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Abstract: In this work, we propose an efficient and accurate numerical scheme for computing
both the ground and first excited states of the nonlinear fractional Schrödinger eigenvalue problem.
The method is based on a fractional gradient flow with discrete normalization, reformulated via the
invariant energy quadratization (IEQ) approach to handle the nonlinear term in a linear way. Temporal
discretization is performed using a second-order Crank-Nicolson scheme, while spatial discretization
employs a Jacobi-Galerkin spectral method, yielding spectral convergence in space. We rigorously
prove the discrete energy-decay property with respect to a modified energy functional. The resulting
fully discrete scheme can compute different states simply by varying the initial condition, without
altering the algorithmic framework. Numerical experiments confirm its high accuracy, efficiency, and
robustness, and demonstrate its capability to capture intricate solution structures across a wide range
of fractional orders and nonlinear interaction strengths.
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1. Introduction

The nonlinear Schrödinger equation (NLSE) is a fundamental nonlinear partial differential equation
with a extensively spectrum of applications, including quantum mechanics [1], fluid dynamics [2],
plasma physics [3], Bose-Einstein condensation [3], and nonlinear optics [4]. Owing to its remarkable
versatility, it serves as a cornerstone in modeling a wide variety of nonlinear wave phenomena in
both classical and quantum settings, ranging from the propagation of optical pulses in fibers, to the
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dynamics of deep-water waves, and to the description of macroscopic quantum states in superfluids
and condensates. The NLSE extends the classical linear Schrödinger equation by incorporating weak
nonlinear effects of either quantum or classical origin, thereby enabling the modeling of self-interaction
mechanisms, amplitude-dependent phase shifts, soliton formation, and modulational instabilities.
These nonlinearities often arise from the interaction of the wave field with the medium, leading to
feedback effects that are absent in purely linear theories. In many physical settings, the nonlinearity
takes the form of a cubic (Kerr-type) term, which captures the leading-order self-phase modulation,
although higher-order, saturable, or nonlocal nonlinearities may also appear in specialized contexts
such as high-intensity laser propagation, dipolar Bose-Einstein condensates, or nonlocal optical media.

The specific form of the NLSE may vary depending on the physical model under consideration,
with one of the most commonly studied versions given by

i∂tφ(x, t) = (Dx + V(x) + β|φ(x, t)|2)φ(x, t), x ∈ Ω ⊆ Rd, (1.1)

where φ(x, t) is a complex-valued function representing the wave function or the amplitude of wave
modulation, i =

√
−1 denotes the imaginary unit, and V(x) denotes the potential. The parameter β

describes the intensity of local (or short-range) interactions between particles, and in this context, we
focus on the case where β ≥ 0 (indicating repulsive interactions). Let Ω = (−L, L)d with d = 1, 2 be
the bounded domain. This equation poses significant challenges for finding exact solutions to practical
problems. However, researchers have devised numerous analytical and numerical techniques to study
its solutions, including perturbation theory, variational methods, numerical simulations, and inverse
scattering methods, each offering unique insights into the behavior of nonlinear waves.

Building upon the classical Schrödinger equation of integer order, Laskin [5, 6] introduced the
fractional Schrödinger equation by extending the Feynman path integral to the Lévy integral. This
formulation generalizes the traditional model to incorporate fractional-order derivatives, thereby
capturing a wider range of quantum dynamical behaviors. In its dimensionless form, the nonlinear
fractional Schrödinger equation (NFSE, for short) is given by

i∂tφ(x, t) = (Dα
x + V(x) + β|φ(x, t)|2)φ(x, t), x ∈ Ω ⊆ Rd, (1.2)

where α represents the fractional derivative order and Dα
x is the Riesz fractional operator, defined via

the pseudo-differential form

Dα
xφ = F −1(

d∑
j=1

|k j|
α(F φ)(k)), x,k ∈ Rd, α ∈ (0, 2], (1.3)

where F g(k) =

∫
R

g(x)e−ikxdx, x, k ∈ R denotes the Fourier transform of a function g(x), and F −1

denotes the Fourier inverse transform. Here, k = (k1, k2) and d = 1, 2 (extensions to higher dimensions
are also possible).

The Riesz fractional operator is equivalent to the fractional Laplacian operator −(−∆)α/2 [7–9] in
the one-dimensional (1D) setting and under the homogeneous Dirichlet boundary conditions

− (−∆)α/2φ(x) = −C1,α

∫
R

φ(x) − φ(y)
|x − y|1+α

dy, x ∈ R, α ∈ (0, 2], (1.4)
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where C1,α is a normalization constant given by

C1,α =
2α−1αΓ((1 + α)/2)
√
πΓ(1 − α/2)

=
Γ(1 + α) sin(απ/2)

π
, α ∈ (0, 2]. (1.5)

However, in two or higher dimensions, these operators defined in (1.3) and (1.4) are generally
not equivalent.

To compute the stationary states of (1.2), we employ the following ansatz:

φ(x, t) = e−iλtψ(x), x ∈ Ω ⊆ Rd, (1.6)

where λ ∈ R is the eigenvalue and φ(x) is the corresponding time-independent wave function.
Substituting (1.6) into (1.2) and imposing the relevant conditions yields the nonlinear fractional
Schrödinger eigenvalue problem: Find ψ(x) and λ ∈ R such that

(Dα
x + V(x) + β|ψ(x)|2)ψ(x) = λψ(x), x ∈ Ω ⊆ Rd,

ψ(x) = 0, x ∈ Ωc = Rd/Ω,
(1.7)

subject to the normalization constraint

‖ψ‖2 :=
∫

Ω

|ψ(x)|2dx = 1, (1.8)

where ψ(x) represents a real-valued eigenfunction, and V(x) is taken to be either a real-valued harmonic
trapping potential that reads as

V(x) =

 1
2γ

2
x x2, d = 1,

1
2

(
γ2

x x2 + γ2
yy2

)
, d = 2,

(1.9)

or, alternatively, a combination of a harmonic potential and an optical lattice potential

V(x) =

 1
2γ

2
x x2 + ηx

(
sin2(πx)

)
, d = 1,

1
2

(
γ2

x x2 + γ2
yy2

)
+ ηy

(
sin2(πx) + sin2(πy)

)
, d = 2.

(1.10)

Then, for the constrained NFSE given by (1.7) and (1.8), the free energy Eβ(ψ) and the associated
eigenvalue λ corresponding to an eigenfunction ψ(x) can be expressed as

Eβ(ψ) :=
∫

Ω

(∣∣∣D α
2
x ψ(x)

∣∣∣2 + V(x)|ψ(x)|2 +
β

2
|ψ(x)|4

)
dx, (1.11)

and
λ(ψ) :=

∫
Ω

(∣∣∣D α
2
x ψ(x)

∣∣∣2 + V(x)|ψ(x)|2 + β|ψ(x)|4
)
dx

= Eβ(ψ) +
β

2

∫
Ω

|ψ(x)|4dx.
(1.12)

In recent years, the computation and analysis of eigenvalues and eigenfunctions for the fractional
Schrödinger eigenvalue problem have attracted considerable attention in the field of computational
mathematics. On the theoretical side, various results have been established. For instance, [10] provided
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estimates for the first eigenvalues of the fractional Laplacian in a spherical domain. Dyda et al. [11]
derived bilateral bounds for the eigenvalues of the fractional Laplace operator in the unit sphere under
Dirichlet boundary conditions. In their work, the classical Rayleigh-Ritz variational method was
employed to obtain upper bounds, while the lower bounds were obtained using the less commonly
known Aronszajn method. In [12], an explicit upper bound formula for the eigenvalue gap of a general
Schrödinger operator was presented. The isoperimetric parts of the theorems in that work demonstrate
that the bounds are sharp for the fundamental eigenvalue gap, as well as for infinitely many other
eigenvalue gaps. A Weyl-type asymptotic formula for the eigenvalues of the fractional Laplace operator
on the interval (−1, 1), along with accurate bounds for the first few eigenvalues, was provided in [13].
In [14], the eigenvalue problem of the Laplace operator, with and without a potential term, was studied
in bounded domains. Furthermore, an estimate of the gap between the first two eigenvalues of the
Schrödinger operator was established in [15].

Complementing these theoretical developments, numerous efficient numerical methods have been
proposed to compute the eigenvalues and eigenfunctions of fractional Schrödinger-type problems.
Early work, such as [16], investigated both the ground and excited states of the one-dimensional
linear and nonlinear fractional Schrödinger equation in an infinite potential well using finite difference
discretizations. Subsequent studies expanded the range of numerical strategies. For instance, [17]
proposed a finite element approximation for fractional eigenvalue problems and provided a detailed
convergence analysis. High-accuracy spectral approaches have also been widely explored: In [18],
the Galerkin spectral method was employed to compute eigenvalues of Riesz fractional partial
differential equations with homogeneous Dirichlet boundary conditions, while [19] utilized a Fourier–
Legendre–Galerkin framework for PDEs with a local fractional Laplacian, focusing on fundamental
gap computations. Building on these ideas, [20] developed a Jacobi-based method for evaluating
eigenvalue gaps and their statistical distributions in fractional Schrödinger problems. Other problem
settings have also been addressed, including the Schrödinger-Poisson system treated by a two-grid
centered difference scheme in [21], and the computation of two distinct states of the fractional
Schrödinger operator using a Jacobi spectral scheme in [22]. More recent developments include
the efficient spectral algorithms in [23] for eigenvalue problems involving the integral fractional
Laplacian on high-dimensional balls, and the pseudo-spectral computations in [24] for stationary states
and dynamics of space-fractional Schrödinger-Pitaevskii equations. In addition to these traditional
numerical techniques, advanced machine learning approaches have emerged: For example, [25]
introduced a neural-network-based framework capable of computing the first thirty eigenvalues for
a variety of fractional Schrödinger operators.

While a variety of numerical methods have been developed for fractional Schrödinger-type
eigenvalue problems, most existing approaches either involve intricate nonlinear solvers, offer only
limited spatial accuracy, or require elaborate arguments to establish energy stability particularly for
nonlinear cases and for computing excited states. To address these limitations, we propose a unified
and fully linear numerical framework for the nonlinear fractional Schrödinger eigenvalue problem,
formulated within a fractional gradient flow with discrete normalization. Motivated by [16, 26], the
scheme employs a Jacobi-Galerkin spectral discretization in space, achieving exponential convergence,
and a second-order Crank-Nicolson time integration based on the IEQ approach [27–29], which enables
a concise and rigorous proof of the discrete energy-decaying property. This fully discrete method can
compute both ground and first excited states within the same algorithm, simply by selecting different
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initial conditions, without modifying the discretization or stability analysis. Compared with traditional
semi-implicit Euler or fully nonlinear methods, the proposed approach delivers higher efficiency,
improved spatial accuracy, and a cleaner theoretical foundation for energy stability.

The remainder of this paper is organized as follows. Section 2 introduces a fractional gradient
flow with normalization for the nonlinear fractional Schrödinger eigenvalue problem, followed by its
reformulation via the IEQ method. The corresponding time discretization is then presented, and the
energy dissipation law is subsequently established. Section 3 describes the Jacobi-Galerkin spectral
scheme employed to compute both the ground and first excited states of the fractional Schrödinger
eigenvalue problem. Section 4 provides numerical experiments illustrating the accuracy and efficiency
of the proposed approach for these two states. Finally, Section 5 concludes the paper with a summary
and discussion of potential future research directions.

2. Fractional gradient flow and its temporal discretization

In this section, we introduce a fractional gradient flow formulation for the nonlinear fractional
Schrödinger eigenvalue problem, aimed at computing both the ground and first excited states, which is
then reformulated via the IEQ method. Based on this formulation, we design an efficient time-discrete
scheme and rigorously establish its corresponding energy-decay property under the modified energy.

2.1. Fractional gradient flow

Define the discrete time step as ∆t = T
K > 0, with t ∈ [0,T ] and tn = n∆t for n = 0, 1, 2, . . . ,K.

Analogous to the classical case, the fractional gradient flow can be viewed as a steepest-descent
evolution for the energy functional Eβ(u) without constraints, followed by a projection of the solution
onto the unit sphere at the end of each time interval so as to satisfy constraint (1.8). Accordingly, the
discrete normalized fractional gradient flow for the NFSE can be formulated as follows:

ψt = −
(
Dα

x + V(x) + β|ψ|2
)
ψ, x ∈ Ω ⊆ Rd, t ∈ (tn, tn+1), (2.1)

ψ(x, tn+1) := ψ(x, t+
n+1) =

ψ(x,t−n+1)

‖ψ(x,t−n+1)‖
, x ∈ Ω ⊆ Rd, n ≥ 0, (2.2)

ψ(x, t) = 0, x ∈ Ωc, t ∈ [0,T ], ψ(x, 0) = ψ0(x), x ∈ Ω, (2.3)

where ψ(x, t±n+1) = lim
t→t±n

ψ(x, t) and ‖ψ0‖ = 1.

From a numerical perspective, the fractional gradient flow defined in (2.1) can be solved using
standard time-stepping methods, with normalization readily enforced via a projection step at the end
of each time interval.

Specifically, we set

ψ̃(·, t) =
ψ(·, t)
‖ψ(·, t)‖

, t ∈ [0,T ]. (2.4)

For the classical case with integer derivative α = 2, the energy-decay property of both the
normalized gradient flow and its discrete counterpart were established in [26]. Following the same
idea, we extend the analysis to the fractional setting and verify that the same property holds in the
following theorem.
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Theorem 2.1. Assume that V(x) ≥ 0, ∀x ∈ Ω, β ≥ 0, and ‖ψ0‖ = 1. Then:

(i) ‖ψ(·, t)‖ ≤ ‖ψ(·, 0)‖ = 1, tn ≤ t ≤ tn+1, n ≥ 0.

(ii) For β ≥ 0,
Eβ(ψ(·, t)) ≤ Eβ(ψ(·, t′)), tn ≤ t′ ≤ t ≤ tn+1, n ≥ 0. (2.5)

(iii) For β = 0,
E0(ψ̃(·, t)) ≤ E0(ψ̃(·, 0)), tn ≤ t ≤ tn+1, n ≥ 0. (2.6)

Proof. (i) Multiplying ψ on both sides of Eq (2.1) and integrating over Ω yields∫
Ω

ψ · ψtdx =
1
2

d
dt

∫
Ω

ψ2dx = −

∫
Ω

(
Dα

xψ · ψ + V(x)ψ2 + β|ψ|2 · ψ2
)
dx.

Using the property of the fractional operator [30, 31], we obtain

1
2

d
dt
‖ψ‖2 = −

∫
Ω

(∣∣∣D α
2
x ψ

∣∣∣2 + V(x)
∣∣∣ψ∣∣∣2 + β

∣∣∣ψ∣∣∣4)dx ≤ 0, tn ≤ t ≤ tn+1, n ≥ 0,

which implies (i).
(ii) Similarly, by the property of the fractional operator, we have

d
dt

Eβ(ψ) = 2
∫

Ω

(
D

α
2
x ψ · D

α
2
x ψt + V(x)ψ · ψt + β|ψ|2ψ · ψt

)
dx

= 2
∫

Ω

ψt

(
Dα

xψ + V(x) · ψ + β|ψ|2 · ψ
)
dx

= −2
∫

Ω

|ψt|
2dx ≤ 0, tn ≤ t ≤ tn+1, n ≥ 0,

(2.7)

which implies (ii) and (iii).

2.2. Reformulation and temporal discretization

To illustrate the main idea of the IEQ method, we take the normalized fractional gradient flow as an
example. We introduce the auxiliary variable q = ψ2 and reformulate the system as

ψt = −
(
Dα

x + V(x) + βq
)
ψ, x ∈ Ω ⊆ Rd, t ∈ (tn, tn+1), (2.8)

ψ(x, tn+1) := ψ(x, t+
n+1) =

ψ(x, t−n+1)∥∥∥ψ(x, t−n+1)
∥∥∥ , x ∈ Ω ⊆ Rd, n ≥ 0, (2.9)

ψ(x, t) = 0, x ∈ Ωc, t ∈ [0,T ], ψ(x, 0) = ψ0(x), x ∈ Ω, (2.10)

qt = 2ψψt. (2.11)

The associated energy functional can then be reformulated as

Eβ(ψ, q) :=
∫

Ω

(∣∣∣D α
2
x ψ(x)

∣∣∣2 + V(x)|ψ(x)|2 +
β

2
|q(x)|2

)
dx. (2.12)
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Moreover, the eigenvalue corresponding to the nonlinear fractional Schrödinger equation can be
expressed as

λ(ψ, q) :=
∫

Ω

(∣∣∣D α
2
x ψ(x)

∣∣∣2 + V(x)|ψ(x)|2 + β|q(x)|2
)
dx

= Eβ(ψ, q) +
β

2

∫
Ω

|q(x)|2dx,
(2.13)

With the reformulated variable, the following energy stability property still holds.

Theorem 2.2. Assume that V(x) ≥ 0, β ≥ 0, and ‖ψ0‖ = 1. Then, the solution (ψ, q) of the reformulated
systems (2.8)–(2.11) satisfies:

(i) ‖ψ(·, t)‖ ≤ ‖ψ(·, 0)‖ = 1, tn ≤ t ≤ tn+1, n ≥ 0.

(ii) For β ≥ 0,

Eβ(ψ(·, t), q(·, t)) ≤ Eβ(ψ(·, t′), q(·, t′)), tn ≤ t′ ≤ t ≤ tn+1, n ≥ 0. (2.14)

Proof. (i) By multiplying (2.8) by ψ and integrating over Ω, we obtain∫
Ω

ψ · ψtdx =
1
2

d
dt

∫
Ω

ψ2dx = −

∫
Ω

(
Dα

xψ · ψ + V(x)ψ2 + βq · ψ2
)
dx. (2.15)

From (2.11), integrating from 0 to t gives q = ψ2. Hence,

1
2

d
dt
‖ψ‖2 = −

∫
Ω

(∣∣∣D α
2
x ψ

∣∣∣2 + V(x)
∣∣∣ψ∣∣∣2 + β

∣∣∣q∣∣∣2)dx ≤ 0, tn ≤ t ≤ tn+1, n ≥ 0. (2.16)

This proves the result in (i).
(ii) Differentiating Eβ(ψ, q) with respect to time yields

d
dt

Eβ(ψ, q) = 2
∫

Ω

(
D

α
2
x ψ · D

α
2
x ψt + V(x)ψ · ψt + βq · qt

)
dx

= 2
∫

Ω

(
D

α
2
x ψ · D

α
2
x ψt + V(x)ψ · ψt + βqψ · ψt

)
dx

= 2
∫

Ω

ψt
(
Dα

xψ + V(x) · ψ + βq · ψ
)
dx

= −2
∫

Ω

|ψt|
2dx ≤ 0, tn ≤ t ≤ tn+1, n ≥ 0.

(2.17)

This proves the result in (ii).

Now we construct a time-marching scheme for systems (2.8)–(2.11). Let ψn denote the numerical
approximation of any function ψ(·, tn). Our scheme is discretized in time using a second-order scheme
based on the Crank-Nicolson method, implemented in the following two steps:

• Step 1: Compute the ψn+1 and qn+1 using the numerical solutions from the previous time step:

ψn+1 − ψ̃n

∆t
= −

(
Dα

x + V(x)
)ψn+1 + ψ̃n

2
− β

qn+1 + q̃n

2
(
1
2
ψn+1 +

1
2
ψ̃n), (2.18)
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qn+1 − q̃n

∆t
= 2(

1
2
ψn+1 +

1
2
ψ̃n)

ψn+1 − ψ̃n

∆t
, (2.19)

ψn+1(x) = 0, x ∈ Ωc, ψ0(x) = ψ0(x), x ∈ Ω. (2.20)

• Step 2: Update the auxiliary variables ψ̃n+1 and q̃n+1:

ψ̃n+1(x) =
ψn+1(x)∥∥∥ψn+1

∥∥∥ , x ∈ Ω, (2.21)

q̃n+1 − q̃n

∆t
= 2(

1
2
ψ̃n+1 +

1
2
ψ̃n)

ψ̃n+1 − ψ̃n

∆t
. (2.22)

The above scheme, incorporating normalization, preserves energy stability at the discrete level, as
stated in the following theorem.

Theorem 2.3. Assume that V(x) ≥ 0 and β ≥ 0. Then the following discrete energy inequality holds:

Ẽβ(ψn+1, qn+1) ≤ Ẽβ(ψ̃n, q̃n), (2.23)

where Ẽβ(ψ, q) =

∫
Ω

(
|D

α
2
x ψ|

2 + V(x)|ψ|2 +
β

2
q2)dx.

Proof. By taking the L2-inner product of (2.18) with ψn+1 − ψ̃n, we derive

−
‖ψn+1 − ψ̃n‖20

∆t
=
‖D

α
2
x ψ

n+1‖20 − ‖D
α
2
x ψ̃

n‖20

2
+ V(x)

‖ψn+1‖20 − ‖ψ̃
n‖20

2

+β(
qn+1 + q̃n

2
(
1
2
ψn+1 +

1
2
ψ̃n), (ψn+1 − ψ̃n)).

(2.24)

By taking the L2-inner product of (2.19) with qn+1 + q̃n, we obtain

‖qn+1‖20 − ‖q̃
n‖20

2
= ((

1
2
ψn+1 +

1
2
ψ̃n)(ψn+1 − ψ̃n), (qn+1 + q̃n)).

By combining the above two equalities, the desired result follows, and the conclusion is thus verified.

3. Fully discrete scheme using Jacobi-Galerkin spectral method

In this section, we present the implementation of the above semi-discrete time-marching scheme,
in which the spatial discretization for (1.7) is carried out using the Jacobi-Galerkin spectral method.
Specifically, from (2.19), we obtain

qn+1 = q̃n + 2(
1
2
ψn+1 +

1
2
ψ̃n)(ψn+1 − ψ̃n) (3.1)

which, upon substitution into (2.18), yields

ψn+1 − ψ̃n

∆t
= −

(
Dα

x + V(x)
)ψn+1 + ψ̃n

2

− β(̃qn(
1
2
ψn+1 +

1
2
ψ̃n) + (

1
2
ψn+1 +

1
2
ψ̃n)2(ψn+1 − ψ̃n)).

(3.2)
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To efficiently solve the nonlinear system (3.2) subject to the boundary condition (2.20), we employ a
fixed-point iteration method. The detailed procedure for computing the solution of (3.2) using fixed-
point iteration is described as follows:

Step 1: Continuing iterating to calculate the numerical solutions ψn+1 until the condition

max
∣∣∣ψn+1 − ψ?,n+1

ψn+1

∣∣∣ ≤ ε (3.3)

is satisfied, where the symbol (·)?,n+1 denotes the numerical solution obtained in the previous iteration,
with the initial guess ψ?,1 = ψn, and the parameter ε is the prescribed iteration tolerance.

The iteration step is given by

ψn+1 − ψ̃n

∆t
= −

(
Dα

x + V(x)
)ψn+1 + ψ̃n

2

− β(̃qn(
1
2
ψ?,n+1 +

1
2
ψ̃n) + (

1
2
ψ?,n+1 +

1
2
ψ̃n)2(ψ?,n+1 − ψ̃n)).

(3.4)

Step 2: Using the converged solution ψn+1 from Step 1, compute (ψ̃n+1, q̃n+1) as follows:

ψ̃n+1(x) =
ψn+1(x)∥∥∥ψn+1

∥∥∥ ,
qn+1 = q̃n + 2(

1
2
ψn+1 +

1
2
ψ̃n)(ψn+1 − ψ̃n),

q̃n+1 = qn+1.

(3.5)

To complete the spatial discretization, we apply the Jacobi spectral method to the semi-implicit
scheme (3.4). For simplicity, we consider the reference domain Ω = (−1, 1). The semi-discrete
formulation of the (3.4) can then be rewritten as follows:( 2

∆t
+ Dα

x + V(x)
)
ψn+1(x) = (

2
∆t
− Dα

x − V(x))ψ̃n

− 2β(̃qn(
1
2
ψ?,n+1 +

1
2
ψ̃n) + (

1
2
ψ?,n+1 +

1
2
ψ̃n)2(ψ?,n+1 − ψ̃n)),

(3.6)

with the homogeneous Dirichlet boundary conditions

ψn+1(x) = 0, x ∈ Ωc.

To implement this scheme, we define the space H
α
2 (R) using the classical Fourier transform, as

described in [32–34]:
H

α
2 (R) = {v ∈ D′(R) : ‖v‖ α

2 ,R
< ∞},

|v| α
2 ,R

=
( 1
2π

∫
R

|ξ|α|v̂(ξ)|2dξ
) 1

2
,

‖v‖ α
2 ,R

=
( 1
2π

∫
R

(1 + |ξ|2)
α
2 |v̂(ξ)|2dξ

) 1
2
,

(3.7)
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whereD′(R) is the space of generalized functions (distribution space). Subsequently, the space H
α
2 (Λ)

for Λ = (−1, 1) is obtained from H
α
2 (R) by restriction and extension [32–34]:

H
α
2 (Λ) = {v = u|Λ : u ∈ H

α
2 (Λ)},

‖v‖ α
2

= infu∈H
α
2 (R),u|Λ=v ‖u‖ α2 ,R.

(3.8)

Given a Banach space X with norm ‖ · ‖X and a positive constant α > 0, we define

H
α
2 (Λ, X) = {u| ‖u(·, x)‖X ∈ H

α
2 (Λ, X)},

‖u‖H α
2 (Λ,X) =

∥∥∥‖u(·, x)‖X
∥∥∥ α

2 ,Λ
.

(3.9)

Finally, we define H
α
2 (Ω) and H

α
2

0 (Ω) as follows:

H
α
2 (Ω) = H

α
2 (Λ, L2(Λ)) ∩ L2(Λ,H

α
2 (Λ)),

‖u‖H α
2 (Ω) =

(
‖u‖2

H
α
2 (Λ,L2(Λ))

+ ‖u‖2
L2(Λ,H

α
2 (Λ))

) 1
2
,

H
α
2

0 (Ω) =
{
u ∈ H

α
2 (Ω), u|∂Ω = 0

}
.

(3.10)

Using the above notations, the weak formulation of (3.6) can be stated as follows: Find ψn+1 ∈

H
α
2

0 (Ω) such that, ∀v ∈ H
α
2

0 (Ω), we have(
(

2
∆t

+ Dα
x + V(x))ψn+1(x), v

)
=
(
(

2
∆t
− Dα

x − V(x))ψ̃n − 2β(̃qn(
3
2
ψ?,n+1 −

1
2
ψ̃n) + (

3
2
ψ?,n+1 −

1
2
ψ̃n)2(ψ?,n+1 − ψ̃n)), v

)
.

(3.11)

Let J−
α
2 ,−

α
2

n (x) = (1 − x2)
α
2 P

α
2 ,

α
2

n (x) for α > −2 be the generalized Jacobi function, where P
α
2 ,

α
2

n (x)
denotes the Jacobi polynomial over the interval (−1, 1). According to Theorem 2 in [35], we can derive
certain properties or representations related to these generalized Jacobi functions:

DαJ
− α2 ,−

α
2

m (x) =
Γ(m + α + 1)

m!
P

α
2 ,

α
2

m (x). (3.12)

Therefore, the following equation holds:(
D

α
2J
− α2 ,−

α
2

m (x),D
α
2J
− α2 ,−

α
2

n (x)
)

=
2α+1Γ(m + α/2 + 1)2

m!2(2m + α + 1)
δm,n.

Let PN denote the set of all polynomials of degree less than or equal to N. For α > 0, we introduce the
finite-dimensional fractional space F−

α
2 ,−

α
2

N (Ω) as

F
− α2 ,−

α
2

N (Λ) := span
{
ϕn(x) :=

√
2n + α + 1n!

2α/2+1/2Γ(n + α/2 + 1)
J
− α2 ,−

α
2

n (x), 0 ≤ n ≤ N
}
.

Hence, the Jacobi–Galerkin spectral method for (3.11) is stated as follows: Find ψn+1
N ∈ F

− α2 ,−
α
2

N (Ω)
such that(

(
2
∆t

+ Dα
x + V(x))ψn+1

N (x), vN

)
=

(
(

2
∆t
− Dα

x − V(x))ψ̃n
N

− 2β(̃qn
N(

1
2
ψ?,n+1

N +
1
2
ψ̃n

N) + (
1
2
ψ?,n+1

N +
1
2
ψ̃n

N)2(ψ?,n+1
N − ψ̃n

N)), vN

)
, ∀vN ∈ F

− α2 ,−
α
2

N (Ω).

(3.13)
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To implement the method, we first expand ψn+1
N (x) in terms of the basis functions as

ψn+1
N (x) =

N∑
i=0

ψ̂n+1
i ϕi(x), (3.14)

where ϕi(x), i = 0, · · · ,N are the basis functions of F−
α
2 ,−

α
2

N (Λ). We define the following matrices
and vectors:

Mi j = (ϕ j(x), ϕi(x)), Si j = (Dα
xϕ j(x), ϕi(x)),

Vi j = (V(x)ϕ j(x), ϕi(x)),

Fn
j = 2β(̃qn

N(
3
2
ψ?,n+1

N −
1
2
ψ̃n

N) + (
3
2
ψ?,n+1

N −
1
2
ψ̃n

N)2(ψ?,n+1
N − ψ̃n

N), ϕ j(x)),

M = (Mi j)0≤i, j≤N , S = (Si j)0≤i, j≤N , V = (Vi j)0≤i, j≤N , F = (F j)0≤ j≤N .

Substituting the expansion (3.14) into (3.13) and choosing the test functions vN = ϕ j(x), j = 0, · · · ,N,
we obtain the following matrix system:(2M

∆t
+ S + V

)
ψ̂

n+1
=

(2M
∆t
− S − V

)
ψ̂

n
− Fn, (3.15)

where ψ̂
n+1

= (ψ̂n+1
0 , ψ̂n+1

1 , · · · , ψ̂n+1
N ) is the coefficient vector representing the numerical solution

for ψn+1
N (x).

It is clear that the mass matrix M, the potential matrix V, the stiffness matrix S, and the nonlinear
term vector F are all symmetric and positive definite. The explicit expressions of M and S are given
in [18] as follows:

Si j = (Dα/2ϕ j,Dα/2ϕi) = δi j,

Mi j = (ϕ j, ϕi) =


(−1)

j−i
2

√
π(2i + α + 1)(2 j + α + 1)Γ(α + 1)(i + j)!

2α+i+ j+1Γ(α +
i+ j
2 + 3

2 )Γ(α2 +
i− j
2 + 1)Γ(α2 +

j−1
2 + 1)( i+ j

2 )!
, i + j even;

0, i + j odd.

Therefore, the linear algebraic system (3.15) can be assembled and solved directly.

4. Numerical examples

In this section, we present several numerical experiments to compute the two different states of
the NFSE in the one-dimensional case to validate the accuracy, efficiency, and applicability of the
proposed scheme.

4.1. Accuracy test

In the subsequent simulations, we set the physical domain to Ω = (−1, 1), choose the time-step
size ∆t = 0.001, and use a convergence tolerance of ε = 10−12. To evaluate the convergence rate of
the proposed method, we take the eigenvalues computed with N = 480 as the benchmark reference.
Figure 1 presents the errors of the first two eigenvalues versus the polynomial degree N for various
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values of α, plotted on a logarithmic-logarithmic scale. The results indicate that the errors decrease
rapidly as N increases, demonstrating the spectral accuracy of our proposed numerical method.

(a) λ1,N − λ1,480 in the log-log scale.

(b) λ2,N − λ2,480 in the log-log scale.

Figure 1. The errors of the eigenvalue λ1 (left) and λ2 (right) with various N and α in
logarithm-logarithm scale, respectively.

4.2. The ground and first excited states

In quantum mechanics and related physical models, the ground state refers to the lowest-energy
stationary solution of the governing equation, while the excited states correspond to stationary solutions
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with higher energy levels. These states are eigenfunctions of the underlying Hamiltonian operator and
are associated with discrete eigenvalues representing their energy. The ground state typically exhibits
no internal nodes, whereas the m-th excited state contains exactly m internal nodes in its spatial profile.

For the NFSE, the ground state represents the most stable configuration of the system, balancing
the effects of dispersion (characterized by the fractional Laplacian order α), the potential field V(x),
and the nonlinear interaction strength β. Excited states, on the other hand, describe higher-energy
configurations that can be physically interpreted as metastable or transition states, and are important in
modeling phenomena such as quantum transitions, nonlinear wave interactions, and localized modes
in fractional quantum systems.

In the following numerical experiments, we consider the domain Ω = (−1, 1) and choose the
initial condition

u(x) = sin
(
(k + 1)π(x + 1)

2

)
, x ∈ Ω, k = 0, 1, (4.1)

where k = 0 corresponds to computing the ground state and k = 1 corresponds to computing the first
excited state.

For one-dimensional Schrödinger-type eigenvalue problems, including the NFSE model we study in
this paper, the nodal properties of the eigenfunctions follow directly from the Sturm-Liouville theory:

• The ground state (lowest-energy eigenfunction) has no internal nodes in the domain Ω, except
for zeros at the boundaries due to the boundary conditions. The profile is strictly positive (or
strictly negative) across Ω, with a single smooth peak at the center and monotonic decay towards
the boundaries.
• The first excited state (second-lowest eigenfunction) has exactly one internal zero in Ω, typically

located at the domain center x = 0, and changes sign across this node, producing one positive
lobe and one negative lobe.

These properties give a straightforward criterion for identifying the states in numerical computa-
tions. In Figure 2 with free potential V(x) = 0, the panels in the left column (a), (c), and (e) display
eigenfunctions that are strictly positive in (−1, 1) with no sign changes, hence corresponding to the
ground states uα1 (x). The panels in the right column (b), (d), (f) each show a single zero crossing at
x = 0, indicating exactly one internal node; these are the first excited states uα2 (x). Physically, the
ground state represents the most stable configuration of the system, minimizing the total energy, while
the first excited state corresponds to the next higher energy mode, relevant to quantum transitions or
metastable behavior. The insets in Figure 2 further reveal boundary layers near x = ±1, which become
more pronounced when the fractional order α is small or the nonlinear interaction strength β is large,
indicating sharper localization of the wave function near the boundaries.

In Figure 3, we set V(x) = x2

2 , introducing a harmonic confining potential into the NFSE. Compared
with the free-potential case in Figure 2, the presence of this potential compresses the eigenfunctions
toward the center of the domain, resulting in narrower spatial extent and stronger central localization.
As the nonlinear interaction strength β increases, both the ground and first excited states exhibit broader
plateaus in the central region and steeper gradients near the boundaries. These steep boundary layers
are further amplified when the fractional order α is small, reflecting the reduced dispersive effect
of the fractional Laplacian. The insets in Figure 3 clearly illustrate these boundary layer structures
and their dependence on α and β, highlighting the interplay between dispersion, nonlinearity, and
external confinement.
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(a) β = 1 (b) β = 1

(c) β = 20 (d) β = 20

(e) β = 40 (f) β = 40

Figure 2. Ground states uα1 (x) (left column) and the first excited states uα2 (x) (right column)
of the one-dimensional NFSE with free potential V(x) = 0 for various values of the fractional
order α and nonlinear interaction strength β, computed by our proposed scheme.
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(a) β = 1 (b) β = 1

(c) β = 20 (d) β = 20

(e) β = 40 (f) β = 40

Figure 3. Ground states uα1 (x) (left column) and the first excited states uα2 (x) (right column)
of the one-dimensional NFSE with potential V(x) = x2

2 for various values of the fractional
order α and nonlinear interaction strength β, computed by our proposed scheme.
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5. Conclusions

In this work, we have developed an efficient and accurate numerical method for computing the
ground state and the first excited state of the nonlinear fractional Schrödinger equation. A normalized
fractional gradient flow was formulated, and the corresponding energy decay property was established
under a modified energy framework. The normalized flow was then discretized in time using a second-
order scheme based on the invariant energy quadratization approach, and in space using the Jacobi-
Galerkin spectral method. To efficiently address the nonlinear term in the fully discrete scheme, a
fixed-point iteration was employed. Several numerical experiments were carried out to compute both
the ground state and the first excited state, confirming the spectral accuracy of the proposed method in
the spatial domain and demonstrating its robustness for different parameter regimes. Future work will
focus on extending the proposed framework to a broader class of fractional partial differential equations
and exploring its applicability to higher-dimensional problems and more complex nonlinearities.
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7. Q. Yang, I. Turner, F. Liu, M. Ilić, Novel numerical methods for solving the time-space
fractional diffusion equation in two dimensions, Comput. Phys. Commun., 33 (2011), 1159–1180.
https://doi.org/10.1137/100800634

8. E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional sobolev spaces, Bull.
Sci. Math., 136 (2012), 521–573. https://doi.org/10.1016/j.bulsci.2011.12.004

9. A. Lischke, G. F. Pang, M. Gulian, F. Y. Song, C. Glusa, X. N. Zheng, et al., What is the fractional
Laplacian? A comparative review with new results, J. Comput. Phys., 404 (2020), 109009.
https://doi.org/10.1016/j.jcp.2019.109009

10. B. Dyda, Fractional calculus for power functions and eigenvalues of the fractional Laplacian,
Fract. Calc. Appl. Anal., 15 (2012), 536–555. https://doi.org/10.2478/s13540-012-0038-8
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