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Abstract: We have proposed a robust and efficient variable selection method for ultrahigh-dimensional
linear models with nonrandomly missing responses, leveraging modal regression. The propensity
score function was specified by a semiparametric model and we introduced a two-step estimation
procedure. In the first feature screening stage, the Pearson chi-square (PC) test statistic identifies
significant predictors in the sparse propensity score model. The generalized method of moment (GMM)
estimates parameters to obtain consistent estimation for the propensity score in the second stage. With
the estimated propensity score, we suggested a feature screening and variable selection procedure based
on the inverse probability weighting (IPW). A modified sure independence screening (SIS) method
first reduces the model dimensionality, followed by a penalized modal regression approach to select
significant covariates. The proposed procedure can deal with the ultrahigh-dimensional data with
nonignorable nonresponse, and this modal-based procedure is robust against outliers and heavy-tailed
errors. Additionally, we established the asymptotic properties of the estimators under mild regularity
conditions. Simulation studies and real data applications confirm the method’s effectiveness in finite
samples and practical settings.

Keywords: variable selection; ultrahigh-dimensional data; nonignorable missing response; modal
regression; inverse probability weighting

1. Introduction

With rapid advancements in data collection capabilities and explosive growth in data storage capacity,
ultrahigh-dimensional data have become prevalent across various scientific fields, including financial
markets, image processing, gene expression, and others. Under the setting of ultrahigh-dimensional
data, when the covariate dimension p increases exponentially with the sample size n, traditional
statistical methods not only consume a large amount of computational cost, but also suffer from reduced
statistical inference accuracy and algorithm instability. This leads to some existing penalized variable
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selection methods, such as LASSO [1], the smoothly clipped absolute deviation (SCAD) [2], adaptive
LASSO [3], elastic net [4], and minimax concave penalty (MCP) [5], behaving poorly in handing
ultrahigh-dimensional data. To this end, numerous feature screening procedures have been proposed
primarily to largely reduce the dimensionality of covariates to a moderate scale, enabling the application
of traditional variable selection procedures to the simplified models and ultimately achieving the
determined model. The seminal work by Fan and Lv [6] introduced a sure independent screening
(SIS) procedure based on the marginal Pearson correlation for linear models. Subsequent studies have
extended SIS to various models, including generalized linear models [7], additive models [8], varying
coefficient models [9], and partially linear models [10]. Parallel developments have produced model-free
feature screening approaches, such as sure independence rank screening (SIRS) [11], SIS based on
distance correlation (DC) [12], a robust rank correlation screening using Kendall τ correlation [13],
and others.

Missing data frequently occurs in various fields such as biomedicine, economics, sociology, survey
sampling, and others, due to various reasons such as unwillingness to answer sensitive questions in
market surveys, uncontrollable factors leading to information loss, or the accidental death or disappear-
ance of individuals in medical tracking. Little and Rubin [14] classified missing data mechanisms into
three main types: missing completely at random (MCAR), missing at random (MAR), and missing
nonignorable at random (MNAR). There has been considerable work on variable selection for various
semiparametric models with response or covariates missing at random. For instance, Zhao and Xue [15]
introduced a variable selection procedure by combining basis function approximations with penalized
estimating equations for varying-coefficient partially linear models with missing response at random.
Sherwood [16] considered variable selection for additive linear quantile regression models using inverse
probability weighting. Wang and Song [17] developed variable selection via penalized quasi-maximum
likelihood for spatial autoregressive model with missing response. Meanwhile, researchers have rec-
ognized the importance of developing feature screening techniques for ultrahigh-dimensional data
to reduce the dimensionality of predictor variables to a moderate scale, particularly in the presence
of missing data. Lai et al. [18] proposed a model-free feature screening procedure based on inverse
probability weighting, where the Kolmogorov filter method was used to screen important features.
Tang et al. [19] investigated ultrahigh-dimensional partially linear models under longitudinal data using
profile marginal kernel-assisted estimating equations and imputation techniques. Li et al. [20] developed
a novel nonparametric feature screening procedure based on conditionally imputed marginal Spearman
rank correlation.

The aforementioned works focus on the MAR mechanism. However, nonresponse may depend on
the value of the unobserved response itself in practice, a scenario referred to as the MNAR mechanism.
Compared to the MAR assumption, MNAR is a great challenge to handle, because certain parameters
are not identifiable without additional restrictions on the propensity score model. In recent years,
research on MNAR data analysis has attracted widespread attention. Kim and Yu [21] first proposed
an exponential tilting model for the propensity score. Wang et al. [22] introduced an instrumental
variable that is associated with the study variable but independent of the propensity. Shao and Wang [23]
constructed instrumental estimating equations and established the identifiability of unknown parameters.
Tang and Ju [24] provided a comprehensive review of statistical inference for nonignorable missing
data problems, including estimation, influence analysis, and model selection. Therefore, how to achieve
robust variable selection in ultrahigh-dimensional MNAR data while ensuring computational efficiency
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and statistical interpretability has become an urgent problem to be solved.
In this paper, we propose a robust variable selection procedure for ultrahigh-dimensional linear

models with nonignorable missing response. Our approach first estimates the propensity score model
through a two-step procedure. In the initial screening step, we use a Pearson chi-square-based feature
screening procedure [25] to discretize continuous features and identify potentially important covariates.
In the model estimation step, generalized moment estimation (GMM) is used to fit a sparse propensity
score model, leveraging excluded variables from the initial screening as instrumental variables to
address identifiability under MNAR mechanisms. Based on the estimated propensity score, we then
develop a feature screening and variable selection procedure utilizing the inverse probability weighting
technique. A modified sure independent screening (SIS) procedure is used to reduce the dimension
of the linear model to a moderate scale. Then, a penalized objective function based on the modal
regression, introduced by Yao et al. [26], and the SCAD penalized function are constructed to identify
and estimate the parameter of active predictors simultaneously. Theoretically, the proposed variable
selection procedure enjoys both consistency and the oracle property. At last, some simulations and a
real example are conducted to assess the performances of the proposed procedures in finite samples.

The key contributions of this work are twofold. First, we develop a two-step propensity score
estimation strategy that efficiently handles ultrahigh-dimensional covariates under MNAR, achieving
screening consistency through discretization-based feature selection while resolving identifiability issues
via GMM with instrumental variables. Second, we construct a robust variable selection procedure
that integrates weighted SIS for scalable dimension reduction and modal regression with SCAD
penalization, offering resistance to outliers, achieving asymptotic efficiency under normal errors, and
computational tractability. Thereby, we provide a complete solution for robust variable selection in
ultrahigh-dimensional nonignorable missing data.

The rest of this paper is organized as follows. Section 2 introduces a robust variable selection
procedure based on modal regression for ultrahigh-dimensional data with nonignorable missing re-
sponse. Section 3 establishes the asymptotic properties of the proposed method, including the sure
screening property, estimator consistency, and oracle property. In Section 4, we discuss the selection
of regularization parameters and the details of the estimation algorithm. Simulation studies and a real
example are conducted to evaluate the performances of the proposed estimation procedures in Sections 5
and 6. We make our concluding remarks in Section 7, while technical proofs are provided in the Appendix.

2. Variable selection procedure

2.1. Penalized modal regression with nonignorable nonresponse

Suppose that {(Yi, xi) : i = 1, · · · , n} is an independent and identically distributed sample from the
linear model

Yi = xT
i β + εi, i = 1, ..., n, (2.1)

where xi = (xi1, xi2, · · · , xip)T represents the p-dimensional covariate vector, Yi is the response variable,
β = (β1, β2, · · · , βp)T denotes the unknown parameter vector, and εi is the model error with mean
zero and variance σ2. In ultrahigh-dimensional settings, we assume that β exhibits sparsity, meaning
only a small number of covariates in model (2.1) are significantly associated with the response. For
the convenience of expression, let Y = (Y1,Y2, · · · ,Yn)T be the n-dimensional response vector, and
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X = (x1, x2, · · · , xn)T = (X1, X2, · · · , Xp) denote the n× p design matrix, where X j = (x1 j, x2 j · · · , xn j)T

represents the jth column of X corresponding to the jth covariate. In addition, we define A0 = {1 ≤ j ≤
p|β j , 0} as the index set of the nonzero coefficients, indicating the important (active) covariates, and
Ac

0 as its complement.
We begin by assuming that the observations {(Yi, xi) : i = 1, · · · , n} from model (2.1) are completely

observable. To reduce dimensionality efficiently, we first apply a screen feature procedure to prelim-
inarily select a subset of covariates as candidates for important predictors. This step rapidly reduces
the model (2.1) to a moderate scale. However, since the initially selected set may still include some
irrelevant variables, we further refine the candidate set using a penalized variable selection method.
Additionally, we standardize each predictor and the response to have mean zero and standard deviation
one. The Pearson correlation coefficient between the jth predictor X j and the response Y is given by

ρ0 j(X j,Y) =
cov(X j,Y)
σX jσY

= E(X jY), j = 1, · · · , p, (2.2)

which measures the strength of association between X j and Y . The sample estimator of ρ0 j(X j,Y) is

ρ̂0 j =
1
n

n∑
i=1

xi jYi, j = 1, · · · , p. (2.3)

Following the approach of Fan and Lv [6], we define the estimated set of active predictors as

Â0 = { j : |ρ̂0 j| is among the top d largest of all}.

Let x∗ denote the d-dimensional vector of selected active covariates, and let β∗ be the corresponding
coefficient vector.

Thus, the original p-dimensional model (2.1) is reduced to a d-dimensional model, where d < p.
Applying variable selection methods to this reduced-dimensional model allows for more effective
identification of active covariates. Motivated by the advantages of modal regression, we propose a
variable selection procedure to obtain a consistent estimator of β∗ by maximizing the following objective
function:

Q(β∗) =
n∑

i=1

ϕh(Yi − x∗Ti β
∗) − n

d∑
k=1

pλk(|β
∗
k|), (2.4)

where ϕh(·) = ϕ(·/h)/h is a scaled kernel density function with bandwidth h, and ϕ(·) denotes the
Gaussian kernel density function, as recommended by Yao et al. [26]. For the penalty function, we
adopt the smoothly clipped absolute deviation (SCAD) penalty, whose first derivative is given by

p′λ(t) = λ
{
I(t ≤ λ) +

(aλ − t)+
(a − 1)λ

I(t > λ)
}
,

where a = 3.7 and λ is a positive tuning parameter.
However, in the presence of missing data, Eqs (2.3) and (2.4) cannot be directly applied since

the response Yi cannot be observed completely. Let δi be a binary indicator variable for Yi, where
δi = 1 if Yi is observed and δi = 0 otherwise. We define the propensity score function as π(xi,Yi) =
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P(δi = 1|xi,Yi), i = 1, · · · , n. Under the MNAR (missing nonignorable at random) assumption, the
propensity score π(xi,Yi) depends not only on the observed covariates xi, but also on the Yi itself,
regardless of whether Yi is observed or missing. When the respondent probability π(xi,Yi) is known,
we have the following moment condition: E(δiπ

−1(xi,Yi) − 1|xi,Yi) = 0. This motivates an inverse
probability weighted version of (2.3), that is,

ρ̂∗I j =
1
n

n∑
i=1

δi

π(xi,Yi)
xi jYi, j = 1, · · · , p. (2.5)

Similarly, we can modify the objective function in (2.4) through inverse probability weighting:

QI(β∗) =
n∑

i=1

δi

π(xi,Yi)
ϕh(Yi − x∗Ti β

∗) − n
d∑

k=1

pλk(|βk|). (2.6)

However, in practice, the propensity score function π(xi,Yi) is typically unknown and is often replaced
by its estimator. The detailed estimation procedure will be presented in the following section.

2.2. Two-step estimation procedure for the propensity score model

In this subsection, we present a two-step estimation procedure for the propensity score model. Under
nonignorable missing data assumptions, it is usually assumed that only a few predictor variables are
related to the propensity score model. The first stage identifies important features in the sparse propensity
model, while the second stage obtains consistent estimation using the reduced model. Following Shao
and Wang [23], we assume that the propensity score function has the following semiparametric structure:

π(xi,Yi) =
1

1 + ψ(xi)q(Yi, ζ)
, (2.7)

where q(Yi, ζ) is a known function with unknown parameter ζ, and ψ(·) is an unknown function.
We further assume that only a small number of predictors contribute to π(xi,Yi). Specifically, let
π(xi,Yi) = P(δi = 1|xi(R),Yi) = π(xi(R),Yi) where R = { j : P(δ = 1|x,Y) dependent on x j} is the index
set of relevant features, and xi(R) is the corresponding subvector of xi. Thus, the above defined propensity
score in (2.7) is sparse and identifiable, which is simplified by

π(xi,Yi) = π(xi(R),Yi) =
1

1 + ψ(xi(R))q(Yi, ζ)
. (2.8)

In practice, the active index set R is unknown and we give its consistent estimation in the first stage.
To identify the potential active set R, we employ the Pearson chi-square (PC)-based feature screening
procedure which was proposed by Huang et al. [25] for categorical response with ultrahigh-dimensional
categorical covariates. Assume the continuous variable X j is discretized into K equal categories. For a
fixed integer K ≥ 2, let q j,(k) be the k/K-th percentile of X j, k = 1, 2, · · · ,K − 1, q(0) = −∞, q(K) = +∞,
and X j = k if X j ∈ (q j,(k−1), q j,k]. Define P(δi = r) = Pr, P(Xi j = k) = P jk, and P(δi = r, Xi j = k) = P j,rk

for r = 0, 1. The PC test statistic measures the correlation between the indicator variable δ and the
covariate X j:

Θ j =

K∑
k=1

1∑
r=0

(PrP jk − P j,rk)2

PrP jk
.
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This statistic can be estimated by Θ̂ j =
∑K

k=1
∑1

r=0 (P̂rP̂ jk − P̂ j,rk)2/P̂rP̂ jk with P̂r = n−1∑n
i=1 I(δi = r),

P̂ jk = n−1∑n
i=1 I(Xi j = k), and P̂ j,rk = n−1∑n

i=1 I(δi = r)I(Xi j = k). We then select the model

R̂ = { j : Θ̂ j is among the top d∗ largest of all},

where d∗ is a threshold determined by a data-driven method. Following arguments similar to those in
Huang et al. [25], we establish the strong screening consistency P(R̂ = R)→ 1.

To obtain a consistent estimator of the propensity score in the second stage, we can express Eq (2.8)
as

π(xi(R̂),Yi) =
1

1 + ψ(xi(R̂))q(Yi, ζ)
. (2.9)

Following the approach of Wang et al. [22], for a given ζ, a nonparametric kernel estimator of ψζ(x(R̂))
is given by

ψ̂ζ(x(R̂)) =

n∑
i=1

(1 − δi)Lb(x(R̂) − xi(R̂))

n∑
i=1
δiq(Yi, ζ)Lb(x(R̂) − xi(R̂))

, (2.10)

where Lb(·) = b−1L(·/b), L(·) is a kernel function and b is the bandwidth. While ψ̂ζ(x(R̂)) is not directly
applicable due to the unknown parameter ζ, it serves as a crucial component in the subsequent estimating
equations for ζ. We define

f (x(R̂),Y, δ, ψζ , ζ) =
{ δ

π(x(R̂),Y, ψζ , ζ)
− 1
}
h(S ), (2.11)

where π(x(R̂),Y, ψζ , ζ) = [1 + ψ(x(R̂))q(Y, ζ)]−1 and h(S ) = (1, x(R̂c))
T , x(R̂c) represent elements of x

corresponding to the index set R̂c. Here, x(R̂c) is excluded from the nonresponse propensity, which is
used to create more estimation equations for estimating the propensity and ensures that the propensity is
identifiable. Such x(R̂c) is referred as the nonresponse instrument variable (Wang et al. [22]).

We apply the generalized method of moments (GMM) approach to get the estimator of parameter ζ.
Let Fn(ψ̂ζ , ζ) = 1

n

∑n
i=1 f (xi(R̂),Yi, δi, ψ̂ζ , ζ) and ζ̂(1) = arg min

ζ
Fn(ψ̂ζ , ζ)T Fn(ψ̂ζ , ζ). The efficient GMM

estimator of ζ is

ζ̂ = arg min
ζ

Fn
T (ψ̂ζ , ζ)Ŵ−1

n Fn(ψ̂ζ , ζ), (2.12)

where Ŵn =
1
n

n∑
i=1

f (xi(R̂),Yi, δi, ψ̂ζ̂(1) , ζ̂(1)) f T (xi(R̂),Yi, δi, ψ̂ζ̂(1) , ζ̂(1)).

The propensity score model specified in Eq (2.9) can be consistently estimated by

π̂(xi(R̂),Yi) =
1

1 + ψ̂ζ̂(xi(R̂))q(Yi, ζ̂)
. (2.13)

With this consistent propensity score estimator, we can compute the inverse probability weighted
Pearson correlation coefficient defined in (2.5) as

ρ̂I j =
1
n

n∑
i=1

δi

π̂(xi(R̂),Yi)
xi jYi, j = 1, · · · , p. (2.14)
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The index set of active predictors is Â = { j : |ρ̂I j| is among the top d largest of all}. Following the
suggestion of Fan and Lv [6], we set d = [n/log(n)] in our simulation studies.

Finally, the modal estimator β̂∗ is obtained by maximizing the penalized objective function

Q̂I(β∗) =
n∑

i=1

∆̂iϕh(Yi − x∗Tβ∗) − n
d∑

k=1

pλk(|β
∗
k|), (2.15)

where ∆̂i = δi/π̂(xi(R̂),Yi) with π̂(xi(R̂),Yi) as defined in (2.13).

3. Theoretical properties

In this section, we establish the asymptotic properties of the proposed estimators. For the convenience
of expression, let πi = π(xi,Yi) denote the propensity score, and let π̂i be its corresponding estimator
defined in (2.13). Denote the true value of β by β0 in model (2.1) with the nonzero element β0 j, j ∈ A0

and β0 j = 0, j ∈ Ac
0. Let F(x, h) = E(ϕ′′h (ε)|x) and G(x, h) = E(ϕ′h(ε)2|x). Denote an = max

k
{|p′λk

(|β0k|)| :
β0k , 0} and bn = max

k
{|p′′λk

(|β0k|)| : β0k , 0}. The following assumptions are required for establishing
the main theoretical results.

A1: There exits a positive constant s0 such that for all 0 < s < 2s0, sup max
p 1≤k≤p

E{exp(sX2
k )} < ∞ and

E{exp(sY2)} < ∞.
A2: Assume Θ j = 0 for any j ∈ Rc. We further assume that there exits a positive constant ωmin > 0,

such that min
j∈R

max
rk

(ωrk
j )2 > ωmin, where ωrk

j = cov{I(δi = r), I(Xi j = k)}.

A3: The estimated propensity score function satisfies supR ||π̂i − πi|| ≤ Op(ξn), where ξn = n−α and
α > 0.

A4: Suppose that ζ0 is the unique solution to E{ f (x(R̂),Y, δ, ψζ , ζ)} = 0, sup
ζ
||E{ f (x(R̂),Y, δ, ψζ , ζ)}|| <

∞. W = E{ f (x(R̂),Y, δ, ψζ , ζ)
⊗2
} is positive definite.

A5: F(x, h) and G(x, h) are continuous with respect to x. In addition, F(x, h) < 0 for any h > 0.
A6: ε satisfies that E(ϕ′h(ε)|x) = 0, and E(ϕ′′h (ε)2|x), E(ϕ′h(ε)3|x) and E(ϕ′′′h (ε)|x) are continuous with

respect to x.
A7: lim infn→∞lim infβk→0+ p′λk

(|βk|)/λk > 0, k ∈ Ac
0.

The aforementioned assumptions are relatively mild and standard in the literature. Specifically,
Assumption A1 is commonly adopted in ultrahigh-dimensional data analysis to enable theoretical
derivations, as seen in Fan and Lv [6]. Assumption A2 ensures the screening consistency property,
P(R̂ = R) → 1 as n → ∞. Assumption A3 gives an upper bound for the estimated propensity score
function. Assumption A4 provides the regularity conditions required to establish the asymptotic
properties of the GMM estimator ζ̂. Assumptions A5 and A6 represent standard conditions in modal
regression analysis, similar to those employed by Yao et al. [26]. Assumption A7 specifies common
requirements for the penalty function, following the framework of Fan and Li [2].

Theorem 1. Suppose that the Assumptions A1–A7 hold. As n→ ∞, we have

P(A0 ⊆ Â)→ 1.

Theorem 1 establishes the sure screening properties of the above proposed feature screening proce-
dure.
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Theorem 2. Suppose that the Assumptions A1–A7 hold. As n→ ∞, if an → 0 and bn → 0, then we have

||β̂∗ − β∗0|| = Op(n−
r

2r+1 + an).

Theorem 3. Suppose that the Assumptions A1–A7 hold. Let λmax = maxk{λk} and λmin = mink{λk}. If
λmax → 0 and n

r
2r+1λmin → ∞ as n→ ∞, then with probability tending to 1, we get

β̂ j = 0, for j ∈ Ac
0.

Theorems 2 and 3 further demonstrate that our variable selection method possesses not only consis-
tency but also the oracle property. This implies that the estimator attains the same optimal convergence
rate as would be achieved if the true sparse model structure were known a priori.

4. Algorithm

This section covers the implementation of a variable selection procedure based on the modal
expectation-maximization (MEM) algorithm developed by Li et al. [27], as well as the selection of
bandwidth and tuning parameters.

4.1. Selection of optimal bandwidth

To obtain the modal regression estimators of parameter β∗, the selection of an appropriate bandwidth
h is crucial as it directly affects the robustness of the estimators. Following the approach of Yao et
al. [26], we define the efficiency ratio of our proposed estimator relative to the least squares estimator as:

R̂(h) =
Ĝ(h)

F̂(h)2σ̂2
, (4.1)

where F̂(h) = 1
n

n∑
i=1
ϕ′′h (ε̂i), Ĝ(h) = 1

n

n∑
i=1
ϕ′h(ε̂i)2, ε̂i = ∆̂i[Yi − x∗T β̂int], σ̂2 = 1

n

∑n
i=1 ε̂

2
i , and β̂int represents

the initial least squares estimate of β∗ via the least squares estimation method.
The optimal bandwidth h is calculated by minimizing R(h) defined in (4.1), and therefore,

hopt = argminhR̂(h). (4.2)

Following the methodology of Yao et al. [26], we employ a grid search approach to select the optimal
bandwidth h. The candidate grid points are constructed as h = 0.5σ̂ × 1.02 j, j = 0, 1, . . . , 100.

4.2. Selection of tuning parameters

The choice of tuning parameters is indispensable to implement the variable selection in practice.
Bayesian information criterion (BIC) is a common strategy which is easy to implement. To facilitate the
calculation, define

λk =
λ

|β̂(0)
k |
, k = 1, . . . , d, (4.3)

where β̂(0)
k denotes the initial non-penalized estimator for the k-th coefficient.
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Specifically, we choose λ by minimizing the following BIC objective function,

BIC(λ) =
n∑

i=1

∆̂iϕh[Yi − x∗Tβ∗(λ)] − d f (β∗(λ))n log(n), (4.4)

where d f (β∗(λ)) is the degree of freedom of β∗(λ), defined as the number of nonzero components in
β∗(λ).

4.3. The MEM algorithm for variable selection

To maximize the objective function (2.15), we employ the MEM algorithm. The optimization
presents two key challenges: the SCAD penalty function is singular at the origin and the objective
function Q̂I(β∗) is nonconvex, making direct application of the Newton-Raphson algorithm infeasible.
Following Fan and Li [2], we address these challenges through a local quadratic approximation approach.
For initial estimator β(0)

k , k = 1, . . . , d, we set β̂k = 0 if β̂k is close to 0. Otherwise, we approximate the
SCAD penalty function in their neighborhood:

pλk(|βk|) ≈ pλk(|β
(0)
k |) +

1
2

p′λk
(|β(0)

k |)

|β(0)
k |

(
|βk|

2
− |β(0)

k |
2
)
.

Define the penalty matrix at iteration m = 0 as:

Σλ(β(m)) = diag
{ p′λ1

(|β(m)
1 |)

|β(m)
1 |

,
p′λ2

(|β(m)
2 |)

|β(m)
2 |

, . . . ,
p′λd

(|β(m)
d |)

|β(m)
d |

}
.

The MEM algorithm proceeds as follows:
Step 1 (E step): We calculate weights π(i

∣∣∣β(m)
)

by

π(i|β(m)) =
∆̂iϕh(Yi − x∗Tβ(m))

n∑
i=1
∆̂iϕh(Yi − x∗Tβ(m))

, i = 1, . . . , n.

Step 2 (M step): Update the parameter estimates:

β̂(m+1) = arg max
β

n∑
i=1

{
π(i|β(m))∆̂i log ϕh[Yi − x∗Tβ]

}
−

n
2
βTΣλ(β(m))β

with the closed-form solution:

β̂(m+1) = (X̆TωX̆ + nΣλ(β(m)))−1X̆TωY̆

where ω is an n × n diagonal matrix and ω = diag(π(1|β(m)), π(2|β(m)), . . . , π(n|β(m))), X̆ = ∆X,Y̆ =
∆Y,∆ = diag(∆̂1, ∆̂2, . . . , ∆̂n).

Step 3: Iterate between E and M steps until convergence. In practice, we stop the iteration if
||β̂(m+1) − β̂(m)|| < 10−3. The final estimate is denoted by β̂∗.

Electronic Research Archive Volume 33, Issue 8, 4816–4836.



4825

5. Numerical studies

To demonstrate the performance of the proposed variable selection procedure, we conduct the
following simulation studies. We generate data from the model

Yi = xT
i β + εi, i = 1, . . . , n, (5.1)

where xi = (xi1, xi2, · · · , xip)T follows a multivariate normal distribution with mean zero and co-
variance matrix Σi j = 0.5| i− j| for 1 ≤ i, j ≤ p. The p-dimensional parameter vector is set to
β = (5, 4, 0, · · · , 0, 5, 5)T . To assess the robustness of the proposed method, we consider three dif-
ferent error distributions: (1) normal distribution: ε ∼ N(0, 1); (2) t distribution: ε ∼ t(3); (3) mixed
normal distribution (MN): ε ∼ 0.9N(0, 1) + 0.1N(0, 92). Additionally, we generate missing indicators
δi from a Bernoulli distribution with probability π(Yi, xi) = {1 + ψ(xi) exp(ζYi)}−1 where ψ(·) and ζ are
specified in four different cases:

Case 1: ψ (xi) = exp (1.3 + 0.8xi2 + 0.4xi3) and ζ = 0;
Case 2: ψ (xi) = exp (1.3 + 0.8xi2 + 0.4xi3) and ζ = −0.2;
Case 3: ψ (xi) = exp (1.8 − 0.6 sin(xi2) − 0.4 sin(xi3)) and ζ = −0.1;
Case 4: ψ (xi) = exp

(
0.7 + 0.5 exp(xi2) + 0.3 exp(xi3)

)
and ζ = −0.3.

Here, Case 1 corresponds to a random missing mechanism, while Cases 2–4 represent different non-
ignorable missing mechanisms. The coefficients are chosen such that the average missing proportion
falls between 30% and 40%. For each missing mechanism, we set the sample size n = 100 and consider
dimensions p = 500 and 1000. The simulation is repeated 200 times for each configuration.

To examine the effect of varying slice numbers in the PC statistics on feature selection for the
propensity score model, we evaluate the screening performance using the criteria listed in Table 1. Here,
”PC-N” denotes the number of slices (N), which we set to 6, 8, and 10, while the true dimension is
fixed at d∗ = 2. The evaluation criteria are defined as follows: (1) CF (correct feature selection rate):
The proportion of simulation runs where all truly significant features in the propensity score model
were correctly identified. (2) UF (under-fitting rate): The proportion of runs where at least one relevant
feature was missed. (3) OF (over-fitting rate): The proportion of runs where irrelevant features were
incorrectly selected as significant.

Therefore, the following deductions can be made: (1) The proposed PC method demonstrates excel-
lent performance, achieving nearly 100% correct feature selection (CF) while maintaining consistently
low under-fitting (UF) and over-fitting (OF) rates across all scenarios. (2) The feature screening perfor-
mance of the PC method remains robust, showing no significant variations when applied to different
error distributions. (3) The method maintains its effectiveness even in high-dimensional settings (p =
500, 1000) and under MAR missing mechanisms (Case 1). Our results indicate that the number of slices
has minimal impact on the feature screening performance. Based on these findings, we employ PC-10
in subsequent simulation studies.

Upon identifying the important features xi(R̂), we proceed to estimate the unknown parameters in
the propensity score model using the GMM. Following Shao and Wang [23], we employ a Gaussian
kernel function L(·) = 1

√
2π

exp(−(·)2/2) for the nonparametric kernel estimation with the product kernel
L(u1, u2) = L(u1)L(u2). Adopting the same strategy as in Shao and Wang [23], the bandwidth parameters
are selected as bk = 1.5σ̂ukn

−1/3, k = 1, 2, where σ̂u1 and σ̂u2 represent the sample standard deviations
of ui j (i = 1, ..., n; j = 1, 2), with (ui1, ui2) corresponding to the selected important variables xi(R̂). For
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Table 1. Feature selection results of PC methods with different numbers of slices.

ε Method p = 500 p = 1000
CF OF UF CF OF UF

Case 1 0.90 0.05 0.05 0.89 0.05 0.06
PC-6 Case 2 0.89 0.06 0.05 0.88 0.06 0.06

Case 3 0.89 0.05 0.06 0.88 0.05 0.07
Case 4 0.89 0.04 0.07 0.89 0.06 0.05
Case 1 0.90 0.03 0.07 0.89 0.05 0.06

N(0, 1) PC-8 Case 2 0.90 0.05 0.05 0.89 0.04 0.07
Case 3 0.91 0.02 0.07 0.88 0.04 0.08
Case 4 0.90 0.03 0.07 0.89 0.05 0.06
Case 1 0.95 0.00 0.05 0.90 0.04 0.06

PC-10 Case 2 0.96 0.01 0.01 0.90 0.04 0.06
Case 3 0.93 0.00 0.07 0.91 0.03 0.06
Case 4 0.92 0.00 0.08 0.91 0.02 0.07

Case 1 0.90 0.03 0.07 0.89 0.05 0.06
PC-6 Case 2 0.90 0.04 0.06 0.88 0.06 0.06

Case 3 0.89 0.05 0.06 0.89 0.06 0.05
Case 4 0.89 0.04 0.07 0.89 0.04 0.07
Case 1 0.90 0.02 0.08 0.89 0.05 0.06

t(3) PC-8 Case 2 0.91 0.02 0.07 0.90 0.05 0.05
Case 3 0.92 0.04 0.04 0.90 0.04 0.06
Case 4 0.92 0.02 0.06 0.89 0.05 0.06
Case 1 0.95 0.00 0.05 0.91 0.03 0.06

PC-10 Case 2 0.94 0.01 0.05 0.92 0.02 0.06
Case 3 0.95 0.01 0.04 0.93 0.02 0.05
Case 4 0.94 0.00 0.06 0.90 0.03 0.06

Case 1 0.90 0.02 0.08 0.89 0.04 0.07
PC-6 Case 2 0.92 0.03 0.05 0.88 0.05 0.07

Case 3 0.93 0.03 0.04 0.87 0.04 0.09
Case 4 0.93 0.04 0.03 0.89 0.05 0.06
Case 1 0.93 0.01 0.06 0.89 0.04 0.07

MN PC-8 Case 2 0.95 0.00 0.05 0.90 0.05 0.05
Case 3 0.94 0.01 0.05 0.89 0.04 0.07
Case 4 0.94 0.00 0.05 0.90 0.04 0.06
Case 1 0.95 0.01 0.04 0.93 0.02 0.05

PC-10 Case 2 0.96 0.00 0.04 0.91 0.03 0.06
Case 3 0.94 0.00 0.06 0.91 0.04 0.05
Case 4 0.95 0.01 0.04 0.92 0.02 0.06

instrumental variable selection, we rank the estimates Θ̂ j and pick the last [n/ log(n)/3] variables as
instrumental variables x(R̂c) in Eq (2.11). These variables are chosen specifically for their minimal
influence on the propensity score function.

To assess the performance of our proposed variable selection method, we conduct comprehensive
comparative studies with the following estimators. Our proposed estimator, denoted as MNAR-SMR, is
obtained by maximizing (2.15) using SCAD-penalized modal regression under MNAR conditions. A
counterpart estimator, denoted as MAR-SMR, employs SCAD-penalized modal regression under MAR
(missing at random) conditions, with the propensity score function estimated via maximum likelihood.
Meanwhile, MNAR-SPLS and MAR-SPLS are compared where modal regression is replaced by
ordinary least squares under both missing data mechanisms. The simulation results, presented in Tables
2–4, are organized by different error distributions. We evaluate performance using three key metrics.
”Size” denotes the average number of selected non-zero coefficients across 200 simulations. ”CIP”
(correctly identified proportion) indicates the proportion of truly important variables (X1, X2, Xp−1, Xp)
that are correctly identified by the method. ”Bias” is the mean absolute deviation of all coefficient
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estimators, which is defined as

Bias =
p∑

j=1

∣∣∣∣200−1
200∑
m=1

(β̂m
j − β0 j)

∣∣∣∣,
where β̂m

j represents the estimator for β j in the mth simulation, and β0 j denotes the true parameter value.

Table 2. The simulation results of four methods with model error ε ∼ N(0, 1).

Method p = 500 p = 1000
Case 1 Case 2 Case 3 Case 4 Case 1 Case 2 Case 3 Case 4

Size 4.32 4.49 4.56 4.45 4.59 4.87 5.11 4.95
MNAR-SMR CIP 98% 98% 100% 100% 96% 97% 97% 98%

Bias 0.1691 0.2135 0.2562 0.2284 0.2479 0.2992 0.3452 0.3146

Size 4.33 4.94 5.12 5.08 4.44 4.98 5.23 5.18
MAR-SMR CIP 97% 93% 90% 92.5% 94% 92% 90% 89%

Bias 0.1628 0.3257 0.3916 0.3885 0.2351 0.3578 0.3961 0.3938

Size 4.30 4.45 4.52 4.51 4.52 4.89 5.05 4.99
MNAR-SPLS CIP 98% 99% 100% 100% 96% 96.5% 97% 98%

Bias 0.1699 0.2130 0.2603 0.2081 0.2388 0.2981 0.3328 0.3098

Size 4.30 4.88 5.05 5.10 4.50 5.01 5.25 5.15
MAR-SPLS CIP 97% 94% 90% 92% 95% 93% 91% 90%

Bias 0.1774 0.3197 0.3828 0.3803 0.2205 0.3482 0.3881 0.3819

Table 3. The simulation results of four methods with model error ε ∼ t(3).

Method p = 500 p = 1000
Case 1 Case 2 Case 3 Case 4 Case 1 Case 2 Case 3 Case 4

Size 4.27 4.35 4.58 4.25 5.05 5.21 4.98 4.86
MNAR-SMR CIP 100% 99% 99% 100% 96% 97% 96% 97%

Bias 0.2492 0.2376 0.2432 0.1393 0.3483 0.3629 0.2949 0.3554

Size 4.25 5.02 5.21 4.97 5.03 5.56 5.45 5.38
MAR-SMR CIP 98% 92% 91% 92% 95% 90% 89% 90.5%

Bias 0.2452 0.3370 0.4062 0.3378 0.3789 0.4040 0.4081 0.3995

Size 4.36 4.45 4.65 4.76 4.99 5.28 5.05 5.01
MNAR-SPLS CIP 91% 90.5% 93% 92% 90% 90% 92% 89.5%

Bias 0.3198 0.3521 0.3487 0.3696 0.3829 0.3978 0.3806 0.3893

Size 4.35 4.50 4.71 4.75 4.97 5.09 5.15 4.99
MAR-SPLS CIP 91% 90% 89% 90.5% 89.5% 89% 90% 88%

Bias 0.3501 0.4105 0.3987 0.3952 0.4099 0.4008 0.3902 0.3909

Tables 2–4 allow for the following conclusions to be made.
(1) Under most simulated scenarios, including Case 1, the proposed MNAR-SMR method achieves

higher correctly identified proportion (CIP) in terms of select active variables and lower bias in terms
of parameter estimation, compared to alternative approaches. Additionally, it correctly identifies all
significant variables with an accuracy exceeding 95%, demonstrating its effectiveness. As expected, the
MAR-SMR method performs well under Case 1 (MAR mechanism), but its estimates exhibit substantial
deviation under nonignorable missingness (Cases 2–4), confirming the appropriateness of the propensity
score model specification.
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Table 4. The simulation results of four methods with model error ε ∼ MN.

Method p = 500 p = 1000
Case 1 Case 2 Case 3 Case 4 Case 1 Case 2 Case 3 Case 4

Size 4.32 4.28 4.41 4.50 4.48 5.34 5.27 4.75
MNAR-SMR CIP 98% 100% 100% 99% 96% 97% 96% 96%

Bias 0.2642 0.1982 0.2431 0.2393 0.2482 0.3418 0.3494 0.3242

Size 4.34 5.02 5.24 5.17 4.45 5.29 5.25 5.22
MAR-SMR CIP 96% 90% 89% 91% 94.5% 89% 88% 89.5%

Bias 0.2552 0.3555 0.4062 0.3780 0.2497 0.3740 0.4281 0.4095

Size 4.45 4.31 4.50 4.59 4.76 5.25 5.09 4.98
MNAR-SPLS CIP 90% 91% 89% 90% 89% 89.5% 88% 89%

Bias 0.3208 0.3805 0.4120 0.3988 0.3088 0.3998 0.4027 0.4103

MAR-SPLS Size 4.31 4.43 4.67 4.58 4.50 5.08 5.13 5.19
CIP 94 88% 89.5% 89% 89% 88% 87% 89%
Bias 0.2991 0.3989 0.4003 0.4015 0.3021 0.4051 0.4431 0.4238

(2) When comparing the modal regression-based (MR) approach with the classical least squares
(LS) method, we observe that under normal errors, the LS approach yields slightly higher CIP values
and better variable selection accuracy. However, when the error follows t distribution or mixed normal
distribution, the MR approach provides CIP values much closer to 100%, significantly outperforming
LS. This highlights the robustness of the MR method in handling heavy-tailed errors or outliers.

(3) As the covariate dimension increases, estimation bias tends to rise under the same missingness
ratio. Nevertheless, across most simulation scenarios, the proposed MNAR-SMR method remains
reliable, delivering consistent and accurate results even in higher-dimensional settings.

6. A real data analysis

In this section, we demonstrate the application of our proposed method using a Diffuse
Large B-cell Lymphoma (DLBCL) dataset obtained from The Cancer Genome Atlas (TCGA)
(https://portal.gdc.cancer.gov/). In this dataset, the response variable is the survival time (log-
transformed, following Zhou and Zhu [28]) of 50 patients, which includes 38 deaths during the
follow-ups. The covariates are high-dimensional gene expression profiles (5299 genes) measured via mi-
croarray technology. To demonstrate our proposed method using this dataset, we consider the censored
responses as missing observations, with approximately 24% of the response data being unobserved.
Given that the unobserved survival times of the patients seem to be related to the patients themselves,
which means that the censoring probability appears to be associated with the latent true survival times,
the missingness mechanism satisfies the conditions for nonignorable missing data. This aligns with our
methodological focus on MNAR scenarios.

For the DLBCL dataset, we selected a final set of d = [n/ log(n)] = 12 genes through our variable
selection procedure. To evaluate our proposed MNAR-SMR method, we conducted comparative analysis
with three alternative approaches: the MAR-SMR, MNAR-SPLS, and MAR-SPLS. To ensure robust
estimation of the propensity score function, we partitioned the covariates into 10 distinct slices. Table 5
presents the number of genes selected by each of the four variable selection procedures.

To assess the prognostic significance of the 12 selected genes, we adopted an analytical approach
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Table 5. Results of 12 selected gene numbers in DLBCL data with four methods.

Order MNAR-SMR MAR-SMR MNAR-SPLS MAR-SPLS

1 1716 4829 4042 3490

2 508 2997 4777 3669

3 3086 5686 2448 2403

4 4777 5213 3911 4007

5 1819 1872 2057 1191

6 4279 228 3083 5221

7 1610 1003 4279 604

8 5256 5221 5256 4341

9 1273 2711 852 450

10 3722 3669 3490 1010

11 2448 3922 3797 2448

12 5297 3146 2650 771

similar to Zhu et al. [11]. The DLBCL dataset is randomly divided into a training set (n1 = 35) and
a test set (n2 = 15). We fitted a Cox proportional risk model using the training set and calculate risk
scores for both the training and test set. Then, the patients in the test set were classified into low-risk
and high-risk groups using the median risk score from the training set as the cutoff threshold. Figure 1
presents the estimated Kaplan-Meier survival curves by the four methods (MNAR-SMR, MAR-SMR,
MNAR-SPLS, and MAR-SPLS) for the two risk groups of patients in the test set.

Observation of the results in Figure 1 shows that the best separation of the two curves is obtained
by the MNAR-SMR approach, and the log-rank test yields a p-value of 0.05, indicating that the fitted
model has a better predictive effect. While the corresponding p-values of the MAR-SMR, MNAR-SPLS,
and MAR-SPLS methods are 0.56, 0.19, and 0.69. This indicates that the fitted models obtained from
NMAR assumption have better prediction results than the MAR assumption.

To comprehensively assess the predictive performance of each method, we employed the average
check loss prediction error (ACLPE), defined as:

ACLPE =
1
n2

∑
i∈R

δi(Yi − Ŷi), (6.1)

where R represents the set of test sample indicators, δi is the indicator variable denoting whether the
response Yi is observed (δi = 1) or censored (δi = 0), Ŷi is the predicted value of the response variable,
and n2 is the size of the test set. We conducted 200 simulation replicates. Figure 2 displays boxplots of
the average check loss prediction error with different methods.

As shown in Figure 2, the modal regression approach yields superior prediction accuracy compared
to the least squares method, as evidenced by its consistently lower prediction errors. This empirical
evidence strongly supports the validity of the MNAR assumption for our dataset, suggesting that
accounting for nonignorable missingness leads to more reliable predictions in this clinical context.
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Figure 1. Survival curves for the two risk groups in the test set.

Figure 2. The boxplots of average check loss prediction error under four methods.

7. Conclusions

This paper proposes a robust variable selection method for ultrahigh-dimensional linear models with
nonignorable missing responses, employing modal regression to enhance robustness. To address the
identifiability issue in the semiparametric propensity score function, we develop a two-step estimation
procedure. The PC statistic identifies important features in the sparse propensity score in the first step
and the GMM method estimates unknown parameters for the downscaled propensity score in the second
step. To overcome the challenges encountered with ultrahigh-dimensionality, we first reduce the model
dimensionality using a modified sure independence screening (SIS) procedure with inverse probability
weighting (IPW), and then the variable selection procedure can be effectively applied to the reduced
model. The IPW technique is incorporated to mitigate bias induced by missing data. Subsequently,
we perform the variable selection procedure by applying the SCAD penalty to the modal regression-
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based objective function. Our approach alleviates the curse of dimensionality, ensuring scalability for
high-dimensional data and maintaining robustness against heavy-tailed errors and outliers. Under mild
regularity conditions, we establish the asymptotic properties of the proposed estimator. Simulation
studies and an analysis of the DLBCL dataset demonstrate the method’s effectiveness in finite samples,
confirming its practical utility.
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Appendix: Proofs of theorems

Proof of Theorem 1. According to the absolute value inequality, for any given ε > 0, we have

P(||ρ̂I j| − |ρ0 j|| ≥ ε) ≤ P(|ρ̂I j − ρ0 j| ≥ ε). (A.1)

We consider P(|ρ̂I j − ρ0 j| ≥ ε) first. To facilitate the proof, we first give the following notations. Define
ρ0 j = E(X jY), ρ̂I j =

1
n

∑n
i=1

δi
π̂i

xi jYi, and ρ̂∗I j =
1
n

∑n
i=1

δi
πi

xi jYi. Therefore, when n is large enough, we have

P(|ρ̂I j − ρ0 j| ≥ ε) ≤ P(|ρ̂I j − ρ̂
∗
I j| + |ρ̂

∗
I j − ρ0 j| ≥ ε) ≤ P(|ρ̂∗I j − ρ0 j| ≥ ε/2). (A.2)

We use truncation techniques to deal with ρ̂∗I j and ρ0 j, and for any M > 0,

ρ̂∗I j =
1
n

n∑
i=1

δi

πi
xi jYiI

(∣∣∣∣δi

πi
xi jYi

∣∣∣∣ ≤ M
)
+

1
n

n∑
i=1

δi

πi
xi jYiI

(∣∣∣∣δi

πi
xi jYi

∣∣∣∣ > M
)

= Ŝ j1 + Ŝ j2,

and

ρ0 j = E(X jYI(|X jY | ≤ M)) + E(X jYI(|X jY | > M)) = S j1 + S j2.

It is easy to see that Ŝ j1 and Ŝ j2 are the unbiased estimators of S j1 and S j2, respectively. Furthermore,
define IMi = I(| δi

πi
xi jYi| ≤ M), Ic

Mi
= I(| δi

πi
xi jYi| > M), IM = I(|X jY | ≤ M), and Ic

M = I(|X jY | > M). Then,
we have

P(|ρ̂∗I j − ρ0 j| ≥ ε/2) ≤ P(|Ŝ j1 − S j1| ≥ ε/4) + P(|Ŝ j2 − S j2| ≥ ε/4)
= F1 + F2 (A.3)

For F1, by the exponential Markov inequality, ∀t > 0, let ε1 = ε/4, and we can obtain that

P(Ŝ j1 − S j1 ≥ ε1) ≤ E{exp(t(Ŝ j1 − S j1))}exp(−tε1)
≤ exp(−tε1)exp(−tS j1)E{exp(tŜ j1)}

It is noted that E{exp(tŜ j1)} = E{exp( t
n

∑n
i=1

δi
πi

xi jYiIMi)} = En{exp( t
n
δi
πi

xi jYiIMi)}. By Lemma 1 from Li
et al. [12], we can get that

P(Ŝ j1 − S j1 ≥ ε1) ≤ exp(−tε1)En
{
exp
[ t
n
(δi

πi
xi jYiIMi − E(X jYIM)

)]}
≤ exp

(
− tε1 +

t2M2

2n

)
.
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Let t = nε1
M2 , and then we have P(Ŝ j1 − S j1 ≥ ε1) ≤ exp

(
−

nε2
1

2M2

)
. Therefore,

F1 = P(|Ŝ j1 − S j1| ≥ ε1) ≤ 2exp
(
−

nε2
1

2M2

)
. (A.4)

For F2, by the Cauchy-Schwartz inequality and exponential Markov inequality, ∀s > 0, we have

S 2
j2 = E2(X jYI(|X jY | > M)) ≤ E(X jY)2P(|X jY | > M)

≤ E(X jY)2E[exp(s|X jY |)]exp(−sM)
≤ E(X jY)2{E[exp(sX2

j )]E[exp(sY2)]}1/2exp(−sM)

By Assumption A1, and for sufficient M → ∞, we have S j2 ≤ ε1/2 as n→ ∞. Therefore,

F2 = P(|Ŝ j2 − S j2| ≥ ε1)) ≤ P(|Ŝ j2| ≥ ε1/2)
≤ nP(X2

j + Y2 > M/2) ≤ nP(X2
j > M/4) + nP(Y2 > M/4)

By the exponential Markov inequality and Assumption A1, we have nP(Y2 > M/4) ≤

nE{exp(sY2)}exp(−sM/4) ≤ c1nexp(−sM/4) and nP(X2
j > M/4) ≤ c1nexp(−sM/4). Then, we have

F2 ≤ c1nexp(−sM/4) (A.5)

Combining (A.3)–(A.5), we have

P(|ρ̂∗I j − ρ0 j| ≥ ε/2) ≤ 2exp
(
−

nε2
1

2M2

)
+ c1nexp

(
−

sM
4

)
(A.6)

Let M = c0nγ with 0 < γ < 1/2 − κ, and we have

P(|ρ̂∗I j − ρ0 j| ≥ ε/2) ≤ 2exp(−c2ε
2n1−2γ) + c1nexp(−c3nγ) (A.7)

where c0, c1, c2, and c3 are some constants.
Let ε = cn−κ, and combining (A.1), (A.2), and (A.7), we have

P(max
1≤ j≤p

||ρ̂I j| − |ρ0 j|| ≥ cn−κ) ≤ pP(||ρ̂I j| − |ρ0 j|| ≥ cn−κ)

≤ c1 p exp(−c2n1−2γ−2κ) + c3np exp(−c4nγ) (A.8)

From (A.8), for p = O(exp(nb)) with 0 < b < min(1 − 2γ − 2κ, γ), it is easy to show ηn =
{
max
j∈A0
||ρ̂I j| −

|ρ0 j|| < cn−κ
}
⊆ {A0 ⊆ Â}, and therefore

P(A0 ⊆ Â) ≥ P(ηn) = 1 − P(ηc
n) = 1 − P(max

j∈A0
||ρ̂I j| − |ρ0 j|| ≥ cn−κ)

≥ 1 − sP(||ρ̂I j| − |ρ0 j|| ≥ cn−κ)
≥ 1 − c1s exp(−c2n1−2γ−2κ) − c3ns exp(−c4nγ) −→ 1, (A.9)

where s is the number of A0. □
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Proof of Theorem 2. Let δn = n−r/(2r+1) + an. Define β∗ = β∗0 + δnv with v = (v1, v2, · · · , vd)T , and β∗0
are the true values of β∗.

We next show that, for any given ε > 0, there exists a large enough constant C such that

P
{
sup
||v||≥C

Q̂I(β∗) < Q̂I(β∗0)
}
≤ 1 − ε, (A.10)

where Q̂I(β∗) is defined in (2.15).
Let τ(β∗) = Q̂I(β∗) − Q̂I(β∗0), and then we have

τ(β∗) =
n∑

i=1

∆̂iϕh(Yi − x∗T (β∗0 + δnv)) − ∆̂iϕh(Yi − x∗Tβ∗0) − n
d∑

k=1

{pλk(|β
∗
0k + δnvk|) − pλk(|β

∗
k|)}

= J1 + J2 (A.11)

Taylor expanding J1 around εi, we have

J1 = ∆̂i

n∑
i=1

δnϕ
′
h(εi)x∗T v + ∆̂i

n∑
i=1

δ2
nϕ
′′
h (εi)(x∗T v)2 + ∆̂i

n∑
i=1

δ3
nϕ
′′′
h (ξi)(x∗T v)3

= J11 + J12 + J13 (A.12)

where ξi lies in εi and εi − δnx∗T v.
Invoking Assumptions A5 and A6 and simple calculation yields J11 = Op(nδ2

n||v||). Similarly, we
also have J13 = Op(nδ3

n||v||3). From J12 = δ
2
nnF(x, h)vT E(xT x)v(1 + Op(1)), we have J12 = Op(nδ2

n||v||2).
Therefore, by choosing a sufficient large C, J12 dominates J11 and J13 uniformly in ||v|| = C.

Moreover, invoking pλk(0) = 0 and an argument of Taylor expansion, we get that

J2 ≤ nδn

s∑
k=1

{
p′λk

(|β∗0k|)sign(β∗0k)vk +
1
2
δn p′′λk(|β

∗
0k|)v

2
k

}
≤ n

√
sδan||v|| + nδ2

nbn||v||2. (A.13)

Then by the condition bn → 0, J2 is also dominated by J12 in ||v|| = C. Hence, by choosing a sufficiently
large C, (A.10) holds. There exists local maximizers β̂∗ such that ||β̂∗ − β∗0|| = Op(δn). □

Proof of Theorem 3. It is sufficient to show that, for any β̂∗ that satisfies ||β̂∗ − β∗0|| = Op(n−r/(2r+1)) and
for some given ε = Cn−r/(2r+1), when n→ ∞ with probability tending to 1, we have

∂Q̂I(β∗)
∂β j

< 0, for 0 < β j < ε, j ∈ Ac
0, (A.14)

and

∂Q̂I(β∗)
∂β j

> 0, for − ε < β j < 0, j ∈ Ac
0. (A.15)

By a similar proof as in (A.12) in Theorem 2, we can obtain that

∂Q̂I(β∗)
∂β j

= −

n∑
i=1

∆̂iϕ
′
h(Yi − x∗Tβ∗)xi j − np′λ j

(|β j|)sign(β j)
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= −

n∑
i=1

∆̂i
{
ϕ′h(εi) + ϕ′′h (εi)x∗T v + ϕ′′′h (ξi)(x∗T v)2}xi j − np′λ j

(|β j|)sign(β j)

= nλ j
{ p′λ j

(|β j|)sign(β j)

λ j
+ Op(

n−r/(2r+1)

λ j
)
}

(A.16)

where ξi lies in εi and εi − δnx∗T v.
By Assumption A7 and λ jnr/(2r+1) > λminnr/(2r+1) −→ ∞, the sign of derivation is determined by that

of β j. Then (A.14) and (A.15) hold, which imply that β̂ j = 0, j ∈ Ac
0, with probability tending to 1.

□
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