ

) .
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a3 = 0 ensures that one eigenvalue crosses zero at γ+1 , while the other two eigenvalues remain
nonzero. By Sotomayor’s theorem (e.g., [43]), this zero-eigenvalue crossing is generically a
saddle–node bifurcation, provided a certain nondegeneracy condition Θ , 0 holds. Originating from
the second-order Taylor expansion of the vector field F, Θ quantifies the nonlinear curvature of the
dynamics along the critical direction. A calculation (detailed in [33]) shows that the required

nondegeneracy factor Θ ∝ WT ·

[
D2F(E3, γ

+
1 )[V,V]

]
is nonzero, where W,V are the left and right

nullvectors of the Jacobian matrix at E3, J(E3, γ
+
1 ), respectively. Physically, this non-zero curvature

ensures that the destruction of the coexistence state is sharp rather than flat; it dictates that the
resilience of the system (measured by the rate of return, i.e., absolute magnitude of the real part of the
dominant eigenvalue |ℜ(λ)|) vanishes as a square-root function

√
|γ − γ+1 | as the tipping point is

approached. We therefore conclude:

Theorem 3.3. [33][Saddle-node at the interior equilibrium; exclusion of transcritical/pitchfork] Let
γ be the bifurcation parameter and let γ+1 be the critical value defined in (3.3). Suppose
E3 = (N∗, P∗,R∗) ∈ (0,∞)3 is the interior equilibrium of (2.4) corresponding to γ = γ+1 . Let U and W
be the right and left eigenvectors of the zero eigenvalues of J(E3, γ

+
1 ):

J(E3, γ
+
1 )U = 0, W⊤J(E3, γ

+
1 ) = 0.

Then:

(i) (Exclusion of transcritical/pitchfork). The transversality condition holds:

W⊤Fγ(E3, γ
+
1 ) = w3R∗ , 0, for W = (w1,w2,w3).

Therefore, no transcritical or pitchfork bifurcation occurs at (E3, γ
+
1 );

(ii) (Saddle-node). If the coefficient Θ , 0, where

Θ =
−2ϵP∗

N∗

[( N∗(αβ + R∗2)
αβ(N∗ − P∗R∗)

− 1
)2
−

R∗

β(N∗ − P∗R∗)

]
+

2N∗(P∗(αβ + R∗) − α)2

αβR∗(N∗ − P∗R∗)2

− αR∗ −
2R∗(αβ + R∗2)

αβ

(
δ +

ϵ

β(N∗ − P∗R∗)

)
,

then the nondegeneracy condition

W⊤
[
D2F(E3, γ

+
1 )(U,U)

]
, 0

is satisfied. As a consequence, (2.4) undergoes a (generic) saddle-node bifurcation at (E3, γ
+
1 ).

Let γ+1 be the value defined above. At γ = γ+1 (2.4) undergoes a saddle–node bifurcation at the interior
equilibrium E3. That is, as γ increases through γ+1 , two interior equilibria collide and disappear (for
βδ > ϵ). There is no transcritical or pitchfork bifurcation at E3 in this process.
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3.2. Hopf criterion and whether it can occur

Let χ(λ) = λ3 + a1λ
2 + a2λ + a3 at an interior equilibrium. The cubic Routh-Hurwitz conditions for

linear asymptotic stability are

a1 > 0, a2 > 0, a3 > 0, a1a2 > a3.

A generic Hopf occurs when a conjugate pair of complex eigenvalues crosses the imaginary axis
transversely, while the remaining real eigenvalue remains negative. We next detail the onset of the
Hopf bifurcation with respect to the Routh-Hurwitz conditions.

Lemma 3.2. Let E3 = (N∗, P∗,R∗) ∈ (0,∞)3 be an interior equilibrium of (2.4). Let the characteristic
polynomial of the Jacobian at E3 be

χ(λ) = λ3 + a1λ
2 + a2λ + a3,

with coefficients

a1 =
N∗ + αβP∗

R∗
, a2 = N∗P∗ +

δN∗2 + αβϵP∗2

R∗
+
αβN∗P∗

R∗2
,

a3 =
N∗P∗

R∗2
(
αβδN∗ + ϵN∗R∗ + αβϵP∗ − αβδP∗R∗

)
.

Then:

(i) a1 > 0 and a2 > 0 whenever an interior equilibrium exists;

(ii) a (generic) Hopf bifurcation occurs precisely when

a1 > 0, a2 > 0, a3 > 0, a1a2 = a3, ∂γ(a1a2 − a3) , 0. (3.4)

Proof. The first four relations in (3.4) can be deduced by assuming a pair of imaginary roots iω with a
negative root ω′ < 0 and then calculating the characteristic polynomial

(λ − iω)(λ + iω)(λ − ω′) = λ3 − ω′λ2 + ω2λ − ω2ω′.

We now show that the final inequality ∂γ(a1a2 − a3) , 0 exactly expresses the transversality condition.
Let

p(λ, γ) = λ3 + a1(γ)λ2 + a2(γ)λ + a3(γ)

be the characteristic polynomial and assume a Hopf point γ0 where a conjugate pair λ(γ0) = ±iω0

(ω0 > 0) occurs. From p(iω0, γ0) = 0 we get the family relations

ω2
0 = a2(γ0), a3(γ0) = a1(γ0)a2(γ0).

Differentiate the eigenvalue equation p(λ(γ), γ) = 0 with respect to γ. By the chain rule,

pλ(λ, γ)
dλ
dγ
+ pγ(λ, γ) = 0 =⇒

dλ
dγ
= −

pγ
pλ
,
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evaluated at λ = iω0, γ = γ0. We will compute the real part of dλ/dγ, which is the rate at which the
real part of the eigenvalue moves through zero. Compute pλ and pγ at λ = iω and use ω2 = a2:

pλ(iω) = 3(iω)2 + 2a1(iω) + a2 = −2ω2 + 2ia1ω = 2iω(a1 + iω),

and

pγ(iω) = a′1(iω)2 + a′2(iω) + a′3

= −a′1ω
2 + ia′2ω + a′3 = ia′2ω + (a′3 − a′1a2).

Introduce the shorthand
∆(γ) ≡ a1a2 − a3,

so ∆′(γ) = a′1a2 + a1a′2 − a′3. Rearranging gives a′3 − a′1a2 = a1a′2 − ∆
′. Hence

pγ(iω) = a′2(a1 + iω) − ∆′.

Now
dλ
dγ

∣∣∣∣∣∣
λ=iω

= −
pγ
pλ
= −

a′2(a1 + iω) − ∆′

2iω(a1 + iω)
= −

a′2
2iω
+

∆′

2iω(a1 + iω)
.

The first term is purely imaginary, so it does not affect the real part. Taking real parts and using a1 + iω
and its conjugate,

ℜ
(dλ
dγ

)
= ℜ

( ∆′

2iω(a1 + iω)

)
= −

2ω2

|2iω(a1 + iω)|2
∆′ = −

2ω2

|pλ(iω)|2
∆′.

Because ω2 > 0 and |pλ(iω)| > 0, we conclude

ℜ(dλ/dγ) , 0 ⇐⇒ ∆′(γ) , 0,

i.e., ∂γ(a1a2 − a3) , 0 if and only if the real part of the critical eigenvalue changes with γ.

Remark 3.3. The Hopf condition a3 = a1a2 > 0 cannot coincide with the saddle–node value γ = γ+1 .
At γ+1 the quadratic defining R∗ has a double root, and the corresponding equilibrium satisfies a3 = 0.
Since Hopf requires a3 > 0, the two bifurcations are mutually exclusive.

4. Discrete-time Euler map

Having the local stability and bifurcation structure of (2.4), we translate the results to the discrete
Euler map with step size ∆τ > 0:

Nn+1 = Nn + ∆τ
(
Nn(1 − Nn

Rn
) − NnPn

)
,

Pn+1 = Pn + ∆τ
(
αPn(1 − βPn

Rn
) + NnPn

)
,

Rn+1 = Rn + ∆τRn
(
γ − δNn − ϵPn

)
.

(4.1)

We denote the one-step map by Φ∆τ : (Nn, Pn,Rn) 7→ (Nn+1, Pn+1,Rn+1).
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4.1. Dissipativity and stability

Let K(M,m) B {0 ≤ N ≤ M : 0 ≤ P ≤ M,m ≤ R ≤ M} with M > m > 0. We show solutions
remain positive on the absorbing set K(M,m) when ∆τ is sufficiently small.

Lemma 4.1 (Conditional positivity on K(M,m)). Fix M > m > 0. If (Nn, Pn,Rn) ∈ K(M,m) and

∆τ ≤ ∆τpos := min

 1
M + M

m

,
1
αβM

m

,
1

δM + ϵM

 , (4.2)

then (Nn+1, Pn+1,Rn+1) ∈ R3
≥0. Moreover, if Rn ≥ m, then Rn+1 ≥ m(1 − ∆τ(δM + ϵM)).

Proof. Writing (4.1) in the factorized form

Nn+1 = Nn

(
1 + ∆τ

(
(1 − Nn

Rn
) − Pn

))
,

Pn+1 = Pn

(
1 + ∆τ

(
α(1 − βPn

Rn
) + Nn

))
,

Rn+1 = Rn

(
1 + ∆τ

(
γ − δNn − ϵPn

))
,

and using 0 ≤ Nn, Pn ≤ M, m ≤ Rn ≤ M, we estimate from below:

1 + ∆τ
(
1 −

Nn

Rn
− Pn

)
≥ 1 − ∆τ

(M
m
+ M

)
,

1 + ∆τ
(
α(1 −

βPn

Rn
) + Nn

)
≥ 1 − ∆ταβ

M
m
,

1 + ∆τ
(
γ − δNn − ϵPn

)
≥ 1 − ∆τ(δM + ϵM),

and each factor is nonnegative under (4.2).

The step-size restriction ∆τ ≤ ∆τpos guarantees that the discrete map remains biologically well-
posed (positive and bounded), preserving numerical artifacts where large steps could artifically drive
populations negative or resources below the minimum threshold m.

Remark 4.1. The bound (4.2) is sufficient but not necessary. It ties positivity to the same constants
M,m that define the absorbing box K(M,m). Once the trajectory has entered K(M,m), the map Φ∆τ
preserves the positive cone for all subsequent steps, provided ∆τ ≤ ∆τpos.

We show the dissipativity. Define the linear Lyapunov function

V(N, P,R) := N + αP +
1
γ

R. (4.3)

Because V is linear, the Euler increment satisfies:

Vn+1 − Vn = ∆τ
[
Nn

(
1 −

Nn

Rn
− Pn

)
+ α

(
αPn(1 − βPn

Rn
) + NnPn

)
+

1
γ

Rn(γ − δNn − ϵPn)
]
.
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Lemma 4.2 (One-step dissipativity). There exist constants A, B > 0 depending only on α, β, δ, ϵ, γ and
on the box K(M,m) = {0 ≤ N, P ≤ M, m ≤ R ≤ M}. For all (Nn, Pn,Rn) ∈ K(M,m),

Vn+1 ≤ (1 − B∆τ)Vn + A∆τ,

where V(N, P,R) := N + αP+ 1
γ
R. In particular, if ∆τ ≤ min{∆τpos, B−1}, then Vn is uniformly bounded

and the orbit of Φ∆τ enters and remains in a compact subset of K(M,m).

Proof. Recall the Euler increment for V:

Vn+1 − Vn = ∆τ
{
N
(
1 −

N
R
− P

)
+ α

(
αP

(
1 −
βP
R

)
+ NP

)
+

1
γ

R(γ − δN − ϵP)
}
,

so, setting G(N, P,R) equal to the brace, we have

Vn+1 − Vn = ∆τG(Nn, Pn,Rn).

Expanding G and grouping terms gives

G = N −
N2

R
− NP + α2P −

α2βP2

R
+ αNP + R −

δ

γ
RN −

ϵ

γ
RP

=
(
−

N2

R
−
α2βP2

R
+ (α − 1)NP

)
︸                                  ︷︷                                  ︸

Φ(N, P,R)

+
(
N + α2P + R

)
−
δ

γ
RN −

ϵ

γ
RP.

All variables lie in the compact box K(M,m), so 0 ≤ N, P ≤ M, and m ≤ R ≤ M. Using the
elementary bounds

−
N2

R
≤ −

N2

M
, −

α2βP2

R
≤ −
α2βP2

M
, −

δ

γ
RN ≤ −

δm
γ

N, −
ϵ

γ
RP ≤ −

ϵm
γ

P,

we can estimate the quadratic and mixed terms by constants depending on M,m.
Now treat the purely quadratic part Φ(N, P,R). Fix any constant

c4 > max{1, α}.

Consider the continuous function

Ψ(N, P,R) := Φ(N, P,R) + c4
(
N + αP

)
on the compact set K(M,m). By continuity and compactness Ψ attains a maximum; denote

C1 := max
(N,P,R)∈K(M,m)

Ψ(N, P,R) < ∞.

Equivalently, for every (N, P,R) ∈ K(M,m),

Φ(N, P,R) ≤ −c4
(
N + αP

)
+C1.
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Substituting this bound into the expression for G and dropping the negative terms − δ
γ
RN and

− ϵ
γ
RP yields

G ≤ −c4(N + αP) +C1 + N + α2P + R

= −(c4 − 1)N − α(c4 − α)P + R +C1.

Set
B1 := c4 − 1 > 0, B2 := c4 − α > 0.

Then
G ≤ −B1N − αB2P + R +C1.

Choose
B ∈

(
0,min{B1, B2}

]
.

Adding and subtracting the quantity B
(
N + αP + 1

γ
R
)
= B V , we get

G =
(
G + BN + BαP + B 1

γ
R
)
− BV ≤

(
(B − B1)N + α(B − B2)P + (1 + B

γ
)R +C1

)
− BV.

By our choice B ≤ B1, B2, the coefficients of N and P in the parentheses are nonpositive. Using
0 ≤ R ≤ M, we obtain the uniform bound

G ≤ −BV +
(
(1 + B

γ
)M +C1

)︸               ︷︷               ︸
=:A0

.

Thus, for all (N, P,R) ∈ K(M,m),

Vn+1 − Vn = ∆τG ≤ ∆τ
(
− BVn + A0

)
,

which rearranges to
Vn+1 ≤ (1 − B∆τ)Vn + A0∆τ.

Setting A := A0 gives the desired inequality.
Finally, if ∆τ ≤ min{∆τpos, B−1}, then 1 − B∆τ ∈ [0, 1) and the discrete inequality yields

Vn+1 ≤ (1 − B∆τ)n+1V0 + A∆τ
n∑

k=0

(1 − B∆τ)k ≤ V0 +
A
B
.

Hence Vn is uniformly bounded by V0 + A/B for all n. Because V is a positive linear combination
of N, P,R and K(M,m) is bounded, the uniform bound on Vn, together with the positivity-preserving
step-size restriction ∆τ ≤ ∆τpos, implies that the forward orbit enters and remains in a compact subset
of K(M,m). This completes the proof.

Corollary 4.1 (Discrete absorbing set). Under the hypotheses of Lemma 4.2, there exists M′ > 0 such
that, for all ∆τ ≤ min{∆τpos, B−1}, the forward orbit of Φ∆τ enters the box K(M′,m′) for some M′ > 0
(depending on M, m, ∆τ) and remains there for all subsequent steps.

We next show stability of the discrete map (4.1).
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Theorem 4.1 (Convergence of the discrete map as ∆τ → 0). Let F : {(x, y, z) ∈ R3 : x ≥ 0, y ≥ 0,
z > 0} → R3 be locally Lipschitz, and let X(t) be the unique solution of the ODE

Ẋ = F(X), X(0) = X0.

Let {Xn}n≥0 be generated by the explicit Euler map

Xn+1 = Xn + ∆τ F(Xn), X0 = X(0),

and define tn = n∆τ. Then, for any finite T > 0, there exists a constant CT > 0 (independent of ∆τ)
such that

max
0≤n≤T/∆τ

∥X(tn) − Xn∥ ≤ CT ∆τ. (4.4)

Hence, the Euler scheme converges to the exact solution with first-order accuracy as ∆τ→ 0.

Proof. We denote the global error by
en := X(tn) − Xn.

Let L > 0 be a Lipschitz constant for F on a compact set containing {X(t) : t ∈ [0,T ]} and all discrete
iterates {Xn} for ∆τ sufficiently small. Then

∥F(X) − F(Y)∥ ≤ L∥X − Y∥ for all X,Y in this set.

The exact solution satisfies the integral equation

X(tn+1) = X(tn) +
∫ tn+1

tn
F(X(s)) ds.

Subtract and add ∆τF(X(tn)):

X(tn+1) = X(tn) + ∆τF(X(tn)) +
∫ tn+1

tn

[
F(X(s)) − F(X(tn))

]
ds.

Define the local truncation error

τn+1 :=
∫ tn+1

tn
[F(X(s)) − F(X(tn))] ds.

Since F is Lipschitz and X is continuously differentiable,

∥F(X(s)) − F(X(tn))∥ ≤ L∥X(s) − X(tn)∥ = L
∥∥∥∥ ∫ s

tn
F(X(r)) dr

∥∥∥∥ ≤ LM|s − tn|,

where M := max0≤t≤T ∥F(X(t))∥. Hence

∥τn+1∥ ≤

∫ tn+1

tn
LM(s − tn) ds =

1
2

LM(∆τ)2.

Thus, each local truncation error is O(∆τ2).
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Subtract the discrete update Xn+1 = Xn + ∆τF(Xn) from the exact step to obtain

en+1 = X(tn+1) − Xn+1 = X(tn) − Xn + ∆τ[F(X(tn)) − F(Xn)] + τn+1,

or equivalently,
en+1 = (I + ∆τAn)en + τn+1,

where An is a bounded linear operator satisfying ∥Anv∥ ≤ L∥v∥ by the Lipschitz property.
Taking norms and using subadditivity:

∥en+1∥ ≤ (1 + L∆τ)∥en∥ +C1(∆τ)2,

where C1 =
1
2 LM.

Starting from e0 = 0 (since X0 = X(0)), we iterate the above inequality:

∥en∥ ≤ C1(∆τ)2
n−1∑
k=0

(1 + L∆τ)k = C1(∆τ)2 (1 + L∆τ)n − 1
L∆τ

.

Because (1 + L∆τ)n ≤ eLtn ≤ eLT for tn ≤ T , it follows that

∥en∥ ≤
C1

L
(eLT − 1)∆τ.

Setting

CT :=
C1

L
(eLT − 1) =

M
2

(eLT − 1)

gives the uniform bound
max

0≤n≤T/∆τ
∥X(tn) − Xn∥ ≤ CT ∆τ.

The global error is therefore O(∆τ) as ∆τ → 0, demonstrating first-order convergence of the Euler
discretization to the continuous ODE solution.

Corollary 4.2 (Numerical–ecological consistency of the discrete model). Let F and Φ∆τ be as in
Theorem 4.1. Then for any fixed initial data X0 = (N0, P0,R0) ∈ R3

≥0 with R0 > 0, the iterates of the
discrete Euler map

Xn+1 = Φ∆τ(Xn)

satisfy
Xn = X(tn) + O(∆τ), tn = n∆τ,

where X(t) is the continuous trajectory of the ODE Ẋ = F(X). In particular:

(i) the discrete trajectories converge uniformly on bounded time intervals to the continuous ones as
∆τ→ 0;

(ii) the discrete dynamics thus provide a consistent numerical and biological approximation to the
continuous intraguild predation model.
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Proof. From Theorem 4.1, max0≤n≤T/∆τ ∥X(tn)− Xn∥ ≤ CT∆τ. Hence Xn = X(tn)+O(∆τ) uniformly for
tn ∈ [0,T ]. Since the error vanishes linearly with ∆τ, the discrete map Φ∆τ converges in phase space to
the continuous vector field F. Thus, for sufficiently small time steps, the Euler discretization preserves
the qualitative behavior of the original ecological system.

We conclude this section by justifying our choice of the explicit forward Euler schemes, selected
primarily for their biological interpretability and algebraic transparency. First, this discretization
preserves the fundamental structure of the continuous model: Lemma 4.1 guarantees the preservation
of positivity (subject to the derived step-size constraint), while Theorem 4.1 establishes convergence
and consistency—properties essential for ensuring ecological validity in simulations. Second, the
explicit formulation facilitates the derivation of closed-form positivity and consistency thresholds
(Eqs (4.2) and (4.4)), which are often intractable with implicit solvers. Finally, this approach enables
a rigorous analysis of discrete dynamical phenomena, including numerical bifurcation absent in the
continuous system (Section 4.2), allowing us to characterize the precise stability boundaries of the
discrete map.

4.2. Linearization and stability inheritance

Let X∗ = (N∗, P∗,R∗) be a fixed point of (4.1) (hence an equilibrium of (2.4)), andJ B DF(X∗) the
Jacobian of the ODE right-hand side at X∗. The Jacobian of the Euler map at X∗ satisfies

DΦ∆τ(X∗) = I + ∆τJ. (4.5)

If {λ j} are the ODE eigenvalues of J , then the multipliers (discrete eigenvalues) are

µ j(∆τ) = 1 + ∆τλ j, j = 1, 2, 3. (4.6)

Proposition 4.1 (Stability inheritance for small ∆τ). If ℜλ j < 0 for all j, then there exists ∆τ0 > 0
such that |µ j(∆τ)| < 1 for all j and all ∆τ ∈ (0,∆τ0]. Conversely, if some ℜλk > 0, then |µk(∆τ)| > 1
for all sufficiently small ∆τ > 0.

Proof. Expand |µ j|
2 = |1 + ∆τλ j|

2 = 1 + 2∆τℜλ j + O(∆τ2).

Let λ denote a (possibly complex) ODE eigenvalue at a fixed point. Solving |1 +∆τλ| = 1 gives the
codimension-1 bifurcation thresholds of the Euler map:

(i) Fold (saddle-node) of the map: µ = +1. For Euler, this occurs only if either ∆τ = 0 or λ = 0
(the ODE is at a non-hyperbolic equilibrium).

(ii) Flip (period-doubling): µ = −1 for some real λ < 0,

∆τflip = −
2
λ
, λ ∈ R<0. (4.7)

For ∆τ > ∆τflip, the fixed point of the map loses stability and a period-2 orbit is born generically.

(iii) Neimark-Sacker (discrete Hopf): for a complex conjugate pair λ = a ± ib with a < 0,

∆τNS =
−2a

a2 + b2 , |1 + ∆τNSλ| = 1. (4.8)

Crossing this curve, a smooth invariant closed curve (quasi-periodic oscillation) typically appears.
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Remark 4.2 (Which one occurs first?). At a given ODE-stable equilibrium, the first discrete bifurcation
encountered as ∆τ increases is the smallest positive value among {∆τflip,∆τNS} computed from the ODE
eigenvalues via (4.7) and (4.8).

At last, we present the AST algorithm, combining algebraic elimination with spectral criteria to
locate bifurcation thresholds.

Algorithm: Algebraic–Spectral Thresholding (AST)

Goal: determine equilibria and their stability transitions for the continuous and discrete
ecological systems.
Input: model parameters (α, β, γ, δ, ϵ, . . .) and timestep ∆τ.
Steps.

(i) Algebraic elimination. Eliminate (N∗, P∗) from the steady–state system to obtain a single
polynomial equation in R∗,

Q(R∗; γ) = 0,

whose roots correspond to biologically admissible equilibria.

(ii) Equilibrium counting via discriminant. Compute the discriminant ∆ = Disc(Q) to
identify the number and type of real roots. The sign ∆ > 0 (distinct roots), ∆ = 0 (double
root), and ∆ < 0 (no real root) determine the count of the ODE eigenvalues.

(iii) Continuous–time stability. Evaluate the Jacobian J = DF(P3) at each interior equilibrium
and apply the Routh–Hurwitz criteria to its characteristic polynomial

λ3 + a1λ
2 + a2λ + a3 = 0.

The inequalities a1 > 0, a3 > 0, and a1a2 > a3 identify locally asymptotically stable
equilibria of the ODE system.

(iv) Discrete–time transfer. Map each continuous eigenvalue λ to the Euler update multiplier
1 + ∆τ λ. Apply the Schur–Cohn boundary condition

|1 + ∆τ λ| = 1,

which defines the discrete–time stability boundary in the (∆τ, λ) plane. The inequalities
|1 + ∆τ λi| < 1 for all eigenvalues λi ensure numerical stability of the Euler discretization.

Output: equilibrium count and stability classification across both continuous and discrete
regimes.

5. Stochastic extension

Having established the well-posedness and bifurcation structure of the well-mixed model, we now
examine how demographic fluctuations modify these dynamics.
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To capture intrinsic demographic fluctuations arising from finite population effects, we extend the
deterministic system (2.4) to a stochastic framework. There are different approaches for demographic
noise in population dynamics and epidemic models [44–47]. Following the diffusion-approximation
approach developed in [48, 49], each reaction channel in (2.4) is regarded as a Poisson event whose
intensity equals the corresponding deterministic flux. Aggregating these events and taking the large-
population limit yields an Itô SDE that preserves the deterministic drift while adding biologically
interpretable demographic noise. On the other hand, this micro-to-macro viewpoint parallels the mean-
field program for hybrid PDE–ABM systems, where discrete stochastic switching is coarse-grained to
closed PDEs [50].

Let Xt = (Nt, Pt,Rt)⊤ denote the state vector. Instead of the nondimensional system (2.4), we
construct a demographic-noise-driven intraguild predation model based on the dimensional intraguild
model (2.1):

dN
dt
= r1N

(
1 −

N
R

)
− ηNP,

dP
dt
= r2P

(
1 −
βdP
R

)
+ ηNP,

dR
dt
= ρR

(
Γ − δdN − ϵdP

)
.

We represent this system as elementary demographic events. Each event produces a small jump ∆e in
(N, P,R) and occurring at intensity Λe(Xt). We refer to the dimensional parameters in Table 1. The
events and intensities are listed in Table 3.

Table 3. Elementary demographic events generating stochastic fluctuations in the intraguild
predation model.

Event type
Increment
∆e = (∆N,∆P,∆R)

Intensity
Λe(N, P,R)

Biological interpretation

Prey reproduction (+1, 0, 0) r1N Intrinsic growth
Prey loss due to logistic competition (−1, 0, 0) r1N2/R Logistic loss
Prey loss and predator growth (−1,+1, 0) ηNP Biomass transfer via intraguild predation
Predation growth (0,+1, 0) r2P Intrinsic growth
Predator self-limitation (0,−1, 0) r2βdP2/R Density-dependent predator mortality
Resource growth (0, 0,+1) ρΓR Intrinsic resource replenishment
Resource depletion by prey (0, 0,−1) ρδdRN Resource consumption by IG-prey
Resource depletion by predator (0, 0,−1) ρϵdRP Resource consumption by IG-predator

Let Ne(t) be the counting process in Table 3 with intensity Λe(Nt, Pt,Rt). The exact jump
representation is

dXt =
∑

e

Λe(Xt)∆⊤e . (5.1)

Writing each counting increment via its predictable compensator plus martingale,

dNe(t) = Λe(Nt, Pt,Rt) dt + dM̃e(t).
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In the regime of large populations, approximate dM̃e(t) ≈
√
Λe(Nt, Pt,Rt)dBe(t) with independent

standard Brownian motions Be [48]. Then,

dXt = µ(Xt) dt +G(Xt) dBt, (5.2)

where µ = ( f1, f2, f3)⊤ is the deterministic drift in (2.1), Bt is an 8-dimensional Brownian motion
collecting the independent noises, and the diffusion matrix G(Xt) satisfies

G(Xt)G(Xt)⊤ = Σ(Xt) B
∑

e

Λe(Xt)∆e ∆
⊤
e .

One admissible G takes the following form:

G(N, P,R) =


√

r1N −
√

r1N2/R −
√
ηNP 0 0 0 0 0

0 0
√
ηNP

√
r2P −

√
r2βdP2/R 0 0 0

0 0 0 0 0
√
ρΓR −

√
ρδdNR −

√
ρϵdPR

 .
Explicitly, the infinitesimal variance–covariance matrix is

Σ(N, P,R) =


σ2

N σNP 0
σNP σ2

P 0
0 0 σ2

R

 ,
where

σ2
N = r1N(1 + N/R) + ηNP,

σ2
P = r2P(1 + βdP/R) + ηNP,

σ2
R = ρR(Γ + δdN + ϵdP),

σNP = −ηNP.

Here σNP encodes the negative covariance between prey and predator fluctuations due to coupled
predation events.

Collecting terms, the stochastic Leslie–Gower intraguild predation model reads compactly as

dXt = µ(Xt) dt +G(Xt) dBt. (5.3)

Writing explicitly,
dNt =

[
r1Nt(1 − Nt/Rt) − ηNtPt

]
dt +

√
r1Nt dB1

t −
√

r1N2
t /Rt dB2

t −
√
ηNtPt dB3

t ,

dPt =
[
r2Pt(1 − βdPt/Rt) + ηNtPt

]
dt +

√
ηNtPt dB3

t +
√

r2Pt dB4
t −

√
r2βdP2

t /Rt dB5
t ,

dRt = ρRt(Γ − δdNt − ϵdPt) dt +
√
ρΓRt dB6

t −
√
ρδdNtRt dB7

t −
√
ρϵdPtRt dB8

t ,

(5.4)
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where the Brownian motions {Bi} are mutually independent. (5.4) reduces to the deterministic
model (2.1) in the zero-noise limit. We can check that the joint probability density function of (5.4) is
a solution of the following multivariate forward Kolmogorov differential equation:

∂p(x, t)
∂t

=
1
2

3∑
i, j=1

∂2

∂xi∂x j

[
p(x, t)

3∑
l=1

S ilS jl

]
−

3∑
i=1

∂
[
p(x, t)µi

]
∂xi

, (5.5)

where S i j ≡ S i j(x, t) and µi ≡ µi(x, t). Here, S is the positive semidefinite square root of Σ.
System (5.4) captures intrinsic demographic fluctuations in prey–predator–resource interactions.

Predation events introduce negatively correlated noise between Nt and Pt, while resource variability
adds multiplicative noise modulated by the total biomass. The deterministic bifurcation structure
persists in the mean field, but stochastic trajectories exhibit finite-size fluctuations around equilibria
and may transiently explore alternative basins of attraction. This stochastic framework thus bridges
deterministic intraguild predation theory with demographic variability observed in ecological and
microbial populations.

6. Numerical simulations and parameter regimes

6.1. Bifurcation structure and regimes

We now illustrate the analytical results of Section 3 by direct numerical integration of (2.4) under
six representative parameter regimes. Each case corresponds to one of the theoretical scenarios in our
equilibrium classification (single equilibrium, two equilibria, double equilibrium, or no equilibrium).
The parameter sets are listed below, and the corresponding dynamics are shown in Figure 1. All
simulations were performed in Matlab using ode45 with relative tolerance RelTol = 10−9 and
absolute tolerance AbsTol = 10−12, starting from (N(0), P(0),R(0)) = (0.5, 0.5, 0.5).

Scenario 1: βδ ≤ ϵ and γ < ϵ:

α = 1, β = 2, δ = 0.5, ϵ = 1, γ = 0.05, γ+1 = 1.

Scenario 2: βδ > ϵ and γ ≤ ϵ:

α = 1, β = 2, δ = 0.5, ϵ = 0.2, γ = 0.2, γ+1 = 0.3.

Scenario 3: βδ > ϵ and ϵ < γ < γ+1 :

α = 1, β = 2, δ = 0.5, ϵ = 0.2, γ = 0.24, γ+1 = 0.3.

Scenario 4: βδ > ϵ and γ = γ+1 :

α = 1, β = 2, δ = 0.5, ϵ = 0.2, γ = 0.3, γ+1 = 0.3.

Scenario 5: βδ ≤ ϵ and γ ≥ ϵ:

α = 1, β = 2, δ = 0.5, ϵ = 1, γ = 2, γ+1 = 1.
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Scenario 6: βδ > ϵ and γ > γ+1 :

α = 1, β = 2, δ = 0.5, ϵ = 0.2, γ = 0.5, γ+1 = 0.3.

For Scenarios 1–2, the trajectories converge to a unique positive equilibrium, while in Scenario 3,
two equilibria exist and trajectories converge to one of them. Scenario 4 corresponds to the
degenerate case γ = γ+1 , where the Jacobian possesses one zero eigenvalue, indicating the
saddle–node bifurcation predicted analytically. For Scenarios 5 and 6, no positive equilibrium exists,
and the IG-prey N collapses to extinction, leaving the coexistence of the IG-predator and the resource
when γ > ϵ.

Figure 1(a) displays the time series of (N(t), P(t),R(t)), showing convergence to the boundary
equilibrium E2 or stable coexistence state E3 depending on parameters. The corresponding phase
portraits in Figure 1(b) reveal the geometric nature of each attractor and bifurcation. Table 4
summarizes the computed equilibria and Jacobian spectra from the Matlab simulations, providing
quantitative verification of the theoretical results.

Table 4. Numerical equilibria and Jacobian eigenvalues of system (2.4) for the six parameter
regimes shown in Figure 1. A dash indicates that no positive equilibrium exists (trajectories
approach boundary equilibria).

Scenario (N∗, P∗,R∗) spec = (λ1, λ2, λ3) Equilibrium type Qualitative outcome

1 (0.0482, 0.0259, 0.0494) (−0.0533,−0.9486,−1.0203) Stable node Stable coexistence
2 (0.2963, 0.2593, 0.4000) (−0.1720,−0.9325 ± 0.1537i) Stable focus Damped oscillations
3 (0.3398, 0.3505, 0.5232) (−0.1606,−0.9144 ± 0.2526i) Stable focus Damped oscillations
4 (0.3333, 0.6667, 1.0000) (0,−0.8333 ± 0.4534i) Saddle–node (degenerate) Bifurcation threshold
5 — — No positive eq. To E2 when γ > ϵ
6 — — No positive eq. To E2 when γ > ϵ

To visualize how the number of positive equilibria changes across parameter space, we conducted
a systematic numerical sweep in the enrichment parameter γ. We then generated two-dimensional
regime maps in the (γ, ϵ) and (γ, β) planes. All simulations use the nondimensional Leslie–Gower
intraguild predation model (2.4) with baseline parameters α = 1, β = 2, δ = 0.5, and default ϵ = 0.2
unless otherwise specified.

To explore the interplay between γ and other parameters, we constructed two-dimensional maps by
classifying each point in parameter space according to the number of positive equilibria:

0 : predator-only equilibrium,

1 : one positive coexistence equilibrium,

2 : two positive coexistence equilibria.

For each grid point, the classification was determined analytically using the equilibrium condition (3.1).
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(a) Time series of (N(t), P(t),R(t)) for the six parameter regimes. Panels (a)–(f) correspond
to Scenarios 1–6. Dashed lines denote equilibrium values (N∗, P∗,R∗).

(b) Three-dimensional phase portraits of the trajectories in Figure 1(a). Positive equilibria
are shown as red pentagrams and initial states as black circles. Panels (a)–(f) correspond to
Scenarios 1–6.

Figure 1. Numerical dynamics of the nondimensional Leslie–Gower intraguild predation
model (2.4) under six representative parameter regimes. Panels (a)–(c) show convergence to
a stable coexistence equilibrium; (d) corresponds to the saddle–node bifurcation point; (e)–
(f) exhibit extinction of the IG-prey species when γ = 0.5 > ϵ = 0.2.
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(a) (γ, ϵ)-plane classification: 0 = predator-only (gray), 1 = one positive equilibrium (blue), 2 = two positive
equilibria (orange).

(b) (γ, β)-plane classification for fixed ϵ = 0.2. Colors as in (a).

Figure 2. Regime maps of the equilibrium structure for the Leslie–Gower intraguild
predation model. (a) Varying enrichment γ and resource consumption rate ϵ. (b) Varying
enrichment γ and predator–prey interaction ratio β. Regions with two interior equilibria
(orange) correspond to bistability between coexistence and predator-only states, bounded by
the saddle–node curve γ = γS N(ϵ, β).
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Figure 3. The discriminant ∆ = ∆(γ) and the quadratic relation in (3.1) indicating the
number of interior equilibria. (a) Discriminant as a function of γ. (b) The quadratic function
c1R2 + c2R + c3 vs. R across γ ∈ {0.6, γ+1 , 0.8}. Parameters: α = 0.8, β = 2, δ = 1, ϵ = 0.6.
Under this parameter setting, γ−1 = −0.9283 < 0 and γ+1 = 0.7283.

As expected, a single positive equilibrium exists for γ < ϵ. Two coexistence equilibria appear for
ϵ < γ < γ1(ϵ, γ). No positive equilibria remain for γ > γ+1 (ϵ, γ), where γ+1 = γ

+
1 (ϵ, γ) is the analytically

predicted saddle–node bifurcation threshold. The predator-only boundary equilibrium
E2 = (0, γ/ϵ, βγ/ϵ) is stable for γ > ϵ, confirming the transcritical transition between the coexistence
and predator-only states.

Figure 2(a) shows the (γ, ϵ) diagram obtained for fixed α = 1, β = 2, δ = 0.5. The curve γ = ϵ
separates the one-equilibrium region (Class 1) from the two-equilibrium zone (Class 2). A narrow
wedge, ϵ < γ < γ+1 (ϵ), corresponds to the two-equilibrium zone (Class 2), where two positive equilibria
exist simultaneously. As ϵ increases, this wedge shrinks and eventually disappears once βδ ≤ ϵ,
consistent with Lemma 3.1.

Figure 2(b) shows the analogous (γ, β) map with fixed ϵ = 0.2. Here, increasing β enlarges the two-
equilibrium domain, since larger β enhances the threshold γ+1 under our fixed parameter set (α, δ, ϵ) =
(1, 0.5, 0.2). Both diagrams agree quantitatively with the analytical bifurcation surfaces predicted by
the discriminant condition of (3.1).

Figure 3 illustrates the discriminant and the quadratic function y(R) = c1R2 + c2R + c3 in (3.1). The
two eigenvalues for ∆(γ) are γ−1 = −0.9283 and γ+1 = 0.7283. βδ = 2 > δ = 0.6, so Corollary 3.1
predicts that there are 2, 1, and 0 interior eigenvalues when, respectively, ϵ < γ < γ+1 , γ = γ+1 , and
γ > γ+1 . Figure 3(a) shows that ∆ = ∆(γ) has a positive zero γ = γ+1 . Figure 3(b) validates the
theoretical predictions about the number of positive zeros of y(R) = c1R2 + c2R+ c3, which is the same
as the number of interior equilibria.
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6.2. Discrete bifurcation

We next perform a systematic numerical search to identify parameter regimes where the
discrete-time Euler map of system (2.4) exhibits qualitatively distinct local bifurcations. Using Latin
hypercube sampling of 20,000 parameter combinations (α, β, γ, δ, ε) ∈ [10−3, 4]5 and scanning
∆τ ∈ [10−4, 2], we detect three canonical bifurcation types of the discrete map Φ(X;∆τ). A fold
(saddle–node) bifurcation occurs when one multiplier crosses +1. A flip (period–doubling)
bifurcation occurs when one multiplier crosses −1. A Neimark–Sacker (discrete Hopf) bifurcation
occurs when a complex-conjugate pair crosses the unit circle. The corresponding parameter sets
automatically identified by our MATLAB routine are

fold: (α, β, γ, δ, ϵ,∆τ) = (1.679, 1.771, 3.886, 0.8264, 3.89, 0.01616),

flip: (α, β, γ, δ, ϵ,∆τ) = (2.304, 1.909, 0.2067, 0.4913, 2.521, 0.8916),

Neimark–Sacker: (α, β, γ, δ, ϵ,∆τ) = (1.011, 1.635, 3.174, 3.673, 3.708, 0.4017).

For each bifurcation, we perform a local continuation in the bifurcation parameter γ around the critical
value and track the equilibrium (R∗,N∗, P∗) together with the corresponding eigenvalue moduli |µi|. As
shown in Figure 4, the computed bifurcation diagrams illustrate the distinct multiplier crossings that
characterize the fold, flip, and Neimark–Sacker transitions, respectively.

We now illustrate the fold (saddle–node) bifurcation identified in the parameter search (Figure 5).
Using the parameter set

(α, β, γ0, δ, ϵ,∆τ) = (1.679, 1.771, 3.886, 0.8264, 3.89, 0.01616),

a local continuation procedure refines the bifurcation value to γ0 = 3.88967. The slight discrepancy
from the search result (3.886) arises from the numerical tolerance imposed when detecting the critical
eigenvalue µ = 1. The corresponding ODE eigenvalue satisfies λ ≈ 0, confirming that the discrete
map undergoes a fold bifurcation. Notably, we observe that γ0 ≈ ϵ. Since the condition βδ ≤ ϵ holds,
Corollary 3.1 predicts that the system admits a single interior equilibrium when γ < ϵ and none when
γ ≥ ϵ. This analytical criterion therefore explains why ϵ acts as the bifurcation threshold for γ and
clarifies the observed coincidence γ0 ≈ ϵ.

We next vary the bifurcation parameter γ around the critical value γ0. For γ = 3.8797 < γ0, the
system possesses a stable interior equilibrium

(N∗, P∗,R∗) ≈ (0.0074, 0.9958, 1.7557),

whereas for γ = 3.8997 > γ0, no equilibrium persists. At the critical point γ = γ0, the equilibrium
disappears, and the discrete-time Jacobian acquires a unit multiplier (µ = 1). Figure 5 corroborates
this behavior: as γ crosses γ0, the spectral radius of the map satisfies ρ(DΦ) = 1, indicating the loss of
stability and the disappearance of the fixed point.
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Figure 4. Numerical detection and local continuation of the three discrete-time bifurcations
of the Euler map Φ(X;∆τ). Each row corresponds to one bifurcation type identified by the
automated parameter sweep: (a,b) fold (saddle–node) with a multiplier crossing +1, (c,d) flip
(period–doubling) with a multiplier crossing −1, and (e,f) Neimark–Sacker with a complex
pair crossing the unit circle. Left panels show equilibrium components (R∗,N∗, P∗) versus γ;
right panels plot the corresponding multiplier moduli |µi|, where |µ| = 1 (dashed line) marks
the discrete stability boundary.

Electronic Research Archive Volume 34, Issue 1, 251–290.



281

Figure 5. Numerical illustration of the fold bifurcation for the forward-Euler map.
(a,b) Time series of Pn for γ below and above the critical value γ0 = 3.88967, showing
the disappearance of the equilibrium as γ crosses γ0. (c) Spectral radius ρ(DΦ) as a function
of γ, with ρ = 1 (dashed line) and γcrit (vertical line) marking the fold point where the unit
multiplier (µ = 1) emerges.
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Figure 6. Numerical illustration of the flip (period-doubling) bifurcation as the bifurcation
parameter γ crosses the critical value γ0 = 0.2067. (a,b) Time series of Pn obtained
from iterating the Euler map with γ slightly below and above γ0, respectively, showing the
transition from a stable period-two oscillation to a stable fixed point. (c) Spectral radius
ρ(DΦ) as a function of γ, with ρ = 1 (dashed line) marking the stability boundary and γcrit

(vertical line) indicating the crossing where the multiplier passes through µ = −1.
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Figure 7. Numerical illustration of the Neimark–Sacker (discrete Hopf) bifurcation for the
forward-Euler map. (a,b) Time series of Pn for γ slightly below and above the critical
value γ0 = 3.174, showing the transition from a stable equilibrium to small-amplitude
quasiperiodic oscillations. (c) Spectral radius ρ(DΦ) as a function of γ, with ρ = 1 (dashed
line) marking the stability boundary and γcrit (vertical line) indicating the crossing of a
complex conjugate pair of multipliers through the unit circle.
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We next examine the local dynamics near the flip (period-doubling) bifurcation identified in
Figure 4. Using the parameter set obtained from the automated search,

(α, β, γ0, δ, ϵ,∆τ) = (2.304, 1.909, 0.2067, 0.4913, 2.521, 0.8916),

we vary the feedback parameter γ slightly below and above its critical value γ0. For γ = 0.2167 > γ0,
the Euler map admits a stable fixed point

(N∗, P∗,R∗) ≈ (0.10998, 0.06452, 0.11757),

whose multipliers are approximately (−0.9963, 0.2435, 0.7664). In contrast, for γ = 0.1967 < γ0,
the leading multiplier crosses the unit circle at µ ≈ −1.0038. The P-component of the map oscillates
between 0.057 and 0.060 on successive iterations, signaling the onset of a period-two orbit. As γ
decreases further, the spectral radius exceeds 1, confirming the loss of stability of the fixed point.

Figure 6 visualizes this transition. As γ passes through γ0, the spectral radius of the discrete
Jacobian satisfies ρ(DΦ) = 1 at the critical point. This corresponds to a characteristic eigenvalue
crossing at µ = −1, which defines the flip (period-doubling) bifurcation.

Finally, we illustrate the Neimark–Sacker (discrete Hopf) bifurcation using the parameter set

(α, β, γ0, δ, ϵ,∆τ) = (1.011, 1.635, 3.174, 3.673, 3.708, 0.4017),

and vary the bifurcation parameter γ slightly below and above the critical value γ0. For γ = 3.144 < γ0,
the system converges to the steady state

(N∗, P∗,R∗) ≈ (0.3107, 0.5401, 0.6756),

with a pair of complex conjugate multipliers µ2,3 = 0.7242±0.6859i lying strictly inside the unit circle,
indicating local stability. When γ increases to 3.204 > γ0, these multipliers satisfy |µ2,3| > 1, causing
the fixed point to lose stability and generate a quasiperiodic oscillation. This marks the onset of a
Neimark–Sacker bifurcation—the discrete analogue of a Hopf bifurcation in continuous time.

Figure 7 visualizes this transition. As γ passes through γ0, the time series of Pn evolves from steady
convergence to persistent oscillations. At the critical point, the spectral radius ρ(DΦ) reaches unity,
consistent with the bifurcation condition |µ| = 1 for a complex conjugate pair of multipliers.

The numerical simulations confirm the analytical predictions of the model, capturing the spectrum
of equilibrium behaviors and bifurcation phenomena across parameter regimes. Continuous-time
integrations reproduce the coexistence, saddle-node bifurcation, and extinction scenarios, while
discrete-time analyses reveal classical fold, flip, and Neimark–Sacker bifurcations. Together, these
results demonstrate the consistency between theory and computation, and highlight the rich
dynamical structures inherent in intraguild predation systems.

7. Discussion and conclusions

We developed a discrete–time and stochastic framework for the intraguild predation system. This
extends the continuous–time bifurcation theory of Yao and Yuan [33] to a fully explicit and
computationally verifiable setting. The proposed formulation captures the essential biological

Electronic Research Archive Volume 34, Issue 1, 251–290.



285

constraints of nonnegativity and boundedness while enabling rigorous stability and bifurcation
analysis directly in the discrete map. By combining algebraic–spectral criteria with dissipativity
proofs and stochastic extensions, the approach establishes a transparent correspondence between
deterministic bifurcations, numerical thresholds, and demographic fluctuations.

Our main contributions can be summarized as follows:

(i) Discrete-map formulation and dissipativity. We derive the forward–Euler map associated with
the continuous ODE system. We then prove positivity, boundedness, and existence of an
absorbing set under an explicit stepsize bound, ensuring dynamical consistency between discrete
and continuous regimes.

(ii) Algebraic–spectral threshold algorithm. A closed–form algorithm detects equilibrium transitions
and classifies local dynamics by combining algebraic coefficients and spectral radii of the
Jacobian. This provides computable bifurcation thresholds—including saddle–node, flip, and
Neimark–Sacker loci—with guaranteed correspondence to the ODE’s spectral conditions.

(iii) Demographic noise extension. Incorporating multiplicative demographic fluctuations transforms
the deterministic map into a system of Itô–SDEs. The corresponding Fokker–Planck dynamics
show how finite-population noise modulates variability near bifurcation thresholds.

(iv) Numerical verification. Extensive simulations confirm parameter space classification
(Corollary 3.1) and reproduce predicted transitions. They also visualize the correspondence
between algebraic bifurcation conditions and qualitative dynamical behavior.

Beyond their theoretical interest, our mathematical results offer concrete predictive tools for
ecosystem management, particularly for intraguild predation systems like the Lake Kinneret food
web. First, the derivation of explicit algebraic thresholds (e.g., the saddle-node value γ+1 ) translates
abstract stability conditions into quantifiable tipping points. Ecologically, this implies that nutrient
enrichment (γ) cannot be increased indefinitely; crossing the calculated threshold triggers a
catastrophic transition from coexistence to species exclusion (prey collapse), rather than a gradual
decline. Second, the detection of Neimark–Sacker and flip bifurcations in the discrete domain
highlights a distinct vulnerability for species with non-overlapping generations (seasonal breeders).
Unlike continuous breeders, these populations are prone to overshoot dynamics driven by
reproductive time lags, leading to high-amplitude oscillations that increase the risk of stochastic
extinction during population troughs. Finally, the stochastic extension demonstrates that demographic
noise is not merely uncertainty on the dynamics but a suppressor of population extinction, supporting
the argument that environmental noise, rather than demographic noise, is the main driver of
population extinction.

The resulting framework unifies analytical, stochastic, and computational perspectives within a
single discrete-time model. Methodologically, the AST algorithm offers a distinct improvement over
purely numerical bifurcation analyses. By engaging the algebraic structure of the system (using
discriminants and trace), it ensures that the detected tipping points—such as the saddle-node and
Neimark–Sacker bifurcations—are mathematically exact features of the model rather than artifacts of
numerical approximation or step-size sensitivity.
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7.1. Limitations and future directions

While the AST algorithm provides exact thresholds for the current IGP system, its applicability to
general ecological models warrants discussion. A primary limitation is the algebraic complexity
associated with higher-dimensional systems. For food webs with N ≥ 5 species, the characteristic
polynomials of the Jacobian matrices generally lack solutions by radicals (Abel–Ruffini theorem),
rendering the derivation of closed-form discriminant criteria impossible. To extend the AST
methodology to such complex networks, future work must integrate symbolic–numeric hybrid
approaches or rely on graph-theoretic stability criteria [51] that estimate spectral radii without
requiring explicit roots.

Additionally, our analysis exploits the rational structure of Holling-type functional responses. For
ecological systems governed by more complex, non-smooth, or empirically fitted interaction functions,
the algebraic decomposition central to AST may become intractable. In these cases, the method can
be generalized by replacing exact discriminants with local Taylor approximations or by coupling the
spectral radius criteria with numerical continuation software to trace bifurcation thresholds.

Despite these limitations, the framework offers a rigorous blueprint for analyzing biological
feedback models. A natural next step is to complement our algebraic–spectral pipeline with
finite-domain Turing analysis in a spatial PDE extension, in the spirit of the endothelial–tumor
angiogenic factor stability program in [52]. Future work will also focus on developing
positivity-preserving stochastic integrators for higher-dimensional systems, further strengthening the
bridge between theoretical bifurcation analysis and biologically realistic modeling. Motivated by
recent studies that have demonstrated that piecewise-smooth and hybrid systems can exhibit rich
global behaviors, including symbolic dynamics [53], strange nonchaotic attractors [54], and Jacobi
unstability [55], investigating whether such global complexity arises in the stochastic or seasonally
IGP framework remains an open avenue for future research.
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