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Abstract: A stability analysis of a finite difference scheme was presented for the surface Allen—Cahn
(AC) equation on curved surfaces. The surface was discretized by a triangular mesh, which accurately
represented geometric features and enabled subsequent computational analysis. A discrete Laplace—
Beltrami operator was used on this mesh, and it produced a simple and efficient discrete equation.
The explicit time-stepping method, although straightforward, requires a moderate restriction on the
time step. For practical applications, it is essential to determine the maximum value of this restriction.
We derived the theoretical maximum value of the admissible time step that guarantees the discrete
maximum principle and analyzed the stability of the explicit scheme under this condition. Numerical
tests were performed to verify the theoretical prediction. The computational results confirmed that
the proposed scheme maintains stability and reproduces expected interfacial dynamics on curved
geometries. The analysis provides rigorous guidance for selecting stable time steps and demonstrates
that the fully explicit scheme can be used as a reliable tool for simulating curvature-driven phase
transitions and interfacial motion. This work provides a solid theoretical foundation for explicit
numerical methods applied to the surface AC equation and contributes to the improvement of both
efficiency and accuracy in computational studies involving complex geometries.
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1. Introduction

The Allen—Cahn (AC) equation [1] models the time evolution of an order parameter. The surface AC
equation extends this equation to manifolds and thus accounts for the effects of surface curvature. The
surface AC equation models the motion of interfaces, such as those arising in two-phase transitions
in alloys [2]. The AC-type equations are phase-field models widely used to describe interfacial
dynamics under curvature effects. Their applications span multiple disciplines: in materials science,
they model alloy phase transitions and dendritic growth on curved surfaces [3, 4]; in biology, they
explain curvature-driven phase separation in lipid bilayers and membranes [5-7]; and in imaging,
modified AC formulations are applied to reconstruction, denoising, and segmentation tasks [8—12].
They have also been applied to shape transformation and pattern formation [13—-19]. These broad
applications establish the AC equation as a unifying framework for curvature-dependent interfacial
motion. Recent advances in computations on complex surfaces, such as [20-26], have introduced
improved discretizations and stability strategies for partial differential equations (PDEs) on nontrivial
geometries. Distinct from these contributions, our work provides a rigorous stability analysis of a fully
explicit finite difference scheme for the surface AC equation and derives a sharp theoretical bound for
the maximum time step that guarantees the discrete maximum principle [27].

Mean curvature flow is a fundamental geometric concept describing the evolution of an interface
driven by its mean curvature [28-31]. This process is related to how an interface changes shape as
it moves in the direction of its mean curvature at each point. Motion by mean curvature of the AC
equation on surfaces has been studied [32]. To numerically implement curvature-driven motion of
the AC equation on surfaces, several approaches have been proposed, including operator splitting and
closest point methods in narrow band domains. To model general motion by mean curvature, the
authors in [33] proposed the modified AC equation with a growth or decay source term. Recently, the
authors in [34] investigated motion by mean curvature up to the singularity using the AC equation with
a temporally varying interface width parameter.

As in the related works mentioned above, we apply the concept of motion by mean curvature
and validate computational simulations on surfaces for the stability analysis of the explicit temporal
method. The applied fully explicit temporal method consists of a straightforward discretization of the
Laplace—Beltrami operator [35] and the explicit Euler method [13,36]. The authors solved the AC and
conservative AC models on surfaces using the Laplace—Beltrami operator in [2]. The authors in [37]
performed stability analysis of the surface AC equation by using first- and second-order stabilized
semi-implicit methods, which were based on the surface finite element method. In addition, the authors
compared their results with the solution obtained by the operator splitting method and stated that first-
order methods are better in stability and can guarantee energy decay, but lack accuracy, whereas a
second-order stabilized semi-implicit method is more accurate but requires a smaller time step size to
achieve energy stability. Moreover, the second-order operator splitting method may not be suitable
for solving the surface AC equation. Previously, there was no theoretical determination of the exact
maximum time step size for an explicit method for the surface AC model, hence one had to use an
arbitrarily small time step size. The main purpose of this article is to determine, through theoretical
analysis, the maximum time step size that guarantees the discrete maximum principle for the fully
explicit surface AC scheme.

However, Xiao et al. later modified their scheme [38], originally proposed in [37], by introducing
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the lumped mass forms to solve the standard surface AC equation while preserving the discrete
maximum principle [27]. Furthermore, Mohammadi et al. [39] studied the convergence of the AC
equation on surfaces under no-boundary conditions using a kernel collocation method combined with
an explicit time-splitting algorithm. They found that the method was stable under specific conditions,
but they could not determine the maximum admissible time step.

The AC equation on surfaces has been extensively studied using semi-implicit and stabilized
schemes [37,38,40], as they alleviate the severe time step restriction of explicit methods. However,
in practice, explicit schemes remain attractive due to their simplicity, ease of implementation, and
natural parallelism. Despite these advantages, the fully explicit surface AC scheme has been less
analyzed because of the stringent Courant—Friedrichs—Lewy (CFL)-type condition [41], and most prior
studies have used only arbitrarily small time steps without theoretical justification. A rigorous stability
analysis of the fully explicit method is therefore essential to establish when such schemes can be
used reliably. In particular, determining the sharp maximum admissible time step that guarantees the
discrete maximum principle provides both theoretical understanding and practical guidance. This study
is motivated by the need to close this gap: we focus on the stability of the fully explicit finite difference
scheme for the surface AC equation and derive an explicit bound for the time step that ensures stability
and consistency with the maximum principle.

The outline of this study is as follows. In Section 2, we consider a surface AC model and its
numerical scheme. In Section 3, we perform a stability analysis of the proposed explicit time-stepping
approach. In Section 4, the computational tests are conducted. Conclusions are given in Section 5.

2. Computational method

On a smooth closed surface S, we shall analyze the surface AC equation:

Ipx.1) _ F'($(x.1)
- et

Ey + Aso(X, 1), 2.1)

where ¢ is the order parameter, € > 0, F(¢(x, 1)) = (¢*(x,1) — 1)?/4, and Ag is the Laplace—Beltrami
operator. Note that Eq (2.1) is posed on a closed smooth surface without boundary; therefore, no
boundary conditions are required. To solve the surface AC equation, the discretization of the Laplace—
Beltrami operator is considered. The computational setting for our study is schematically illustrated
in Figure 1(a—d), where the triangulated surface M, one-ring neighbors, and local areas are displayed.
This provides a clear depiction of the geometric discretization used in our analysis. Let {x}Y, be the
surface vertex set. Figure 1(b) displays V(i) = {i, >, - - ,i,,} of the one-ring neighbor vertex indices at
X;, see [42] for definitions of the additional notations and more details.
The area of triangle T'; in contact with X; is denoted by A(x;, T';) and is defined as follows:

1 1 ———
A(X,‘, TJ) = Elxl - X,'”Xj_ - X,‘l sinf = ElXj - X,'”Xj_ - X,‘l 1 —cos?8

1
A \/|Xj = xi2x;. = x* = Ix; = xi|*x;_ — x,|* cos? 6

2
1 ) 5 2
= E |Xj - Xil |Xj_ - Xil - (Xj — X, Xj_ - Xi) . (22)
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Therefore, we define A(x;) = Z A(x;, T;). Let us denote ¢; = ¢(x;). Then, the Laplace—Beltrami
JEV(i)
operator can be discretized as follows:

3 COtQ,’j+COt9ij+( )
A(Xl) 2 ¢] ¢l ’ (23)

JEV(D)

Asp; =

where 6;; is the angle in triangle T'; [43,44]. In this study, the Laplace-Beltrami operator is discretized
using the cotangent formula on triangulated surfaces. The construction is applicable to general
triangular meshes under the standard shape-regularity assumption, i.e., the mesh elements are non-
degenerate with interior angles bounded away from zero and element areas bounded away from
vanishing values. Such a minimum angle condition is sufficient to guarantee that the cotangent weights
are well defined and that the discrete Laplace-Beltrami operator converges to the continuous Laplace—
Beltrami operator [35,43,44]. The fully explicit Euler method is applied to solve the AC equation (2.1)
computationally. The fully explicit scheme, despite its restriction on the time step size, is simple
and easy to implement. In contrast, implicit schemes theoretically allow larger time steps, but in
practice the step size is often limited by accuracy considerations. For second-order PDEs such as
the AC equation, implicit methods may be efficient, while for fourth-order PDEs such as the Cahn—
Hilliard (CH) equation, the computational cost of solving the implicit system becomes significantly
higher. Therefore, in this work we adopt the explicit scheme to balance between clarity, simplicity, and
computational feasibility.

M *
A ~
N n - X,
e & 3
. ¢ o \\ X;
¢ s :
T P .
© U ‘J X, = X,
o J o
X
(a)
(b)
T3 T
//X" T X
_ i T
// '
x]% 95]—/ “ T T
~ X 6
Ty T, '
X; "
(c) (d)

Figure 1. Schematic illustrations of (a) the triangulated surface, (b) one-ring neighbors of x;
with i = i, (¢) triangles T'; and T, and (d) area A(X;) on triangular surface M.

Remark. The computational cost of the explicit finite difference scheme is relatively low per time step,
since only local stencil operations are required on the triangulated surface without solving global linear

systems. However, the scheme is subject to a CFL-type restriction, which limits the admissible time
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step size and may increase the number of iterations in long-time simulations. Despite this limitation,
the locality of the scheme allows for straightforward parallelization and efficient scalability on modern
computational platforms such as multi-core CPUs and GPUs.

Fori=1,...,N,
ot -l @ —(9)) ,
which can be rewritten as follows:
n n\3
(]5?“ = ¢7 + At(¢ 6(¢ ) + A3¢ (2.5)

Note that the accuracy of the discrete Laplace—Beltrami operator depends on the quality and
resolution of the triangulated mesh, as finer and more regular elements better capture surface
curvature [45]. In addition, the maximum time step restriction is essential for preserving stability
and the discrete maximum principle. This bound not only prevents numerical instabilities but also
provides a guideline for selecting the largest stable step size and thus improves the efficiency of explicit
computations.

3. Stability analysis

We now perform the stability analysis of the fully explicit scheme for the surface AC equation. The
maximum norm is defined as follows:

n n
= max |@;|.
19”1l = max |6

Theorem 1. Suppose that the initial condition satisfies ||¢°||lc < 1. Then, the fully explicit approach
preserves the boundedness of the computational solutions for all times, i.e., for n > 0,

" Nleo < 1, (3.1)
if the size of the temporal step satisfies
2 .
At < min 26 A . (3.2)
ISISN 4A(x,) + 3€2 Z (coty; + cot 6. )
Jjevi

Proof. Equation (2.5) can be rewritten as follows:

3At cot eij + cot 91']'+
2

Sl =g+ = [¢? —(@)’| + (¢ — o). (3.3)

(x:) A%
Case 1. ¢! =0
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We can obtain the following inequality from Eq (3.3):

|¢(l+l| _ 3At cot 0,‘]' + cot Giﬂ. n| < 3At cot Hij + cot 9ij+ |I¢"|I
i ] jl = ] 00+
Ax) 54 2 Ax) S 2
Therefore, if
2A(X;
At < () :
3 Z (COt 9,']' + cot 01']'+)
JEVQ)
then |¢/+!] < 1.
Case2. ¢! =1
3At cot 01' i + cot 91' ;
671 =1+ —— =@ -1
(x) =70
3At cot 91']' + cot Hij+ 3At cot 9,']' + cot 91-]-+ "
=11 - + -
. _ J
AR 57, 2 AR 57 2
<1 _ 3At cot 91']' + cot Hij+ N 3At cot 9,»]- + cot 9ij+ ”¢n”
Axi) 54 2 Ax) S 2
If
2A(X;
At < () ,
3 Z (COt Hij + cot 91']'+)
JjeV (@)
then Eq (3.4) becomes
|¢}.,H_1| <1- 3At CotQij + COtHij+ N 3At CotO,»j + COtH,'j+||¢n” <1
Alx) 54 2 Ax) S 2

Therefore, we have |¢;‘+1| <l.
Case3. 0<¢? <1

At 3At cotd;; + cotd;; " "
o+ = |1 - @] + - L(-1-¢0) < g
€ Ax) 44 2
At u 3At cot6;; + cotb;; ;
<o+ o - @]+ 1S =),
Y jev()

First, we consider the left-hand side of the inequality (3.5):

(1 —¢"H(1 + ¢ 3 t6;; + cotb;;
-1 < ¢} + At A (/)’2)( %) _ Z o 1+ oM.
€ A(x;) = 2

(3.4)

(3.5)
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The above inequality can be rewritten as

(1 - ¢! 3 cotd;; + cotb;;
—1—¢" < At(1 + @) pd =90 _ / 5 A

€2

(xi) eV
Then, by dividing both sides of the above inequality by (1 + ¢?) > 0, we can obtain
¢"(1 — ¢ 2A(x;) — 3€2 Z (cot@; + cot ;. )

JeVQ)
2€?A(x;)

-1 <At (3.6)

If the right-hand side in Eq (3.6) is non-negative, then there is no restriction on the time step. Otherwise,
if the term is negative, then

2€2A(Xl‘)
At <
3€ ) (cotty; +cotb,) - ¢1(1 — ¢}) 24(x)

JeV(@)

Since ¢} (1 — ¢7) > 0 holds, we have the following constraint:

2A(x;)

3 Z (COt Hij + cot 9ij+)
Jeviiy

At <

Next, we consider the right-hand side of inequality (3.5):

(1= @1 + @7 3 cotd;; + cotb;;
' €2 A(X;) 2 !
1 jevi
The above inequality can be rewritten as
(p:l(l + ¢?) 3 cot gij + cot 0ij+
Ar(l - ¢7) + <1-4;.
62 A(Xi) Va0 2

By dividing both sides of the above inequality by (1 — ¢7) > 0, we get

2471 + ¢gNAX) +3€* >~ (cot8 + cot b, )
Jevi
At <1
2E2A(X;)

Then, the temporal step size At must satisfy the following condition:

2E2A(x;)
At <
$1(1+¢7) 2A(x) +3€ )" (cot8; + cot b, )

JjeV(@)
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Since 0 < ¢?(1 + ¢?) < 2 holds, we have the following constraint:

2EA(x;
At < € AX) . 3.7)
4A(X;) + 3€ Z (coty; + cot ;. )

Jjev@)

Therefore, by using a temporary step size A that satisfies Eq (3.7), the condition |¢"*'| < 1 is ensured.
Cased. -1 < ¢! <0
For -1 < ¢! <0, we rewrite as 0 < —¢? < 1. Let us consider multiplying both sides of (3.3) by —1:

At 3At cotd;; + cotf;;
_¢:l+1 — _¢:z + g [_(p? _ (_¢7)3] + J Jt

T T~ (D))

Xi) jevi)

Considering the right side of the above equation for —¢!, we can prove that

_ 262 A(x)) 2A(x))
At < min ’
I<isN | 4A(x;) + 3€2 Z (cot g;; + cot 9jj+) 3 Z (CO'[ 0;j + cot 6’ij+)
jevii) 1<i<N
i 2€2A(X;)
4A(X;) + 3€2 Z (cot 6;j + cot 6,‘j+),
JEV()
which guarantees | — ¢/*'| = |¢/*!| < 1. Hence, [|¢"*"'l < 1 holds for At satisfying the time step
constraint as
2e2A(x;
At < min < 20 '
I<i<N 4A(X;) + 3¢€2 Z (cot Hl-j + cot 91']'+)
Jev@)

We consider a triangular mesh 7, = (V,,, E;,, F),) of a smooth closed surface S (e.g., a sphere or
torus). Here, V}, is the set of vertices, Ej, is the set of edges, and F), is the set of triangular faces. For
e = pq € E;, we denote by |e| the length of the edge e measured on the piecewise-linear surface;
equivalently, if S ¢ R? is embedded, |e| is the Euclidean length of the segment joining the endpoints p
and g. The global mesh size is defined by

h := max |e|.
ecE),

We assume that {77} is a shape-regular, quasi-uniform family of triangulations. Specifically, there
exists 6, > 0 such that every triangle 7" € F), has all interior angles bounded below by 6.. Moreover,
there exist constants ¢, ¢, > 0, independent of A, such that ¢;h < hy < ch for every element T € F),
where hr := rilcaTx le|. Let A(x;) denote the mixed area associated with a vertex x; € V,,, and let

W, = Z (COt 01']' + cot Qij+)

Jjev(@)
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be the standard cotangent-weight sum at x;, where 6;; and ,;, are the angles opposite the edge (i, j) in
the two adjacent triangles. Then, by shape-regularity and quasi-uniformity, there exist 4A-independent
positive constants

e AXY) , A(X;) ,
C, = 11}1lfmi1n P C, = Sl/llp max — =, C, :=sup max Wi,
such that, for all vertices x;,
C,h* < Ax;) < Cii?, W, < C}. (3.8)

Let us recall the pointwise stability restriction (3.2):

. 2€%A(X;)
At < min
ISi=N 4 A(x;) + 3€2 Z (cot@ + cot Hl]+)
JjeV(@i)
26¢2A 0 0
Set f(A, W) := m A direct calculation shows a—£ > (0 and %} < 0, 1.e., f is increasing in

A and decreasing in W. Using this monotonicity and (3.8), we bound each fraction from below by

2€’A(x;) . 262Ch?
4A(x;) + 3e2W; — ACTh? +3€2Cy

Taking the minimum over i, we obtain the following global, s-explicit sufficient CFL condition:

26°C h?
Ats 4C+h2 + 362C+ (3-9)

Here, the constants C3 and C;, depend only on the mesh regularity and on the geometry of S, and are
independent of the global mesh size 4. From (3.9), we conclude that there are two regimes. (i) In the

2C,
fine-mesh limit 7 — 0, Ar < fhz i.e., At = O(h?). (ii) On coarser meshes, the bound saturates at the

. C - .
h-independent value Ar < ﬁez. For quasi-uniform refinements on the sphere or torus, this recovers

the expected O(h?) scaling of explicit diffusion-type CFL restrictions on surfaces.

We study the surface AC equation on the unit sphere Sg, with Ry = 1. The surface is discretized
by shape-regular, quasi-uniform icosahedral refinements (levels O to 7). Spatial operators use the
cotangent Laplace—Beltrami operator with lumped mixed areas. We denote the mean geodesic edge

length by hye, := Z Ry arccos( ) Time integration is fully explicit. To maintain a fixed
ecE), O

|h

. . mh .
number of mesh edges across the diffuse interface, we set € = &0 m = 8. With

2V2tanh™'(0.9)’
this choice, the +0.9 transition layer spans approximately m edge lengths at every refinement level.

Consequently, the interfacial resolution and the CFL behavior are consistent under mesh refinement.
For each refinement level (see Figure 2), we determine the largest stable time step by bisection. A
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step is declared stable over a short horizon of 300 iterations if two conditions are met: (i) no blow-

up or overshoot, that is, |[¢| < 1 + 107> at all nodes; (ii) monotone decay of the discrete energy

1 2
En(@) = —(¢, Lp)a + = Z:Ai}l (qﬁlz - 1) , where {u,v), = ZAl-uiv,- is the A-weighted inner product

and L is the mass-lumped cotangent stiffness.
Initial conditions are small random perturbations ¢(x,y, z,0) = rand(x, y, z) where rand(x,y, z)

represents a random number in [-0.1,0.1]. In Figure 3(a), the log-log plot of At,.x versus h has
slope ~ 2, confirming the quadratic scaling At,,., = O(h?). Correspondingly, in Figure 3(b), Atyn.x/h>
approaches a flat plateau of about 0.23 on the finest meshes. This trend is consistent with the h-
explicit bound in (3.9). Figures 4(a)-(d) show smooth, curvature-driven coarsening without spurious
oscillations, indicating that the explicit scheme run with At = At,,,, is stable and faithfully captures the

asymptotic phase separation dynamics under noisy initial data.

WERENN, g
/ : \  fICOOISRRRN
i v, i
NVAVAWAWAVAYA/ IR ettt ta
ANAy avavil S S
AL N avATer 4
- SN X Y2
e e
(a) Level 0 (b) Level 1 (c) Level 2 (d) Level 3

AYAYAYAVAYAYAVAY

o1
beEe
S
R
A A
RS
AR
PAVAYaY, vy A Vaava ey Y]
S ELRR

Ve AYa 5D
AV, S AYAVAVAVAVATAYS g, Y)
AN AT AV AVAVAVAVAYATALA"

(f) Level 5 (g) Level 6 (h) Level 7

(e) Level 4

Figure 2. Triangulations of the sphere obtained by successive icosahedral refinements: (a)—
(h) correspond to levels O to 7, from coarse to fine.
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0.3
0.28

At oy /B2
0.26 -

0.22 -

5Ly I 0.2h :
10° 107! h 1072 10° 107" h 1072

(a) (b)

Figure 3. (a) Maximal stable step At,.x versus mesh size h (log-log). A least-squares fit has
slope ~ 2, confirming the quadratic scaling Afy., = O(h?). (b) Atpay/h* versus h.

(a) (b) (d)

Figure 4. Surface AC evolution on the Level 7 triangulated sphere from a randomly perturbed
initial state. Snapshots at (a) r = 1A¢t, (b) t = 24A¢t, (¢c) t = 97At, and (d) ¢ = 240A¢.

Remark. In addition to the explicit Euler method, one may also consider higher-order explicit Runge—
Kutta (RK) schemes [46—52]. From the stability perspective, the essential CFL-type restriction remains
unchanged. Although higher-order RK schemes possess larger stability regions than the explicit
Euler method and hence permit a larger admissible constant in the bound, the quadratic dependence
on the spatial mesh size & and the interfacial parameter € is preserved. Consequently, explicit RK
methods improve temporal accuracy and allow moderately larger time steps in practice, but they do
not fundamentally overcome the severe CFL-type limitation. The theoretical bound established in this
work therefore provides a rigorous guideline not only for the explicit Euler method but also for general
explicit Runge—Kutta integrators.

4. Numerical tests

We will conduct computational tests to demonstrate the sharp estimation of the time step
restriction of the fully explicit numerical method. In addition, we will perform several characteristic
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computational tests, such as motion by mean curvature on spherical and complex surfaces.

4.1. Optimal estimation of the time step for the maximum principle

We conduct a numerical experiment by presenting a counterexample to verify that the time
step constraint for the maximum principle is an accurate estimation. As a simple example, we
consider the following seven points that construct a discrete surface: x; = (0,0,0.01) and x; =
(0.1 cos[n(k — 1)/3],0.1 sin[x(k — 1)/3],0) fork = 1,2,...,7.

1.004
1.002

ik
350998+

0.005 3
5 0.996

0.994 -

0.992 -

0.99 . . . . . .
065 07 075 08 08 09 095 D1

(a) (b)

Figure 5. (a) Given seven points. (b) The value of ¢(x;, Ar) with respect to the value of ©.

The given points are shown in Figure 5(a). Then, we set the initial condition as follows:

4(x.0) o, ifx=x;,
x,0) =
1, otherwise,
where 0 < @ < 1. The maximum time step size is given by Theorem 1 as
2E2A(x;
Aty = min € AK) .
l<i<N 4A(X,) + 3€? Z (COt 91']' + cot 9ij+)
Jjev(@)

Here, we use € = 0.5. We consider two time steps At = 1.01A¢,,,, and Ar = 0.99A¢,,,, for 0 < @ < 1.
Figure 5(b) shows the values of ¢(x;, Af) for At = 1.01At,,,, and Ar = 0.99A¢,,,,. From the results
in Figure 5(b), we observe that while the maximum principle is preserved true for At = 0.99At,,,,,
counterexamples are shown where the maximum principle is not satisfied for Ar = 1.01A¢,,,,,.

4.2. Phase separation with a randomly perturbed initial condition

To validate the robustness of the proposed method, we consider a numerical test case in which
the surface AC was solved on a triangulated sphere (Figure 6(a)) with a randomly perturbed initial
condition (Figure 6(b)):

¢(x,y,z,0) = rand(x, y, 2),
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where rand(x,y, z) represents a random number in [—1,1]. Here, the parameter values are used as

At = 0.00177, h = hyy, = 0.17462, and € = €, = mh m=
2 V2 tanh™1(0.9)

The purpose of this numerical experiment is to assess whether the scheme can handle noisy inputs
while still reproducing the expected phase separation behavior. At ¢ = 0, the initial condition is highly
disordered, but within a short time (¢ = 5Af), local domains emerge. These domains subsequently
coarsen and interfaces shrink under curvature-driven dynamics at (f = 20A¢) and (r = 50Af), and
eventually the system approaches a homogeneous equilibrium state at + = 700Az. The numerical
results indicate that the explicit scheme remains stable even under highly noisy initial data, as no
spurious oscillations or numerical instabilities are observed throughout the evolution. Moreover, the
solution reproduces the theoretically expected asymptotic behavior of the AC equation on surfaces,
namely curvature-driven domain coarsening and convergence to a homogeneous equilibrium. This
confirms that the proposed scheme is both robust to noise and faithful to the asymptotic dynamics of
phase separation.

(b)

(d) (e) ()

Figure 6. Phase separation dynamics of the surface AC on a triangulated sphere with a
randomly perturbed initial condition. The purpose of this test is to assess the robustness of
the method against noisy inputs. Shown are (a) the computational triangulated domain, and
numerical solutions at (b) t = 0, (¢) t = 5A¢t, (d) t = 20A¢, (e) t = 50A¢, and (f) t = 700At.
The numerical solution evolves stably from a highly disordered state, with local domains
emerging, interfaces coarsening under curvature-driven motion, and eventual convergence to
a homogeneous equilibrium.
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4.3. Evolution on a sphere

We examine the movement of a circular interface on a sphere, which evolves according to in-surface
curvature motion [53].

(a) (b)

Figure 7. Schematic to show (a) parameters on the circular interface of the sphere and (b)
the zoomed description of the triangular part of (a).

As shown in Figure 7(a), R and r represent the radii of the sphere and circular interface on the
sphere, respectively. Let v = —1/r denote the curvature of the circle, let x be the tangential component
of v, and let u be the component of x directed toward the center of the circle. Then, from Figure 7(b),

we can determine that u = —% cos? 6, where 6 is the angle between x and u. Thus, we have
dr 1 ) r* — R?
o T u=——cos 0= " 4.1)
By solving Eq (4.1), we obtain the analytical solution for r(7):
r(t) = \/Rz - (R? - r(z))e2’/R2. 4.2)

On a triangulated sphere, we validate the property for motion by mean curvature. The initial condition
d(x,y,z,0) (see Figure 8) is considered as follows:

T _ z
Ro5 — Ro 'arccos (Ro)

V2e ’

¢(x,y,z,0) = tanh

. = mh
" 2v2tanh'(0.9)
At = 0.001, h,,, = 0.17773. The evolutionary numerical behaviors of the AC equation can be seen
in Figures 8(a)—(d). On the triangulated sphere, the initial spherical cap shrinks over time, by motion
by mean curvature along the curvature of the sphere. From the numerical results of the long-time
simulation using the proposed method, we observed that the motion by mean curvature stably evolves
until # = 30000Az.

The process of changing the initial radius of the spherical cap over time can be seen in Figure 9,
and it can be seen that the analytical and numerical solutions match well.

,m =12, and h = h,,. The parameter values are used as

where Ry = 7, €
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(a) (b) (c) (d)

Figure 8. Motion by mean curvature on the triangulated sphere at (a) r = 0, (b) t = 10000A¢,
(¢) t = 20000At, and (d) t = 30000Az.

T analytic radius
6%0eg . O numerical radius | 1

25

0 5 10 15 20 25 t 30

Figure 9. Analytic radii and numerical radii when m = 12.

4.4. Evolution on a complex surface

We perform a numerical simulation of motion by mean curvature on a complex surface such as a
bunny-shaped surface. The initial condition is set to a triangle shape as shown in Figure 10(a):

1 ify>-14, y < V3|(x - 10.0)|, z> —4.00,
—1 otherwise.

#(x,y,7,0) = {

mh
2V2tanh™'(0.9)’
m = 4. On a bunny surface, the evolutionary dynamics of the surface AC equation can be seen in
Figures 10(b)—(d). The numerical behavior of the smoothed triangle (Figure 10(b)) is transformed to
the rounded triangle (Figure 10(c)). At the final time r = 30000A¢, the rounded triangle shrinks and
transforms into a small circle, which is obtained by the mean curvature flow of the surface AC equation.

Here, the parameter values are At = 0.001, h = h,, = 0.72644, and € = ¢, =
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(a) (b) (c) (d)

Figure 10. Motion by mean curvature on the triangulated bunny surface at (a) t = 0, (b)
t = 1000A¢, (c) t = 5000A¢, and (d) # = 30000A¢.

5. Conclusions

In conclusion, this study presented a comprehensive stability analysis of the fully explicit numerical
scheme for the surface AC equation. The implementation of a discrete surface Laplace operator on
a triangular mesh yields a simple and efficient discrete equation. Despite this simplicity, there is a
moderate time step restriction, and it is necessary to determine the maximum time step for practical
applications. Through extensive computational testing, we validated this theoretical maximum time
step and confirmed the accuracy and reliability of the theoretical analysis. These findings contribute
to the development of more robust numerical schemes for the surface AC equation, with implications
for improved computational efficiency and accuracy in practical applications. Although the proposed
explicit scheme provides a sharp and rigorous stability condition, its efficiency remains limited
by the time step restriction. Future research could investigate one-step adaptive time-stepping or
stabilized semi-implicit approaches to reduce this constraint. In addition, a promising direction
is to generalize the analysis and algorithmic ideas to the nonlocal ternary viscous CH model [54]
on evolving curved surfaces. Finite-range nonlocal interactions are essential for capturing sharp
interfaces and for computing contact angles among three phases with high accuracy. Building on
the current stability method, it is possible to design high-order explicit hybrid algorithms that combine
time-splitting with the spectral deferred correction method. A practical starting point is a second-
order Fourier spectral scheme coupled with a strong-stability-preserving RK integrator, which avoids
nonlinear iterations and achieves spectral accuracy in space, followed by a semi-implicit spectral
deferred correction upgrade to raise the temporal order. Companion numerical studies should compare
dynamical behavior with local ternary CH, constrained ternary AC, and modified CH variants, and
should include stability assessments and contact-angle benchmarks. The viscoelastic creep behavior
observed in nonlocal simulations may inform the design of high-strength yet compliant fiber-composite
materials. Extensions to convection-coupled nonlocal ternary viscous CH systems on surfaces would
further expand the range of applications. These directions would further broaden the applicability of
the method in scientific and engineering contexts.
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