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Abstract: Due to their simplicity, low memory requirements, strong convergence properties, and
ability to solve problems of high dimensions, the conjugate gradient (CG) methods are widely
used to solve linear and non-linear unconstrained optimization problems. The Polak-Ribière-Polyak
(PRP) is considered as one of the most efficient CG methods in practical computation. However,
theoretically, its convergence properties are poor. Therefore, many variants of PRP with good
numerical results and good convergence properties have been developed, such as Gilbert and Nocedal
method (PRP+), Wei-Yau-Liu method (WYL), and Yousif et al. method (OPRP). In this paper, based
on PRP+ and OPRP methods, we proposed another modified version of PRP that inherits all the
convergence properties of PRP+ and OPRP and has improved numerical results. To show the efficiency
and robustness of the new modified method in practice, it was compared with PRP+, WYL, and OPRP
when they are all applied under the strong Wolfe line search. At the same time, the new method was
applied in deep learning to obtain ideal parameters of some neural network (NN) models during the
training process.
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1. Introduction

Conjugate gradient (CG) methods comprise a class of unconstrained optimization algorithms
designed to solve the following:

min
x∈Rn

f (x),

where f : Rn → R is a continuously differentiable function, bounded from below. They use the
following iterative formula:

xk+1 = xk + αkdk, k = 0, 1, 2, . . . , (1.1)

where αk is a positive real number called step length that is obtained by a line search method, and the
directions dk are computed by the rule

dk =

−gk, if k = 0,
−gk + βkdk−1, if k ≥ 1,

(1.2)

where βk is update coefficient, and gk is the gradient vector of f (x) at the point xk. Different formulas
for βk define different CG methods. Well-known formulas for βk are the Hestenes-Stiefel (HS) [1],
Fletcher-Reeves (FR) [2], and Polak-Ribière-Polyak (PRP) [3, 4] are given as follows:

βHS
k =

gT
k (gk − gk−1)

dT
k−1(gk − gk−1)

,

βFR
k =

∥gk∥
2

∥gk−1∥
2 ,

βPRP
k =

gT
k (gk − gk−1)
∥gk−1∥

2 ,

respectively. The HS, FR, and PRP CG methods, together with the conjugate descent (CD) [5], Liu-
Storey (LS) [6], and Dai-Yuan (DY) [7], are called the classical CG methods. For more formulas for
the coefficient βk, see references [8–10].

The step length αk is computed using exact or inexact methods called line searches. In an exact line
search, αk is obtained in the direction dk by the following rule:

f (xk + αkdk) = min
α≥0

f (xk + αdk). (1.3)

Since it is difficult to compute αk using formula (1.3) in practice, the inexact line searches are
introduced to compute approximate values for αk. The Wolfe and strong Wolfe line searches are
examples of the inexact line search often used in practice. In the Wolfe line search [11,12], αk satisfies
the following two conditions:

f (xk + αkdk) ≤ f (xk) + δαkgT
k dk, (1.4)

g(xk + αkdk)T dk ≥ σgT
k dk. (1.5)

Additionally, the strong Wolfe line search includes condition (1.4) and

|g(xk + αkdk)T dk| ≤ σ|gT
k dk|, (1.6)
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where 0 < δ < σ < 1.
The efficiency of CG methods is measured by two things: their global convergence is

lim
k→∞
∥gk∥ = 0,

and their numerical results in practice. Both measurements essentially depend on the well-chosen line
search and the search direction dk.

To guarantee that every search direction generated by a CG method is descent, the sufficient
descent property

gT
k dk ≤ −C∥gk∥

2, ∀k ≥ 0, C > 0 is a constant

is always considered.
The CG methods exhibit exceptional local search capabilities; thus, considerable efforts have been

carried out to propose new CG methods [13–15] to modify existing CG methods for improved
performances [16, 17] or to combine them with other methods [18]. Zoutendijk [19] proved the global
convergence of the FR method under the exact line search, which was later extended by Al-Baali [20]
under the strong Wolfe line search. Polak and Ribière [4] established the global convergence of the
PRP with the exact line search. However, Powell [21] later reported that the PRP does not converge
globally for some non-convex problems. Despite the good results of the PRP method in practice, its
global convergence under the strong Wolfe line search has not been established. The PRP addresses
the jamming problem that occurs in the FR method since it possesses a sufficient descent feature, that
is, when xk − xk−1 tends to zero, the numerator of βPRP

k also tends to zero, so the next search direction
is the steepest descent direction. This attribute underscores the resilience of the PRP method in
addressing challenging situations frequently faced in optimization, thus facilitating more efficient
convergence even in intricate environments. An additional investigation into its worldwide
convergence using a robust Wolfe line search is essential to strengthen its theoretical basis and
expanding its usefulness. Since the PRP and HS coefficients have the same numerator, their
convergence behavior is almost similar. Therefore, the PRP and HS perform much better than the FR
in practice; hence, in spite of their poor convergence properties, they are preferred over the FR
method. Several efforts have been made to prove the global convergence of HS and PRP via the
inexact line search or to propose convergent modified versions of them; see [22] for HS and [23–25]
for PRP. Powell [21] suggested restricting the coefficient βPRP

k to be nonnegative. By adopting this
suggestion, Gilbert and Nocedal [26] proposed a modified PRP method whose coefficient βPRP+

k is of
nonnegative values of βPRP

k and is given by

βPRP+
k = max

(
0, βPRP

k

)
,

which can be equivalently expressed as

βPRP+
k =

βPRP
k if βPRP

k > 0
0 otherwise

. (1.7)

They showed that under the sufficient descent property, the global convergence of the PRP+ method
is satisfied. In 2006, Wei et al. [27] proposed a modified formula of βPRP+

k given by the following:

βWYL
k =

gT
k

(
gk −

∥gk∥

∥gk−1∥
gk−1

)
∥gk−1∥

2 .
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In addition to the good numerical results of the WYL method, it possesses sufficient descent
property and global convergence properties under the strong Wolfe line search.

Most recently, Yousif et al. [28] proposed a modified version of PRP by restricting the coefficient
βPRP

k in some interval depending on a parameter µ, where µ is a real number greater than 2. The
modified version is called OPRP, and its coefficient is given by the following:

βOPRP
k =

β
PRP
k if − µ

∥gk∥
2

∥dk−1∥
2 < β

PRP
k < µ

∥gk∥
2

∥dk−1∥
2

0 otherwise
. (1.8)

They have proven the global convergence and the sufficient descent property of the OPRP method
when the line is the strong Wolfe line search.

In this paper, motivated by the good results of the PRP in practice and the convergence properties
of both the PRP+ and OPRP methods, we propose a new modified coefficient of PRP, and hence a new
modified method in Section 2. The sufficient descent property and the global convergence of the new
method are proven in Section 3. To show the efficiency and robustness of the new modified method in
practice, a numerical experiment is conducted in Section 4. In Section 5, the new algorithm is applied
for training some neural network (NN) problems. This is followed by a conclusion in Section 6.

2. Another new modified method

As mentioned in Section 1, the main issues when studying CG methods are their theoretical global
convergence and their numerical performances. Although the PRP CG method gives good numerical
results in practice when it is applied to solve unconstrained optimization problems, its global
convergence has not yet been established when it is implemented under the strong Wolfe line search
to solve non-convex functions. This drawback drew much attention to better variants of PRP that, at
least, preserve the good numerical results of the PRP with the global convergence. One of these
variants is the PRP+ method, whose coefficient βPRP+

k takes the non-negative values of βPRP
k and sets

the other negative values of βPRP
k to zero; see (1.7). Another variant is the OPRP variant, whose

coefficient βOPRP
k takes positive and negative values of βPRP

k in the interval
(
−µ ∥gk∥

2

∥dk−1∥2
, µ ∥gk∥

2

∥dk−1∥2

)
and sets

all other values to zero; see (1.8). Both modified methods have good numerical results and are
globally convergent under the strong Wolfe line search. In this paper, we propose another variant of
the PRP CG method by combining βPRP+

k and βOPRP
k to obtain the following:

βNEW
k =

βPRP
k if βPRP

k > −µ ∥gk∥
2

∥dk−1∥2

0 otherwise
, (2.1)

where µ > 2 is a real number.
Clearly, the proposed coefficient takes more values of βPRP

k , so it is a better modification of βPRP
k .

Hence, if the modified method whose coefficient is defined by (2.1) gives good numerical results in
practice and is globally convergent under the strong Wolfe line search, then it can be considered a better
variant than PRP+ and OPRP. Hence, the main purpose of this study is to show that the new modified
method, whose coefficient is given by (2.1), gives good numerical results and is globally convergent
when applied under the strong Wolfe line search.

The new modified CG method can be described by the following algorithm:
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Algorithm 1: A modified PRP algorithm
Input: Choose the parameters δ and σ such that 0 < δ < σ < 1. Choose a scalar ϵ > 0

sufficiently small to stop the algorithm.
// Initialization

1 - Set k = 0 and select a starting point x0 ∈ R
n.

2 - Set g0 = ∇ f (x0) and d0 = −g0.
// Execute the following steps while ∥gk∥ ≥ ϵ

3 while ∥gk∥ ≥ ϵ do
4 - Compute the steplegth αk that meets strong Wolfe conditions (1.4) and (1.6).
5 - Set xk+1 = xk + αkdk

6 - Evaluate gk+1 = ∇ f (xk+1)
7 - Compute the search direction dk+1 = −gk+1 + β

NEW
k dk.

8 - Set k = k + 1.

From the definition (2.1), it is clear that when µ → ∞, the new modified coefficient tends to the
coefficient of the PRP. Hence, for a sufficiently large value of µ, the new method gives a good
approximation to the PRP method. Additionally, since the new modified coefficient combines both the
coefficients of PRP+ and OPRP, and since the global convergence of both PRP+ and OPRP algorithms
has been proven, we expect that the global convergence of Algorithm 1 is also satisfied. We will
investigate this in the next section.

3. Convergence properties

This section studies the convergence properties of Algorithm 1. To proceed, we suppose that the
objective function f (x) satisfies the following assumption:

Assumption 3.1.

(i) The level set Ω = {x ∈ Rn : f (x) ≤ f (x0)} is bounded, where x0 is the starting point.
(ii) In some neighborhood N of Ω, the objective function is continuously differentiable and its

gradient is Lipschitz continuous, namely, there exists a constant l > 0 such that

∥g(x) − g(y)∥ ≤ l∥x − y∥, ∀ x, y ∈ N.

Note that Assumption 3.1 implies the existence of a positive constant ȳ such that

∥g(x)∥ ≤ ȳ, for all x ∈ N.

In addition to Assumption 3.1, the Zoutendijk condition [19] is usually used to analyze the global
convergence of conjugate gradient methods.

Lemma 3.1. Suppose that Assumption 3.1 holds. Consider any CG method of the form (1.1) and (1.2),
where the step length αk is computed by the Wolfe line search. Then, the following condition, known as
the Zoutendijk condition, is satisfied:

∞∑
k=0

(gT
k dk)2

∥dk∥
2 < ∞.
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For good convergence results, we need to require that βk be small when the step length is small.
This property is called Property∗, which was defined by Gilbert and Nocedal [26].

Property∗: Consider a method of the form (1.1) and (1.2), and suppose that for all k ≥ 0,

0 < γ ≤ ∥gk∥ ≤ γ̄,

where γ and γ̄ are two positive constants. Then, the method has Property∗ if there exist two constants
b > 1 and λ > 0 such that for all k,

|βk| ≤ b,

and

∥xk − xk−1∥ ≤ λ⇒ |βk| ≤
1
2b
.

Theorem 3.1. Algorithm 1 possesses the Property∗.

Proof. The proof follows straightforwardly from the fact that the PRP method possesses Property∗ and
the coefficient βNEW

k of Algorithm 1 is defined as a restriction of βPRP
k .

The convergence of Algorithm 1 essentially depends on the following two results:

Result 1. In [28], Yousif et al. proved that if a CG method with a parameter βk satisfies the condition

|βk| ≤ µ
∥gk∥

2

∥dk−1∥
2 , for k ≥ 1 and a real number µ ≥ 1,

which is applied under the strong Wolfe line search with 0 < σ < 1
4µ to solve unconstrained

optimization problems, then,

(a) ∥gk∥

∥dk∥
< 2 for all k ≥ 0,

(b) the sufficient descent condition is satisfied,
(c) under Assumption 3.1, the method is globally convergent.

Result 2. In [26], Gilbert and Nocedal proved that any CG method under the Wolfe line search (under
the strong Wolfe line search with 0 < σ < 1

4µ ) that satisfies

(a) βk ≥ 0 for all k,
(b) the sufficient descent condition,
(c) Property∗,
(d) Assumption 3.1,

is globally convergent.

Based on the two results above, we establish the convergence of our new modified method.

Theorem 3.2. Suppose that Assumption 3.1 holds. Then, Algorithm 1 is globally convergent when
applied under the strong Wolfe line search with 0 < σ < 1

4µ .
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Proof. By rewriting the coefficient βNEW
k as follows:

βNEW
k =


βPRP

k if − µ ∥gk∥
2

∥dk−1∥2
< βPRP

k < µ ∥gk∥
2

∥dk−1∥2

βPRP
k if βPRP

k > µ ∥gk∥
2

∥dk−1∥2

0 otherwise

,

we consider the following two cases:
Case I: −µ ∥gk∥

2

∥dk−1∥2
≤ βNEW

k < µ ∥gk∥
2

∥dk−1∥2

The proof is straightforward from Result 1.
Case II: βNEW

k > µ ∥gk∥
2

∥dk−1∥2

Since Algorithm 1 satisfies Property∗, the proof follows from Result 2. This completes the proof.

4. Numerical experiments

In this section, to demonstrate the efficiency and robustness, we compare the new modified method
with the PRP, PRP+, WYL, and OPRP methods based on the following criteria:

• Most of the test problems are from [29].
• To show robustness, the test problems are implemented under low, medium, and high dimensions:

2, 3, 4, 5, 10, 50, 100, 500, 1000, 5000, and 10,000. For each dimension, two different initial
points are chosen for each test problem: one of them is the initial point suggested by Andrei [29],
and the other is chosen arbitrarily.
• All methods are applied under the strong Wolfe line search with parameters δ = 10−4 and
σ = 10−2.
• The termination condition for all methods is set to ∥gk∥ ≤ 10−6.
• The parameter µ is set to 10.
• All algorithms were coded using MATLAB and the run was conducted on a PC computer with an

Intel R Core TM i5-2520 M CPU @ 2.50 GHz processor, 4 GB of RAM memory, and a Windows
10 Professional operating system.

The numerical results are presented in Tables 1 and 2 with the following notations:

Dim The dimension of the test problem

NI The number of iterations

CPU The computation time required to solve a test problem (in seconds)

NF The number of function evaluations

NG The number of gradient evaluations

FAIL Indicates when a method failed to solve a test problem

NEW The new modified method

Electronic Research Archive Volume 33, Issue 8, 4799–4815.
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Table 1. Numerical results for problems of low dimensions.
Problem Number Test Problem Dim Initial Vector PRP PRP+ WYL OPRP NEW

NI/CPU/NF/NG NI/CPU/NF/NG NI/CPU/NF/NG NI/CPU/NF/NG NI/CPU/NF/NG

1 THREE-HUMP [30] 2 (2, 2) 13/0.04/362/86 11/0.03/245/100 14/0.04/403/127 13/0.04/362/86 13/0.04/362/86
(5, 5) 11/0.03/306/88 FAIL FAIL FAIL 9/0.02/197/58

2 GENERALIZED WHITE & HOLST [29] 2 (0, 0) FAIL 16/0.02/114/57 43/0.04/230/125 18/0.02/115/64 16/0.02/114/57
(10, 10) 49/0.07/548/207 37/0.05/349/152 77/0.07/530/245 50/0.06/431/194 37/0.05/349/152

3 SIX-HUMP [30] 2 (1.1) 5/0.01/22/14 5/0.01/22/14 8/0.02/31/20 5/0.01/22/14 5/0.01/22/14
(10, 10) 9/0.02/53/24 11/0.03/65/33 9/0.03/57/23 12/0.03/77/35 9/0.03/53/24

4 TRECANNI [31] 2 (1, 1) 6/0.01/22/15 5/0.01/20/13 7/0.01/26/17 5/0.01/19/13 6/0.01/22/15
(10.10) 6/0.01/32/22 8/0.02/35/21 11/0.2/45/28 9/0.02/38/23 8/0.02/35/21

5 ZeTtLe [32] 2 (1, 1) 10/0.02/40/30 10/0.02/40/30 17/0.03/68/54 10/0.02/40/30 10/0.02/40/30
(10, 10) 11/0.02/48/33 11/0.02/51/34 12/0.03/55/39 10/0.02/48/32 11/0.02/51/34

6 BIGGSB1 [29] 2 (0, 0) 1/0.01/3/2 1/0.01/3/2 1/0.01/3/2 1/0.01/3/2 1/0.01/3/2
(10, 10) 1/0.01/3/2 1/0.01/3/2 1/0.1/3/2 1/0.01/3/2 1/0.01/3/2

7 LEON [32] 2 (0, 0) FAIL 16/0.03/114/57 43/0.06/230/125 18/0.04/115/64 16/0.03/114/57
(10.10) 49/0.07/548/207 37/0.05/349/152 74/0.08/515/236 50/0.06/431/194 37/0.05/349/152

8 DIXON & PRICE [32] 3 (1, 1, 1) 10/0.01/40/26 10/0.01/40/26 14/0.02/51/33 10/0.01/40/26 10/0.01/40/26
(10, 10, 10) 45/0.03/165/101 23/0.02/108/60 53/0.04/229/145 21/0.02/102/56 21/0.02/102/56

9 CUBE [29] 3 (−1.2, 1. − 1, 2) 840.0.43/3167/1941 170/0.12/875/455 1512/.75/5495/3589 84/0.07/487/275 123/0.09/650/330
(0, 0, 0) 528/0.28/2049/1222 1510/76/5607/3581 120/0.08/574/302 75/0.07/440/245 968/0.48/3537/2221

10 NONDIA [29] 3 (−1,−1,−1) 515/0.24/1783/1162 97/0.06/399/234 288/0.14/1007/643 46/0.04/238/135 97/0.06/399/234
(10, 10, 10) 984/0.49/3653/2226 131/0.10/728/350 223/0.15/1171/590 85/0.07/489/276 131/0.10/728/350

11 Extended WOOD [29] 4 (0, 0, 0, 0) 106/0.06/428/243 106/0.06/428/243 73/0.04/282/170 57/0.03/250/142 106/0.06/428/243
(5, 5, 5, 5) 157/0.09/697/383 114/0.07/527/278 240/0.13/991/570 85/0.06/458/233 139/0.08/576/332

12 LIARWHD [29] 4 (4, 4, 4, 4) FAIL 18/0.09/502/172 22/0.12/660/210 25/0.15/685/251 26/0.15/794/287
(10, 10, . . .) 19/0.06/464/148 22/0.08/588/180 16/0.05/477/194 14/0.05/362/138 19/0.06/464/148

13 COLVILLE [29] 4 (0, 0, 0, 0) 106/0.06/428/243 106/0.06/428/243 73/0.04/282/170 57/0.03/250/142 106/0.06/428/243
(10, 10, . . .) 177/0.10/793/432 391/0.19/1609/909 305/0.15/1197/694 78/0.06/428/217 391/0.19/1609/909

14 EXTENDED POWELL [29] 4 (1, 1, . . .) 70/0.04/279/172 1303/49/3957/2635 256/0.11/835/557 56/0.03/259/178 35/0.03/173/105
(10, 10, . . .) 1290/48/3964/2623 1290/48/3964/2623 301/0.12/988/643 59/0.04/314/212 1290/48/3964/2623

15 NONSCOMP [29] 5 (0, 0, . . .) 690/0.24/2157/1464 690/0.24/2157/1464 474/0.28/2413/1636 68/0.04/273/200 690/0.24/2157/1464
(10, 10, . . .) 185/0.09/738/449 185/0.09/738/449 400/0.16/1414/910 227/0.11/881/621 185/0.09/738/449

16 ENGVAL1 [29] 5 (2, 2, . . .) 22/0.02/76/50 23/0.02/80/53 24/0.02/83/54 22/0.02/76/50 22/0.02/76/50
(−1,−1, . . .) 17/0.02/63/41 17/0.02/63/41 20/0.02/73/48 17/0.02/63/41 17/0.02/63/41

17 GENERALIZED TRIDIAGONAL 2 [29] 5 (1, 1, . . .) 14/0.02/47/36 7/0.01/28/21 9/0.01/34/25 7/0.02/28/21 7/0.01/28/21
(10, 10, . . .) 48/0.05/191/136 21/0.02/94/65 29/0.03/114/81 25/0.03/106/76 22/0.02/96/68

18 GENERALIZED TRIDIAGONAL 1 [29] 10 (2, 2, . . .) 23/0.02/76/50 23/0.02/76/50 23/0.02/76/50 23/0.02/76/50 23/0.02/76/50
(10, 10, . . .) 27/0.03/112/68 27/0.03/112/68 26/0.03/110/67 27/0.03/112/68 27/0.03/112/68

19 EDENSCH [29] 10 (0, 0, . . .) 24/0.02/80/52 24/0.02/80/52 24/0.02/80/52 24/0.02/80/52 24/0.02/80/52
(−1,−1, . . .) 20/0.02/72/47 20/0.02/72/47 21/0.02/74/48 23/0.02/80/52 20/0.02/72/47

20 SUM SQUARE [29] 10 (−1,−1, . . .) 10/0.01/30/20 10/0.01/30/20 10/0.01/30/20 10/0.01/30/20 10/0.01/30/20
(10, 10, . . .) 10/0.01/30/20 10/0.01/30/20 10/0.01/30/20 10/0.01/30/20 10/0.01/30/20

21 POWER [29] 50 (−1.2, . . .) 67/0.05/201/134 67/0.05/201/134 66/0.04/198/132 1486/87/4458/2972 67/0.05/201/134
(10, 10, . . .) 67/0.05/201/134 67/0.05/201/134 67/0.05/201/134 1668/96/5004/3336 67/0.05/201/134

22 HAGER [29] 50 (1, 1, . . .) 19/0.02/65/41 19/0.02/65/41 19/0.02/59/40 19/0.02/65/41 19/0.02/65/41
(10, 10, . . .) 960/1.03/6456/3909 897/0.96/5982/3635 435/0.46/2823/1724 729/0.69/4106/2810 870/0.98/5835/3499

23 FLETCHER [29] 50 (0, 0, . . .) 274/0.21/1319/664 274/0.21/1319/664 292/0.23/1375/699 600/0.39/2322/1334 274/0.21/1319/664
(10, 10, . . .) 217/0.14/845/493 222/0.15/866/511 215/0.13/836/488 556/0.33/1899/1199 222/0.15/866/511

24 RAYDAN 1 [29] 50 (1, 1, . . .) 47/0.03/144/137 47/0.03/144/137 47/0.03/144/138 47/0.03/144/137 47/0.03/144/137
(5, 5, . . .) 93/0.06/325/286 93/0.06/302/286 78/0.05/276/238 133/0.08/445/392 93/0.06/325/286

25 ARWHEAD [29] 50 (1, 1, . . .) 5/0.02/23/13 5/0.02/23/13 6/0.03/26/15 5/0.02/23/13 5/0.02/23/13
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Table 2. Numerical results for problems of medium and high dimensions.
Problem Number Test Problem Dim Initial Vector PRP PRP+ WYL OPRP NEW

NI/CPU/NF/NG NI/CPU/NF/NG NI/CPU/NF/NG NI/CPU/NF/NG NI/CPU/NF/NG

26 EDENSCH [29] 100 (0, 0, . . .) 25/0.04/101/56 25/0.04/101/56 25/0.04/101/56 25/0.04/101/56 25/0.04/101/56
(10.10,...) 28/0.06/183/68 26/0.05/109/63 28/0.06/128/70 26/0.05/109/63 26/0.05/109/63

27 GENERALIZED ROSENBROCK [29] 100 (−1.2, 1, . . .) 840/1.20/4751/2191 841/1.32/4751/2197 834/1.13/4691/2165 FAIL 840/1.18/4751/2191
(5, 5, . . .) 854/1.29/4896/2241 855/1.19/4889/2234 851/1.21/4866/2221 FAIL 854/1.29/4896/2241

28 HIMMELH [29] 100 (0, 0, . . .) 5/0.02/15/10 6/0.02/23/13 10/0.03/30/20 6/0.02/18/12 6/0.02/23/13
(0.5, 0.5, . . .) 5/0.02/15/10 5/0.02/15/10 8/0.03/38/17 5/0.02/15/10 5/0.02/15/10

29 GENERALIZED QUARTIC [29] 100 (2, 2, . . .) 9/0.03/89/44 6/0,02/55/36 8/0.03/118/34 5/0.01/18/13 6/0.02/55/36
(5, 5, . . .) 19/0.09/387/190 19/0.09/432/170 FAIL FAIL 19/0.09/387/190

30 EXTENDED MARATOS [29] 100 (1.1, 0.1, . . .) FAIL FAIL FAIL 50/0.07/314/155 37/0.05/270/122
(1, 1, . . .) 15/0.03/104/48 17/0.03/120/52 33/0.05/207/97 21/0.04/122/67 17/0.03/120/51

31 EXTENDED PENALTY [29] 500 (1, 1, . . .) 26/0.11/175/81 28/0.16/208/95 20/0.08/111/53 12/0.05/65/34 21/0.10/152/70
(−1,−1, . . .) 9/0.04/38/21 9/0.06/96/22 FAIL 9/0.04/42/21 9/0.06/96/22

32 TRIDIA [29] 500 (1, 1, . . .) 239/0.48/717/478 239/0.48/717/478 240/0.49/720/480 FAIL 239/0.48/717/478
(10, 10, . . .) 251/0.52/753/502 251/0.52/753/502 251/0.52/753/502 FAIL 251/0.52/753/502

33 QF2 [29] 500 (0.5, 0.5, . . .) 253/0.56/897/563 253/0.56/897/563 254/0.61/900/564 207/0.49/767/479 253/0.56/897/563
(10, 10, . . .) 227/0.60/880/511 227/0.60/880/511 233/0.67/897/527 227/0.60/880/511 227/0.60/880/511

34 QP2 [29] 500 (1, 1, . . .) 40/0.33/481/142 42/ 0.35/471/134 98/0.68/976/291 57/0.47/613/190 40/0.33/465/135
(10, 10, . . .) 42/0.34/469/141 40/0.33/458/131 110/0.74/1059/320 57/0.43/610/188 39/0.32/452/131

35 QF1 [29] 500 (1, 1, . . .) 131/0.27/393/262 131/0.27/393/262 131/0.27/393/262 131/0.27/393/262 131/0.27/393/262
(10, 10, . . .) 140/0.30/420/280 140/0.30/420/280 140/0.30/420/280 140/0.30/420/280 140/0.30/420/280

36 QP1 [29] 1000 (1, 1, . . .) 9/0.06/42/24 8/0.05/39/22 FAIL 10/0.07/63/25 8/0.05/39/22
(3, 3, . . .) FAIL 9/0.07/73/22 13/0.08/67/31 9/0.07/50/21 9/0.07/73/22

37 PERTURBED QUADRATIC [29] 1000 (0.5, 0.5, . . .) 187/0.61/561/374 187/0.61/561/374 187/0.61/561/374 523/1.71/1569/1046 187/0.61/561/374
(10, 10, . . .) 203/0.67/609/406 203/0.67/609/406 203/0.67/609/406 629/2.12/1887/1258 203/0.67/609/406

38 DIXON3DQ [29] 1000 (−1,−1, . . .) 500/1.35/1508/1009 500/1.35/1508/1009 500/1.35/1508/1009 FAIL 500/1.35/1508/1009
(10, 10, . . .) 500/1.35/1508/1009 500/1.35/1508/1009 500/1.35/1508/1009 FAIL 500/1.35/1508/1009

39 DQDRTIC [29] 1000 (3, 3, . . .) 18/0.06/54/36 16/0.05/48/32 15/0.04/45/30 11/0.03/33/22 18/0.06/54/36
(10, 10, . . .) 23/0.07/69/46 18/0.06/54/36 16/0.05/48/32 11/0.03/33/22 23/0.07/69/46

40 EXTENDED DENSCHNF [29] 1000 (2, 0, . . .) 16/0.32/335/149 21/0.39/417/109 26/0.49/535/129 19/0.44/482/186 16/0.32/335/149
(10.10, . . .) FAIL 20/0.40/365/120 23/0.43/393/120 18/0.36/391/198 18/0.36/391/198

41 FREUDENSTEIN & ROTH [29] 5000 (0.5,−2, . . .) FAIL 7/0.15/36/19 10/0.19/45/24 7/0.15/36/19 7/0.15/36/19
(5, 5, . . .) 10/0.21/52/25 8/0.18/47/22 FAIL FAIL 8/0.18/47/22

42 EXTENDED TRIDIAGONAL 1 [29] 5000 (2, 2, . . .) 14/0.40/72/58 14/0.40/72/58 10/0.26/44/32 12/0.34/61/50 14/0.40/72/58
(10, 10, . . .) 13/0.39/73/62 19/0.47/84/67 8/0.23/42/34 8/0.25/47/38 13/0.39/73/62

43 DIAGONAL 4 [29] 5000 (1, 1, . . .) 2/0.03/6/5 2/0.03/6/5 2/0.03/6/5 2/0.03/6/5 2/0.03/6/5
(10, 10, . . .) 2/0.03/6/5 2/0.03/6/5 2/0.03/6/5 2/0.03/6/5 2/0.03/6/5

44 EXTENDED DENSCHNB [29] 5000 (1, 1, . . .) 6/0.10/22/16 5/ 0.08/19/14 10/0.13/34/24 5/ 0.08/19/14 5/ 0.08/19/14
(10, 10, . . .). 8/0.12/34/21 10/0.15/45/29 12/0.18/50/32 9/0.13/37/23 8/0.12/34/21

45 EXTENDED ROSENBROCK [29] 5000 (−1.2, 1, . . .) 21/0.40/134/67 20/0.37/123/69 55/0.88/287/155 28/0.50/167/88 23/0.43/142/72
(10, 10, . . .) 25/0.54/183/72 34/0.67/228/106 41/0.74/247/115 33/0.65/218/101 32/0.63/216/102

46 EXTENDED HIMMELBLAU [29] 104 (1, 1, . . .) 8/0.22/32/19 8/0.22/32/19 13/0.33/47/29 8/0.22/32/19 8/0.22/32/19
(10, 10, . . .) 7/ 0.21/32/17 8/0.23/34/18 10/0.28/40/22 8/0.23/35/19 8/0.23/35/19

47 STRAIT [32] 104 (0.0...) 18/0.53/90/51 18/0.53/90/51 26/0.70/116/70 15/0.47/80/44 18/0.53/90/51
(5, 5, . . .) 20/1.01/126/59 16/0.77/143/54 36/1.40/246/107 18/0.97/182/67 20/1.01/189/72

48 SHALLOW [33] 104 (0, 0, . . .) 7/0.18/27/21 7/ 0.18/28/21 11/0.26/40/30 8/0.20/31/24 7/ 0.18/27/20
(10, 10, . . .) 14/0.40/66/39 11/0.34/56/33 19/0.50/80/54 12/0.38/62/39 13/0.41/68/43

49 EXTENDED BEALE [29] 104 (1, 0.8, . . .) 14/1.01/70/43 14/1.01/72/46 20/1.15/82/54 14/1.01/72/46 14/1.01/72/46
(3.3. ...) 9/0.7/49/28 11/0.81/56/35 12/ 0.86/61/36 13/0.89/66/40 9/0.7/49/28

50 EXTENDED WHITE & HOLST [29] 104 (−1.2, 1, . . .) 15/1.00/98/47 17/1.05/106/56 24/1.41/139/68 15/0.99/95/50 17/1.05/106/56
(10, 10, . . .) FAIL 38/3.38/352/154 83/5.49/551/262 50/4.17/431/194 38/3.38/352/154

Now, based on the numerical results in Tables 1 and 2, we use the performance profile introduced
by Dolan and Moré [34] to show the performance of each method. The Dolan and Moré performance
profile provides solver efficiency, robustness, and the probability of success by plotting the fraction P
of the test problems for which any given method is within a factor t of the best. Hence, the top curved
shape of the method is a winner. Additionally, the right side of the plot is a measure of a method’s
robustness. The results are shown in Figures 1–4.

It is clear from the left sides of Figures 1–4 that the new method and the PRP+ methods seem to
be similar, and they are the best solvers. However, despite the similarity, there are some problems that
failed to be solved by PRP+ which were successfully solved using the new method. Additionally, the
right side of all figures shows that the percentage of the test problems that are successfully solved by
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the new method is higher than the other, which reflects its robustness. Additionally, it is clear that
the curve of the new method is above all other curves. Therefore, we conclude that the new method
performs better than the PRP, PRP+, WYL, and OPRP methods.

Figure 1. The performance in terms of NI.

Figure 2. The performance in terms of CPU.

Figure 3. The performance in terms of NF.
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Figure 4. The performance in terms of NG.

5. Application in neural network training

An NN is a machine learning (ML) model that is inspired by the structure and function of biological
networks in the human brain. It consists of connected units or nodes called artificial neurons that
represent the input, hidden, and output layers. These are connected by edges, and each has a weight
value. In the training process, the inputs are multiplied by the corresponding weights and summed
at each neuron.Then, the sum transfers to an activation function, which is chosen such that it has a
mathematically favorable derivative, which makes it easier to compute partial derivatives of the error
function with respect to individual weights. Therefore, in most cases, a sigmoid function, hyperbolic
tangent, or rectified linear unit (ReLU) is preferred. A sigmoid function is a bounded, differentiable,
real function that is defined for all real input values and has a non-negative derivative at each point and
exactly one inflection point.They most often return values either in the range 0 to 1 or in the range from
−1 to 1. In addition to sigmoid functions, data scientists use linear activation functions, also known as
identity functions, when they want the output to be the same as the input. It is a linear function that has
the following:

yout = σ(x) = x, ∀x.

Then, the output of the activation function is fed as the input to the subsequent unit in the next layer.
The result of the final output layer is used as the solution for the problem.

NNs can be used in various problems, including pattern recognition, classification, clustering,
dimensionality reduction, computer vision, natural language processing (NLP), regression, predictive
analysis, etc.

The implementation of NNs consists of the following steps:

i) Acquire a training and testing data set.
ii) Train the network.

iii) Make a prediction with test data.

In NN, most studies are concerned with developing optimization algorithms to obtain better
performance results (to find the optimal values for the weights) by improving the parameters of the
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NN-based model during the training process. The task of these algorithms is to obtain ideal
parameters of the NN model, which is usually referred as the cost function [35–37].

The conjugate gradient method has gained popularity in training NNs due to its speed and
simplicity. Unlike a basic gradient descent, which may oscillate or converge slowly, the conjugate
gradient method leverages past gradient information to determine the search directions, which leads to
faster convergence. The training time can be significantly reduced when feedforward networks are
trained using these second-order methods, thus making them highly suitable for large-scale and
complex problems [38].

In this study, we consider the model illustrated by Figure 5, where x1, . . . , xn with xi ∈ R
n,

i = 1, 2, . . . , n is the input that represents the features, w = [w1, . . . ,wn]T represents the weights to be
evaluated during the training process, bm represents the bias, and y = [y1, . . . , ym]T is the output to
be predicted.

Figure 5. Neural network training process.

From Figure 5, the model can be given using the finite sum as follows:

yi = σ

 n∑
k=1

xikwk

 + bi

 , i = 1, 2, . . . ,m, (5.1)

where σ is the activation function.
Since the task in the training process stage is to obtain minimum values of the weight vectors, then

the error function MSE or E(w) is as follows:

E(w) =
1
2

m∑
i=1

yi − σ

 n∑
k=1

xikwk

 + bi

2

,

which is a continuous and differentiable function in the weights w that can be optimized to obtain the
minimum values of w. Hence, the conjugate gradient methods can be applied.

Additionally, to predict the optimum value of w, we can express relation (5.1) in a matrix form as
follows:
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σ





x1 x2 · · · xn

x11 x12 · · · x1n

x21 x22 · · · x2n
...

...
. . .

...

xm1 xm2 · · · xmn


×


w1

w2
...

wn

 +


b1

b2
...

bm




=


y1

y2
...

ym

 ,
or simply

y = σ(Aw + b). (5.2)

By taking σ as the linear activation function, we find that the solution of Eq (5.2) is equivalent to
the solution of the following unconstrained optimization problem of the quadratic objective function:

min
θ∈Rn

(
1
2
θT Qθ + θTγ + c

)
, (5.3)

where Q = 2AT A, γ = −2AT b, and c = bT b.
Therefore, the new CG method can be used to solve problem (5.3) as follows:

Algorithm 2: The new method for training NNs
Input: Input the features x1, . . . , xn as columns of a matrix An×m = [x1 : · · · : xn], bias b ∈ Rm,

initial guess x0 ∈ R
n. Choose a scalar ϵ > 0 sufficiently small to stop the algorithm.

// Initialization
1 - Set Q = 2AT A, γ = −2AT b, c = bT b, and k = 0.
2 - Set g0 = Qx0 + γ and d0 = −g0

// Execute the following steps whenever ∥gk∥ ≥ ϵ

3 while ∥gk∥ ≥ ϵ do

4 - Compute the learning rate αk =
−gT

k dk

dT
k Qdk

.

5 - Set xk+1 = xk + αkdk .
6 - Evaluate gk+1 = Qxk+1 + γ.
7 - Compute the search direction dk+1 = −gk+1 + β

NEW
k dk.

8 - Set k = k + 1.

To practically, test the efficiency of Algorithm 2, we consider the following three problems:

Problem 1 Problem 2 Problem 3
Inputs Outputs

x1 x2 y

3 4 1
4 2 1
7 8 1
8 3 1
5 4 0
9 2 0
0 4 0

Inputs Outputs

x1 x2 x3 x4 y

6 5 8 9 1
2 3 6 7 1
9 7 5 2 1
0 1 0 3 1
5 7 9 1 0
6 9 2 1 0
7 7 8 3 0

Inputs Outputs

x1 x2 x3 x4 x5 x6 x7 x8 y

6 5 8 9 4 5 6 7 1
2 3 6 7 9 8 7 6 1
9 7 5 2 1 1 1 1 1
0 1 0 3 3 2 1 3 1
5 7 9 1 8 9 9 6 0
6 9 2 1 8 7 6 4 0
7 7 8 3 4 5 5 6 0
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Now, by applying Algorithm 2 on the above problems, we obtain the following results reported in
Table 3.

Table 3. NN training results.
No. Test Problem Number of Training Weights Bias CPU Time MSE
1 Problem 1 3 0.0252, 0.0641 0.1946 3.3240e-04 7.8486e-27
2 Problem 2 5 0.1607, -0.2274, -0.0613, 0.0612 1.1400 3.5830e-04 3.2670e-19
3 Problem 3 8 -0.1387, 0.0470, 0.0647, 0.1901,

-0.0045, -0.1417, 0.1557, -0.3408 1.5465 4.4810e-04 7.8591e-24

In addition to Problems 1–3, we implement Algorithm 2 on randomly generated low and larger
datasets, which show the efficiency of Algorithm 2 and its ability to be extended to real-world datasets
such as the MNIST database (Modified National Institute of Standards and Technology database) [39].
To complete this task, the MATLAB command randi (100,m, n) is used to generate n vectors, each of m
integers between 1 and 100. The result is in Table 4.

Table 4. The result on random Datasets.

No. Dataset Size Number of Training CPU Time MSE
1 2 × 5 5 2.480e−4 2.7623e−23

2 3 × 10 10 2.865e−4 4.6783e−20

3 5 × 15 15 3.805e−4 6.9371e−18

4 10 × 20 20 6.575e−4 7.1256e−25

5 20 × 25 25 0.0013 5.7892e−22

6 50 × 30 30 0.0025 7.8673e−25

7 100 × 35 35 0.0052 6.6386e−19

8 500 × 40 40 0.044 6.1721e−24

9 1000 × 50 50 0.19 7.9034e−23

10 10000 × 10 10 9.28 5.6870e−26

From Tables 3 and 4 , we can deduce that the new algorithm can be successfully used for training
NNs due to the low values of the errors.

6. Conclusions

This paper proposed another modified version of the PRP conjugate gradient method. The
convergence of the new method was proved when the line search satisfies the strong Wolfe
conditions. To demonstrate the efficiency and robustness of the modified method in practical
computations, it was compared under the strong Wolfe line search with the PRP, PRP+, WYL, and
OPRP methods. The comparison was based on four criteria: the number of iterations, the central
processing unit (CPU) time, the number of function evaluations, and the number of gradient
evaluations. It was reported that the new modified method performs better than the others.
Additionally, based on some NN problems, the new method successfully estimated the parameters of
NN models during the training process.

However, it is still a limitation of this study to compute the learning rate using the exact line search.
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To overcome this limitation, future work could explore the development of an adaptive learning rate
strategy, which would further enhance the performance and applicability of the model.
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