ERA, 33(9): 5701-5718.

EE Elect . DOI: 10.3934/era.2025253
AIMS ectronic Received: 31 December 2024

@ Research Archive

Revised: 29 August 2025
Accepted: 02 September 2025
https://www.aimspress.com/journal/era Published: 25 September 2025

Research article

Upper bounds of blowup time for nonlinear extensible beam equations

Tiantian Pang', Zhenshan Wang'-*and Weipeng Wu?

' College of Mathematical Sciences, Harbin Engineering University, Harbin 150001, China
2 College of Software, Harbin Institute of Information Technology, Harbin 150431, China

* Correspondence: Email: zhenshanw @hrbeu.edu.cn.

Abstract: This paper aims to investigate the initial boundary value problem for a class of Kirchhoff-type
wave equations modified by Woinowsky-Krieger models, which can be used to describe the nonlinear
extensible beam. Using the concave property of the function and a differential inequality, we estimate
the upper bounds of the blowup time of the blowup solution at subcritical, critical, and high initial
energy levels.
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1. Introduction

In this paper, we are concerned with the initial boundary value problem for nonlinear Kirchhoff-type
wave equation with strong damping, nonlinear weak damping, and nonlinear source terms

Uy + Nu — M(||Vul>)Au — Au, + |, u, = ulP~'u, in Qx(0,7),
I/l(x, 0) = MO(X)a Ml‘(x’ O) = U (X), in 97 (1 1)
u:g_l::o’ on GQX(O,T),

where r > 1, p > 1 are real numbers, A? is the biharmonic operator, A is the Laplace operator,
QcR'(n=1,2,...)1is a bounded domain with smooth boundary 9€2, v is the unit outward normal on
0Q. The Kirchhoff term is given by

M(s) := 1+ s,

with 8 > 0 and y > 0. And the exponents involved in (1.1) satisfy

~ I <2y+1<p<oo,l<r<p<oo, n<2;
(A) {

1<2y+1<psn’+2,1<r<p§

n-2° =
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This paper is a continuous work of [1]; hence, we shall give a quick start to draw out our concern.
The model equation (1.1) is derived from the Woinowsky-Krieger stretchable beam equation, which
is used to study the dynamic buckling of hinged stretchable beams [2], the nonlinear vibrations of
an elastic string [3], and large deflections of plates [4]. It plays a vital role in industrial fields, such
as vibration of railway track structures [5], micromechanical beams [6,7], and microbridges [8]. We
refer readers to [9, 10] for more detailed physical background. From a mathematical point of view, the
Kirchhoff-type equations attracted lots of attentions in the study on the qualitative properties of the
solution, including the existence of ground-state solution, global existence, long-time behavior, blowup,
blowup time estimation, etc.; see [11-17]. Recently, the problem (1.1) was considered by Yang et al.
in [1], who obtained the local solution theorem by the Galerkin method and the Banach fixed-point
theorem. They also got the global existence and finite time blowup results at subcritical and critical
initial energy levels, i.e., E(0) < d, and pointed out that the global solution decays exponentially, where
d is the potential well depth proposed by Payne and Sattinger [18,19]. In addition, the finite time blowup
of the solution to problem (1.1) with linear weak damping (r = 1) was derived for the arbitrary positive
initial energy, i.e., E(0) > 0. Then Liu et al. in [20] extended the blowup result at high initial energy
in [1] to the nonlinear weak damping case (r > 1), and estimated the upper bound of blowup time for
this case. In addition, they also gave the lower bounds of the blowup time of the solution at arbitrary
initial energy levels. For the sake of clarity, we present a summary of the established results in [1,20],
the results given in this paper, and unresolved issues in the following table.

Table 1. The essence of the present paper and some unsolved problems.

Initial data Blowup in finite time Upper bound of blowup time Lower bound of blowup time

r=1 [1] Present paper (Th. 3.4) [20]

EW0)<d
r>1 [1] Unsolved [20]
r=1 [1] Present paper (Th. 3.7) [20]

EW0)=d
r>1 [1] Unsolved [20]
r=1 [1] Present paper (Th. 3.8) [20]

E0)>0
r>1 [20] [20] [20]

From Table 1, we can see that the reference [1] mainly obtained the finite time blowup results of the
solution to problem (1.1) at subcritical, critical, and high initial energy levels. The reference [20] mainly
focused on the lower bound of blowup time of the solution at the above three different initial energy
levels. There are still several critical issues that need to be studied in [1,20], including the upper bounds
of the blowup time for the linear weak damping case, i.e., r = 1, and the nonlinear weak damping case,
1.e., r > 1. In this paper, we focus on the linear weak damping case, i.e., r = 1, and use a differential
inequality to estimate the upper bounds of blowup time of the blowup solution for subcritical, critical,
and high initial energy levels. For the case with nonlinear weak damping, i.e., r > 1, the upper bounds of
blowup time of the blowup solution for subcritical and critical initial energy levels are still open problems.

This paper is organized as follows. In Section 2, some preliminaries are given to introduce the necessary
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notations and some lemmas. The main conclusions follow in Section 3, which are about the upper
bound of blowup time at subcritical initial energy, critical initial energy, and high initial energy levels.

2. Preliminaries

In this section, we shall give some notions and necessary lemmas that will be used throughout this
paper. We denote H := Hj(Q), ||l = Il ll, for 1 < p < oo, || ll 2@ = II - [ and |- IIi,(l) = IV IR+ -7
We set

-1 = 1A 1P+ IV - P, 2.1

The duality pairing between H and H* is denoted by (-, -), where H* = H2(Q).
Similar to [21], we define the following total energy functional

B

1 1 1
E(@) = §||Mz||2 + §||M||12q + 2)/THVMHZVJr2 - mﬂuﬂﬁii,
the potential functional
e 1 2 ,8 2y+2 1 p+l1
J(u) = §||M||H + m”vuﬂ - lm”””,”p

the unstable manifold
Vi={ue H|I(u) < 0},

and the Nehari functional

. 2 2y+2 1
I(u) = llulzy + BVl = Nall?

The potential well depth can be characterized as
d:= ;g{( J(u),
where
N ={u e H\{0} | I(u) = 0}.
Next, we give the definition of a weak solution to problem (1.1) as follows.

Theorem 2.1 (Weak solution [1,22]). Function u(x,t) is called a weak solution to problem (1.1) on
Qx|[0,T],if

u € C([0, T]; Hy()) N C'([0, TT; L*(€) N C*([0, T1; H*(Q),

2 gl o el (2.2)
u, € L([0,T]; Hy(Q)) N L™([0, TT; L™ (),

satisfies

(s 1) + (Aut, Arp) + (Vut, Vi) + BlIVul [ (Vue, Vi)

r—1 —1 (23)
+ Vi, Vi) + (™ g, 1) = (el u, 1),

where n € H, u(x,0) = uy(x) € H and u,(x,0) = uy(x) € H(l)(Q).

Electronic Research Archive Volume 33, Issue 9, 5701-5718.



5704

We recall the non-increasing property of the energy function E(¢) with respect to time ¢ established
in [1], which will be used in the later proof.

Lemma 2.1 (Non-increasing energy functional E(¢) [1]). Let u(x,t) be a weak solution to problem (1.1)
satisfying (2.2), then we obtain

! t
E(r) + f IVu|Pdr + f llucll}3dr = E(0), (2.4)
0 0
namely,
E'(t) = =[Vul* = llu I} < O.

r+l1 =

Proof. We define the approximation function for i,

u(t+h)—u(t—nh)
WU 1= s

2h
where
u(x,0), t<0,
i:=qulxt, 0<t<T,
ulx,T), t>T,

and 7 is any time in (0, 7,,,,). Due to it € H for any ¢ € [0, T},,,), we know D,u € H. Then, by taking
n = Dyu and integrating both sides over [0, 7] in (2.3), we have

T T

f(u,,,Dhu)dtJrf (Au, A (Dyu))dt

0 0
T T

+ f M(|Vul]3)(Vu, V (Dju))dt + f (Vu,, V (Dyu))dt (2.5)
OT , 0

+ f ()" uy, Dpu)de = f (P~ u, Dyu)dt.
0 0

According to u € C'([0, T]; L*(Q)), i.e., u, € C([0, T]; L*(Q)), given by the similar arguments to the
proof of Theorem 1.1 in [22], u € C([0, T']; H) shown in (2.2), and Proposition 4.1 in [23], we have

T T
f (uy, Dypu)dr = f f uy Dypudrdx
0 Q Jo

T
= f (Dyu(T)u(T) — Dyu(0)u,(0)) dx — f f u(Dyu)drdx
Q QJO

T
=(u,(T), Dypu(T)) = (u(0), Dyu(0)) — f (ur, (Dyu)) dt
0
=(u(T), Dyu(T)) = (u,(0), Du(0)),

Electronic Research Archive Volume 33, Issue 9, 5701-5718.



5705

which means that (2.5) becomes

T
(uT), Dpu(T)) = (u(0), Dpu(0)) + f (Au, A (Dyu))de
0

T T
M(|Vul3)(Vu, V (Dyu))ds + f (Vu,, V (Dyu))dt
0 0 (2.6)

T
+f (|”t|r_lut,Dhu)dl
0
T
= f (P~ u, Dyu)dt.
0

Due to u € C([0, T1; H(Q)), l|Aull, is a norm of H, and u, € L*([0, T]; Hy(€)) € L'([0, T1; H} (), we
can use Proposition 4.1 in [23] to give

T

1
lim | (Au, A(Dyu))dr = E(IIAM(T)H%—IIAM(O)H%), 2.7)

Dyu € L*([0, T1; Hy(Q)),

||Dhu||L2([0,T];H1(Q)) = ||”t||L2([O T1:HY ()

and
Dju —> u, weakly in L*([0,T]; Hy(Q)) as h — 0.
Then, by the definition of weak convergence, we know that for any bounded linear functional F on

L*([0, T]; H} (), we have
F(Dyu) — F(u,). (2.8)

By (2.8), we have

T T
| TR YD — [ MV T 2.9)
0 0

where

T
f MAVUIR)(Va, Vi )de
0

Td (1 B
= | —|=IVul? + —||Vul?*?]ds,
fo dt(2” ””2+y+1” ull )

T T
f(lulp‘lu,Dhu)dt—>f (™ u, w)dr
0 0
_[4 — Il 17+ |d
- 0 dl p+l1

Electronic Research Archive Volume 33, Issue 9, 5701-5718.
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and

T T
f (Vu,, V(Dpu))dt — f (Vuy, Vu,)dt
0 0

T
= f IV, 3dr.
0

According to Proposition 4.2 in [23], u € C([0,T]; H) € C([O, T];Hé(Q)) c C([0,T]; L™ (Q)) and
u, € L"1([0, T]; L1(Q)) € L'([0, TT; L1 (), we have

2.11)

Dyu € L'([0, TT; L 1(Q),

||Dhu||L’”([O,T];L"+1(Q)) < ”MIHL"”([O,T];L’“(Q)),

and

D — u, in L™'([0,T);L'(Q))ash — 0. (2.12)
According to (2.12), we have

Dyu — u, in L™'([0,T]; L' (Q))as h — 0,

where r satisfies A. We define
T
G(Dpu) := f (|| 1y, Dyu)dt.
0

Since G(-) is bounded on L*'([0, T]; L"*'(Q2)), we have
G(Dpu) — G(uy),

i.e.,

T T
f ()™, Dyuydr — f (el 1y, u,)dr
0 0

- (2.13)
=f loas| [} e
0
And from u, € C([0, T]; L*(Q)) and Proposition 4.2 in [23], we have
1
Dyu(0) — Eu,(O) weakly in L*(Q)
and
1
Dyu(T) —> Eu,(T) weakly in L*(Q).
Similarly, we have
1 1
(u(T), Dyu(T)) — (u(T), EMI(T)) = Ellut(T)”% (2.14)
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and
(u,(0), Dyu(0)) — (u,(0), ut(O)) IIMt(O)H%, (2.15)
respectively. According to (2.7), (2.9)—(2.11), and (2.13)—(2.15), by letting & — 0 in (2.6), we have

1 1 1 1 1
Ellut(T)”% - 5””1”% + EIIAM(T)H% - EIIAuollg + —IIVu(T)H%

ﬁ 2y+2 1 2 ﬁ 2y+2 1 p+1
+ o IVHDIE™ = 2Vl = 2 IVuolly™ = (DI
+= ol
f IV |l5dz f a7 1,
1.e.,
T T
E(T) - E(0) = - f IV, ll5dz f |17 . (2.16)

0 0

Since T is any time in (0, 7',,,), to facilitate discussion, we replace T with ¢ € [0, T,,,,), which means
that (2.16) becomes

! !
E(t)—E(0)=—f ”Vqu%dT_f e ;71 . (2.17)
0 0

By differentiating both sides of (2.17) with respect to ¢, we finish the proof of the energy equality for
weak solutions. O

In the following lemma, we introduce a differential inequality, which is used to obtain the upper
bound of the blowup time of the solution to problem (1.1).

Lemma 2.2 ( [24,25]). Let ¢(t) be a positive twice-differentiable function that satisfies the inequality

d()d” (1) — (1 + )@ (®)* >0, a>0.

If $(0) > 0 and ¢’'(0) > O, then there exists 0 < ty < Z((()())) such that hm o(t) =

3. Upper bound of the blowup time

The study of the blowup time for solutions to nonlinear evolution equations has attracted considerable
attention [26-28]. In this section, we give the main results of the present paper, i.e., estimating the upper
bound of blowup time of the blowup solution to problem (1.1) for subcritical initial energy (Subsection
3.1), critical initial energy (Subsection 3.2), and high initial energy (Subsection 3.3).
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3.1. Upper bound of the blowup time with subcritical initial energy E(0) <d andr =1

In this subsection, we aim to estimate the upper bound of the blowup time of the solution to problem
(1.1) with E(0) < d. Before stating this result, we first introduce the invariance of the unstable set
established in [1], which is necessary for the later proof.

Lemma 3.1 ([1]). Suppose uy € H, u;(x) € H(l)(Q), and also (K) holds. Then we obtain u(t) € V for all
t € (0, Thax) as long as uy € V and E(0) < d, where Ty, is the maximum existence time of the solution.

The relationship between ||u||y and the potential well depth d is given in the following lemma.

Lemma 3.2 ([1]). Suppose uy € H, uy(x) € Hé(Q), and also (K) holds. If u(t) € V, we obtain

2(p + 1)d

2
el > =F—=d,

3.1)

where the depth of the potential well

_ p-1 ( 1 )2
T 2(p+ D\Crrt)
and C is the optimal embedding constant of H — LP*'(Q).
With the help of the above lemmas, the blowup result to problem (1.1) with E(0) < d is established.

Proposition 3.3 (Blowup ~in finite time for subcritical initial energy E(0) < d [1]). Suppose uy € H,
u(x) e Hé (Q), and also (A) holds. Then the solution to problem (1.1) blows up in finite time provided
that E(O) <d and uy € V.

Next, we show the upper bound of the blowup time of the solution to problem (1.1) when the initial
energy satisfies E(0) < d.

Theorem 3.4 (Upper bound of the blowup time with subcritical initial energy E(0) < d and r = 1).
Let the conditions in Proposition 3.3 hold. Then, the maximum existence time of the solution can be
estimated by

2luoll” + p(d - E(0))!

max < 5> (3.2)
(p—1) ((ug, ur) +p1) =2 ||uo||H(1)
where
\/U% +2(p—1)*(d — EQO) |luoll® + oy
p1 = , (3.3)
p—1
and
o) = 2||M0||12L,é = (p—1) (uo, uy) . (3.4)
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Proof. By Proposition 3.3, we know that the solution to problem (1.1) blows up in finite time when the
initial data satisfy E(0) < d and uy € V. Then it is easy to get

lim |[ully = oo. (3.5)

1= 1 max

Next, we shall estimate the upper bound of the blowup time. We introduce an auxiliary function

t
K(1) = |lulP* + f IIMIIi,édT + (Tmax — t)lluolli,ol +{(t+p)?* >0, (3.6)
0

where { and u are positive constants. By direct calculation, it follows that

K@) =2(u,u) +2 Lt(u, u)dr + 2 fot(Vu, Vu)dr + 24 (t + ). 3.7
Taking r = 1 in (1.1), multiplying (1.1) by u and integrating over €, we have
(s w0y + (Au, Au) + M(IVullP)(Vu, Vu) + (Vug, Vi) + (g, u) = (ul’™"u, u),
where u;, € H*. This fact together with (3.7) and (2.1), gives

K" (1) = 2llufl* + 2(u, ) + 2(u, u,) + 2(Vut, Vig) + 2L

= 2llu,|I* = 2llullz; = 2BVl + 2l + 22 G9
Combining (3.7) and (3.8), it is easy to get
K(OK"(t) - "’%3 (K'(0))?
=2K (1) (Il = lledlly, = BV + 27} + )
-(p+3) ((u, u;) + f(:(u, u)dr + ﬁt(Vu, Vu)dr + (¢t + ,u))2 (3.9)
=2K(0) (Il = lully; = BIVAP > + 27} + &)

+(p+3) (S (1) - (K(t) = (Tmax — t)lluolli,l)(llutll2 + f 7, dr + Z))
0 0 0

where

S(1) = (llull2 +f IIMIIi,ldT+§(l‘+,U)2) (llutll2 +f let|I7, dT+§)
0 0 0 0

t t 2
- ((u, u;) + f (u, u)dr + f (Vu,Vu)dr + (¢t + ,u)) .
0 0

Applying the Holder inequality and Young’s inequality, it is straightforward to verify that S(r) > O.
Then, (3.9) turns into

3
KWK (0 - 222 (K@) = Ko, (3.10)
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where

x1(0) = = (p + Dl = 2llullf; = 2BIVulP7* + 2]lull’

p+l
-(p+3) fot IIMT(T)Ili,édT —(p+ 1.
Using the definition of E(f) and (2.4), it is clear that
2ull?r) == 2(p + DE) + (p + Dll|P + (p + Dllully,

p+1
ﬁ(p+ 1) N
. = IVull?** + 2(p + 1)f IIMT(T)IIH]dT

(3.11)

(3.12)

Substituting (3.12) into (3.11), and combining Lemmas 3.1 and 3.2, Eq (2.1), and E(0) < d gives

x1(0) = =2(p + DEO) + (p = Dllully + (p ~ 1)[ IIMT(T)II2 dr

+,6’(p 2y-1)
v+ 1

>=2(p+DEQO)+2(p+ Dd + (p - 1)f llur (DI, d7
0 0

-2y—1
B2 Dyggpr - 4 1

>-2(p+DHEO)+2(p+1)d-(p+ 1), >0,

IVul*? = (p + 1)¢

where
0<¢<2(d-EQ)):=¢.

Then, from (3.6), (3.10), and (3.13), it is easy to see that
KOK"0) - 252 (k@) > 0.
By (3.6) and (3.7), we have
K(0) = lttol* + T lltoly + 122
and
K'(0) = 2ud + 2(uo, uy).

In order to guarantee K(0) > 0 and K’(0) > 0, we take

(l/lo, M])
0,- .
o> max{ 4 }

Then, by (3.15) and Lemma 2.2, we obtain

2 2
ko) 21l Tl + )

0 Tmax > -
ST STTDRO) . (o DG+ o m)

(3.13)

(3.14)

(3.15)

(3.16)
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This gives
N T e 7 N P . TN
T (p = D@ + (u, uy)) (p — DWd + (uo, uy))
_ 2 (luoll” + Zu?)
(p — D@ + (uo, ur)) — 2||Mo||i,(]) (3.17)
_ 2 (luoll” + p?¢ ™)
(p — D(p + (uo, u1)) - 2””0”i13
=Y, 0,
where
—(uo,u1), (o, u1) <0,
= 1
pi=pe> {o, (o, 111) > 0. G-18)

The parameters p and ¢ are introduced in (3.18) and (3.6), which are independent of the parameters
involved in problem (1.1). For any u and ¢ that satisfy (3.16) and (3.14), we can obtain a series of
effective upper bounds on the blowup time of the solution, which are related to the choice of i and .
Hence, we need to seek u and ¢ that satisfy (3.16) and (3.14) to minimize function Y (p, {).

By the definition of Y(p, ) and (3.14), it is clear that

2 24 02771
inéf Y(p, ) = inf Y(p, ;) = inf (Ileeoll” + 761 )
P P

: 3.19
r(p = Do+ (uo, ur)) —2||M0||§I(1) G

Now, the problem was reduced to finding the minimum of the function Y(p, ;) that depends only on p.
It is clear that if there exists a point p; that satisfies

_(uo’ I/ll), (l/l(), ul) < 0’
= > 3.20
pri=pe {o, (g 1) > 0, G20

such that Y’(p;) = 0, then the function Y(p, {;) reaches the minimum at py, i.e.,
ilng(P,&) = Y(p1, 1) (3.21)

We first show the existence of p;. Taking the derivative of Y(p, {;) with respect to p, it follows that

4067 (0 = D0 + Gaos ) = 2wl ) = 200 = 1) (lolP + 072;)

Y'(p) = 2
(2 = Do+ o) = 21wl )

2((p = 10 +20p = Dlao, u)p = Al = (0 = Dol

2
& (= D+ o, ) = 2ol |

Electronic Research Archive Volume 33, Issue 9, 5701-5718.
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By a simple computation, we obtain that p; defined in (3.3) satisfies Y’ (p;) = 0.

Next, we consider the following two cases, i.e., (up,u;) < 0 and (ug, u;) > 0, to verify that p,
satisfies (3.20).

Case I: (g, u1) < 0. By (3.3), (3.4), (K), and E(0) < d, we have

oL+ 2(p = 1 (d ~ EO) luolP

p1 > + [ (uo, ur) |- (3.22)
p—1

Case II: (ug, u;) > 0. Similar to Case I, we obtain

+
o> 1 DlHT (3.23)

p—1

These two cases mean that p; satisfies (3.20). Then combining (3.17), (3.19), and (3.21), the conclusion
(3.2) is derived. This completes the proof. O

3.2. Upper bound of the blowup time with critical initial energy E(0) =d andr = 1

The purpose of this subsection is to estimate the upper bound of the blowup time of the solution to
problem (1.1) with E(0) = d. We first introduce the blowup result of problem (1.1) at critical initial
energy given in [1].

Proposition 3.5 (Blowup in finite time for critical initial energy E(0) = d [1]). Suppose uy € H,
u(x) € H(l) (), and also (K) holds. Then the solution to problem (1.1) blows up in finite time provided
the initial data satisfy E(0) = d and uy € V.

The following lemma shows that V is invariant under the flow of problem (1.1).

Lemma 3.6 (Invariant unstable set V for critical initial energy E(0) = d [1]). Let the conditions in
Proposition 3.5 hold; then we have u(t) € V for all t € (0, Tyax), where Ty is the maximum existence
time of the solution.

Using Lemmas 3.6 and 3.2, we can also obtain the inequality (3.1) under the conditions E(0) = d
and uy € V. By defining the same auxiliary function K(¢) as in (3.6), it is clear that

3
KOK" (@) = 222 (K0 = Ky 0,

where y(¢) is defined in (3.11). However, due to E(0) = d, by (3.12), (3.13), and (3.1), we cannot find a
positive constant £ such that y(z) > 0, which implies that the inequality (3.15) no longer holds. Next,
we shall show the upper bound of the blowup time of the solution to problem (1.1) with linear weak
damping when initial energy satisfies £(0) = d by introducing a new auxiliary function L(¢).

Theorem 3.7 (Upper bound of blowup time for critical initial energy E(0) = d and r = 1). Let the
conditions in Proposition 3.5 hold, if the initial data satisfy

2uoll

p+1

> 0, (3.24)

(o, uy) >

then the maximum existence time of the solution to problem (1.1) is given by
2 |Juoll®
(p + D(uo, ur) = 2lluol2,
0

(3.25)

Tmax —_

Electronic Research Archive Volume 33, Issue 9, 5701-5718.
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Proof. We define

!
L) = llulP + f IIMIIi,(l)dT + (Tmax — t)”u()”il(l) > 0.
0

Then, we have

! !
L'(t) =2(u,u;) + 2 f (u,u)dt + 2 f (Vu,Vu,)dr.
0 0

By similar arguments of (3.8)—(3.10), it is clear that

Lor® - 22 (W) = Lowo,

where

t
0(t) := —(p + 1)l = 2llullf, — 2B1Vull™** + 2lull’7) - (p + 3)f llu-(Dl
0

Substituting (3.12) into (3.29), and combining Lemmas 3.2 and 3.6, (K) and E(0) = d, we have

0(1) = — 2(p + DE©) + (p — Dlully; + (p - 1)j; (Dl d

+,8(p—27—1)
v+ 1

>=2p+Dd+2(p+Dd+(p- l)f [l (T)II7, d7
0 0

LBp=2y-1)
+1

[IVul 7+

[Vul7*? > 0,
which, together with (3.26) and (3.28), yields

L(OL" (1) — ”%3 (L'(1)* = 0.
By (3.26), (3.27), and (3.24), we obtain

L(0) = [luoll® + Tmaxlluolli,é >0,

and
L'(0) = 2(ug, uy) > 0.

Using these facts, (3.30) and Lemma 2.2, it follows that

) _gme+mnmﬁQ
"SI DLO) | (p— Do, ur)

which gives (3.25). This completes the proof.

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

O
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3.3. Upper bound of the blowup time with high initial energy E(0) > 0andr = 1

In this subsection, we obtain the upper bound of the blowup time of the solution to problem (1.1)
when initial energy satisfies £(0) > 0. By the proof of Theorem 3.1, we observe that the upper bound of
the blowup time at a subcritical initial energy level strongly depends on the relationship between the
initial energy and the potential well depth. However, for high initial energy levels, i.e., when the initial
energy is not controlled by the potential well depth, we need to seek strategies and techniques to get the
upper bound of the blowup time. In the following, we present the relevant results established in [1], and
then estimate the upper bound of the blowup time at high initial energy based on these results.

Lemma 3.8 ([1]). Suppose uy € H, uy(x) € Hé(Q), and also (K) holds. We set

&:=min{l,C} >0, Jlully; = Clul3,, (3.31)
0
4p+1)

Qo 1= VuglP + lluol? + 20, ) = 2= E(0), (3.32)
(p—1E

and
B(t) := IVu)II* + llu@)I* + 2(u, u,).

Assume that the initial data satisfy
I(ug) = llu|I* < 0, Qo >0,

then the function B(t) is strictly increasing.

Proposition 3.9 (Blowup in finite time with high initial energy E(0) > 0 and r = 1 [1]). Let the
assumptions of Lemma 3.8 hold. Then the solution blows up in finite time.

After the above preparations, we estimate the upper bound of the blowup time of the solution to
problem (1.1) when the initial energy satisfies £(0) > 0.

Theorem 3.10 (Upper bound of blowup time for high initial energy E(0) > O and r = 1). Let the
conditions in Proposition 3.9 hold; then we have

4 (lluoll® + p3¢5")
T (= D2 + (g un)) = Alluolf,”

(3.33)

where

O3+ 200 (0~ DX(p+ 3) ol +
= —

D2 , (3.34)

0y = 4||M0||12L,é = (p = 1) (uo, u1),

and ¢ and Qy are defined in (3.31) and (3.32), respectively.
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Proof. It follows from Proposition 3.9 that the solution blows up in finite time, i.e., (3.5). Next, we are
going to estimate the upper bound of the blowup time. We define the same auxiliary function K(¢) as
(3.6). Then using (3.7)—(3.10), we have

KK (1) - —(K'(t)) > K(x2(1), n>0, (3.35)
where

x2(0) 1= =+ D) > = 2l = 28IV ull*> + 2jud 7

+1
f 5 ’ (3.36)
~0+3) [ lunoldr =+ 1

Taking n = 221 and substituting (3.12) into (3.36), we derive
Blp-2y-1)

Y2 = = 2(p + DE(0) + ” P + (o = Dl +

#2270 f o dr - 222

which, together with (A), (3.31), the Cauchy-Schwarz inequality and Lemma 3.8 yields

p+3
2

-1 ~ +3
” (Ul + 2Clull ) — Z ¢
( Y

2 =2(p+ DE(O) + ———(2(u ) + IVl + Jlu II)—LZ

(p—l)cQO_p+3

IVl 7+

xa(t) = =2(p + DE©) + 2

-1
> + (p = Dllaallyy ¢

> -2(p+ 1HEQO) +

g,

where p— 1O
c\p—- 0
O0<l<i=——,
(<& PP
Now, we take u that satisfies (3.16) such that K(0) > 0 and K’(0) > 0. Then by Lemma 2.2 and (3.35),
we obtain

(3.37)

8K(0) 4 (lluoll2 + Trnax ||uo||f,é + ;12{)

0 Tmax = =
I STTDRO) T (= DG+ (o)

which gives

-1
o AwlPegy [ Al
T (p = D@L + (ug, ) (p — D@ + (uo, uy))

_ 4 (lluoll® + )
(p = D@d + (o, 1)) — 4||M0||i,(1) (3.38)

_ AUmlP+ph
(p = D(p + (g, 1)) = Aol

=2, 0,
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where p is defined the same as (3.18). Based on the similar discussions under (3.18), we are going to
find p and ¢ that satisfy (3.16) and (3.37) to minimize the function Z(p, ¢).
Using (3.37), we minimize the function Y (p, {) for { yields

. N N 4 (luoll + 025"
1pr,1§fZ(p, 0= lrng(p, $H) = lrplf Do+ Goan) - 4||”0||12L,(1) :

(3.39)

At this stage, the problem was simplified to minimizing the function Z(p, {»), which depends only on p.
It is clear that if we can find a point p, that satisfies

—(ug,u1), (uo,u;) <0,

P2 llgz {O’ (l/l(), ul) > O? ( )

such that Z’(p,) = 0, then the function Z(p, ») attains its minimum at p, i.e.,
ing(P, ) = Z(p2, £2). (3.41)

We first prove the existence of p,. By differentiating Z(p, {>) with respect to p, we derive

4(( = D + 200 = Diwo, o = 8lllley - (p = DealllF)
Z,(p’ §2) = . .

2
& ((p = D+ o, 1)) = 4ol

A straightforward calculation shows that p, defined in (3.34) satisfies Z’'(p;) = 0.

The remaining proof is to verify that p, satisfies (3.40). Using similar arguments as (3.22) and (3.23),
it is easy to get that p, satisfies (3.40). Hence, we omit it here. Then we use (3.38), (3.39), and (3.41) to
conclude the conclusion (3.33). This completes the proof. O

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

The authors would like to convey their sincere gratitude to the referee for their insightful comments,
which greatly contributed to improving the quality of this manuscript.

Conflict of interest

The authors declare there is no conflicts of interest.

References

1. C.Yang, V. D. Radulescu, R. Z. Xu, M. Y. Zhang, Global well-posedness analysis for the nonlinear
extensible beam equations in a class of modified Woinowsky-Krieger models, Adv. Nonlinear Stud.,
22 (2022), 436-468. https://doi.org/10.1515/ans-2022-0024

Electronic Research Archive Volume 33, Issue 9, 5701-5718.


https://dx.doi.org/https://doi.org/10.1515/ans-2022-0024

5717

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

S. Woinowsky-Krieger, The effect of an axial force on the vibration of hinged bars, J. Math. Anal.
Appl., 17 (1950), 35-36. https://doi.org/10.1115/1.4010053

A. Arosio, S. Panizzi, On the well-posedness of the Kirchhoff string, Trans. Am. Math. Soc., 348
(1996), 305-330. https://doi.org/10.1090/S0002-9947-96-01532-2

G. Kirchhoft, Vorlesungen iiber Mathematische Physik, Tauber, Leipzig, 1883.

F. T. K. Ay, Y. S. Cheng, Y. K. Cheung, Vibration analysis of bridges under moving vehicles and
trains: An overview, Prog. Struct. Eng. Mater., 3 (2001), 299-304. https://doi.org/10.1002/pse.89

W. Fang, J. A. Wickert, Post-buckling of micromachined beams, J. Micromech. Microeng., 4 (1994),
116-122. https://doi.org/10.1109/MEMSYS.1994.555620

M. 1. Younis, A. H. Nayfeh, A study of the nonlinear response of a resonant microbeam to an
electric actuation, Nonlinear Dyn., 31 (2003), 91-117. https://doi.org/10.1023/A:1022103118330

N. Lobontiu, E. Garcia, Mechanics of Microelectromechanical Systems, Springer, Boston, MA,
2005. https://doi.org/10.1007/b100026

J. G. Eisley, Nonlinear vibration of beams and rectangular plates, Z. Angew. Math. Phys., 15 (1964),
167-175. https://doi.org/10.1007/BF01602658

D. Burgreen, Free vibrations of a pin-ended column with constant distance between pin ends, ASME
J. Appl. Mech., 18 (1951), 135-1309. https://doi.org/10.1115/1.4010266

X. C. Wang, Y. X. Chen, Y. B. Yang, J. H. Li, R. Z. Xu, Kirchhoff-type system with lin-
ear weak damping and logarithmic nonlinearities, Nonlinear Anal., 188 (2019), 475-499.
https://doi.org/10.1016/j.na.2019.06.019

W. Q. Lv, Ground states of a Kirchhoff equation with the potential on the lattice graphs, Commun.
Anal. Mech., 15 (2023), 792-810. https://doi.org/10.3934/cam.2023038

L. Chueshoyv, 1. Lasiecka, Existence, uniqueness of weak solutions and global attractors for a class
of nonlinear 2D Kirchhoff-Boussinesq models, Discrete Contin. Dyn. Syst., 15 (2006), 777-809.
https://doi.org/10.3934/dcds.2006.15.777

X. Qiu, Z. Q. Ou, Y. Lv, Normalized solutions to nonautonomous Kirchhoff equation, Commun.
Anal. Mech., 16 (2024), 457-486. https://doi.org/10.3934/cam.2024022

S. K. Patcheu, On a global solution and asymptotic behaviour for the generalized damped extensible
beam equation, J. Differ. Equations, 135 (1997), 229-314. https://doi.org/10.1006/jdeq.1996.3231

Q. Li, Y. Z. Han, B. Guo, A critical Kirchhoff problem with a logarithmic type perturbation in high
dimension, Commun. Anal. Mech., 16 (2024), 578-598. https://doi.org/10.3934/cam.2024027

I. Chueshov, I. Lasiecka, On global attractor for 2D Kirchhoff-Boussinesq model
with supercritical nonlinearity, Commun. Partial Differ. Equations, 36 (2011), 67-99.
https://doi.org/10.1080/03605302.2010.484472

L. E. Payne, D. H. Sattinger, Saddle points and instability of nonlinear hyperbolic equations, Isr. J.
Math., 22 (1975), 273-303. https://doi.org/10.1007/bf02761595

D. H. Sattinger, On global solution of nonlinear hyperbolic equations, Arch. Ration. Mech. Anal.,
30 (1968), 148—172. https://doi.org/10.1007/bf00250942

Electronic Research Archive Volume 33, Issue 9, 5701-5718.


https://dx.doi.org/https://doi.org/10.1115/1.4010053
https://dx.doi.org/https://doi.org/10.1090/S0002-9947-96-01532-2
https://dx.doi.org/https://doi.org/10.1002/pse.89
https://dx.doi.org/https://doi.org/10.1109/MEMSYS.1994.555620
https://dx.doi.org/https://doi.org/10.1023/A:1022103118330
https://dx.doi.org/https://doi.org/10.1007/b100026
https://dx.doi.org/https://doi.org/10.1007/BF01602658
https://dx.doi.org/https://doi.org/10.1115/1.4010266
https://dx.doi.org/https://doi.org/10.1016/j.na.2019.06.019
https://dx.doi.org/https://doi.org/10.3934/cam.2023038
https://dx.doi.org/https://doi.org/10.3934/dcds.2006.15.777
https://dx.doi.org/https://doi.org/10.3934/cam.2024022
https://dx.doi.org/https://doi.org/10.1006/jdeq.1996.3231
https://dx.doi.org/https://doi.org/10.3934/cam.2024027
https://dx.doi.org/https://doi.org/10.1080/03605302.2010.484472
https://dx.doi.org/https://doi.org/10.1007/bf02761595
https://dx.doi.org/https://doi.org/10.1007/bf00250942

5718

20.

21.

22.

G. W. Liu, M. Y. Yin, S. X. Xia, Blow-up phenomena for a class of extensible beam equations,
Mediterr. J. Math., 20 (2023), 266. https://doi.org/10.1007/s00009-023-02469-0

Y. Pang, X. T. Qiu, R. Z. Xu, Y.B, Yang, The Cauchy problem for general nonlin-
ear wave equations with doubly dispersive, Commun. Anal. Mech., 16 (2024), 416—430.
https://doi.org/10.3934/cam.2024019

K. Ono, On global solutions and blow-up of solutions of nonlinear Kirchhoff string with nonlinear
dissipation, J. Math. Anal. Appl., 216 (1997), 321-342. https://doi.org/10.1006/jmaa.1997.5697

. M. M. Freitas, M. L. Santos, J. A. Langa, Porous elastic system with nonlinear damping and sources

terms, J. Differ. Equations, 264 (2018), 2970-3051. https://doi.org/10.1016/j.jde.2017.11.006
B. Straughan, Explosive Instabilities in Mechanics, Springer-Verlag, Berlin, 1999.

. J. N. Flavin, S. Rionero, Qualitative Estimates for Partial Differential Equations: An Introduction,

CRC Press, Boca Raton, 1996. https://doi.org/10.1201/9781003069010

. J.Z. Cheng, Q. R. Wang, Global existence and finite-time blowup for a mixed pseudo-parabolic

r(x)-Laplacian equation, Adv. Nonlinear Anal., 13 (2024), 20230133. https://doi.org/10.1515/anona-
2023-0133

. Y. X. Chen, Global dynamical behavior of solutions for finite degenerate fourth-order parabolic

equations with mean curvature nonlinearity, Commun. Anal. Mech., 15 (2023), 658—694.
https://doi.org/10.3934/cam.2023033

. S. H. Park, Blow-up for logarithmic viscoelastic equations with delay and acoustic boundary

conditions, Adv. Nonlinear Anal., 12 (2023), 202203 10. https://doi.org/10.1515/anona-2022-0310

©2025 the Author(s), licensee AIMS Press. This

[/ N R W\

>

a is an open access article distributed under the

terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

s AIMS Press

Electronic Research Archive Volume 33, Issue 9, 5701-5718.


https://dx.doi.org/https://doi.org/10.1007/s00009-023-02469-0
https://dx.doi.org/https://doi.org/10.3934/cam.2024019
https://dx.doi.org/https://doi.org/10.1006/jmaa.1997.5697
https://dx.doi.org/https://doi.org/10.1016/j.jde.2017.11.006
https://dx.doi.org/https://doi.org/10.1201/9781003069010
https://dx.doi.org/https://doi.org/10.1515/anona-2023-0133
https://dx.doi.org/https://doi.org/10.1515/anona-2023-0133
https://dx.doi.org/https://doi.org/10.3934/cam.2023033
https://dx.doi.org/https://doi.org/10.1515/anona-2022-0310
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Upper bound of the blowup time
	Upper bound of the blowup time with subcritical initial energy E(0)<d and r=1
	Upper bound of the blowup time with critical initial energy E(0)=d and r=1 
	Upper bound of the blowup time with high initial energy E(0)>0 and r=1 


