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Abstract: This paper investigates the existence and uniqueness of solutions for fractional differential
equations with nonlocal conditions. The results are derived using measure theory, Monch’s fixed point
theorem, and semigroup theory. An illustrative example is also presented, involving a nonlocal fractional
evolution problem in L*((0, ), R). This example demonstrates the effect of the y-Caputo derivative
on the mild solution in comparison with the standard Caputo derivative, highlighting the influence of
non-uniform time scaling and memory effects.

Keywords: semigroup; Monch’s fixed point theorem; y-fractional derivative; evolution equations

1. Introduction

Fractional calculus is a specialized branch of mathematics that extends classical calculus integer-
order derivatives and integrals. In recent years, it has gained considerable attention beyond to its diverse
applications in modeling natural phenomena physics across multiple disciplines, including engineering,
finance, and biology. This growing interest well documented in numerous references [1-4].

An investigation by Derbazi et al., published in 2020 [5], examines the uniqueness and existence
of solutions for fractional differential equations subject to nonlocal and fractional integral boundary
conditions denoted as follows:

cDy, w(t) = f(t, a)(t),ch;w(t)), te[0,1], @ €(0,1);

+

cDg,w(0) = al} w(m),0 < m < 1;

+

D _w(1) = bIPw(p),0 <y < 1;
w(0) = g(w).

(1.1
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This subject was addressed by Cui et al. [6], who introduced a delay term. Specifically, they investigated
the uniqueness and existence of solutions for the following problem:

DS, w(h) = f(t, (1), cD}, (1)), 1 € [0,1];
cD, w(0) = al w(n)

w(t) =)t € [—T, 0]; (1.2)
bw(l)+cw' (1) = glw);
w0)=0

Inspired by these developments, the objective of this article is to investigate the existence of solutions
to a nonlinear fractional evolution problem (FEP) driven by a generalized Caputo derivative with respect
to a function . This formulation incorporates both a semilinear operator and a nonlocal perturbation.
The abstract framework enables the treatment of a broad class of FDEs under unified assumptions.
Specifically, we investigate the existence of solutions to a nonlinear fractional evolution problem (FEP,
for short), formulated as follows

{CDg;%(t) ~ Aw() = f (1 w(D).cDf, (). 1 € [0,al, a> 0; w3

w(0) = wy + O(w),

where CDS';‘” means the y-Caputo derivative operator of fractional order @ € (0,1) and cDg L
the particular derivative of the latter when ¢ is the identity, A generates a one-parameter analytic
family {T}};>o of bounded linear operators on a Banach space (X,|.|)), wp € X, ® : X — X and
f :[0,a] x X*> — X is a function. The core objective of our study is to establish new existence and
uniqueness results or a class of fractional evolution equations with nonlocal conditions, a topic with rich
theoretical and practical significance. Given that, on the one hand, in most problems with generalized or
non-local boundary conditions, the y-Caputo framework provides a more suitable analytical fit; on
the other hand, the integral representation of y-Caputo derivatives naturally interacts with nonlocal
terms, enabling the effective application of fixed point techniques (such as Monch theorem). The
Y-Caputo fractional derivative generalizes the classical Caputo derivative by replacing the usual time
variable ¢ with a transformed time scale y(f). Physically, this transformation allows the model to
incorporate nonuniform time flows, heterogeneous media, and memory effects with nonstandard kernels,
which frequently arise in real-world phenomena [7-9]. Recent developments in generalized fractional
derivatives and their applications have also been extensively studied [10, 11], providing valuable context
and motivation for the present work. The general Caputo-Katugampola fractional derivative and its
numerical applications have been recently explored [12-15], further motivating the development of
generalized fractional frameworks. The originality of this work lies in establishing new existence and
uniqueness results for a class of fractional differential equations involving the y-Caputo derivative
combined with nonlocal boundary conditions. Our approach combines Monch’s fixed point theorem,
semigroup theory, and measure techniques, which together provide a robust framework for handling
nonlinear and memory-dependent dynamics in Banach spaces. They are not only mathematically
elegant but also particularly well suited to applied contexts involving anomalous diffusion and
nonlocal constraints.
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The structure of the article is organized as follows: Section 2 reviews notations and several well-
known results related to fractional calculus. Section 3 establishes criteria for the existence of solutions
to the proposed problem. Section 4 presents an illustrative example that demonstrates the practical
applications of the theoretical results.

2. Preliminaries

We now present several definitions, notations, and properties that will be used consistently throughout
this article. Let C([0, a], R) denote the Banach space of all continuous functions g with the norm defined
as follows:

llgllo = max |g(2)],
0<t<a
Definition 2.1. [16] Consider a strictly increasing function ¥ € C"([0,a],R) and g € L'((0, a),R). The
fractional integral operator  of order a acting on g is defined by the following expression

av o f ! Y (s)
80 =55 Jy @ = psprass @D

Remark 2.2. If we assume that  is a logarithmic function or the identity, then Eq (2.1) reduces to the
Hadamard and Riemann-Liouville fractional integral operators, respectively.

Definition 2.3. [16] Let ¢ be as in Definition 2.1, a > 0, and g € C"'([0,a],R). The y-Caputo
fractional derivative operator of order a acting on g is defined by the following formula

. _ 1 fr W(S) [n]
Do 8O =560 Jy @ - psye B O ¢
where gy](t) = (ﬁ‘%)"g(t), n = [a] + 1 and [«a] is the integer part of a. In particular, if 0 < @ < 1,
then
1 ! 1
DV ot) = f "(s)d
05O = T Sy wo— w9
and

g
Y1)
Definition 2.4. [17] Consider a function w : [0,a] — X. The integral transform of Laplace in the
generalized sense of w is expressed as

Dy () = I ().

Lw{w(t)}(S)=f0 Y (0) expl=s(y (1) — y(O)]w(r)dT.

Lemma 2.5. [I7] Let > 0 and let w be a continuous function on the interval [0, t] with (t)-
exponential order. In this case, we have the following assertions

1 LIS w(@0))(s) = 57 Le(s).

2. LA DY w@))(s) = s*[Lylw(n)) - ; s 1w®(0)), such that n = [a] + 1.
k

I}
(=)
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Definition 2.6. [18] For any t € [0, 00), the Wright function W,, (named in honor of the eminent British
mathematician E. Maitland Wright) is defined by the following expression

00

1 r 1
W) = = = H D ) - g () sinGurar)

m=1
is called the one-sided stable probability density, and its Laplace transform is given by the inverse of
an exponential of a power, as follows:

fo ' (1) Wo (1) exp{=A((1) — Y(0))}dt = exp(=1").

Lemma 2.7. [19] Let X and Y be Banach spaces, and let H and G be non-empty, bounded subsets of
X. A measure of noncompactness, denoted by u, is defined on X. The following properties are satisfied:

. W is a monotonically increasing function.

. u(G) = 0 characterizes the pre-compactness of the set G.

H(G) = u(conv G) = u(a), where G and conv G represent the closure and convex hull of G, respectively.

. W(H + G) < u(H) + w(G), with H + G denotes the Minkowski sum of H and G.

. If the mapping F : D(F) c X — Y is Lipschitz continuous with the constant {. Then, for each bounded subset G in
D(F), we have u(Q(G)) < {u(G).

6. u(G) = inf{d(G, H), H C X, be pre-compact}, where, d(G, H) denotes the Hausdorff distance between the two subsets

G and H in X.
7. If {G}_, is a decreasing sequence and rll—I}t}o w(Gy) =0, then N

b N W N~

(o)
m=1

G, # 0 and compact in the Banach space X,

where G, are bounded non-empty closed subsets of X

Lemma 2.8. [19] If the set B, is bounded. Then, for any given & > 0, there exists a sequence {w,,}_,
contained within B, with

u(B,) < 2u({wnl)) + &.

3. Results

We employ the generalized Laplace transform to derive the integral representation of the solution to
FEP (1.3).
Theorem 3.1. The FEP (1.3) can be represented by the integral equation formulated by

(1) = S oy (D(wo + D(w)) + fo Ray (1) = y(s)) X f(5, (s), cDfy, () (s)ds.

where

R, t:z‘“fm —Y(0) Wo(s) T, '(s5)ds.
w(® | WS = YO)Wal) Ty 0) ¥ () s
and
S au(t) = Iy ™ Ry (1),
Proof. Step 1. Assume that w is a solution of problem (1.3). By applying the y-fractional integral 157
to both sides of Eq (1.3), we obtain the following result

I .DgY o) = I [AVQD) + f (z, w(?), cD§+w(t)) ].
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Utilizing the relation between the fractional derivative and the integral, see [16], we obtain
w(t) — w(0) = Igl‘” [Av(D) + f(z, w(?), cD§+w(t)dS)],
by the initial data, it follows that
w(1) = wo + O(w) + IT[AVD) + f(1, (1), Dl w(s))], forall 1 € [0,al. 3.1

Conversely, it is obvious that if w satisfies the last integral equation, then (1.3) holds.
Step 2. Let 4 > 0. Utilizing the generalized Laplace transforms on the integral Eq (3.1) and
employing Lemma 2.5, we yield

— 1 | . -
W(A) = 5 (wo + D(w)) + A—H(Aw(/l) + (),

where w(A) = f ) exp (=AW (1) — Y(0))y' (H)w(t) dt, and

0
fy= fo " (0 exp (<A — WOWF(t, i, cDf}, w(v)) dt,
therefore,
D) = 2171 = A N (wp + D(w)) + (%1 — A F ().

Hence,

o) = 227! fo "~ exp (=A%$)T(s)(wo + D(w))ds + fo " exp (=% )T (s) f(A)ds.
Choosing s = 7 with 7 = y(¢) — ¥(0), we get
@) = ™! fo "~ 7 Lexp (D)) T () (wp + D(w))dT + fo "~ 7% exp (—(AD))T @) f(D)dr = 1) + I,
where I, and I, are given by
Iy =4 fo - %[GXP (=A%) = p(ON)]T (Y (@) = Y(0)")wo + P(w)) dt

= o fo fo | exp (=AW(0) - Y)W (P) = YO WaloW (o)
X T (1) = $(0) ewp + D(@)W(1) = Y(0)* ™"y (1)]drdp

g (T = 9(0) \* () = p(0)*"
_ ,za'ff —AW () - w0 T(‘”(’) L ) W, D) (W (1) |drd
@ ) | exp (=A@ (1) - w(0)) S =00 o=y Ve + e (o (1) |drdp

- ! fo [exp (~Aw(®) - y(0)

e Y(0) — (0) \" (W(t) — w(0)*! , ,
W,(0)T () d, d
Xfo (xWato) (W)—w(m) )= gy @0+ VW (o)dp)u’0)dr

= %7 Ly (Ray (W) — y(0)))(wp + D(w)),
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where

Y(1) — y(0) ) W () — w(0))*!

’ d ,
o =00 G- po Y Ol

RayW@(1) = ¢(0)) = j; [aWa(p)T(

and W, is the probability density, which can be found in [18, equality (4.5)]. So, we can write

Ry (1) = fo Yel)T (W) — w(0)) £ (0)dp,

such that y,(0) = W) — () = Wo [y ()" +w(0))]- Also we have

(W) -y ()™

LTy W =2

Then,

() —y(0)™
-

= L,(I;7" Ray (0)(wo + D(w)).

I =L # Ry ())(1)(wo + P(w))

Let ¢ = (1) + y(t) — y(0), then we have
h= fo exp (=A% (Y () — ON)T (W (@) — YO F(W (1)dt

= [ exo (=7 @i - o) x exp (-5 - O T W0 - wON)
X f(s.0(5). Db () (s 0)|dsdi

~ ][ w0 = w0 exp (-2 - 0N - O exp (~2w(5) - UONWatp)
X T = O (s w(s), eD, ()W (oW (O (5)|dpdsd

* w(@) — (0) \" (W() — w(0))*!
= -1 — 20 (0T We
fffo o exp (2w 0) + 05) ~2000)) (w@ - w«») W) —poy ")

X f(s, (s), DY, (W (oW (D0 (5)|dpd sdt

. W) — (0) \* (1) — (0!
= _AW(0) - wO))T W,
fffo [“exp( W) - 4 O) (w(p>—w<0>) W) —poy ")

x f(u ) ™ W), Dl WD) ()W (p)w’(r)]dpdrdt.

Hence,

7 exp (2w - L (0= ws) T @ - s
1= | e Cawn v [ | “T(wp)—w(m) Wi —voy

X 1 (5 0(8), D5, () ' (W (s)dp ds ) o/ (1,

It follows that,

Y(t) — (s) )” y

. _ ey 00 _ _ t oo
D) = Ly(Iy " Ry (1) + fo exp (A1) - ()| fo fo aT( VEIO)

(3.2)
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WD) =y ()" W) = (O™ Walp) (s, w(s), cDfy, () ¥ (0 (s)dp ds] Y (t)dt.
By applying the inverse Laplace transform and the expression (3.2) we derive
w(t) = Iy"" Ray (t)(wo + D(w)) + fo Rua 00~ 9(5)) X (s, w(s), cDfy, () ()ds.
= Sy (D(wo + D(w)) + fo Rug 00~ 9(5)) X (5, w(s), cDy, () ()ds,
which completes the proof. O

From now on, we assume that A satisfies the following assumption:

H(A): A generates a strongly continuous semigroup {7},5¢ in X, and there is a real number M > 1
with sup |T(t)|L(X) <M.
t€[0,00)
Proposition 3.2. We assume that (H(A)) holds; then (S o,4(?))>0 and (R, (1))>0 are strongly continuous
linear operators on X.

Proof. Linearity is obvious. Using the integral of p — apW,(p)¥’(p) on the real half-line, we find,

| Roy(®x] < Iﬁ‘giﬁ)ll x ||. From the above inequality, it follows that

Sau@®) —wO)x || = || 157 Raw@® - pO)x |

MI'™*Y (1) — (0))*!
< Bl
(1+a)

MT (@)

ST +a)

Il xll < —Ilx|I.
(0

This implies that |S, ,(1)] < % Moreover, let x € X and 0 < 1, < t, < t, from a simple calculation, it
Ray(t)x = Ryy(0)x || =0 and lim || Squ(t)x = ey | =o0.

1—n

follows that lim
1 —n

Now, we introduce the following hypotheses:

(A;) The function @ : X — X is continuous, and there exist two positive constants K and d with
|O(w) — P(u)|| < K|lw — u|| and ||®(w)|| < K||wl|| + d, for all u, w € C.
(A7) f :[0,a] x X*> — X is of Carathéodory type, i.e. f(t,.,.) is continuous for a.e ¢ € [0,a] and
f(., w, u) is measurable for every w, u.
(A3) (i) There exists a non-decreasing continuous function y; : X — X and a function m; €
C([0, a], X) with [|f(t, u, w)|| £ mpys(lwl| + ||ul]), for every u,w € X a.e t € [0,a].
(ii) There is an integrable function i : [0,a] — [0, +o0) such that for almost every ¢ € [0, a],
u(f(t,Dy,Dy)) <n(t)| sup w(Di(1)) + ,u(Dz)], where u represents the Hausdorff measure of

—o0<t<0
!

noncompactness, and Dy, D, C X are bounded subsets. Additionally, we have f n(s)ds < k*.

0
(A4) (i) The function A(.,.,w) : A — X is measurable for every w € X, and Ah(t,s,.) : X — Xis
a continuous function for all (¢, s) € A. Additionally, there is a function u : A — R* with

!

|A(t, s, w)|| < u(t, s)||wl|| such that sup f u(t, s)ds := u* < oo, for every w € X.
t€[0,a] JO
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(i) For any 0 < s < t < a and bounded set D; C X, there is a functions y : A — R* with
t
u(h(t, s, Dy)) < y(s, )u(Dy) such that sup f v(s,Dds = y".

t€[0.a]
(As) For any ¢ € [0, a], the function o(t, .) is measurable on [0, 7] and o(f) = supflo(z, s)|, 0 < s <t} is

bounded on [0, a] and [ = sup o(?).

1e0.a]
Theorem 3.3. Under the assumptions (H,) and (Ay) — (As), if the inequality

K 2« a N
M(E T+ oy W@ vO) [1+ 2y ])<1

holds, then there is at least one solution for problem (1.3).
Proof. We define a mapping F : C — C by
Fo(t) = 8 4y ()(D(w) + wp) + fo RayW(t) = p())f (s, w(5), Dl w(s) W' (s)ds.

First, we will show that F is continuous. Let {w,,} be a sequence that converges to w in C([0, a], X).
Then, by (A,), when m tends to infinity, we have the following

f(s, Wp(S), CD€+a)(s)) - f(s, w(s), CD§+w(s)),
for every s € [0, a]. To make the expressions easier to handle, we state that

Kj, = f(5: @n(5),eDfj, 0(s)),
Ky = f(s, w(s), CD§+a)(s)).

For any 7 € [0, a], we have
1Fwn(t) = Fo@ll = IS au(D(wo + Plwpn)) = S oy (wo + O(w)) + fo Ray (Y (2) — ¥(s)) X [K = Kf]t//’(S)dSII

SIS 0 (D@ (W) — D)) +f IRay (U (1) = (DI (DIIKy, — Kylids

f W () — ()" W ()IIKy, — Kfllds.

< MK o — ol +
STy WmT@ r(1 @)

Thus, we infer that ||Fw,, — Fol|l. — 0 as n — oco. Consequently, the mapping F is continuous on
C([0, a], X). Now, we have to prove that F' is bounded. We claim that F(B,) C B, for any w € B, and
t € [0, a], we have

M ' a— * ’
Fixo fo W) = v ) (5. (). fo o(s. (s, 1, (D))l (s)ds

M(b) — y(0))*
I'(l+a)
M(a) — y(0))”

< —(llwoll + Kr + d) + Wmfdfr(l + lu")

IFw®l < —(llwoll + Kllwll + d) +

393

(lwoll + Kllell + d) |[msors(llel] + 1 f u(s, T)dt|wl)]
0

a

Qi

IA
~

We claim that F(B,) is equicontinuous. For every ¢, 1, € [0, a] with #; < t,, we have the following

IF () = Fo(t)ll
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S8 ) = S0l + Kl +-) | [ Ru ) = 005D = Rug 1) = 050 (5. 005D O (1
)
o[ Ruswle) = 0050 % S5 09D, o) (5|

1]
NSy (12) = Sew@Dlllwoll + Kllwll + d) + f
0

23
f
n

At this point, we will check the hypotheses of the Monch theorem, see [20, Theorem 2.10]. Let U C B,
be countable such that U c conv(0 U F(U)). We demonstrate that u(U) = 0, where u denotes the
Hausdorff noncompactness measure. Without loss of generality, we may suppose U = {u};? |, and it can
be readily verified that U is equicontinuous and bounded. For any 7 € [0, a], we have

Rau (1) = 9(5)) = Roy (1) = )| X mperpr(1 + 1/ ()ds

RaaW(12) = () |myorsr(1 + 1y (s)ds.

Fot) = S 4y ()(®(w) + wp) + fo Ry t) = p(s) f (s, (), DY () (5)dls
= IMow@) + Do),

where I'w(t) = § 44 ()(P(w) + wp) and

o) = fo Ry (0(8) = () (5, (), e Dl w(s)) (s)ds.

Moreover, the mapping I : U — C([0,a],X) is Lipschitz continuous with the constant KM,,, as
indicated by condition (A;). Indeed, for any w, u € U, we have the following:
IFw@) = Fu@ll < sup IS oy OIHP(w) — D)l

t€[0,b]

MK
< —lw = Ulleo.
a

So, from Lemma 2.8 and hypotheses (A3)(ii), (A4)(ii), we have
MAF Wby ) < pAT10mb, ) + p{T 2w} )
< gm{wm};‘;ﬂ) + u( fo Rua 00~ (5)) X (s, (), cDf}, ()W (s)ds)
< %(ﬂ({wm}f;:l) + % f tu((w(t) — W)™ X f(5,0(s), cDfy, ()W (s)ds

O )(t//( a) —y(0))*[1 +2ly*] x Osggaﬂc(ﬂ(s))

2%
T+ )(lﬁ(a) w(O)*[1 +2by* )OSiEa#C((L{(S))

MK
< —plwnly-) +
@

K
< M(= +

From above, we have

_
I'l+a
< @' uc(U),

K
HC(F(U) < M|~ + W(a) = w(0)"[1 + 2y |uc(U)

where

(@) = p(O)°[1 +21y°1].

*_MK
o = m| r(l @)
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Thus,

ue(U) < pc((conv{0}) U F(U)) = pc(F(U)) < @ uc(U),

This implies uc(U) = 0. Therefore, by applying [20, Theorem 2.3], we find a fixed point w of F in B,.
This fixed point serves as a solution to the FEP (1.3).
]

4. Application

In this section, let X = L?((0, ), R) and A is an operator defined by Aw = w” with the domain
DA)={weX w'eX, w()=w(r) =0}
It’s a well-known fact that A represents a bounded linear operator of a compact semigroup {7},59 on X,

with [|7(7)|| < exp(—1) for every 7 > 0. Now, consider a nonlocal FEP

CDg;ww(‘r, 1) = g—;w(‘r, 1+ f ' h(t,s,w(s,1)ds + F (1, w(T, 1)),
n 0 @.1)
w(0,w) + Z cu(t;, ) = wo(t), 1 €[0,n]
j=1
with {7;}}_, is a finite increasing sequence of elements of real numbers, wy € X, and the function F'is a
continuous function defined on the domain [0, a] X R and taking values in R.
To express problem (4.1) in the abstract form of problem (1.3), we assume that

(i) The function f : [0,a] X X — X is given by

fr,w)@) = f h(t, s, w(s, 1) ds + F (1, w(t, 1))
0

fort € [0,7] and T € [0, b].

(i1) The function y : C([0, b], X) — X is continuous and given by
Y@)(t) = wo() = ) cju(r;, ),
j=1
where 7; € [0,a] and ¢ € [0, ]. Additionally, w(7)(f) = w(7, 1) for T > 0 and ¢ € [0, 7].

With these adaptations, an element w € C(X) is called a mild solution of (4.1) if w(-) satisfies the mild
solution concept associated with the corresponding abstract problem (1.3).
To illustrate the advantages of the y-Caputo derivative, we choose

yi)=rt, 0<p<l.

This choice allows the model to incorporate non-uniform time scaling and memory effects. For p = 1,
the standard Caputo derivative is recovered, enabling direct comparison. We now define the application
operator as follows:

f(r,w)(t) = fT ht,¢,w(s, 1) ds + F(tr,w(t, 1)), te€]0,n], T €]0,al,
0
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and
n

Y@)(t) = wot) = Y cu(ry,0), te0,7].

J=1

Then, problem (4.1) can be rewritten in the abstract form of (1.3):
“DyYw() = Aw() + f(T,w(1)),  w(0) = y(w).

Mild solution and comparison. An element w € C([0, a], X) is a mild solution if

(1) = Soy(N)y(w) + j; Roy (1) = () f (s, w(5) ¢/ (5)ds,

where S, and R, are the solution operators defined in Section 3. For comparison with the standard
Caputo derivative: Setting p = 1 gives y/(f) = ¢, which reduces the problem to the classical Caputo case.
Comparing the solution operators for p < 1 and p = 1 demonstrates how the y-Caputo derivative affects
the solution profile, capturing generalized memory and nonlocal effects not seen in the standard case.
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