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Abstract: Path integration refers to the process by which animals continuously update spatial position
during movement by integrating locomotor stimuli such as speed and head direction, thereby enabling
real-time localization in continuous space. This process relies on the cooperation of spatial neurons,
including grid cells and place cells. In recent years, continuous attractor networks and recurrent neural
networks have provided useful insights into the mechanisms of path integration; however, they often
rely on fixed-weight connections or exhibit a lack of biological plausibility. To explore more
biologically plausible mechanisms, we propose a path integrator based on the recurrent spiking neural
network (RSNN). Employing recurrently connected leaky integrate and fire (LIF) neurons, the RSNN
encodes spatial positions as spike sequences via membrane potential reset mechanisms, enabling
robust long-term path integration. Analysis reveals the spontaneous emergence of spatial and
locomotor units, with some units exhibiting spatial-locomotor conjunctive properties, indicating
synergistic computations underlying path integration. Ablation experiments confirm that stripe and
border units have a larger effect on performance than other unit types under our experimental
conditions. Under sparse spiking conditions, the network naturally develops diverse biologically
inspired representations. The RSNN’s performance provides novel insights into neuronal synergistic
mechanisms in biological navigation, offering a biologically grounded framework for path integration
modeling and contributing to the development of brain-inspired navigation algorithms.

Keywords: path integration; recurrent spiking neural network; spatial representations; locomotor
representations; neurodynamics




1. Introduction

In natural environments, the ability of animals to flexibly adapt to complex and changing spatial
scenarios and perform behaviors, such as foraging, avoidance, and migration, relies on their highly
evolved spatial cognitive abilities. Notably, even in the absence of external visual cues, animals are
able to maintain accurate spatial orientation by continuously integrating self-motion signals [1]. This
process relies heavily on the synergistic mechanism of different functional cells in the entorhinal-
hippocampal circuit [2]. Specifically, speed cells exhibit a linear relationship between firing rate and
speed [3]; head direction (HD) cells are selectively tuned to specific orientations in space [4]; grid
cells generate hexagonally periodic firing patterns that encode the global spatial metric of the
environment [5—7]; and both border cells and place cells are responsible for encoding environmental
boundaries and discrete spatial locations, respectively [8,9]. The coordination of these cells allows
animals to maintain stable spatial representations in the absence of significant external sensory input,
revealing the neural mechanisms of spatial navigation [10].

To analyze the computational principles of path integration, researchers have extensively
explored computational modeling approaches. Burak and Fiete implemented a model of path
integration using a continuous attractor neural network (CANN), in which a two-dimensional neural
sheet generates a localized “peak of excitation” (an activity envelope), representing the current
position [11]. Locomotor stimuli drove the smooth movement of this activity envelope across the
neural sheet, enabling continuous position updates and producing spatially periodic grid-like
response patterns in individual neurons. However, this model had two major limitations. First, in the
absence of visual cues, noise led to gradual drift of the activity envelope, resulting in accumulated
position errors [7]. Second, the model depended on fixed, manually defined, near-symmetric
connection weights, which limits its generalization to new environments [12,13]. To overcome these
limitations, some studies adopted recurrent neural networks (RNNs) for path integration. Unlike
traditional CANNs, RNNs automatically learned connection weights through backpropagation. Cueva
and Wei trained an RNN to estimate current position based on locomotor stimuli and found that cells
within the network had spontaneously developed diverse spatial response patterns [14]. Furthermore,
Banino et al. incorporated RNN into a reinforcement learning framework for navigation tasks, where
trained agents exhibited neural representations with hexagonal spatial firing patterns [15]. However,
standard RNNss relied on continuous-valued signal transmission, which fundamentally differs from the
event-driven dynamics of biological neurons characterized by threshold-triggered spikes and sparse
firing activity [16,17].

Spiking neural networks (SNNs) are widely regarded as a biologically plausible framework for
modeling neural systems due to their event-driven computation and interpretable dynamical
mechanisms [16,18]. As the fundamental components of SNNs, leaky integrate and fire (LIF) neurons
are commonly used to simulate the firing behavior of biological neurons. In LIF models, the membrane
potential evolves by integrating input currents over time and decays exponentially due to the
membrane’s inherent leakiness. When the membrane potential reaches firing threshold, the neuron
emits a spike and resets membrane potential to resting potential [16,19]. This mechanism not only
closely mirrors the dynamics of biological neurons but also enables energy-efficient computation
through sparse, event-driven activity [20,21]. The sparse spiking nature of SNN is critical for both
efficient information processing and environmental adaptability [22,23]. Neurons fire only when
necessary, leading to high spatiotemporal sparsity. This sparse spiking improves computational
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efficiency and energy utilization while effectively mitigating the influence of noise [24]. Furthermore,
some studies have shown that the dynamic modulation of membrane potential decay rates and firing
thresholds in LIF neurons enhances the learning capacity of SNNs in complex tasks [25,26].

Leveraging the inherent advantages of spiking neural networks (SNNs) in terms of biological
plausibility and energy efficiency, we propose a recurrent spiking neural network (RSNN) for path
integration that captures realistic integration mechanisms and simulates functionally relevant neuronal
properties. The model utilizes parameterizable LIF neurons to simulate the dynamic evolution of
membrane potentials. Spatial information is encoded via spikes, thereby enabling effective path
integration. This approach offers a biologically grounded computational framework and demonstrates
the feasibility of using spike sequences for path integration [27]. In the recurrent layer of the trained
network, a rich variety of spatial and locomotor units spontaneously emerge, closely resembling
navigation-related cells observed in biological experiments. Notably, the numerical distribution of
spatial units suggests that grid units may not be the dominant contributors to path integration,
challenging the prevailing view that they are primary drivers of path integration. Ablation analyses
further reveal the critical contributions of stripe and border units to path integration under our
experimental conditions. Spatial representations emerge robustly across different environmental
geometries; although environmental structure modulates the tuning properties of these representations,
it does not hinder their formation. Furthermore, the observed strong correlation between spatial and
locomotor units indicates that synergistic interactions among these units are essential for path
integration. From a computational perspective, the event-driven, sparsely activated architecture of
SNNs confers significant energy advantages over conventional rate-based RNNs [16,19], making it
well-suited for low-power neuromorphic navigation systems. By integrating back propagation
techniques with biologically inspired mechanisms, we not only advance our understanding of neural
mechanism of animal’s navigation processes but also provide new insights and methodologies for
developing brain-inspired models of navigation.

The main contributions of this work are as follows:

(1) A biologically plausible path integration model is proposed based on the RSNN with LIF
dynamics, bridging biological interpretability and artificial intelligence.

(1) Grid units have traditionally been regarded as the primary contributors to path integration, but
we find that stripe units and border units play a more direct and fundamental role in path integration,
providing a novel biologically grounded perspective.

(ii1)) We find that stripe units emerge consistently across different environments, and some
formation is independent of specific boundary configurations.

(iv) We highlight the synergistic interactions between locomotor and spatial units, which are
essential for accurate path integration.

2. Methods
2.1. Network architecture

The RSNN adopts a three-layer architecture comprising an input layer, a recurrent layer, and an
output layer, as illustrated in Figure 1. The input layer includes N;, units that receive locomotor

stimuli, specifically two one-dimensional scalars representing speed (x}) and direction (x5) at time
step t. The recurrent layer consists of N,,. LIF units that receive both the locomotor stimuli from the
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input layer and binary spike signals (0/1 scalars) from other LIF units within the recurrent layer.
Although classical biological LIF models typically include an explicit refractory period term that
suppresses spiking immediately after a spike event, the LIF implementation adopted in this work (from
the snnTorch) does not include an explicit refractory variable. Instead, the spike reset mechanism
inherently introduces an implicit refractory-like behavior by reducing the membrane potential to zero
after firing. This prevents the neuron from emitting consecutive spikes within a short period unless the
input current is sufficiently strong. The behavior also noted in prior works adopted similar simplified
LIF models [28-30]. The output layer consists of N,, units that generate two-dimensional scalar

values (', y’z), representing the estimated spatial position at time step .
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Figure 1. The whole network architecture of RSNN.

The input currents, membrane potential dynamics, and spike emissions of each unit in the
recurrent layer of the network are shown in Eqs (1)—(3):

Iit+1,rec: ]\kin] W;ZX;:] +b§n+a. (Z/N:rlec WgecSJ{,rec +b;ec) (1)
u?ﬂ,rec:( 1 _IBi)ul(,rec ( 1 _Si,rec)_}_ﬁiIiZH rec (2)
S;—H,rec=®(ul{+1,rec’yit,rec) (3)

Electronic Research Archive Volume 34, Issue 1, 1-30.



At discrete time step ¢+ 1, xf:l represents the locomotor stimulus encoded by the input-layer

unit k, where k& =1 corresponds to speed stimulus and k = 2 to direction stimulus. The weight from

input-layer unit & to recurrent-layer unit i is denoted by w'f. Likewise, s]t-”ece {0,1} indicates the

binary spike signal of recurrent-layer unit j, transmitted to recurrent-layer unit i at time ¢ with

weight wi*“. The terms b and b are bias applied in the linear mappings from the input and the

recurrent layer to recurrent-layer unit i, respectively. The input current /™" received by unit i is
jointly determined by both the feedforward input and the recurrent-layer spike stimuli, with o serving

as a scaling factor to balance their relative magnitudes. The membrane potential of recurrent-layer unit

t+1,rec
i

i attime ¢+ 1 isdenotedas u , and its temporal dynamics are modulated by the decay coefficient

B, € (0,1) which governs the rate at which the membrane potential decays over time.

1, uzy
0, otherwise

o ) = (4)

As described in Egs (3) and (4), when the membrane potential u; of unit i in the recurrent layer

exceeds the firing threshold y, the unit emits a spike immediately, otherwise no spike is emitted.

To address the non-differentiability of spike generation in LIF neurons, we employ the fast-
sigmoid surrogate gradient provided in snnTorch during backpropagation [31]. In the forward pass,
spikes are generated using the Heaviside step function, preserving the discrete event dynamics. In the
backward pass, this function is replaced by a smooth surrogate

¢(m) = a(qm),q = 25 )

where m denotes the difference between the membrane potential u and the firing threshold y. These
trainable parameters, such as the firing threshold y, the membrane decay rate f§ or other learnable
components appearing in the spike-generation can be optimized using the surrogate gradient.

The surrogate derivative

’ _ 1
' (m) = Ggimie ©
is then used to approximate the gradient of the spike function, ensuring that gradients propagate
through spike events and allowing all relevant parameters to be optimized. This approach enables the
learning of parameters such as membrane potential thresholds and decay rates, following standard
methods in surrogate-gradient-based SNN training [28,29].

A linear mapping of the spike stimuli in the recurrent layer is performed to fit the spatial

t+1 ]

coordinates (y1 V5 ) as shown in Eq (7):

t+1_ \"Nree . out t+1,rec out
yk _Zl‘:rla ij Sj +bk (7)

where wzj’-” denotes the weight from recurrent-layer unit ; to output-layer unit k, and &3

represents the bias term in the linear mapping from the recurrent layer to output-layer unit £.
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2.2. Trajectory generations

The training dataset comprises continuous, smooth, and stochastic trajectories, with the network
receiving a fixed number of trajectories per training iteration, defined by the batch size (BS). Each
trajectory lies on a two-dimensional plane and originates from a common initial position at
coordinates (0,0). Both speed and displacement are expressed in dimensionless arbitrary units (4.U.).
The RSNN is trained to predict the spatial position at each time step based on the corresponding speed
and direction stimuli. Trajectories in the training dataset are generated according to the following rule.

The speed V' at each time step ¢ follows the distribution:

V~|N(0,6%)],0=0.1 (8)

where N denotes a normal distribution and o is a scaling parameter to simulate the randomness in
speed variations during biological movement [3].

The initial direction 0° is sampled from a uniform distribution:

0°~U (-m,7) ©
At subsequent time steps, the direction is updated according to Eq (10):
0'=0"" 47z, ¢ '~N(0,0),0= 5 (10)

where &' is a Gaussian perturbation term to simulate directional randomness during biological movement.

We construct four experimental environments: a square, a triangle, a combined (consisting of a
triangle and a rectangle) and a circle arena. All environments use the above speed and direction rules
to generate trajectories. Due to the presence of boundary constraints in each environment, the
boundary-checking mechanism is implemented at every time step. Specifically, if the position
generated at a given time step exceeds the environmental boundary, the speed and direction for that
step are resampled until the resulting position falls within the permissible area.

At each time step ¢ €{1,2, ..., T}, the RSNN receives the locomotor input x’=(x{, x;) and

outputs the predicted spatial position ytZ(yt], y’z) , while the true position is denoted as

Y target Z(ytl’ arget b mrgez) The loss function used for training comprises two components: the
prediction error and the metabolic loss [14]. The prediction error is defined as the mean squared error
(MSE) between the predicted and true trajectory at each position. The metabolic loss is implemented
as L2 regularization term applied to the membrane potentials of the recurrent-layer units. This L2
regularization encourages the membrane potentials of units to remain close to zero [32]. The loss

function is shown in Eq (11):

2
1 BS, T, Nout( ¢ _yt, target BS T, Nyec z rec)z (1 1)

0SS train BS-T-N,yy bs, t, j=1 7 BS T-Nyoe bs, t, k=1 Uy
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A total of BS trajectories are simultaneously fed into the network in each epoch, and J is the
weight coefficient of metabolic loss (the batch subscript is not explicitly shown in this equation to
simplify the notation). To further improve the model’s stability in learning the mechanism of path
integration, each trajectory is trained for R, iterations. The network’s connection weights (w”', w'e,
wo), biases (b™, b, b*"), firing threshold (y "), and leakage factor (f) are updated using the Adam
optimization algorithm [33-35], with an initial learning rate of 0.001. The learning rate decays by a
factor of 0.1 every 2000 epochs, and the weights are updated once per epoch. The weights within the
recurrent layer are initialized using the Kaming’s uniform distribution [36], while the firing threshold
and leakage factor are initialized from a uniform distribution U(0,1). For validation and testing
datasets, novel trajectories are generated to evaluate the performance.

The training parameters are summarized in Table 1.

To evaluate the performance of the trained model, the testing loss of one trajectory with time step
T is computed:

2
_ 1 T, Nous ( ;L target)
LOSSl‘eSt T-Npyt Zt, j=1 yj _yj (12)

Table 1. Network architecture and training parameters.

Description Parameters Value
Number of input-layer units N;, 2
Number of recurrent-layer units Nye 512
Number of output-layer units N,y 2
Scaling factor o 0.15
Coefficient of metabolic loss 0 0.001
Batch size BS 256
Total time step T 300
Number of training epochs Epoch 6500
Repetition of each trajectory R, 50
Boundary length of the square Irangey,are 4
Boundary length of the triangle Irange,,izngie 6
Boundary length of the combined lrange .ompined 4
Radius of the circle lrange ;.1 4

2.3. Evaluation metric of biological responses
2.3.1. Direction tuning score

The firing rates of head direction cells are strongly modulated by the animal’s head orientation in
the horizontal plane, independent of its position, posture, or behavior [4]. These neurons exhibit
elevated activity when the head aligns with a specific preferred direction and reduced activity as the
orientation deviates, indicating strong directional tuning [37]. This preferred direction corresponds to
the cell’s optimal orientation.
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We adopt the quantization method to identify HD units in the recurrent layer [38—40]. The planar

direction is uniformly divided into 36 intervals {[10(j-1), 10]]} which spans 10" in the

1o
counterclockwise direction starting from 0° (aligned with the rightward horizontal direction), and 0;
represents the middle value of the j-th interval. For each unit i, the firing rate within each interval
[10(j-1), 10/]" is computed as the ratio of spikes emitted by unit i within [10(j-1), 10j] to the
number of times the head direction occurs in the interval [10(j-1), 10j]° R”-l- represents the firing
rates of unit i over the j-th interval. These 36 values form a vector RY = [Rl I,Rl 2peen ,Rf36],
representing the unit’s firing rates across all directions.

To avoid potential confusion between the imaginary unit i in the complex exponential and the
unit index i, we use the subscript p to denote the unit index in the next formula. The direction score
Direction,, of the recurrent unit p is calculated according to Eq (13):
36Rd 17591/]80/

e (13)

j=11p,j

Direction —/ i

where each direction is encoded as a complex unit vector, and the weighted sum produces a complex
vector whose magnitude reflects the degree of directional tuning. If a unit’s firing rates are
concentrated around a particular direction, the vectors sum constructively, resulting in

Direction,, approaching 1, indicating that unit p exhibits a strong preference for a specific orientation

(it reaches its highest firing rate within a particular direction range, with the firing rate gradually
decreasing as the orientation shifts away from this range). Conversely, if firing rate is broadly

distributed across directions, the vectors partially cancel, yielding Direction, approaching 0,
suggesting that the unit lacks directional selectivity. A predefined score threshold Direction,, is used
to classify unit p as an HD unit if it satisfies Direction, > Directiony,.

To aid interpretation, we provide firing-rate tuning curves and polar plots for both a HD unit and

a non-HD unit in the Appendix (Figure Al). These figures illustrate the contrast between strongly
directional and non-directional units, offering a more intuitive understanding of how Direction,

captures directional selectivity.
2.3.2.  Speed tuning score

Speed cells are neurons whose firing rates exhibit a monotonic, approximately linear relationship
with speed. These neurons were initially identified in the medial entorhinal cortex of rodents [3].

We adopt the quantization method for speed units in the recurrent layer [41]. Specifically, the
speed ranges from 0 to 0.2, which covers 95% of the total speed range approximately, and it is then

discretized into 20 intervals {[0.01(j-1),0.01/] }Jiol and v; represents the right value of the j interval.
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For each unit £, its firing rate across these intervals, denoted as {R;; };:01, is computed. The speed score

Speed; 1is then calculated by {R:j}zol and {vj}zol, as formalized in Eq (14).
2 j: j:

Speed= / T ()RR

14
/ \/Zlgfl(vf'v_}z \/ZfEI(RXrEUZ (14)

where v and R, represent the mean values of {vj}?o1 and {R;}?Ol. Speed; approaching 1 indicates
Jj= =

that unit i exhibits a strong linear relationship for speed, while the value near 0 suggests a weaker or
no such relationship. A predefined score threshold Speed,;, is used to classify unit i as a speed unit
if it satisfies Speed; > Speed,,.

2.3.3. Border tuning score

In biological navigation systems, neurons that selectively respond to environmental boundaries
are defined as border cells, which are primarily located in the entorhinal cortex and the
parahippocampal gyrus [42,43]. We define the quantization method for border units in a square
environment as follows.

The environment is first evenly partitioned into L % L (L = 32). In this case, for spatial regions,

firing rate of each recurrent-layer unit i is computed to generate a spatial firing map f. (E RE™ L),

which is then normalized to obtain f/"”"(€ R L1y The process is repeated separately for each of the
four boundaries (i.e., top, bottom, left, right). Take the top direction for example, a smoothing
operation is applied to f"”™ from top to bottom with step s (s =2) to obtain f I.S:Z;Oth(e RUEsTD XLy

The normalization and smoothing formulations are described in Egs (15) and (16):

norm __ Jr min(fi)
fi B max(fli)- min(fi)+17 (15)
S i k=l gt f 1 =1, Lot (16)

Here, ff';’;f’h’k denotes the k-th smoothed row vector of unit i from the top direction. The terms

max(f;) and min(f;) represent the maximum and minimum value of f, and n = 1x107 is added to

prevent the division-by-zero case that occurs for silent units (defined as those with zero firing rates

L-s+

. . . . . 1 .
under input stimuli). For the smoothed firing rate series {#*"°°™ 1" two metrics are computed:
~1

i, top

(i) ¥, the mean value of smoothed row vector fl.s't”oifth’k
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.. k . . . th,k
(ii) mf, the proportion of elements exceeding 0.3 in ]:S’Z;O

high

border and

Subsequently, the maximum number of consecutive rows L; po,q- that satisfy 7% >R

i . . . hioch 7
mb >Ry is  computed, in which R,S,  and R} are the thresholds

(RZ;%ZW=0.3,R1V,‘;l,’§’e,=0.5). On this basis, the boundary segmentation line is calculated. When

L; poraer= 0, the length of the segmentation line is set to 1 to ensure non-negative; otherwise, the smaller
value between L; j,,4. and 8 is taken, in which 8 is the ideal length of the boundary representations.
The top border score of unit i is shown in Eq (17):

BOI”d@Vi, top:(Fi, in'Fi,out ) Pi, out) ’ (1'%) (17)
where F;;, denotes the average value of firing rates on the inner side of the segmentation line
L; porder (the side close to the starting direction), and F; ,,, represents the average value of firing rates
on the outer side. The term P; ,,, € [0,1] indicates the proportion of firing rates greater than 0 in the
outer side. The border score for each unit is computed independently along the four boundaries, and
the maximum score among them is selected as the overall border score, denoted as Border;. A
predefined score threshold Border, is used to classify unit i as a border unit if it satisfies
Border; > Bordery,.

2.3.4. Stripe tuning score

V. Scheyen et al. proposed that neurons exhibiting band-like responses in spatial responses may
play a prominent role in path integration [44]. Similarly, we observed units whose spatial firing maps
displayed band-like patterns in the recurrent layer.

We define the quantization method for stripe units in a square environment as follows. The
environment is first partitioned into L % L (L = 32) spatial regions, and the spatial firing map

fl.(E R"*") and fl.”"rm(e R"**) are calculated for each recurrent-layer unit. Analyses were

conducted separately along the vertical and horizontal directions. Take the case of the vertical
direction. The firing map was smoothed from top to bottom with the step s (s = 2) to get

smooth, k L-st1 . . k
U ertionl ., asin Eq (16). For each smoothed row vector, we compute the metrics 7¥ and m!

as described previously.

Candidate bands B = {(sy, ek)}]kv:] are identified as continuous intervals, where each interval

. . high
satisfies the criterion # > R"&

4 stripe and mk > R:f,li’lfe (k=sy,....e;). Here, s, and e; denote the start and

end indices of the k-th candidate band, R"" and Rﬁff,ﬂf’e are the thresholds (Rhigh =0.3, R;f’,l,f;le =0.5),

stripe stripe

and N is the total number of candidate bands. The stripe score of the unit i along the vertical direction
is calculated in Eqgs (18) and (19):
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B R=(F e - 0.1 max(rF, £ 1Y) (14 (18)

Stripe, = max( (B Ky ) - /N (19)

Fisiripe denotes the average value of firing rates in the k-th candidate band. For each candidate

lefik _

band B = (sy, ), the adjacent mean values are defined as 7; rf" '1(if s, > 0, otherwise take 3 to

rightk _

reduce the stripe score of the border unit), and 7, rf" H (if e, <L -1, otherwise take 3).

Ultimately, the stripe score Stripe; ofunit i is defined as the larger of'its horizontal and vertical stripe
scores. A predefined score threshold Stripe,, is used to classify unit i as a stripe unit if it satisfies
Stripe; > Stripey,.

3. Results
3.1. Key hyperparameters

Before conducting large-scale training, we first performed a systematic evaluation of key
hyperparameters to identify suitable settings for the subsequent experiments. All models were trained
for 6500 epochs under each configuration. Figure 2 summarizes the effects of BS, N,.., and 0 on
model performance and neural activity patterns.

To ensure a consistent and comparable evaluation, we used a fixed set of 100 testing trajectories
generated from two random seeds. For each hyperparameter configuration in Figures 2(a)—(c), models
were trained under the corresponding setting and then evaluated on the same testing trajectories. The
resulting testing losses were summarized using boxplots, which visualize the distribution of testing
losses under two evaluation horizons: 7= 300 (blue boxplots) and 7' = 4000 (red boxplots).

Figure 2(a) shows the testing losses for models trained with different batch sizes (BS = 32, 128,
256, 512) under two evaluation horizons: 7= 300 and 7= 4000. Across both horizons, the testing loss
decreases as the batch size increases. For 7= 300, the median loss drops from roughly 0.28 at BS = 32
to approximately 0.16 at BS =256, 512. A similar trend is observed for 7'= 4000, where BS = 256 and
BS = 512 again yield noticeably lower testing loss than smaller batch sizes. Although BS = 512
achieves comparable performance, BS = 256 provides a favorable trade-off between model
accuracy and computational cost. Therefore, BS = 256 is selected as the default batch size for
subsequent experiments.

Figure 2(b) shows the influence of different N,,. on test performance. At 7'= 300, the 512-unit
model achieves the lowest median testing loss (= 0.16), outperforming both smaller (256 units) and
larger (1024 units) configurations. A similar pattern is observed at 7= 4000, where the 512-unit model
again exhibits the lowest median testing loss (= 0.24). The 1024-unit model shows a wider distribution
range of testing losses, likely because its larger capacity requires more training epochs to fully stabilize.
Within the same training epochs, this limited convergence leads to higher observed testing losses.
These results indicate that a recurrent size of 512 provides a favorable balance between model capacity,
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temporal stability, and computational efficiency during both training and testing. Therefore, N,,. =512
is selected as the default configuration for the subsequent training.

Figure 2(c) illustrates the effect of the metabolic loss coefficient (6 =0, 0.001, 0.01) on testing
losses at 7=300 and 7'=4000. At 7= 300, the median testing loss remains relatively stable (= 0.16)
for 0 =0 and 6 = 0.001, but increases noticeably to 0.44 for ¢ = 0.01, indicating that excessively
strong metabolic regularization impairs performance. A similar trend is observed for 7= 4000, where
small 0 values maintain low testing losses, while 6 = 0.01 substantially elevates the testing loss.
These results suggest that small but nonzero metabolic loss coefficients can regularize the network
without sacrificing accuracy. Moreover, we observed that an appropriate metabolic loss coefficient
also promotes the emergence of biologically plausible representations in the recurrent-layer units.
Consequently, 6 =0.001 is chosen as the default value for subsequent experiments.

Figure 2(d) shows the sparsity of recurrent-layer unit activities under different settings of the
recurrent-layer size N,,.. For each configuration, we evaluated 100 testing trajectories (generated from
two random seeds) and computed the average firing rate at each time step. Specifically, the firing rate
at time ¢ is defined as

r(t) = m 12 ?]fi Sit,j (20)
where s;,; €{0,1} denotes whether unit j fired at time ¢ in trajectory i.

Across all configurations, the networks operate in a low-activity regime (firing rates < 0.30),
consistent with the sparse dynamics typical of spiking neural network models. The relationship
between activity and recurrent-layer size is nonmonotonic: the 256-unit and 1024-unit models exhibit
higher firing rates, whereas the 512-unit model maintains the lowest activity level (= 0.08). In smaller
networks (256 units), each unit must participate more heavily in representing the trajectory, leading to
stronger effective recurrent drive per unit and consequently elevated firing activity. In contrast, very
large networks (1024 units) dilute inputs across many units, but the increased number of recurrent
connections amplifies total network-level excitation, making it harder for individual units to remain
silent unless strong regularization is applied. This suggests that 512 units form a balanced regime—
small enough to avoid persistent self-excitation yet large enough to distribute computation—resulting
in both sparser activity and better path-integration performance.

Figure 2(e) shows how the metabolic loss coefficient 0 shapes the overall firing activity of the
recurrent layer. The firing rate is computed using the same definition as in Eq (20). As ¢ increases,
the metabolic penalty progressively suppresses neuronal activity, leading to a clear downward trend
across conditions. Without the penalty (6 = 0), the network exhibits the highest overall activity.
Introducing a mild constraint (6 = 0.001) yields the sparsest and most stable firing pattern, indicating
that this setting achieves an effective balance between metabolic efficiency and reliable recurrent
dynamics. Larger penalties further reduce activity but provide diminishing benefits, as overly strong
suppression can slightly destabilize the recurrent state.

Figure 2(f) shows the comparison between the predicted trajectories and the corresponding true
trajectories. Overall, the model exhibits strong generalization capability under these hyperparameters,
and the predicted trajectories largely match the true trajectories.
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Figure 2. Visualization of model performance, firing statistics under different
hyperparameter settings and trajectory prediction.

3.2. Model training and validation

After establishing the key hyperparameters and architectural settings, a total of 6500 training
epochs is conducted in our work, and the dynamic changes of the network during training are illustrated
in Figure 3.

Figure 3(a) shows the loss curve over training epochs. The training loss decreased sharply during
the early stage (epoch < 200), from 1.4 to about 0.2. As training continued, the decline slowed,
stabilizing near 0.2 around epoch 2000 and converging to 0.17 by epoch 6500, indicating that the
RSNN reached a steady state.

Figure 3(b) shows spike rasters of 100 out of 512 recurrent-layer units at the early (epoch 1) and
late (epoch 6500) training stages. At the early stage, the spike rasters were dense and uniform,
reflecting the high sensitivity to input stimuli. By epoch 6500, the rasters became sparse and diverse:
Some units fired frequently and dominated information transmission, while others were mostly silent.
This result suggests that training leads to functional differentiation among units.

Figure 3(c) shows the testing loss curve on the long trajectories over 4000 time steps. The testing
loss gradually rises up in the first 1000 time steps, then rises more slowly and stabilizes around 0.24.
These results indicate that the model maintains good stability and generalization performance, even
during long-term path integration.

Figure 3(d) shows the evolution of weight distributions over training epochs and the area of each
curve is 1. Input-to-recurrent weights followed a symmetric bell-shaped distribution, with the center near
zero. By the end of training, the mean value was 0.0198, with about 70% of weights in [-0.11, 0.09],

Electronic Research Archive Volume 34, Issue 1, 1-30.



14

indicating that only a small subset of recurrent-layer units with strong connections from the input layer
were affected by input stimuli. Recurrent-to-recurrent weights exhibited a similar pattern (mean: -
0.002, 70% in [-0.112, 0.119]), suggesting weak inhibitory interactions. Recurrent-to-output weights
were also narrowly distributed (mean: 0.0042, 90% in [-0.03, 0.07]).
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Figure 3. Visualization of RSNN training and testing stages.
3.3. Neural representations

During the execution of path integration, the RSNN spontaneously develops a variety of
representational units whose firing patterns resemble those of biological neurons, including locomotor
and spatial units. The diverse firing patterns of recurrent-layer units in RSNN are illustrated below.
The criteria for quantifying the neural representation scores are described in methods, with score
thresholds set as follows:

Direction,, = 0.3, Speed;, =0.5, Border,; = 0.4, and Stripe;, = 0.3.

We further verified the robustness of these thresholds by varying them within a + 0.1 range. The
number and proportion of different unit types remained largely unchanged under these perturbations,
indicating that the classification of units is stable. Appendix Figure A2 compares the unit type
distributions obtained using the default thresholds and the elevated thresholds, showing highly
consistent patterns.
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To better visualize the representations of locomotor units, we restrained the speed range from
0 to 0.2 (accounting for 95% of observed speeds), and generated 1000 trajectories, each with
10,000 time steps.

For HD wunits, we computed the mean firing rates across direction intervals

o 36
{[10(j-1), 10/] }j:1 while keeping speed fixed. The mean firing rate for a direction interval was

calculated by dividing the total number of spikes emitted when the input direction was within that
interval, by the total number of time steps it spent in that interval.

For speed units, we computed the mean firing rates across speed intervals {[0.01(j-1),0.01/]} f:ol

while keeping direction fixed, using calculation method like HD units.

The result of locomotor units is summarized in Figure 4.

Figure 4(a) shows examples of HD units. The horizontal axis represents direction stimuli (0°
to 360°), and the vertical axis indicates firing rates. Subplot titles show the direction scores. The top
two rows display HD units, while the bottom two rows show units with no clear directional preference.
Figure 4(b) shows examples of speed units. The horizontal axis denotes speed stimuli (0 to 0.2), and
the vertical axis indicates firing rates. Subplot titles show the speed scores. The top two rows are speed
units, while the bottom two rows show units with no clear response to speed.

0.55 0.58 0.61 0.58 0.99 0.99 0.98 0.99
~ _0.58 0.61 0.67 0.68 ~ _1.00 0.99 099 0.96
S S
v [72]

2 2
S 006 006 _0.02 0.01 & 0.12 0.17 0.13 0.16
&n en
g g
= )
[+ [+
0.03 0.02 0.01 0.14 0.22 0.27 0.03 0.39

Angle (0°-360°) Speed (0-0.2)
(a) Direction classes (b) Speed classes

Figure 4. Firing rates and scores of direction classes and speed classes.

From the perspective of spatial units, we also generated 1000 trajectories, each with 10,000 time
steps (determined by Egs (8)—(10)). Take the square environment as an example: The environment is
first evenly partitioned into L % L (L = 32). For each spatial region, the mean firing rate of a unit was
obtained by dividing the total number of spikes emitted by the unit when the real trajectory fell within
that region by the total number of time steps in which the position in the real trajectory was located in
that region. The resulting mean firing rate maps were then visualized as Figure 5, where color intensity
reflects the magnitude of the firing rate in each region.

(1) Locomotor units: In the square environment (lrangey,4re =4),23.6% (121 out of 512) of units

in the RSNN met the criteria for HD units, as illustrated in Figure 5(a) (top two rows). Most of these
HD units exhibited a clear preference for a single preferred orientation, consistent with experimental
findings in rodents [40]. Units without obvious directional preference (Direction; < Direction,,)
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accounted for 13.9% (71 out of 512), excluding silent units (defined as those with zero firing rates
under input stimuli). Additionally, 30.7% (157 out of 512) of units in the RSNN met the criteria of
speed units, as shown in Figure 5(b) (top two rows). Among them, 21.1% (108 out of 512) exhibited
positive correlation with locomotion speed, while 9.6% (49 out of 512) showed negative correlation.
Units with no clear speed selectivity (exhibiting similar firing rates across different speeds, excluding
silent units) accounted for 13.7% (70 out of 512).

(i1) Spatial units: We considered four types of environments — square arena, triangular arena,
combined arena and circular arena — to investigate the spatial representation of units under varying
spatial geometries. Specifically, for the triangle and the combined environment, the bias terms (5", 5°*)
of the network were fixed to zero vectors, while all other parameters were kept consistent with those
in Table 1. The results are presented in Figure 5.
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Figure 5. Spatial units in different environments: border units, stripe units, and other units.

In the square environment (top row of Figure 5) the RSNN developed border units that fired
strongly near boundaries. Additionally, stripe units exhibited one to three spatially parallel bands, with
their orientations largely aligned to the boundaries. A small subset of units (4 out of 512) displayed
grid-like responses, as identified through visual inspection; however, unlike the typical hexagonal
periodic firing, these units showed a quadrilateral pattern of activity.
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In the triangle environment (second row of Figure 5), some units still showed strong firing rates
near boundaries. Stripe units remained prevalent, with firing patterns showing curvature. Notably,
some units exhibited boundary-selective firing patterns (i.e., the second row of other units in the
triangle environment), similar to boundary vector cells (BVCs) identified in rodents [42].

To further investigate the influence of environmental geometry on spatial representations, we
designed a combined environment composed of a rectangle and triangle with equal areas (third row of
Figure 5). The RSNN similarly developed border and stripe units. The stripe units exhibited 2 to 3
firing bands. Unlike previous environments, band-like responses in this combined environment were
tilted and did not strictly align with the edges of either the rectangle or triangle. Border units continued
to fire around environmental edges, with some encoding both triangle and rectangle boundaries.

In the circle environment (bottom row of Figure 5), border units fired locally around specific arc
segments, a pattern consistent with classical border cells, which typically respond to successive edges
in a direction range [45]. This supports the result that the geometric structure of the environment shapes
the receptive field properties of border cells [46]. The network under the circle environment also gave
rise to distinct types of response units, including stripe units exhibiting one to three firing bands, as well
as a subset of emergent place units, grid units, and BVCs. Notably, the band-like responses also exhibit
a tilt orientation similar to BVCs, suggesting a close functional relationship between the two again.

These results demonstrate that the RSNN can develop locomotor and spatial representations
across diverse environments. The emergence of such representations enables the network to infer
environmental features and perform path integration effectively. This provides a new
computational perspective for understanding how biological neural systems learn and adapt to
different spatial contexts.

3.4. Evolution of spatial units

The spatial response patterns of both stripe and border units exhibited strong consistency across
different environments, indicating that these representations are not tied to any specific geometry but
instead reflect a more generalizable spatial coding mechanism. To further investigate the relationship
between these two unit types and to understand how such structured responses develop over the course
of training, we examined the temporal evolution of their firing patterns during training in the square
environment, as shown in Figure 6. As the learning rate was reduced to 107 after epoch 6000, we
extended the evaluation for another 1000 epochs to further observe the stability of the emergent
biological neural representations.

In Figure 6(a), most units that developed final border sensitivity showed strong responses to
environmental boundaries in early training stage and maintained stable firing patterns throughout. A
few units transiently exhibited border-stripe conjunctive responses during middle training stage but
eventually evolved to stable boundary responses, suggesting that border units are generally stable. In
Figure 6(b), units that develop final stripe sensitivity remained largely neither border or stripe during
the early training stage and gradually developed stable band-like responses in the later stages,
indicating that their response patterns required extended learning and implying the crucial role of input
from other types of units in the recurrent layer. Notably, some final stripe units initially exhibited
boundary responses, highlighting a strong developmental link between the two unit types. Figure 6(c)
presents final border-stripe conjunctive units identified at the end of training. Some units initially
responded to boundaries, gradually developed band-like responses during middle training stage, and
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eventually stabilized as co-encode units that integrate both spatial features.
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Figure 6. Evolution of spatial units during training.
3.5. Connection patterns and collaborative analysis

After characterizing the developmental trajectories of spatial units, we next shifted our focus to
all functionally meaningful units in the network in order to better understand their collective
organization. To probe the functional connectivity between spatial units and locomotor units, we first
quantified the numerical composition of each unit type and visualized their overall distribution.
Building on this, we examined how unit types relate to the incoming connection weights, allowing us
to assess whether units with spatial selectivity also exhibit distinctive connectivity patterns. This
analysis provides a more integrated view of how diverse functional representations co-emerge and
interact within the network.

As shown in Figure 7(a), spatial units more often co-encode information with locomotor units
than appear in isolation, whereas many locomotor units encode independently, with some also forming
conjunctive representations with spatial units. Within the locomotor category, speed-HD conjunctive
units make up a substantial proportion. Strikingly, stripe-speed-HD conjunctive units account for
nearly half of all stripe units, a pattern absent among border units, suggesting that stripe units are
strongly linked to the presence of locomotor units.

In Figure 7(b), 110 units with spatial representations were classified into border, stripe, and
border-stripe conjunctive units, and subsequently were mapped based on their speed and direction
scores to analyze their coupling with locomotor units. Among border units, 44.0% (11 out of 25)
exhibited high scores in both speed and HD metrics, and 32.0% (8 out of 25) responded strongly
to either speed or orientation alone. Notably, the units with conjunctive sensitivity to boundaries
and orientations were similar to biologically observed BVCs [42]. A majority of stripe units, 70.7%
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(41 out of 58), exhibited high scores in speed and direction scores, suggesting their involvement
in encoding both spatial and locomotor information. Similarly, 44.4% of border-stripe conjunctive
units (12 out of 27) were located in high speed and high direction score regions, suggesting
integration of spatial and locomotor information, akin to units that co-encoded position and
movement [47].

In Figure 7(c), 183 units with locomotor representations were classified into speed, HD and
speed-HD conjunctive units, and subsequently were mapped based on their border and stripe scores to
analyze their coupling with spatial units. The majority of speed units (61.3%, 38 out of 62) exhibited
low scores in both dimensions, indicating that they primarily performed independent encoding. A
smaller subset (38.7%, 24 out of 62) showed high stripe or border scores, facilitating involvement in
spatial representation. Most HD units were also spatially independent, with 73.1% (19 out of 26)
located in regions of low border and stripe scores. Only a small proportion (26.9%, 7 out of 26) showed
high stripe or border scores. These results indicate that locomotor units predominantly encoded
movement-related information without strong spatial associations. Nevertheless, a minority of
locomotor units were spatially linked, facilitating information integration. Notably, speed-HD
conjunctive units were distributed relatively evenly across the four regions defined by border and
stripe score thresholds, reflecting their diverse encoding properties. Figure 7(b) and Figure 7(c)
together demonstrate that locomotor units (HD/speed) are functionally upstream of the spatial units
(border/stripe), since the locomotor information encoding is relatively independent and the
majority of spatial units contain locomotor information, mathematically consistent with their
function in path integration.
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We also analyzed the incoming connection weights of spatial units. For each unit, incoming
weights from other units were ranked from largest to smallest, and the largest k values (Top-k, k=1,
2, ..., 512) were selected. We then quantified the number and weight distributions of connections from
border or stripe units to different unit types (grid, stripe, border and non-spatial). In Figure 8, as k
increased, grid units progressively established more connections from stripe units, although the
corresponding weights remained relatively small. This pattern suggests that the two-dimensional
periodicity of grid units may rely on integrating multiple one-dimensional periodic inputs from stripe
units. In contrast, connections from border units exhibited higher weight values, underscoring the
importance of salient boundary information in stabilizing grid activity. Border and stripe units both
received more connections from border units than from stripe units, although their weight distributions
showed no clear preference. Figure 8 further shows that non-spatial units received fewer connections
from border and stripe units. When k£ = 50, nonspatial units had only about 0.05 ratio of connection
numbers, underscoring their limited direct involvement in spatial representation.
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Figure 8. Connection weights of spatial units and non-spatial units.

Compared with nonspatial units, spatial units formed more connections from both border and
stripe units, with an overall stronger connectivity from border units. In particular, in grid units, the
preference for stripe units eventually exceeded that for border units. These results suggest that border
units serve as a salient feature in navigation, and stripe units play an important role in facilitating
complex spatial encoding (grid units).

Overall, spatial units, particularly border and stripe units, played a crucial role in integrating
spatial and locomotor information, while locomotor units operated independently. These results
suggest that locomotor units may predominantly occupy upstream positions to process primary input
stimuli, and then transmit information through locomotor-spatial conjunctive units. These results
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provide important insights into the functional differentiation and synergistic mechanisms among unit
types during path integration.

3.6. Ablation experiments

To further investigate the functional contributions of border and stripe units in path integration,
we conducted an ablation experiment on spatial representation units within the RSNN. Specifically,
among the 110 units exhibiting spatial representations, those with distinct spatial units (border and
stripe units) were selected, and a control group was concurrently established, comprising the top 30
high weight units defined by the absolute magnitude of their incoming connection weights, then were
randomly deleted at different proportions. The resulting impact on model performance in path
integration was evaluated and is shown in Figure 9. Across all pruning ratios, the removal of stripe
units consistently led to the most significant degradation in path integration performance, followed by
border units. In contrast, pruning high weight units resulted in comparatively minor increases in testing
loss. This pattern strongly suggests that, within our RSNN model, spatially tuned units — particularly
stripe units — contribute more critically to successful path integration than units whose prominence is
solely defined by the magnitude of their connection weights. This observation underscores the idea
that spatial tuning within the RSNN arises from complex recurrent dynamics rather than being solely
determined by the strength of individual connections.
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Figure 9. Ablation analysis of spatial units and high weight units.

4. Conclusions

We constructed and trained a recurrent spiking neural network (RSNN) for path integration to
simulate animal navigation. The model achieves relatively accurate path integration and
automatically develops locomotor and spatial firing patterns resembling those of biological neurons,
indicating both functional effectiveness and biological plausibility. This aligns with an important
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goal of our work, which is to develop a modeling framework that is both biologically grounded and
computationally efficient.

In contrast to conventional RNNs that relied on continuous-valued signal transmission, the RSNN
transmits information through sparse spiking sequences, better reflecting the discrete and event-driven
nature of information processing in biological neural systems [16,48,49]. To provide a direct
comparison, we also trained a rate-based RNN under identical conditions, with representative results
shown in Appendix Figure A3. Although the rate-based model converges more smoothly and reaches
a lower training loss, it does not develop the structured spatial representations that emerge
spontaneously in the RSNN, nor does it capture the discrete signaling patterns characteristic of
biological units. From an engineering standpoint, this trade-off is well recognized: Spiking neural
networks rarely surpass rate-based neural networks in pure accuracy under identical training regimes.
Their advantages instead lie in how computations are performed — through sparse, asynchronous
updates that support low-latency processing and can be deployed efficiently on neuromorphic
hardware [19,50,51]. Moreover, unlike continuous attractor networks that rely on manually designed
or hand-tuned connection weights, the RSNN can be trained through gradient descent to autonomously
learn connection weights, while still being able to spontaneously develop diverse spatial and locomotor
representations. Compared with these conventional models, the RSNN thus provides a more
biologically plausible architecture for path integration.

The RSNN adopts a sparse coding scheme in which recurrent-layer units emit binary spike
responses, closely mimicking the discrete signaling mechanisms of biological neurons. These units
receive both recurrent spike stimuli and feedforward locomotor inputs, playing a critical role in path
integration. The loss function combines prediction error with a metabolic loss that drives the membrane
potential toward 0, consistent with biological efficiency principles [52].

The RSNN spontaneously develops diverse spatially selective units, quite similar to the
navigation-related functional neurons found in a mammal’s hippocampal formation, including border,
stripe, place, and grid cells. Grid cells have traditionally been viewed as a central component for path
integration [5], and some computational models equate accurate path integration with the emergence
of regular grid-like patterns [11]. However, recent work in deep learning suggests that the emergence
of hexagonal grid-like responses depends on constraints of specific objective functions; in the absence
of such constraints, grid-like responses tend to disappear [53]. Consistent with this view, our results
show a greater prevalence of stripe and border units without explicit objective function constraints,
and that grid units appear less frequently. This also aligns with experiments that animals are still
capable of path integration in the absence of grid cells [54,55]. In addition, the RSNN gives rise to two
locomotor unit types: speed units and HD units. These demonstrate the network's ability to encode
direction, speed, and spatial position.

In terms of functional connectivity among units, we conduct a systematic analysis of spatial units
and locomotor units. Border units are observed to have strong connectivity with locomotor units, likely
due to the frequent changes in direction and speed near boundaries. Stripe units exhibit stronger
functional associations with locomotor units, suggesting that band-like responses are associated with
richer locomotor information. Notably, the RSNN gives rise to stripe units exhibiting diverse firing
patterns in different environments. For example, in the square environment, these patterns align with
boundary orientations. More uniquely, in the triangle environment, stripe patterns can even exhibit
curvature. Locomotor units predominantly encode input stimuli independently, although some also
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contribute to spatial localization. These findings underscore their coordinated interaction in facilitating
path integration.

Across path integration tasks at short, medium, and long temporal scales, the RSNN consistently
exhibits robust generalization performance without relying on specific optimization function
constraints [44,53,56]. This suggests that spike-driven sparse coding enables effective generalization
over extended time step horizons, aligning with empirical findings of stable long-term path integration
in mammals.

Analysis of the evolution of spatial unit types during training show that border units emerge early
and remain stable throughout the process, whereas stripe units typically emerge during later stages.
Some units develop mixed representations combining boundary and band-like responses. These results
indicate that spatial encoding exhibits plasticity during the training stages.

Despite the demonstrated advantages of the RSNN in both predictive performance and biological
representation, several limitations remain. First, the training environment is relatively simple and
limited to two-dimensional planar space, and future work could extend the RSNN to more complex
three-dimensional settings or dynamic environments with obstacles to further evaluate the RSNN’s
generalization capability and the robustness of its biological representations [57].

Second, quantitative analysis of neuronal representations is limited to the square environment.
In environments with complex spatial structures, the analysis is constrained to qualitative
descriptions. Future work should develop a generalized metric to evaluate neuronal representations
across different environment.

Finally, the RSNN demonstrates inherent robustness to noise, benefitting from the membrane
reset mechanism of LIF neurons, which helps the network filter irrelevant fluctuations and extract
salient information during learning. While the use of LIF neurons and sparse spiking activity allows
our model to capture several key aspects of biological neuronal dynamics, it nonetheless remains a
simplified abstraction of real cortical circuits [58,59]. Important physiological features — such as
spike-frequency adaptation [60], dendritic nonlinearities [61], and dynamic synaptic processes
including short-term plasticity [62,63] — are not explicitly incorporated. These mechanisms are
known to shape firing regularity, temporal integration, and spatial tuning in biological neurons, and
their inclusion could further enrich the emergent representations observed in our system. Thus,
although LIF-based models provide a useful foundation for studying biological representations
emergence, they may still fall short of reproducing the full complexity of biological neuronal dynamics.
Extending the framework toward more biophysically detailed neural network models represents a
promising direction for future work [59,61,64].

While all recurrent and feedforward connection weights in our current RSNN are fully trainable,
the underlying LIF-based recurrent module is inherently compatible with reservoir-style architectures.
In principle, the recurrent layer could be reconfigured into a fixed or sparsified reservoir in future work,
with only the output readout remaining trainable. Such architectures have been shown to generate rich
temporal dynamics while substantially reducing training complexity and energy consumption,
particularly when deployed on neuromorphic hardware [65-67]. These insights suggest that our
framework could be adapted for hardware-efficient implementations without altering its core
computational principles.

Addressing the remaining limitations will further advance the development of navigation systems
with greater biological interpretability and adaptive learning capacity. By more closely emulating the
structural and functional organization of biological neural circuits, RSNN-based models may achieve
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improved generalization and provide a stronger theoretical and practical foundation for efficient, low-
power intelligent navigation systems [68,69].
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Figure A1. Illustration of Direction,, for an HD unit (left) and a non-HD unit (right). The top
panels show firing rate tuning curves. The horizontal axis indicates head direction (0°-360°),
and the vertical axis shows firing rate. Sharp peaks indicate strong directional tuning,
whereas flat curves indicate weak or absent tuning. The bottom panels provide an intuitive
view of directional tuning, where the angle shows head direction and the radial distance
reflects firing rate, making it easier to understand how the unit’s activity is concentrated in

its preferred direction.
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Figure A2. Number distribution of unit types under different thresholds. The bar plot
shows the number of units of each functional type under different threshold conditions.
Blue bars represent results using the default threshold, while yellow bars correspond to a
slightly higher threshold (+ 0.1). The results indicate that small threshold adjustments have
minimal impact on the number of units in each category, suggesting robustness of the
classification. Circles below indicate units of each type, corresponding to the labels on the
left (“Border”, “Stripe”, “HD”, “Speed”). Connected circles represent units that belong to
multiple functional types.
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Figure A3. Comparison between RSNN and rate-based RNN during training and predicted
trajectories. (a) Training losses: The RNN converges smoothly to a lower final loss (=
0.10), while the RSNN shows larger fluctuations due to LIF neuron dynamics, settling
at = 0.17. (b) RSNN spike statistics: Left, average spikes per trajectory; right, average
spikes per unit. The RSNN achieves path integration with sparse, event-driven spiking. (c)
Predicted trajectories: On some trajectories, RSNN predictions may outperform those of
the rate-based RNN, capturing finer structure and better aligning with the ground truths.
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