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Abstract: The paper studies the existence of at least two positive solutions for a nonlinear differential
equation with a fractional Riemann-Liouville derivative of variable order and nonlocal boundary
conditions. To transform the original equation into an integral equation, the Green function is
constructed and boundedness conditions for the Green function are obtained. A theorem on the
existence of at least two positive solutions to the problem is proven. An example is given that shows
the existence of two positive solutions, and approximation graphs are constructed for clarity.
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1. Introduction

Currently, differential equations with fractional derivatives are used to describe various non-local
processes in physics, chemistry, and biology [1—4], which has led to the development of the theory of
fractional differential equations. Most of the works in this area are related to the study of boundary
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value problems for linear differential equations with fractional Riemann-Liouville and Gerasimov-
Caputo derivatives [5—-8]. Recently, many works focused on the existence and uniqueness of a positive
solution to boundary value problems for non-linear fractional differential equations.

In [9], the existence and uniqueness of a positive solution to a boundary value problem for a non-
linear differential equation with a fractional Riemann-Liouville derivative of the form were studied:

Dyu(t) + f(t,u(t)) = 0,0 <t < 1,u(0) = u(l) =0,

where 1 <@ <2,and f : [0, 1] X [0,00) — [0, c0) is a continuous function.
In [10-12], a boundary value problem with a fractional Riemann-Liouville derivative of the
following forms was investigated:

¢ u(t) + a(t) fu) = 0,u(0) = 0,/ (1) = 0,1 <@ < 2,

DSu(t) + a@®) f(t,u,u’) = 0,0 <t < 1,u(0) = u/(0) =/ (0) = /(1) = 0,3 < a < 4,

respectively, where f : [0, 1] X [0, 00) — [0, c0) is a continuous function, Dy u(t) + q(2) f(¢, u(?)) = 0,

1
0<t<l,uj(O):0,0san—2,u(1):ufu(s)ds,andae(n—l,n].
0

In [13], the authors applied mixed monotone-operator methods to determine the existence and
uniqueness of positive solutions to boundary value problems for differential equations with a
fractional Riemann-Liouville derivative.

Additionally, [14—18] are devoted to the study of the existence and uniqueness of a positive solution
to boundary value problems for a nonlinear differential equation with a fractional derivative.

Moreover, at the same time, the authors of the mentioned works considered boundary value
problems for a nonlinear differential equation with a fractional Riemann-Liouville derivative with
local boundary conditions, which we think is an erroneous approach. Local boundary conditions on
the boundary do not uniquely determine the values of constant coefficients in the solution when
constructing the Green function.

Many dynamic systems exhibit fractional behavior that may vary in time or space. This means that
fractional differential equations with variable order are a realistic option to describe such processes.
Fractional derivatives of variable order are currently used for mathematical modeling in various fields.
For example, Coimbra [19] used variable orders to study the physical processes of viscoelasticity.
Several definitions of fractional derivatives of variable order have been used [20-23]. As is known,
the use of differential equations with fractional derivatives, where the order of the fractional derivative
is some constant, is not the final tool to model phenomena in nature. Currently, differential equations
with fractional derivatives of variable order are used to describe various processes in complex
physical systems. As indicated in the works [24-28], differential equations with a fractional derivative
of variable order provide a better description of non-local phenomena with changing dynamics, that
is, processes in which the interaction of objects or systems is not limited to local boundaries, but
extends over large distances, while the dynamics can change over time. Such phenomena are studied
in various fields, including physics, biology and sociology, and require the use of special methods and
approaches. Many works are devoted to numerical methods [29-32]. Boundary value problems for
differential equations with a variable-order fractional derivative arise in various fields, such as those
that describe diffusion processes in an inhomogeneous or heterogeneous medium or processes in
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which changes in the environment change the dynamics of a particle [24]. In [29], a boundary value
problem for the diffusion equation with a variable-order fractional derivative of Caputo was
investigated. Using the energy inequalities method, a priori estimates were obtained in the differential
and difference forms. In [30], the Chebyshev collocation method of the sixth kind was used to solve
the initial value problem for a nonlinear integro-differential equation with a variable-order fractional
derivative of Caputo. In [31], the approximate solutions of variable-order fractional differential
equations with the Mittag-Leffler kernel in the Liouville-Caputo sense were obtained using an
artificial neural network. In [32], an anomalous subdiffusion equation with a variable-order fractional
derivative was investigated. In this paper, a difference scheme with first-order temporal accuracy and
fourth-order spatial accuracy is proposed, and theorems on the stability and convergence of the
difference scheme are proven.

This paper investigates the existence of at least two positive solutions to a boundary value problem
for a nonlinear equation with a Riemann-Liouville fractional derivative of variable order and nonlocal
boundary conditions.

2. Fractional derivatives of variable order

Let us consider fractional derivatives, where the order of the derivative is some function a(%).

Let the functions u : [a,b] — R and « : [a,b] — (0, 1) are defined on the segment u(¢), a(t) €
Cla, b]. Then, the Riemann-Liouville and Caputo fractional derivatives of variable order be defined as

follows [27]:
1) Riemann-Liouville fractional derivative of order a(7):

o) 1 d f e
D, u(t)_r(l—a(t))dt (t =) " u(s)ds.

2) Caputo fractional derivative of order a(t):

o) o 1 f _ e,/
D, "u(t) = T —a0) (t—5)""u' (s)ds.

The Riemann-Liouville fractional integral of variable order is defined as follows [30]:

1

O = o)

t
f (t — )7 y(s)ds,

where 0 < a(?) < 1.
The following equality holds [27]:

at

d .
Dy u(t) = = Jou(o).

Let 1 < n(r) <2, and let n(r) = 1 + B(t), where n(z), 8(t) € Cla,b] , 0 < B(t) < 1. Then,

2
D0y = Lo = (L) ji-s0
i u(t)—dt e u(t) = o Jo ().

Electronic Research Archive Volume 33, Issue 9, 5829-5844.



5832

Thus, the Riemann-Liouville fractional derivative of variable order for 1 < n(f) < 2 is defined
as follows:

¢ 1 d2 t —n(t
Dy = T2 - () d? f(f — )" u(s)ds. ey

3. Statement of the problem

Let us consider a two-point boundary value problem for a nonlinear differential equation with a
Riemann-Liouville fractional derivative of variable order of the following form:

DXVu(t) + g f(t,ut)) = 0,0 <t < 1, (2)
1
. a(n- ‘ ¢ -T(a(1)
lim DG u() = 0, Dg,"u(1) = Tz)) f u(s)ds, 3)
0

where Dgt(’)u(t) is the fractional derivative of Riemann-Liouville of variable order (1), @ : [0, 1] — (1,2)

is a continuous function, 0 <6 < 1, and f : [0, 1] X [0, 00) — [0, 00) is a continuous function.

Let’s consider the case when S(f) = “(2_1 , where 8 : [0,1] — (0,1/2). Then, v(t) = a(t) — 5(1),
v:[0,1] = (1,3/2).

Since the functions a(#) and S(#) are continuous and bounded, we have the following:

t = = t = 1). 4
lla(Dllcro,1) ggg (D), 1Bl cpo.1 &fgﬁ(t), IV®llcio,1y (1)131;} V(1) 4)
4. Construction of the Green’s function

First, let us construct the Green’s function to transform the original problems (2) and (3) into an
integral equation.

Letl < " <2and 0 < 8" < 1/2 be arbitrary fixed values of the functions a(¢) and S(¢), which
satisfy the condition 1 < @* — 8" < 1.5, and u € C(0,1) N L,(0, 1) be simultaneously continuous and
summable over the interval (0, 1). Then, the following equality holds [9]:

18Dg u(®) = u(t) + Cyt" ™ + Cot™ 2, (5)

where C; e R,i =1, 2.
Let’s consider the following boundary value problem:

DXPu(t) + p(t) = 0,0 <t < 1, (6)
1
. a(-2 _ 0) _0-T(a()
lim DG u(r) = 0, D, u(1) = o) f u(s)ds. (7)
0

Using (5) and taking the arbitrariness of the choice of @*, B* into account, the solution of
problem (6), (7) for 1 < a(t) < 2,0 <B(r) < %, t € [0, 1], can be represented in the following form:

t
1
u(t) = Ct?07! 4 Cpr* 02 - —— f(t — )07 p(s)ds.
I'(@)
0
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Lemma 1. Let p(¢) € C[0, 1], 1 < a(?) < 2,and 0 < B(¢) < % Then, the only solution:

DIu(t) + p(1) = 0,0 <t < 1, (8)
1
o a(n- i 0 - I'(a(n))
lim DG *u(t) = 0, D, u(1) = Tow) Of u(s)ds, (9)
can be represented as follows:
u(t) = fG(t, s)p(s)ds. (10)
0

In equality (10), the Green’s function has the follows form:

(0= 1(1 S)v(t) 1(a/(t) 6(1 _ S)B(l)) _ (a(t) _ 6)(l _ s)a(l)—l’() <s<r<l,
G(t,s) = (1D
/l(t)F(a(t)) 12O~ — §) O () = 5(1 — s)PD),0<t < s < 1,

_ 1
where A(¥) = O

Proof. Let | < " <2,andlet 0 < 8* < 1, and 1 < v* < 2 be arbitrary fixed values of the functions
B(t) and v(¢) , respectively. Then, from the left boundary condition, we obtain C, = 0.

We have the following:

. T 1 1 ol
Dipu(t) = Cr—= @ —F) " Te - Of (t—5)" "' p(s)ds.

Then, from the right boundary condition, we obtain the following:

1 1

Ned) 1 s = S L@)

ity ~ o | 0= s = S [t
0 0

1
thatis, Cy = g f (1= ) "' p(s)ds +6 f u(s)ds.

Consequently, equahty (7) will take the following form:

1
u(t) = @ *)f(l—s)v 'pls)ds +6- 1" lofu(s)ds—r( *)f(t—s)" “Ip(s)ds
1 1
- r(a*)f [ 9 a9 s+ o f = pds v [utoas (12)
0 ; 0
ZIG(Z‘, s)p(s)ds.

0
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By integrating both parts of equality (12) over the segment, we obtain the following:

1 1

fu(s)ds:f
0 0
1
/

where G = [0~ 97—

1 1

fG’{(T, $)p(s)dt +6 - 577! fu(r)dr

0

ds

0
1 1 |

G\(t, S)p(s)des+5f”(s)dS'fz‘”*‘ldz,
0 0

0

1

11 1
Ofu(s)ds = o5 OfOfGT(T, Ip(s)drds = = Of(l — )7 'A =1 -sF)pls)ds.  (13)

Consequently, taking the arbitrariness of the choice of fixed values a*, 8, v* and equality (12)
and (13) into account, the Green’s function will take the form (11).

Lemma 2. The Green’s function defined by equality (11) satisfies the following conditions:

ta(t)—l(a,(t) _ (5(1 _ S)ﬂ(l)) o1
0<G(t,s) s — o sme (=9 se o1, (14)

r(t) - g(s) < G(t,s) < g(s), tse]0,1], (15)

where

_ lla@Il (le@ll - 6) + 5S|w<r)||(1 _ MO gy = MO - [IBO)I (1 + 5)'

8= (lee@Il = ST ([l lla@Il ()l = 6) + 6

Proof. Let us represent the Green’s function as follows:

B 12O-15(1 = (1 = 5)P0) -1
G(t,s) = G\(t,s) + PO (1= >0,

where ,
G\(t,s) = @ [ta(t)—l(l _ s)v(t)—l —(t- S)w(t)—]] > 0,
~ ta(z)—16(1 _ (1 _ S),B(t)) -1 ta(z)—lo- ﬁ(l‘) . B Y1
GO an-orem Y Z Ham+ Den-or@o Y =
0<s<t<l

Therefore, condition (14) is satisfied. Let us prove that condition (15) is satisfied.

" OL5(1 = (1 — 5P

_ _ -1
G(t,5) =G, 5) + (@) = )@ (1-1)
||a(t)|| . Sllﬁ(t)l\(l _ s)llv(t)ll—l S Bl Ol-1
1 —
Qle®) el =ordeon’ Y

= B0l — gyl lla@l ()l —6) + 6
(le@®Il = Tl

= g(s),
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HeOI-15(1 — (1 = )0l i
G , =G , 1= v()—1
5) = G+ = = ore@n Y
||B(f)|| SIW(I)H(l _ S)IIV(I)II—I N ||,8(t)||6 . tlla(t)ll—l(l _ t) S”ﬁ(’)”(l ~ S)IIV(t)II—l
Je@Ol =Tl (@l - STl
) BOI (1 + ) )
— le@I-1 1= [1B@II 1= [v(@®)l|-1
o= orgean® Y

> tl\a(t)ll—l(l _ Z‘)

=r(t) - g(s).
5. Study of existence of two positive solutions of nonlinear problem

Now we will study problems (2) and (3). To prove the existence of at least two positive solutions,
we will use the algorithm proposed in [12] and generalize it to the case of a fractional derivative of
variable order.

The function will be a solution to problems (2) and (3) if and only if the function will be a solution
to the nonlinear integral equation:

1

u(t) = f G(t, 5)q(s) f(t, u(n)dt,

0

where t € [0, 1], u € C[0, 1], and G(¢, s) is the Green’s function defined by equality (11). We introduce
the following notation:

-1

1
_ 1 _ gy -1 —§(1 — g)f®
Y (t)—[(a(t)_ S @) Of (1= )" - 6(1 = s D)g(s)ds | . (16)

Based on condition (15), we can assert that Y (¢) > 0, where ¢ € [0, 1]. It follows from condition (15)
that the function G(z, s) is continuous and there exist numbers m, and M > 0 such that the following
inequality holds:

m<G(t,s) <Mt sel0,1]. 17

Suppose that the functions f(¢, u(t)), and g(¢) satisfy the following conditions:

1) f:[0,1] X [0, 00) — [0, o0) is a continuous non-decreasing function, f(z,0) # 0,

flt,u) < f(t,2) <Y(@)-v,0<u<zy=consttel0]1]. (18)
2)g:(0,1) — [0, ) is a continuous function and

1

0< f(1 — )07 g(s)ds < co. (19)

0
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Consider a real Banach space C[0, 1] with the norm ||u|| = (r)na)i |u(?)]. In this space, we define a cone
<t<

K in the following form:

K={ueCl[0,1] : u(t) > r(#) [lull,t € [0, 1]}. (20)

We define the operator 7" : C[0, 1] — C[O0, 1] as follows:
1
(Tu)(®) = fG(t, $)q(s)f(s,u(s))ds,t € [0,1],u € C[0, 1]. 21D
0

The operator T is a completely continuous operator and leaves the cone invariant K, (i.e., T(K) C K,
Yu € K).
The operator T is equicontinuous and uniformly bounded. Then, based on the Arzela-Ascoli

theorem, it is not difficult to prove that the operator is a completely continuous operator. We will
prove that T(K) € K, Vu € K.

Indeed, for any u € K, using conditions (15), (17), and (18), we obtain:

1 1
(Tu)t) = f G(t, 5)q(s)f (s, u(s))ds < f 8()q(s)f(s,u(s))ds,t € [0, 1]. (22)
0 0

It follows from inequality (22) that

1

\Tull < f 2()q(s) (s, u(s)ds, 23)

0

1 1

(Tu)(r) = f G(t, 5)q(s)f (s, u(s))ds = r(r) f 8(8)q(s)f (s, u(s))ds, 1t € [0, 1]. (24)
0

0

Using inequality (23), we obtain the following:
(Tu)(®) 2 r(2) - [|Tull. (25)

Thus, based on inequality (23), we can assert that Tu € K.
Let us consider the the following cone:

K, ={u e C[0,1] : |lu(®llc <y(¥t € [0, 1D} (26)
Let K, be the cone defined by equality (26). Then, T(K,) € K,. In fact, if u € K,,, 0 < u(s) < ||lul| <
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v, and s € [0, 1], then based on (14) and (18), we obtain the following:

1
0< (Tu)r) = fG(t, $)q(s)f(s, u(s))ds
0

fan-1

= @ —or@) 27)

1
f (1 =) a@® - 6(1 — sPD)q(s)f(s,7)
0
Y(t)y

1
R -1 _ _ (1)
> (a(r)—&na)of (1 =9 (a(®) = 6(1 = 5/"")q(s)ds

=y, te[0,1].
It follows from (23) that ||T'ul| < 7y ; therefore, T(K,) C K,.

Theorem 1. Let conditions (14) and (15) be satisfied for the function G(t, s), and let y > 0 be such
that condition (18) holds, where Y(¢) is defined by equality (16). Then, problems (2) and (3) have two
positive solutions, u;(¢) and u,(f), which satisfy conditions 0 < |[u;(?)|| < |[uz(#)|| < y. In this case,
successive approximations u‘*! = Tuf and uf*! = Tul, when k = 0,1,2, ..., converge in the norm in
space C to positive solutions u;(r) and u,(2), respectively, where u®(r) = 0 and u3(z) = y-rV~',1 € [0, 1],

and also, the following inequalities hold:
W) () < o Ui < o WD S Wp(E) < S US(E) < < up(E) < ud(0),t € [0, 1.

Proof. Let us show that successive approximations {u’l‘} form a monotonically increasing sequence
that tends in the limit to u; € K,, that is, gim v —v*ll = 0, and u,(r) € K, is a positive solution to

problems (2) and (3). We have Tu(l) =T0 =0, ”(1) € K,. It follows from the complete continuity of
the operator 7 that the set of successive approximations {u}};° / forms a sequentially compact set [33],
that is, from any sequence of its elements, one can select a subsequence converging to u;(f). Since
uj = Tul = TO € K,, then

y > uy(t) = (Tul)(®) = (TO)®) = ul(1), 1 € [0, 1].
It follows from (2) that the operator T is non-decreasing; therefore,
ui(t) = (Tup)(0) = (Tud)(t) = uj(0),t € [0, 1].

Let the inequality uf () > ut~'(¢), where 7 € [0, 1] hold for an arbitrary approximation u} € K,.
Then,
U = (Tub) (@) = (Tuk")(@) = ub (1), 1 € [0,11,k =0, 1,2, ...

From the above reasoning, it follows that there is a solution u; () € K, such that l}im ||u’{ - u_1|| = 0.

k+1

Due to the continuity of the operator 7" and the equation u;

not a solution to problems (2) and (3), then |[[u;]| > O.
From the definition of a cone, we have that u;(¢) > r(¢) ||u;(¢)|| > 0, where ¢ € (0, 1). Thus, u;(¢) is a
positive solution to problems (2) and (3).

= Tu’l‘, we obtain Tu; = u;. Since zero is
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The sequence of approximations {u}} forms a monotonically decreasing sequence and there exists
such u,(t) € K, that I}im ||u’§ - u_2|| = 0, and where u,(t) € K, is a positive solution to problems (2)
and (3). It is easy to see that ug € K,. Since T : K, — K,, then ug €T(K, CK,,k=1,2,.. From the
complete continuity of the operator 7', it follows that the set of successive approximations {u4}* / forms
a sequentially compact set. We have uy = Tu) € K,. Then, by virtue of (12), we obtain the following:

1

(Tud)(®) = f G(t, )q(s) f (s, u>(s5))dss

f (1= 5) O a(t) = 6(1 = sPD)q(s) f (s, u3(s))

V(-1
< t Yy
I'(a)

v(t)—1

f (1= )" — 6(1 = s )q(s)ds

=u)(t), tel0,1].

Consequently, u)() < ug(t). Taking inequality u}(z) < ug(t) into account and using inequality (20),
we obtain the following:

1 1

206 = (Tub)(r) = f Gt $)q(s)f (s, ub())ds < f Gt, $)q(5) f (5, d(s)ds =(Tud)(®) = ub(o), 1 € [0, 1].

0 0

Continuing this process, we obtain u5™!(t) < u(1), t € [0, 1], k = 1,2, .... From the above reasoning,
it follows that there is a solution u,(¢) € K, such that ]}im ||u’§ - u_2|| = 0. Due to the continuity of the

operator 7, it can be stated that u,(f) is a positive solution to problems (2) and (3). Since zero is not a
solution to problems (2) and (3), then ||u,(?)|| > O.
Using the inequality u%(¢) < u(2), ¢ € [0, 1], we obtain:

1 1

W (1) = (T = f G, $)q(s)f (s, u())ds < f Gt, $)q(5) f (s, 1d(s)ds =(Tud)(®) = uh(o), 1 € [0, 1].

0 0

Then, based on the induction method, we can state that u;(¢) < u,(¢), t € [0,1], when k = 1,2, ....
Thus, the theorem is proven.

6. Examples
As an example, consider the following boundary value problem:

1
WMm+4u+mm+1_Q 0<t<l,
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. (-2 _ (1) 0 - I'(a(?)
ling D) = 0.5 "ult) = e ﬁ(r))f s

Letus take a(f) = 1 +sin(t + 1), g(¢r) = 1, f(t,u) = Z” +sint+1,y=2,0=1,81) = %sin(r+ 1),
andv(t) — 1 = %sin(t + 1). Then,

1 -1
_ 1 _ -l _S(1 — O
Y() = [(a(t)—é)r(a(t)) Of (1 = )" N a(t) = 6(1 = s )ds] > 3.555.

Figure 1 shows the graph of the dependence Y(¢)-vy,t € [0, 1]. From the figure, Y*-y = - gmnl Y(t) >
<t<
7.1. Therefore, the condition f(f,u) < f(t,2) < f(1,2) <4 < 7.1 < Y(¢) - y is satisfied.

7.21 7

7.11 7

Figure 1. Dependency Y () - y,t € [0, 1] graph.

Let us construct a sequence of approximations in the following form:
0
u 1(t) =

fan-1

1
1
THOE (aa)_])F&KQ)Lfkl-sym—xa@)—(l._sww)(zgﬁ(@)3+sn1s+1)ds
0

- f(t—S)“(”‘l(a(t)— 1) l(u"(s))3 +sins+1|ds, t€[0,1,k=0,1
(a(t) — DI'(a(2)) 4\ ; 1], i P
0

and
() = 2007,
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1
+ 0! v()- N 3 :
ulg l(t) = (@O = D@ b[(l —5) (0 1(a(t) —(1- S)ﬁ( )) (Z(ug(s)) +sins + l)ds

1 f _ 1 3
- (t — 5)°® 1a(t)(—(u’;(s)) +sin s + 1)ds, k=0,1,...
(a(r) — DI(a(2)) Y 4

We construct the approximation graphs using the Mathcad package. Figure 2 shows the first

approximations u}(¢), uj(), and u3(?).

2 T T T T
4
L,
L
-,-
’
o 1.5f . T
u2 e ’
1 _I'
Moy o .
1 I L T
ul ,.’ PP
0.5f AP ARNRPITELLLL L 1
r'a". ......
THE
j’. 1 1 1 1
0
0 0.2 04 0.6 0.8
!

0-6_ "' s DR Y

Figure 3. Graphs of approximations u}(t), u(t), u(t), u7 (), and ud(r).
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From Figure 3,0 = uf <u} <uj <w3 <wuy(t) <u) =207,
Now, let us consider the case when the orders of fractional derivatives are defined as a
logistic function:

1

1
—_ht),v(t) -1= —2(1 Py

1
Hn=1+—60) =
a(1) 17 PO = 305
Letustake q(t) = 1,y=2,0=1,and b= 1. Then, Y* -y =y 0min1 Y() =72, f(t,u) < f(t,2) <
<t<
f(1,2) <4 <71 <Yy
Figure 4 shows the approximation graphs u; () , u(t), u3 (1), u3(1), u3(t), ui(¢), and u3(7) in the case
when the variable orders of fractional derivatives are defined by equalities (28). As we can see from
the figure, the approximations satisfy the following conditions: 0 = u?(t) < ui(r) < u%(t) < u%(t) <
wh < ul@) = 2001
2 = W)= :

(28)

Figure 4. Graphs of the first 3rd approximations u3(1), u,(7), u3(1), u3(t), u; (¢), uj(t), and u; (1).

7. Conclusions

The paper studied a boundary value problem for a differential equation with a fractional
Riemann-Liouville derivative of variable order and nonlocal boundary conditions. In the case of a
fractional derivative of variable order, the solutions have the property of a continuous transition
between the derivatives of integer and fractional orders. This may be of interest for media whose
properties have an explicit dependence on time. Physically, this may be due to a restructuring external
effect (electromagnetic or other) with a possible subsequent degradation of the induced properties.
The approach that we considered in the paper consisted of defining an operator that provides a smooth
continuous transition of all orders of differentiation between integer orders, which is of great
importance from the point of view of physical modeling of non-stationary processes in complex
dynamic systems.
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