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Abstract: The bursting and subthreshold resonance of mesencephalic trigeminal nucleus neurons play 
a critical role in bite force control and orofacial pain processing, yet their underlying dynamical 
mechanisms remain poorly understood. The nonlinear and ionic mechanisms are presented in the 
present paper. First, bifurcations from the resting state to bursting, modulated by persistent sodium 
current (INaP) and applied current (Iapp), are obtained, including a Hopf bifurcation. Second, three 
typical bursting patterns are distinguished via codimension-2 bifurcations, and coexisting behaviors 
are acquired through fast/slow analysis. Modulated by INaP, the most common bursting pattern, similar 
to experimental observations, exhibits bursts interrupted by long quiescent states. In the fast subsystem, 
the limit cycle for the burst is far from the coexisting equilibrium for the quiescent state. Then, 
stochastic transitions between the two behaviors cannot be evoked, resulting in robustness to noise. 
Two other bursting patterns manifest transitions between bursts for a large limit cycle and subthreshold 
oscillation for a small limit cycle. Proximity between the two limit cycles allows noise to drive 
stochastic transitions, leading to noise-sensitive dynamics. The sensitivity is determined by the 
distance between the two cycles. Finally, subthreshold resonance evoked from the resting state is 
reproduced, which is mediated by potassium current. Enhanced INaP and Iapp amplify the resonance 
amplitude and frequency by driving the resting state toward the Hopf bifurcation. The dynamics of 
bursting and resonance advance the understanding of sensorimotor processing and present potential 
targets for treating orofacial motor disorders. 
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1. Introduction 

Nonlinear behaviors of neuronal firing activities play essential roles in identifying brain diseases 
or brain functions [1]. For example, bursting activity has been linked to major depressive disorder [2], 
Parkinson’s disease [3], and epilepsy [4]. Bursting is often modulated by slow stimulations [5] or slow 
variables related to multiple ions [6–8], such as calcium ions [9]. Bifurcation analysis and fast-slow 
dynamics analysis [10] reveal the nonlinear dynamical mechanisms governing bursting activity [11–16], 
providing crucial insights for understanding brain disorders. For instance, the fast-slow variables 
separation method is effective in identifying distinct bursting patterns by choosing the slow variable 
and analyzing the bifurcation types of the fast subsystem [17–20]. Given the ubiquitous presence of 
noise in neural systems, noise-induced modifications of bursting dynamics have attracted significant 
research attention [21]. Recently, complex changes in bursting modulated by noise have been 
explained through fast-slow dynamics analysis [22,23]. Compared to the deterministic bursting, 
changes occur in the quiescent states/subthreshold oscillations and bursts of stochastic bursting, since 
the stochastic alternations between bursts and quiescent states/subthreshold oscillations induced by 
noise appear around a specific phase or bifurcation. Thus, identification of nonlinear mechanisms 
underlying the bursting is an important issue. 

In addition to bursting, subthreshold resonance is a fundamental property in frequency-selective 
signal processing [24,25]. Resonance emerges when a peak response amplitude appears at a specific 
stimulation frequency (fres), indicating frequency-selective amplification [26]. Experimental studies 
have revealed that resonance appears in diverse types of neurons, such as thalamic reticular nucleus 
neurons [27], pyramidal neurons in the hippocampal CA1 region [28], and neurons in the sensorimotor 
cortex [29]. Subthreshold resonance improves the capacity to detect rhythmic signals, while aberrant 
subthreshold resonance may contribute to neurological disorders. For instance, subthreshold resonant 
characteristics play a role in the encoding of the auditory system [30]. Abnormally increased resonance 
in thalamocortical circuits and CA1 pyramidal cells may promote synchronized firing and 
epileptogenesis [26,31]. Neuronal resonance can be mediated by several ion currents, including the 
hyperpolarization-activated cation current (Ih) [32], calcium current (ICa) [33], low-threshold 
potassium current (IKLT) [34], and M-type potassium current (IM) [35]. In addition, some ion currents 
can regulate the intensity of the resonance. For example, the persistent sodium current (INaP) can 
amplify the resonance mediated by Ih/IM or Ih [35,36]. The delayed rectifier potassium current (IKir) 
weakens the resonance mediated by Ih [29]. In nonlinear dynamics, resonance is closely tied to the 
type of equilibrium points [37]. It is easy for a stable focus to exhibit resonance, as it has an inherent 
frequency, whereas the same is difficult for a stable node (which has no inherent frequency). Moreover, 
resonance triggered by the Ih current is closely associated with a Hopf bifurcation [38,39]. Then, the 
identification of ionic and nonlinear mechanisms underlying resonance is also a significant issue. 

Both bursting and subthreshold resonance in the mesencephalic trigeminal sensory neurons (Mes 
V neurons) play roles in various functions, such as the transmission of orofacial proprioceptive 
information, mastication, and bite force regulation [40]. For instance, the monosynaptic reflex (e.g., 
the jaw-jerk reflex) modulates bite force to avoid dental damage [41]. Moreover, abnormal Mes V 
activity is strongly linked to temporomandibular disorders (TMD) [42], which primarily affect adults, 
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manifesting as pain and motor dysfunction (e.g., sleep bruxism) [43]. For Mes V neurons, the most 
common bursting exhibits transitions between quiescent states and bursts with multiple high-frequency 
spikes. Compared to single spikes, bursting exhibits superior noise resistance, thereby enhancing the 
reliability of bite force control. As the conductance (gNaP) of the persistent sodium current (INaP) 
increases, the interburst interval becomes shorter, while burst duration becomes longer [44]. The 
prolonged burst duration is associated with sleep bruxism and occlusal pain [45]. Therefore, the 
modulation of bursting by gNaP has significant physiological and dynamical implications. 
Complementary to bursting patterns, subthreshold resonance in Mes V neurons substantially 
contributes to signal integration. Through frequency-specific signal amplification via resonance, Mes 
V neurons may optimize the encoding of muscle length change velocity [46]. The application of 
riluzole on Mes V neurons to inhibit INaP significantly reduces the resonance amplitude [47], indicating 
that INaP amplifies resonance. As the resting membrane potential depolarizes, the resonance frequency 
gradually increases [47], indicating that factors modulating the resting membrane potential, such as 
applied current (Iapp), can influence IK-mediated resonance. The dynamical mechanisms underlying 
resonance changes (e.g., bifurcation types) remain poorly understood. Thus, identifying the dynamical 
and ionic current mechanisms underlying bursting and subthreshold resonance is important for both 
nonlinear dynamics and physiological function research. 

Here, the dynamical and ionic current mechanisms underlying the bursting and subthreshold 
resonance of Mes V neurons are investigated using a mathematical model. First, under modulation by 
INaP and Iapp, one- and two-parameter bifurcations from the resting state to bursting are identified, 
including a Hopf bifurcation. Second, using codimension-1 and codimension-2 bifurcations identified 
via fast-slow analysis, the most common bursting pattern and two other bursting patterns are 
distinguished. The robustness of the most common bursting pattern to noise arises from the large 
distance between the coexisting limit cycle and equilibrium. In contrast, the noise sensitivity observed 
in the other two patterns stems from the relatively small distance between their coexisting limit cycles. 
Noise cannot induce stochastic transitions between the two coexisting behaviors in the most common 
bursting pattern, whereas it can in the other two patterns. The INaP-dependent modifications in bursting 
characteristics show close agreement with experimental recordings. Finally, enhanced INaP in 
conjunction with Iapp can increase the frequency and amplitude of resonance mediated by potassium 
current, as the resting state approaches the Hopf bifurcation. The results for bursting provide new 
insights into the fine regulation of proprioceptive perception in the maxillofacial region, while those 
for subthreshold resonance provide theoretical evidence for INaP and Iapp as tuners of proprioceptive 
frequency selectivity. This study presents a dynamical framework for understanding sensorimotor 
encoding in Mes V neurons and suggests potential targets for treating orofacial motor disorders.  

2. Models and methods 

2.1. Neuronal model 

In the present paper, the Mes V neuron model is from the study [44]. Based on the data obtained 
in the experiment, the model was built. The model is described as follows: 

ܥ ୢ௏
ୢ௧
= ୒ୟ୘ܫ− − ୒ୟ୔ܫ − ୏ܫ − ୐ୣୟ୩ܫ +  ୟ୮୮                     (1)ܫ



5280 

Electronic Research Archive  Volume 33, Issue 9, 5277-5300. 

ௗ௡
ௗ௧
= ௡ಮ(௏)ି௡

ఛే(௏)
                                      (2) 

ௗ௛౪
ௗ௧
= ௛౪,ಮ(௏)ି௛౪

ఛొ౗౐(௏)
                                    (3) 

ௗ௛౦
ௗ௧
= ௛౦,ಮ(௏)ି௛౦

ఛొ౗ౌ(௏)
                                   (4) 

where V is the membrane voltage, C is the membrane capacitance, n is the activation gating variable 
of the K+ current (IK), and ht and hp are the inactivation gating variables of the transient Na+ current (INaT) 
and persistent Na+ current (INaP), respectively. Iapp is the applied bias (DC) current (in pA), and ILeak is 
the leakage current. IK, INaT, INaP, and ILeak are described as follows: 

୏ܫ = ݃୏݊(ܸ −  ୏)                                  (5)ܧ

୒ୟ୘ܫ = ݃୒ୟ୘݉୲,ஶ(ܸ)ℎ୲(ܸ −  ୒ୟ)                         (6)ܧ

୒ୟ୔ܫ = ݃୒ୟ୔݉୮,ஶ(ܸ)ℎ୮(ܸ −  ୒ୟ)                         (7)ܧ

୐ୣୟ୩ܫ = ݃୐ୣୟ୩(ܸ −  ୐ୣୟ୩)                              (8)ܧ

where gK, gNaT, gNaP, and gLeak are the conductances (in nS). Definitions for the voltage-dependent 
steady-state functions n∞, mt,∞, ht,∞, mp,∞, and hp,∞, and the time constants τ are as follows: ݊ஶ(ܸ) =

ଵ

ଵା௘ష
ೇశరయ
య.వ

, ߬୏ = 4,݉୲,ஶ(ܸ) =
ଵ

ଵା௘ష
ೇశయభ.య
ర.య

, ℎ୲,ஶ(ܸ) =
ଵ

ଵା௘
ೇశఱఱ
ళ.భ

, ߬୒ୟ୘(ܸ) = 3, 

݉୮,∞(ܸ) =
ଵ

ଵା௘ష
ೇశఱబ
ల.ర

, ℎ୮,∞(ܸ) =
ଵ

ଵା௘
ೇశఱమ
భర
, ߬୒ୟ୮(ܸ) = 1000 + ଵ଴଴଴଴

ଵା௘
ೇశలబ
భబ

. 

The parameter values are given as follows: EK = 92 mV, ENa = 55 mV, ELeak = 60 mV, gK = 6 nS, 
gNaT = 12 nS, gLeak = 2 nS, and C = 1 pF. gNaP and Iapp are the regulating parameters. The unit of time 
is ms. 

2.2. White noise 

Membrane noise is considered and added to Eq (1). Here, a white noise ξ(t) is used, with 
statistical properties <ξ(t)> = 0 and <ξ(t)ξ(t')> = 2Dδ(t–t'). Here, <·> represents the average, δ(·) is 
the Dirac delta function, and D [in units of (pA)2] represents the noise intensity. The present work 
examines bursting behavior incorporating noise, thereby achieving greater consistency with 
experimental observations. 

2.3. Fast-slow analysis of bursting 

Equations (1)–(4) form the full system. In the full system, hp has a large time constant τNaP, 
implying that it is a slow variable. Thus, Eqs (1)–(3) and Eq (4) are referred to as the fast subsystem 
and slow subsystem, respectively. Then, bifurcation analysis with hp as a parameter can be performed 
in the fast subsystem. The bursting trajectory is then overlaid on the bifurcation diagram, which can 
serve to characterize both deterministic and stochastic bursting. 
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2.4. Indicator for characterizing resonance induced by ZAP stimulation from the resting state 

Here, a ZAP current stimulus is used to clarify the role of ionic currents in membrane potential 
resonance. The ZAP current has a constant amplitude and linearly rising frequency, defined as follows: 

(ݐ)୞୅୔ܫ =  (9)                          (ݐ(ݐ)݂ߨ2)݊݅ݏ୫ୟ୶ܫ

where ݂(ݐ) = ୫݂୧୬ + ( ୫݂ୟ୶ − ୫݂୧୬)(
௧
୘
) is the time-dependent frequency, increasing from fmin to fmax 

over a time period T. Imax is the stimulus amplitude. In the present paper, Imax = 0.01 pA, fmin = 0 Hz, 
fmax = 250 Hz, and T = 25 s. 

When IZAP is applied to the resting state, V(t) exhibits oscillations. The Fast Fourier Transform 
(FFT) of V(t) and IZAP(t) can then be obtained, denoted as FFT(V(t)) and FFT(IZAP(t)). The impedance 
frequency profile is described as follows: 

Z(݂) = ୊୊୘(௏(௧))
୊୊୘(ூౖఽౌ(௧))

                             (10) 

where f represents the frequency. The magnitude of Z(f), denoted as |Z(f)|, is plotted as a function of f, 
yielding a frequency response curve that enables quantitative analysis of the resonant response. 
Resonance manifests as a distinct peak at a specific frequency, referred to as the resonance frequency 
(fres). The peak value of |Z(f)| at the resonance frequency fres is denoted as |Z(fres)|. 

In addition, |Z(f)| at 0.5 Hz is labeled as |Z(0.5)|. The ratio of |Z(fres)| to |Z(0.5)|, referred to as the 
Q factor, can also be used to quantify resonance strength. 

3. Results 

3.1. Bifurcations distinguishing the resting state and bursting 

3.1.1. Resting state and bursting 

The neuronal model successfully reproduces the membrane properties of Mes V neurons. In 
Figure 1(a), the red line represents the resting state at Iapp = 12 pA (upper panel), while the black 
curve shows the bursting at Iapp = 10 pA (lower panel). The resting membrane potential at Iapp = 12 pA 
is 59.37 mV, while the spike amplitude during bursting reaches ~85 mV. 
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Figure 1. Dynamics related to the resting state and bursting of the full system. (a) Resting 
state (red line) at Iapp = 12 pA and bursting (black curve) at Iapp = 10 pA, with gNaP = 1.1 nS. 
(b) One-parameter bifurcation diagram. HB1 and HB2 represent Hopf bifurcations. TR 
and LPC denote Torus bifurcation and limit point bifurcation of limit cycles (LPC), 
respectively. (c) Two-parameter bifurcation diagram. (d) A magnified view of panel (c). 
The blue, red, and green curves represent Hopf, saddle-node, and LPC bifurcations, 
respectively. The red triangle and magenta star represent CP and GH bifurcation points, 
respectively. The regions marked by red and green diagonal stripes represent the 
equilibrium and oscillation states, respectively. 

3.1.2. One- and two-parameter bifurcations 

The resting state can transition to firing (including bursting) via bifurcations. For example, the 
bifurcations with respect to Iapp are presented in Figure 1(b). When Iapp is small, the system remains 
in a resting state (left red line). The resting state in Figure 1(a) corresponds to the red solid circle in 
Figure 1(b). As Iapp increases, a supercritical Hopf bifurcation (HB1) appears at Iapp  8.1045 pA, via 
which the stable focus (left red) transitions to an unstable focus (black dashed curve), and a stable 
limit cycle [green curves in Figure 1(b)] emerges, corresponding to subthreshold oscillations with 
amplitude ~20 mV. The stable limit cycle becomes unstable (blue dashed curve) at Iapp = 6.5179 pA 
via a torus (TR) bifurcation. The unstable focus transitions to a stable focus (red solid line on the right) 
via a subcritical Hopf bifurcation (HB2) at Iapp  17.4930 pA, and this stable focus corresponds to a 
depolarization block state. Via the HB2, another unstable limit cycle (blue dashed curve) emerges, 
which connects with the previous unstable limit cycle to form a limit point bifurcation of limit cycles 
(LPC) at Iapp  77.3388 pA. For the parameter domain of unstable limit cycles, bursting behaviors 
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appear (not shown here). For instance, the parameter value of the bursting demonstrated in Figure 1(a) 
is denoted by the black arrow in Figure 1(b). Thus, the neuron exhibits four distinct dynamical states. 
Resting state occurs for Iapp < 8.1045 pA, subthreshold oscillation for 8.1045 pA < Iapp < 6.5179 
pA, bursting for 6.5179 pA < Iapp < 17.4930 pA, and depolarization block for Iapp > 17.4930 pA. As 
Iapp increases, the neuronal membrane potential progressively depolarizes, which in turn induces 
subthreshold oscillations and burst firing. These simulation results are in excellent agreement with 
experimental observations [47]. In the following analysis, we focus on the resting state and bursting 
state of neurons. The subthreshold oscillation is confined to a narrow region and is not the focus of the 
current investigation. More details on subthreshold oscillations are available in the supplementary 
materials of this paper. 

The two-parameter bifurcations in the (Iapp, gNaP) plane are presented in Figure 1(c), containing 
two Hopf bifurcation curves (HB, blue), two saddle-node bifurcation curves (SN, red), and an LPC 
curve (green). Meanwhile, two SN curves coalesce at (24.7651, 2.0431), forming a codimension-2 
bifurcation point, Cusp (CP), which is marked by a red triangle. The HB and LPC curves coalesce at 
the point (4.1764, 1.0119), forming a codimension-2 bifurcation point, generalized Hopf (GH, magenta 
five-pointed star). A partially enlarged view of Figure 1(c) is shown in Figure 1(d). The regions marked 
with red diagonal lines and green diagonal lines represent the stable equilibrium point region and the 
oscillation zone containing bursting, respectively. 

3.2. Different bursting patterns modulated by gNaP, Iapp, and noise 

3.2.1. Changes in bursting patterns with respect to gNaP and Iapp 

The interplay between Iapp and gNaP is capable of producing diverse bursting patterns and 
modulating bursting properties. Therefore, we selected four representative parameter points in the two-
parameter bifurcation diagram to illustrate how Iapp and gNaP regulate bursting activity, as indicated by 
the two black dots, one red dot, and one red square in Figure 2(a). 

In this model, the slow variable hp of INaP is the fundamental cause of bursting. Thus, the conductance 
gNaP affects the characteristics of bursting. When Iapp = 9 pA, two points represented by red symbols for 
gNaP = 1.25 nS (representative 1) and 1.1 nS (representative 2) are chosen. For gNaP = 1.25 nS (red square), 
the bursting cycle consists of two distinct phases: an active burst phase characterized by high-
frequency spikes and a resting phase with a long interburst interval, as illustrated in Figure 2(b). The 
burst duration, interburst interval, burst cycle period, and intraburst spike frequency are 1.964 s, 2.573 s, 
4.537 s, and 77.39 Hz, respectively. As gNaP decreases to 1.1 nS (red cycle), the bursting pattern remains 
unchanged, as shown in Figure 2(e1). The values of the four indicators are 1.212 s, 5.408 s, 6.620 s, 
and 77.56 Hz, respectively. The enlargement of one period of bursting is shown in Figure 2(e2). The 
results show that larger gNaP values further prolong the burst duration, shorten the interburst intervals, 
and consequently reduce the bursting period, while spike frequency within the burst changes little. The 
results are consistent with experimental observations [44]. This bursting pattern is the most frequently 
observed in neuronal experiments. The bursting for representatives 1 and 2 belongs to one pattern 
(called pattern 1 or the common bursting pattern in the present paper). 
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Figure 2. Different bursting patterns. (a) Locations of representative bursting in the 
magnified view of two-parameter bifurcations [Figure 1(d)]. The time series of bursting: 
(b) Iapp = 9 pA and gNaP = 1.25 nS; (c) Iapp = 5 pA and gNaP = 1.1 nS; (d) Iapp = 1.1 pA and 
gNaP = 1.1 nS; (e) Iapp = 9 pA and gNaP =1.1 nS. Panels (c2), (d2), and (e2) are partial 
enlarged views of panels (c1), (d1), and (e1), respectively, depicting one bursting period. 

When gNaP = 1.1 nS, three different Iapp values are selected to show the changes in bursting with 
respect to Iapp, as indicated by the three dots in Figure 2(a). When Iapp = 5 pA (representative 3), the 
burst contains six action potentials, followed by subthreshold oscillations lasting ~1.8 s, as shown in 
Figure 2(c1). An enlargement of one period of bursting is shown in Figure 2(c2). Such a bursting 
pattern is called pattern 2. When Iapp is increased to 1.1 pA (representative 4), more complex bursting 
patterns emerge, as depicted in Figure 2(d1). The enlargement of one period of bursting is shown in 
Figure 2(d2). One burst contains 24 spikes, and the subthreshold oscillations (~1.714 s in duration) 
exhibit increasing amplitude. This bursting pattern is labeled as pattern 3. When Iapp increases to 9 pA 
(representative 2), the bursting transitions to pattern 1, as depicted in Figures 2(e1) and (e2). For both 
pattern 2 and pattern 3, as gNaP increases, the burst duration lengthens, the interburst interval shortens, 
and the bursting period decreases, exhibiting bursting characteristics similar to those observed in 
pattern 1. Thus, detailed descriptions are not provided in this paper. 
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3.2.2. Bursting patterns modulated by noise 

To better align the simulation results with experimental observations, Gaussian white noise is 
considered. For a noise intensity of D = 0.01 (pA)2, the four representative bursting patterns shown in 
Figure 2 are illustrated in Figure 3. For pattern 1, while noise induces variations in both bursts and 
quiescent states, such variations remain minimal. The stochastic bursting retains a largely periodic 
nature, resembling the experimental observation [47]. Such a regular pattern appears within a broad 
range of noise intensity, indicating that the bursting pattern is robust against noise. It might also explain 
why this bursting pattern is observed in experiments. Compared to the deterministic bursting, both the 
burst duration (intraburst spike counts) and interburst intervals are shortened. For Figure 3(a) 
corresponding to representative 1, burst duration decreases from 1.964 to 1.476 s, interburst intervals 
from 2.573 to 1.672 s, and cycle period from 4.537 to 3.148 s. For Figure 3(b), corresponding to 
representative 2, burst duration decreases from 1.225 to 1.028 s, interburst intervals from 5.395 to 3.439 s, 
and cycle period from 6.620 to 4.467 s. The underlying mechanism for the robust bursting is addressed 
in the following subsection using bifurcation analysis. 

  

 

Figure 3. Membrane voltage of stochastic bursting at a noise intensity of D = 0.01 (pA)2. 
(a) Iapp = 9 pA and gNaP = 1.25 nS (representative 1). (b) Iapp = 9.0 pA and gNaP = 1.1 nS 
(representative 2). (c) Iapp = 5 pA and gNaP = 1.1 nS (representative 3). (d) Iapp = 1.1 pA 
and gNaP = 1.1 nS (representative 4). 
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The stochastic bursting for representative 3 exhibits significant variations, with substantial 
alterations in both subthreshold oscillations and suprathreshold firing phases, as illustrated in Figure 3(c). 
Individual cycles may contain more or fewer than six spikes, and interburst intervals lengthen or 
shorten to a large extent. The stochastic bursting appears as irregular behavior. The bifurcation 
mechanism underlying this bursting is addressed in the following subsection. 

For the stochastic bursting corresponding to representative 4, the variations of the burst duration and 
interburst interval are moderate, smaller than those for representatives 1 and 2, but larger than those for 
representative 3, as shown in Figure 3(d). Although both the burst duration and subthreshold oscillation 
duration exhibit variations, the firing periodicity is preserved to a certain extent. Compared to the 
deterministic bursting pattern [Figure 2(d)], most burst durations (intraburst spike counts) and 
subthreshold oscillation durations are reduced. The underlying mechanism for the bursting is 
addressed in the following subsection using bifurcation analysis. For instance, the pink burst in 
Figure 3(d) comprises 18 spikes, with the subthreshold oscillation period (indicated by the cyan 
curves) lasting 1.577 s. 

3.2.3. Fast-slow analysis of deterministic and stochastic bursting patterns 

In this subsection, the dynamical mechanisms underlying the different deterministic and 
stochastic bursting patterns are obtained through fast-slow analysis. Here, hp is the slow variable, and 
the bifurcations correspond to the fast subsystem. 

For the representative 1 [Figure 2(b)], the bifurcation structure is illustrated in Figure 4(a1). As 
hp increases, there is a subcritical Hopf bifurcation (subH) at hp  0.4149, and an LPC bifurcation 
(LPC1) at hp  0.3780. Between the two bifurcations, stable limit cycle (green solid curves) and 
equilibrium (red solid curve) coexist, separated by the unstable limit cycle (dashed blue curves). The 
unstable equilibrium point emerging after the subH is illustrated by the black dashed curve. The 
bifurcations of representative 2 are similar to those of representative 1, as shown in Figure 4(b1). 
However, the bifurcation points shift rightward, compared to Figure 4(a1). The subH and LPC1 are at 
hp  0.4715 and 0.4296, respectively. The deterministic bursting pattern can be explained by the 
bifurcations and coexisting behaviors via superimposing the bursting trajectory (black solid curve) to 
the (hp, V) plane. For representative 1, the burst phase evolves along the stable limit cycle (green) from 
right to left, as exhibited in Figure 4(a2), and terminates near the LPC1 point. Then, the trajectory 
drops to the stable equilibrium, evolves along it initially, and subsequently follows the unstable 
equilibrium, from left to right, forming the quiescent state phase. Subthreshold oscillations with very 
short durations occur at the beginning and ending phases of the quiescent state, which are the transient 
behaviors around the equilibrium, as shown by the left and right inset panels, respectively. The 
subthreshold oscillations are too short to be found in Figure 2(b). The terminal phase of the quiescent 
state exhibits a slow passage effect along the unstable equilibrium, attributable to the small real part 
of the eigenvalue. As the real part becomes large, the phase trajectory transits abruptly to the stable 
limit cycle (burst phase) to terminate the quiescent phase, as shown in the right inset panel. Therefore, 
the bursting pattern alternates between the coexisting equilibrium point and limit cycle, which are 
controlled by the bifurcations, subH, and LPC1. For representative 2, the phase trajectory illustrated 
in Figure 4(b2) follows the same mechanism as representative 1, which is omitted for brevity. Figure 4 
demonstrates that increased gNaP value shortens the parameter range between LPC1 and subH, thereby 
decreasing the interburst interval. Meanwhile, as gNaP increases, the slow passage phase following the 
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subH becomes long, thus leading to a longer burst duration. 

  

 

  

Figure 4. Fast-slow analysis of bursting for pattern 1. Left: Iapp = 9 pA and gNaP = 1.25 nS 
(Representative 1). Right: Iapp = 9.0 pA and gNaP = 1.1 nS (Representative 2). (a1) and (b1) 
Bifurcations of fast subsystem. (a2) and (b2) Fast-slow analysis of deterministic bursting. 
The black curves represent the phase trajectories of bursting, and other elements are the 
same as those in the upper panels. (a3) and (b3) Fast-slow analysis of stochastic bursting. 
The pink and cyan curves represent the burst phase and resting phase of stochastic bursting. 
The red and black solid circles represent the switching points of phase trajectories. Inserted 
panels in the middle and bottom rows represent local enlargements. 

The stochastic bursting pattern can also be systematically explained through bifurcation analysis 
and the characterization of coexisting attractors. For representative 1, the phase trajectory with noise [the 
burst in Figure 3(a)] is illustrated in Figure 4(a3). Two most pronounced effects of noise can be observed. 
First, the transition phase from equilibrium to bursting approaches the subcritical Hopf (subH) point, 
consequently weakening the slow passage effect that typically follows the subH bifurcation, as shown in 
the right insert panel. Then, the quiescent state terminates early, showing that noise facilitates the 
departure from the equilibrium point, since noise enhances the oscillations around the quiescent state. 
The other is that the transition phase from burst to equilibrium advances slightly, compared to the LPC1 
point, as shown in the left insert panel. Then, the burst terminates earlier, indicating that noise facilitates 
the departure from the stable limit cycle, given its proximity to the unstable limit cycle. As the stable 
limit cycle becomes far from the LPC1, it also becomes far from the unstable one. Then, the departure 
becomes difficult. Consequently, both the quiescent phase (interburst interval) and burst phase durations 
decrease, leading to a reduction in the overall bursting period. Representative 2 shares the same 
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mechanism as representative 1. So, a detailed explanation for it is omitted here. 

 

Figure 5. Fast-slow variable analysis of representative 3 bursting for Iapp = 5 pA and gNaP 
= 1.1 nS. (a) Bifurcation diagrams of the fast subsystem. (b) The phase trajectory (black 
curve) of deterministic bursting is overlaid on panel (a). (c) The phase trajectories of 
stochastic bursting are overlaid on Figure 5(a): The former subthreshold oscillations (cyan) 
and burst (pink) in Figure 3(c). (d) The latter subthreshold oscillations (cyan) and burst 
(pink) in Figure 3(c). The curves and solid circles in this figure have the same meanings 
as those in Figure 4. 

For representative 3, the bifurcations are illustrated in Figure 5(a). The stable equilibrium 
(left red curve) transforms into an unstable one (black dashed curve) through a supH at hp  0.5422. 
The stable limit cycle (green curves with small amplitude) that bifurcates from the supH transforms 
into an unstable one (blue dashed curve) via an LPC (LPC2, hp  0.5591). Then, the unstable limit 
cycle transforms into a stable one (green curve with large amplitude) through another LPC (LPC1, 
hp  0.5550). Between LPC1 and LPC2, there are coexisting oscillation patterns. One is spiking, 
and the other is subthreshold oscillation, separated by the unstable limit cycle (blue curve), which 
determines the noise-modulated dynamics. Phase trajectory of deterministic bursting in Figure 2(c1) 
(black solid curve) evolves between LPC1 and LPC2, as illustrated in Figure 5(b). The 
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subthreshold oscillations run on the subthreshold (low amplitude) limit cycle from left to right. 
After running across LPC2, the phase trajectory jumps to and runs on the spiking limit cycle, from 
right to left. After running across LPC1, the phase trajectory drops back to the subthreshold limit 
cycle. Therefore, this bursting pattern is formed by two LPC bifurcation points, causing the phase 
trajectory to switch between the two limit cycles. Compared with representative 1, the distance 
between the coexisting behaviors is shorter. Consequently, noise can induce more transitions 
between two coexisting behaviors, which is addressed in the following paragraph. 

For representative 3, stochastic bursts with variations can be explained by bifurcations and 
coexisting behaviors, and the bursts contain different numbers of spikes (>6 or <6). Here, two 
types of bursts and their corresponding subthreshold oscillations are addressed. One is the former 
burst and its long subthreshold oscillations, marked in color in Figure 3(c). This burst contains 7 
spikes, as shown in Figure 5(c). The other is the latter burst and its short subthreshold oscillations, 
labeled in color in Figure 3(c). This burst contains one spike, as depicted in Figure 5(d). As shown 
in Figure 5(c), the initial phases of the burst and subthreshold oscillations occur earlier compared 
with the deterministic trajectory [Figure 5(b)]. The initial phase of the burst advances, as shown 
in Figure 5(d), whereas the onset of subthreshold oscillations is delayed, compared to the 
deterministic case [Figure 5(b)]. The results reveal that stochastic transitions between the spiking 
and subthreshold limit cycles are frequently induced by noise, given that the spiking limit cycle is 
close to the subthreshold one. 

For representative 4, the supH shifts to a position between LPC1 and LPC2, as shown in 
Figure 6(a). The bifurcation points for LPC1, supH, and LPC2 are at hp  0.4904, 0.4933, and 0.5042, 
respectively. Similar to representative 3, the deterministic bursting (black) manifests a transition 
between the spiking limit cycle and subthreshold oscillations composed of two parts: one around the 
stable equilibrium and the other on the subthreshold limit cycle, as shown in Figure 6(b). The burst 
occurs between LPC1 and LPC2. Differing from representative 3, the amplitude of subthreshold 
oscillations becomes smaller, especially when it is running across the supH. Then, the stochastic 
transitions between the spiking limit cycle and subthreshold oscillations induced by noise become 
difficult, compared with representative 3. The phase trajectory initially evolves along the equilibrium 
point (the resting phase), as illustrated in Figure 6(b). With noise present, the phase trajectory operating 
on the small-amplitude limit cycle remains relatively unaffected. Thus, the trajectory transitions to the 
spiking limit cycle after passing LPC2. However, during its evolution along the spiking limit cycle, 
noise readily induces sudden transitions back to the equilibrium point or small-amplitude limit cycle, 
thereby prematurely terminating the burst, as exhibited in Figure 6(c). Consequently, noise narrows 
the operating parameter range of phase trajectories in both suprathreshold and subthreshold regimes. 
Therefore, noise decreases both burst durations and interburst intervals. 
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Figure 6. Fast-slow variable analysis of representative 4 bursting for Iapp = 1.1 pA and gNaP 
= 1.1 nS. (a) Bifurcations of the fast subsystem. (b) The phase trajectory (black curve) of 
deterministic bursting is overlaid on panel (a). (c) The phase trajectory of stochastic 
bursting is overlaid on panel (a). The pink and cyan curves represent the burst and 
subthreshold oscillations in Figure 3(d). The curves and solid circles in this figure have the 
same meanings as those in Figure 4. 

3.2.4. Two-parameter bifurcations of the fast subsystem 

For the fast subsystem, the two-parameter bifurcations are illustrated in Figure 7, which can 
provide a more comprehensive explanation of the three bursting patterns. When gNaP = 1.1 pA, the 
bifurcations in the (hp, Iapp) plane are illustrated in Figure 7(a). When Iapp > 8.4362 pA (green dashed 
line), as hp increases, there is an LPC (LPC1, olive curve) and a subH (cyan solid curve). The bursting 
pattern 1 appears. Around Iapp  8.4362 pA, the subH transitions to a supH (blue curve), and another 
LPC (LPC2, green curve) emerges via a codimension-2 bifurcation (GH, magenta triangles). Then, 
when 0.3167 pA < Iapp < 8.4362 pA, the supH is located between LPC1 and LPC2, resulting in the 
bursting pattern 3. When 6.5179 pA < Iapp < 0.3167 pA, the supH moves to the left of LPC1, 
corresponding to the bursting pattern 2. Therefore, as Iapp increases, changes in the types and positions 
of the bifurcations induce transitions between the bursting patterns. Subthreshold oscillations and the 
resting state appear for Iapp < 6.5179 pA. Meanwhile, Figure 7(a) reveals that with increasing Iapp, the 
distance between the LPC1 and LPC2 bifurcation points expands. This expanded parameter range 
enables the phase trajectory to generate more spikes when it operates between these bifurcation points. 
Thus, the spike counts per burst increase, as Iapp increases [Figure 2(c1)–(e1)]. 
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Figure 7. Two-parameter bifurcations in different planes of the fast subsystem. (a) In the 
(hp, Iapp) plane for gNaP = 1.1 nS. (b) In the (hp, gNaP) plane for Iapp = 9 pA. GH, marked 
with a magenta triangle, is a generalized Hopf bifurcation point. The two black arrows 
indicate the value points for representative 1 and representative 2. 

When Iapp = 9 pA, the two-parameter bifurcations in the (hp, gNaP) plane are shown in Figure 7(b). 
As gNaP increases, the LPC2 bifurcation curve is always to the left of the subH curve, indicating that 
the bifurcation structure does not change with increasing gNaP. Therefore, the gNaP only affects the 
characteristics of bursting without altering the bursting pattern. 

3.3. Dynamics of subthreshold resonance induced from the resting state 

3.3.1. The subthreshold resonance mediated by IK 

In this subsection, we primarily investigate the effects of gNaP and Iapp on subthreshold 
resonance, thus focusing on the parameter region of the resting state. Figure 8(a) is a partial close-
up view of Figure 1(d), and the region (marked by red diagonal lines) corresponds to the resting state. 
Seven points marked by red squares, blue squares, and a black circle in Figure 8(a) are selected as 
representatives to study the subthreshold resonance. When gNaP = 0.8 nS, gK = 6 nS, and Iapp = 10 pA, 
the behavior corresponds to a resting state associated with a stable focus, as illustrated by the solid 
black circle in Figure 8(a). Subthreshold resonance is evoked using a ZAP current sweeping from 0 
to 250 Hz over 25 s, as exhibited in Figure 8(c). The membrane voltage amplitude first increases and 
then decreases after the neuron receives the ZAP current with an amplitude of 0.1 pA, as illustrated 
in Figure 8(b). This indicates the occurrence of noticeable resonance behavior. With increasing 
stimulation frequency, the amplitude of the impedance curve increases initially and decreases 
subsequently, reaching a maximum value at 76.16 Hz, which means the resonance frequency is 
approximately 76.16 Hz. 

To investigate the effect of potassium current (IK) on resonance, the potassium conductance gK is 
decreased from 6 to 0 nS while gNaP = 0.8 nS and Iapp = 10 pA. It can be found that the maximum value of 
the impedance profile increases. However, the impedance profile decreases monotonically with increasing 
frequency, as illustrated in Figure 9(b). The amplitude of the membrane voltage decreases monotonically 
with time, as exhibited in Figure 9(a), indicating the absence of resonance. These simulation results align 
with the experimental data [44], demonstrating that IK mediates resonance in Mes V neurons. 
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Figure 8. Two-parameter bifurcation in the (Iapp, gNaP) plane and subthreshold resonance. 
(a) A partial enlarged view of Figure 1(d). The solid red squares, solid blue squares, and 
solid black circle indicate the selected different parameter points. (b) Membrane voltage. 
(c) ZAP stimulation. (d) Impedance profile. gNaP = 0.8 nS, gK = 6 nS, and Iapp = 10 pA. 

 

Figure 9. Time series of membrane voltage and impedance profile under ZAP stimulation. 
(a) Membrane voltage. (b) Impedance profile. gNaP = 0.8 nS, gK = 0 nS, and Iapp = 10 pA. 

3.3.2. The resonance frequency and intensity (Q factor) increase with increasing gNaP and Iapp 

In the presence of IK, the neuron generates resonance when subjected to ZAP current stimulation. 
To further elucidate the impact of gNaP on subthreshold resonance, we selected three representative 
parameter values from the stable equilibrium region in Figure 8(a) (marked by the solid red squares). As 
shown in Figure 10(a1), when gNaP = 0.4 nS, the membrane voltage first increases and then decreases, 
indicating the occurrence of subthreshold resonance. The maximum values of the membrane voltage and 
impedance profile occur at approximately 6.772 s and 67.72 Hz, respectively. The relatively small 
oscillation amplitude (0.13 mV) of the membrane potential during the resonance indicates weaker 
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subthreshold resonance. When gNaP increases to 0.7 nS, the resonance frequency is approximately 73.76 
Hz, and the maximum amplitude of the membrane voltage for resonance is about 0.2 mV, as shown in 
Figure 10(b1). When gNaP is further increased to 1.0 nS, the resonance frequency is approximately 80.24 
Hz, and the maximum amplitude for resonance increases to about 0.56 mV, as shown in Figure 10(c1). 
At the same time, when gNaP is 0.4, 0.7, and 1.0 nS, the maximum impedance values are 0.659, 0.974, 
and 2.800 M, respectively, as demonstrated in Figure 10(a2)–(c2). The Q factors at these three gNaP 
values are 1.10, 1.29, and 2.95, respectively. It indicates that the resonance frequency and intensity (Q 
factor) increase as gNaP increases. 

 

Figure 10. Time series of membrane voltage and impedance profiles under ZAP stimulation. 
(a) gNaP = 0.4 nS. (b) gNaP = 0.7 nS. (c) gNaP = 1.0 nS. gK = 6 nS and Iapp = 10 pA. 

Beyond the role of gNaP in resonance properties, Iapp similarly affects resonance behavior. For 
gNaP = 0.9 nS and gK = 6 nS, we analyzed how Iapp modulates resonance characteristics, as shown in 
Figure 11(a1). When Iapp = 16 pA, the membrane voltage amplitude increases at first and 
subsequently decreases. The membrane voltage reaches its maximum value at 5.353 s, corresponding 
to resonance occurring at 53.53 Hz. The maximum voltage amplitude is about 0.2 mV. When Iapp 
increases to 8 pA, the resonance frequency is approximately 87.40 Hz, and the maximum amplitude 
for resonance is about 0.42 mV, as depicted in Figure 11(b1). As Iapp further increases to 0 pA, the 
resonance frequency is approximately 129.60 Hz, and the maximum amplitude during resonance 
increases to about 0.87 mV, as shown in Figure 11(c1). Therefore, the resonance frequency and 
amplitude increase with increasing Iapp. As exhibited in Figure 11(a2)–(c2), the maximum impedance 
values corresponding to Iapp = 16, 8, and 0 pA are 0.954, 2.103, and 4.361 M, respectively. The Q 
factors at these three Iapp values are 1.08, 2.68, and 11.25, respectively. It indicates that the resonance 
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intensity increases as Iapp increases. Thus, the resonance frequency and intensity (Q factor) increase 
with the increase of Iapp. 

 

Figure 11. Time series of membrane voltage and impedance profiles under ZAP 
stimulation. (a) Iapp = 16 pA. (b) Iapp = 8 pA. (c) Iapp = 0 pA. gNaP = 0.9 nS and gK = 6 nS. 

3.3.3. The dependence of resonance frequency and intensity (Q factor) on gNaP, Iapp, and bifurcations 

To better elucidate the integrated impact of gNaP and Iapp on the resonance characteristics, we 
systematically quantified the distributions of both resonance frequency and Q factor (resonance 
intensity) across the (Iapp, gNaP) plane, as exhibited in Figure 12. Color coding in Figure 12 changes 
from blue to red, representing that the resonance frequency and Q factor increase from low to high. 
Obviously, with the increase in Iapp and gNaP, the resonance frequency and intensity exhibit the same 
trend of variation. For example, when gNaP = 0.8 nS, as Iapp increases from 18 to 2 pA, the resonance 
frequency increases from 44.88 to 134 Hz. Meanwhile, the Q factor (resonance intensity) increases 
from 1.03 to 6.84. Similarly, an increase in gNaP also leads to higher resonance frequency and intensity. 
Compared to Iapp, the resonance frequency exhibits a less pronounced dependence on gNaP, as 
illustrated in Figure 12(a). For Iapp = 10 pA, as gNaP rises from 0.2 to 1.1 nS, the resonance frequency 
shifts from 64.56 to 82.20 Hz, while the Q factor grows from 1.06 to 10.17. Therefore, the resonance 
frequency and intensity increase with increasing Iapp and gNaP. 
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Figure 12. Resonance frequency and Q factor in the (Iapp, gNaP) plane for gK = 6 nS. (a) 
Resonance frequency. (b) Q factor. Colors ranging from blue to red correspond to 
increasing values. The black-colored parameter space indicates no resonant response. The 
blue curve denotes the Hopf bifurcation curve. 

In Figure 12, the blue curve denotes the Hopf bifurcation curve, while the resting state (color 
region) is positioned to the left of this Hopf bifurcation curve. Weak resonance intensity and low 
resonance frequency are observed when the equilibrium point is far from the Hopf bifurcation curve. 
For example, when Iapp = 18 pA and gNaP = 0.4 nS (black solid circle), the resonance frequency and 
Q factor are only 41.08 Hz and 1.01, respectively. At the parameter values near the Hopf bifurcation 
(Iapp = 6 pA, gNaP = 1.0 nS; red solid circle), the system displays pronounced resonance, with a 
frequency of 101.96 Hz and a Q factor of 10.75. For an equilibrium point near the Hopf bifurcation 
curve, its eigenvalue has a small real part, resulting in weak damping. This causes the system to exhibit 
a stronger response when subjected to external stimuli. However, when the equilibrium point 
approaches the Hopf bifurcation, the imaginary part of its eigenvalue increases, resulting in a higher 
resonance frequency. For instance, at Iapp = 3 pA, increasing gNaP from 0.5 to 1.0 nS (closer to the Hopf 
bifurcation curve) causes the imaginary part of the eigenvalues to increase from 0.428171 to 0.748797. 
Therefore, as gNaP and Iapp increase, the equilibrium point gradually approaches the Hopf bifurcation 
curve, thereby leading to enhanced resonance. Therefore, the resonance frequency and intensity (Q 
factor) increase with the increase of Iapp and gNaP. 

4. Conclusions 

The dynamical and ionic current mechanisms that underlie the bursting patterns and subthreshold 
resonance in mesencephalic trigeminal nucleus (Mes V) neurons are revealed through fast-slow 
analysis and two-parameter bifurcations. Applied current (Iapp) initiates state transitions from the 
resting to subthreshold oscillations via Hopf bifurcation and subsequently to bursting, establishing 
three distinct patterns of bursting. Using the fast-slow variable separation method, codimension-1 and -2 
bifurcations and coexisting behaviors are obtained. Also, the dynamical mechanisms governing the 
three deterministic bursting patterns and their stochastic counterparts under noise perturbation are 
acquired. Pattern 1, observed in experiments, exhibits greater robustness. The persistent sodium 
current (INaP) acts as a critical regulator of slow variable dynamics, precisely tuning the interburst 
interval and burst duration. Notably, INaP and Iapp induce a Hopf bifurcation that amplifies neural 
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resonance. For instance, elevated gNaP and Iapp lead to an increase in the resonant frequency. The 
pathological correlation is particularly significant, as INaP-mediated shifts toward higher resonance 
frequencies correspond to aberrant bursting patterns observed in sleep bruxism, suggesting novel 
therapeutic targeting strategies. These results fundamentally advance our understanding of resonance-
burst coupling in sensorimotor processing while providing a robust theoretical framework for 
developing precision interventions in orofacial motor disorders. 

Furthermore, the decreased excitability and disrupted bursting patterns of Mes V neurons are 
associated not only with orofacial motor disorders (e.g., sleep bruxism) but also neurodegenerative 
diseases, such as amyotrophic lateral sclerosis (ALS). In transgenic ALS mice, the irregular firing of 
Mes V neurons induces asynchronous discharges in trigeminal motor neurons (TMNs), corresponding 
to the early muscle fasciculations [48]. In addition, the resonant behavior of Mes V neurons would be useful 
for rapid synchronization and stabilization of coordinated activity within the trigeminal network [47]. 
Changes in ionic conductances, such as gNaP, can alter the frequency preference of Mes V neurons 
receiving synaptic inputs and their outputs to trigeminal motor neurons, which may in turn affect the 
pattern of mandibular movement during orofacial motor activities. Thus, the present study carries 
substantial significance for facilitating the precise encoding and transmission of orofacial 
proprioceptive signals, thereby safeguarding the functional synchrony of the sensorimotor circuit. 

This study primarily focuses on the dynamics of complex firing patterns and subthreshold 
resonance in single neurons, which will provide valuable insights for future research on the dynamics 
of trigeminal networks. Since Mes V neurons are electrically coupled, their enhanced resonant 
properties facilitate synchronized firing patterns among these neurons, thereby enabling their 
participation in oral-motor pattern generation. Within neuronal networks, complex bursting patterns 
also undergo complex variations, such as from spiking to bursting in a chain network, involving the 
cooperation between coupling dynamics and neuronal dynamics [49]. How bursting activity and 
subthreshold resonance modulate neuronal firing activity at the network level, as well as the underlying 
dynamical mechanisms, remains an open question. More importantly, further research is required to 
determine how the effects of various ionic conductances on intrinsic membrane properties and 
postsynaptic responses of Mes V neurons are integrated. Therefore, future investigations should focus 
on verifying the frequency-specific modulation mechanisms and their roles in orofacial movements, 
as well as integrating these mechanisms with synaptic plasticity processes at the network level.  
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Appendix 

For Iapp = 7 pA, the subthreshold oscillations with an amplitude of approximately 13 mV appear, as 
illustrated in Figure A1(a). The oscillation frequency is about 90.9 Hz. For the fast subsystem, the 
bifurcations with respect to hp are illustrated in Figure A1(b), similar to those of Iapp = 5 pA [Figure 5(a)]. 
So we omit the detailed descriptions here. The three key bifurcation points, Hopf, LPC1, and LPC2, occur 
at hp  0.567897, 0.581541, and 0.583842, respectively. Then, the trajectory of the subthreshold oscillation 
(solid black curve) is added to the bifurcations in the (hp, V) plane. Obviously, the trajectory operates on 
a stable limit cycle with a lower amplitude, as shown by the enlarged view in Figure A1(b).  

    

Figure A1. Fast-slow variable analysis of subthreshold oscillation for gNaP = 1.1 nS, Iapp = 
7 pA, and gK = 6 nS. (a) Membrane voltage. (b) The phase trajectory (black curve and 
the insert) is plotted with bifurcations of the fast subsystem. Symbols are the same as in 
Figure 5(a). 
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