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Abstract: This paper investigated 𝜆-biharmonic hypersurfaces in 𝐿௠ ൈ ℝ, where 𝐿௠ represents an 
Einstein space, and ℝ  denotes the real line. We demonstrated that such hypersurfaces with some 
curvature conditions are either of two types: minimal or vertical cylinders over 𝜆 -biharmonic 
hypersurfaces in 𝐿௠. Particularly, when the Einstein space 𝐿௠ has constant sectional curvature, we 
classify 𝜆-biharmonic hypersurfaces as totally umbilical or semi-parallel. 
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1. Introduction  

Let ሺ𝑀௠, 𝑔ሻ  and ሺ𝑁௡, 𝑔ேሻ  be Riemannian manifolds with dimensions 𝑚  and 𝑛 , and 
consider a smooth map 𝜑 ∈ 𝐶ஶሺ𝑀௠, 𝑁௡ሻ; the energy functional 𝐸ሺ𝜑ሻ  and bienergy functional 
𝐸ଶሺ𝜑ሻ are given by 

𝐸ሺ𝜑ሻ ≔ ଵ

ଶ
׬ |d𝜑|ଶdெ 𝑣௚ and 𝐸ଶሺ𝜑ሻ ≔ ଵ

ଶ
׬ |𝜏ሺ𝜑ሻ|ଶdெ 𝑣௚, 

where 
τሺ𝜑ሻ ≔ trሺ∇d𝜑ሻ 

is the tension field of 𝜑. The critical points of Eሺ𝜑ሻ and Eଶሺ𝜑ሻ are harmonic and biharmonic maps, 
respectively, whose Euler-Lagrange equations are given by τሺ𝜑ሻ ൌ 0 and 

τଶሺ𝜑ሻ ≔ tr ቀ∇ఝ∇ఝτሺ𝜑ሻ െ ∇∇
ఝτሺ𝜑ሻቁ െ trR෩൫d𝜑, τሺ𝜑ሻ൯d𝜑 ൌ 0, 
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where ∇ఝ and ∇ are induced connections of the vector bundle 𝜑ିଵTN୬ and Levi-Civita connection 
on 𝑀௠, and 𝑅෨ is the curvature operator on 𝑁௡, which is given by 

𝑅෨ሺ𝐾, 𝑀ሻ𝑁 ൌ 𝛻ఝ
௄𝛻ఝ

ெ𝑁 െ 𝛻ఝ
ெ𝛻ఝ

௄𝑁 െ 𝛻ఝ
ሾ௄,ெሿ𝑁, 

where K, 𝑀, 𝑁 are any tangent vector fields of 𝑁௡. Let λ be a real constant, and the λ-biharmonic 
map is a critical point of 

Eଶ,஛ሺ𝜑ሻ ≔ Eଶሺ𝜑ሻ ൅ λEሺ𝜑ሻ. 

Then the Euler-Lagrange equation of 𝐸ଶ,ఒሺ𝜑ሻ is given by  

τଶሺ𝜑ሻ െ λτሺ𝜑ሻ ൌ 0. 

We say that the submanifold 𝑀௠  is 𝜆-biharmonic if the 𝜆-biharmonic map 𝜑  is an isometric 
immersion. The research of 𝜆-biharmonic submanifolds contributes to the comprehension of finite-
type submanifold theory, which is instrumental in analyzing the geometric properties of Riemannian 
manifolds with spectral behaviors. One can refer to [1] for more details. 

Currently, research on 𝜆-biharmonic submanifolds is mainly focused on the classification of 
hypersurfaces. The pioneering work on 𝜆-biharmonic hypersurfaces was established by Chen [2] 
in 1988, showing that all such hypersurfaces in ℝଷ are minimal or locally isometric to a circular 
cylinder. Then, Ferrández and Lucas studied the case in higher dimensions and demonstrated in [3] 
that 𝜆-biharmonic hypersurfaces in ℝ௠ାଵ with no more than two different principal curvatures are 
minimal or locally isometric to ℝ௞ ൈ 𝑆௠ି௞ሺ𝑎ሻ. Subsequently, Chen and Garay [4] indicated that 
δሺ2ሻ  ideal λ -biharmonic hypersurfaces in ℝ௠ାଵ  are minimal or locally congruent to ℝ ൈ

𝑆௡ିଵ ቀ ஛

௡ିଵ
ቁ. In non-flat space forms, L. Du considered 𝜆-biharmonic hypersurfaces with no more than 

two different principal curvatures and provided a classification result [5]. Additionally, several 
papers [6–10] obtained that 𝜆-biharmonic hypersurfaces have constant mean curvatures under some 
curvature conditions. 

This paper focuses on the study of λ-biharmonic hypersurfaces in 𝐿௠ ൈ ℝ, where 𝐿௠ represents 
an Einstein space, and ℝ denotes the real line. In Section 3, we discuss the component maps and 
equivalent equations of 𝜆-biharmonic isometric immersions, which will be useful for our main results 
in Sections 4 and 5. In Section 4, we show that the 𝜆-biharmonic hypersurfaces with constant mean 
curvature, constant angle function, or nonnegative Ricci curvature in 𝐿௠ ൈ ℝ are minimal or vertical 
cylinders in 𝐿௠. Furthermore, in Section 5, for the case that 𝐿௠ has constant sectional curvature 𝑐, 
we provide classifications of these hypersurfaces as totally umbilical or semi-parallel. 

2. Preliminaries 

Let 𝜑:  𝑀௠ → ሺ𝑁௠ ൈ ℝ, 𝑔ே ൅ d𝑡ଶሻ  be an isometric immersion from the Riemannian 
hypersurface 𝑀௠  to the product manifold ሺ𝑁௠ ൈ ℝ,  𝑔ே ൅ d𝑡ଶሻ  formed by the Riemannian 
manifold ሺ𝑁௠,  𝑔ேሻ and the real line ሺℝ, d𝑡ଶሻ. The projection πଶ ∘ φ of φ onto the factor ℝ is 
the height function of the hypersurface 𝑀௠, denoted by ℎ. Let 𝜉, 𝑇, and 𝛼 be defined as the unit 
normal vector of 𝑀௠, the tangent component of ∂௧, and the angle between ∂௧ and 𝜉, respectively. 
Then, 𝜕௧ can be expressed as 
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∂௧ ൌ 𝑇 ൅ cosሺαሻ 𝜉, 

and the following equation holds (cf. [11]) 

∇ℎ ൌ 𝑇. 

Let ∇ and 𝐴 denote the Levi-Civita connection and the shape operator of  𝑀௠. Note that ∂௧ is a 
parallel vector field in 𝑁௠ ൈ ℝ; then, for any tangent vector field 𝑋 of 𝑀௠, we have 

                              ൜
∇௑𝑇 ൌ cosሺαሻ 𝐴𝑋,         
𝑋ሺcosሺαሻሻ ൌ െ⟨𝐴𝑋, 𝑇⟩.

                            (1) 

Let 𝑅෨, Ric෪ , and 𝑆ሚ be the Riemannian curvature, Ricci curvature, and scalar curvature of 𝑁௠ ൈ ℝ, 
𝑅, Ric, and 𝑆 be the corresponding ones of  𝑀௠ , and 𝐻 be the mean curvature. Then, for any 
tangent vector fields 𝑋, 𝑌 of  𝑀௠, 

Ric෪ ሺ𝑋, 𝑌ሻ ൌ Ricሺ𝑋, 𝑌ሻ ൅ ⟨𝐴𝑋, 𝐴𝑌⟩ െ 𝑚𝐻⟨𝐴𝑋, 𝑌⟩ ൅ 𝑅෨ሺ𝑋, 𝜉, 𝑌, 𝜉ሻ, 

and 

                         𝑆ሚ ൌ 𝑆 ൅ |𝐴|ଶ െ 𝑚ଶ𝐻ଶ ൅ 2Ric෪ ሺ𝜉, 𝜉ሻ.                       (2) 

The Laplacian of 𝜃 ≔ cosሺαሻ can be expressed as (cf. [11]) 

∆𝜃 ൌ െ𝑚⟨∇𝐻, ∂௧⟩ െ 𝜃 ቀ|𝐴|ଶ ൅ Ric෪ ሺ𝜉, 𝜉ሻቁ.                      (3) 

Let 𝐵 represent the second fundamental form of 𝑀௠, then 𝑀௠ is totally umbilical if  

⟨𝐵ሺ𝑋, 𝑌ሻ, 𝜉⟩ ൌ ⟨𝑋, 𝑌⟩𝐻, 

which is equivalent to 𝐴ሺ𝑋ሻ ൌ 𝐻𝑋. The hypersurface 𝑀௠ is termed semi-parallel if 

𝐵ሺ𝑅ሺ𝑋, 𝑌ሻ𝑈, 𝑉ሻ ൅ 𝐵ሺ𝑈, 𝑅ሺ𝑋, 𝑌ሻ𝑉ሻ ൌ 0, 

where 𝑋, 𝑌, 𝑈, 𝑉 are any tangent vector fields of 𝑀௠. 
Next, we define 𝐿௠ሺ𝑐ሻ as an 𝑚 dimensional manifold with constant sectional curvature 𝑐. For 

any tangent vector fields 𝑋෨ , 𝑌෨ , 𝑍෨ of 𝐿௠ሺ𝑐ሻ ൈ ℝ, Riemannian curvature tensor 𝑅෨  of 𝐿௠ሺ𝑐ሻ ൈ ℝ 
can be expressed as (cf. [9]) 

𝑅෨ሺ𝑋෨, 𝑌෨ሻ𝑍෨ ൌ 𝑐ሼ〈𝑌෨, 𝑍෨〉𝑋෨ െ 〈𝑋෨, 𝑍෨〉𝑌෨ െ ൻ𝑌෨, 𝜕௧ൿൻ𝑍෨, 𝜕௧ൿ𝑋෨ ൅ ൻ𝑋෨, 𝜕௧ൿൻ𝑍෨, 𝜕௧ൿ𝑌෨  

൅〈𝑋෨, 𝑍෨〉ൻ𝑌෨, 𝜕௧ൿ𝜕௧ െ 〈𝑌෨, 𝑍෨〉ൻ𝑋෨, 𝜕௧ൿ𝜕௧ሽ.                                   (4) 

For the case of 𝑐 ൌ 1, referencing [12], a rotational hypersurface 𝑀௠ in 𝑆௠ ൈ ℝ, parameterizing the 
profile curve as 

𝛾ሺ𝑠ሻ ൌ ൫cosሺ𝑠ሻ , 0, ⋯ ,0, sinሺ𝑠ሻ , 𝑞ሺ𝑠ሻ൯, 

where 𝑞 is a smooth function, and 𝑀௠ can be parameterized as 

𝑓ሺ𝑠, 𝑣ଵ, ⋯ , 𝑣௠ିଵሻ ൌ ൫cosሺ𝑠ሻ , 𝜑ଵሺ𝑣ଵ, ⋯ , 𝑣௠ିଵሻ sinሺ𝑠ሻ , ⋯ , 𝜑௠ሺ𝑣ଵ, ⋯ , 𝑣௠ିଵሻ sinሺ𝑠ሻ , 𝑞ሺ𝑠ሻ൯,  (5) 
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where 𝜑 ൌ ሺ𝜑ଵ, ⋯ 𝜑௠ሻ is an orthogonal parameterization of 𝑆௠ିଵ in ℝ௠ . Thus, 𝑀௠  have two 
distinct principal curvatures 

κ ൌ െ ௤ᇲᇲሺ௦ሻ

ሺଵା௤ᇲሺ௦ሻమሻ
య
మ

   and   ν ൌ െ ௤ᇲሺ௦ሻ ୡ୭୲ሺ௦ሻ

ሺଵା௤ᇲሺ௦ሻమሻ
భ
మ
, 

with multiplicities 1 and 𝑚 െ 1, respectively. For the rotational hypersurface 𝑀௠ in the product 
space 𝐻௠ ൈ ℝ, the profile curve can be parameterized as 

𝛾ሺ𝑠ሻ ൌ ൫coshሺ𝑠ሻ , 0, ⋯ ,0, sinhሺ𝑠ሻ , 𝑞ሺ𝑠ሻ൯, 

𝑀௠ can be expressed as 

𝑓 ൌ ሺ𝜑ଵሺ𝑣ଵ, ⋯ , 𝑣௠ିଵሻ cosh ሺ𝑠ሻ, ⋯ , 𝜑௠ሺ𝑣ଵ, ⋯ , 𝑣௠ିଵሻ cosh ሺ𝑠ሻ, sinh ሺ𝑠ሻ, 𝑞ሺ𝑠ሻሻ, 

where 𝜑 ൌ ሺ𝜑ଵ, ⋯ 𝜑௠ሻ  is an orthogonal parameterization of 𝐻௠ିଵ  in ℝ௠ . The two distinct 
principal curvatures of 𝑀௠ are 

κ ൌ െ ௤ᇲᇲሺ௦ሻ

ሺଵା௤ᇲሺ௦ሻమሻ
య
మ

  and  ν ൌ െ ௤ᇲሺ௦ሻ ୲ୟ୬୦ሺ௦ሻ

ሺଵା௤ᇲሺ௦ሻమሻ
భ
మ

, 

with multiplicities 1 and 𝑚 െ 1, respectively. 

3. Some lemmas 

In this section, we study the isometric immersion 𝜑: ሺ𝑀௠, 𝑔ሻ → ሺ𝑁௠ ൈ ℝ, 𝑔ே ൅ d𝑡ଶሻ and show 
that 𝜑 is λ-biharmonic precisely when its component maps πଵ ∘ 𝜑 and πଶ ∘ 𝜑 are 𝜆-biharmonic 
(cf. Lemma 3.1). Furthermore, we explore the 𝜆-biharmonic height function ℎ ൌ πଶ ∘ 𝜑 and derive 
an important equation (cf. Lemma 3.3) for the proof of our main theorems. Additionally, we obtain the 
equivalent equations (cf. Lemmas 3.4) for hypersurfaces to be λ-biharmonic. 

Lemma 3.1. Let 𝜑: ሺ𝑀௠, 𝑔ሻ → ሺ𝑁௠ ൈ ℝ, 𝑔ே ൅ d𝑡ଶሻ be an isometric immersion. Then, 𝜑  is 𝜆-
biharmonic precisely when 𝜋ଵ ∘ 𝜑: ሺ𝑀, 𝑔ሻ → ሺ𝑁, 𝑔ேሻ and 𝜋ଶ ∘ 𝜑: ሺ𝑀, 𝑔ሻ → ሺℝ,d𝑡ଶሻ are both 𝜆-
biharmonic. Moreover, the height function ℎ ൌ 𝜋ଶ ∘ 𝜑 is 𝜆-biharmonic. 

Proof. Let ∇஦ be the induced connection of the vector bundle φିଵ𝑇ሺ𝑁௠ ൈ ℝሻ. Since 

d𝜑ሺ𝑋ሻ ൌ dሺπଵ ∘ 𝜑ሻሺ𝑋ሻ ൅ dሺπଶ ∘ 𝜑ሻሺ𝑋ሻ, 

we know 

∇௑
ఝ൫d𝜑ሺ𝑌ሻ൯ ൌ ∇௑

ఝ൫dሺπଵ ∘ 𝜑ሻ൯ሺ𝑌ሻ ൅ ∇௑
஦൫ dሺπଶ ∘ 𝜑ሻ൯ሺ𝑌ሻ. 

Let ሼ𝑒௜ሽ௜ୀଵ
௠  be a local orthonormal frame, then 

τሺ𝜑ሻ ൌ ෍ሼ∇௘೔

ఝ ൫d𝜑ሺ𝑒௜ሻ൯

௠

௜ୀଵ

െ  d𝜑൫∇௘೔
𝑒௜൯ሽ 

                                   ൌ ∑ ሼ∇௘೔

஠భ∘ఝ൫dሺπଵ ∘ 𝜑ሻሺ𝑒௜ሻ൯௠
௜ୀଵ െ dሺπଵ ∘ 𝜑ሻ൫∇௘೔

𝑒௜൯ሽ 



4727 

Electronic Research Archive  Volume 33, Issue 8, 4723-4739. 

                                           ൅ ෍ሼ∇௘೔

஠మ∘ఝ𝑑ሺπଶ ∘ 𝜑ሻሺ𝑒௜ሻ
௠

௜ୀଵ

െ  dሺπଶ ∘ 𝜑ሻ൫∇௘೔
𝑒௜൯ሽ 

                                   ൌ τሺπଵ ∘ 𝜑ሻ ൅ τሺπଶ ∘ 𝜑ሻ. 

Note that 

τଶሺ𝜑ሻ ൌ െ𝐽ఝ൫τሺ𝜑ሻ൯, 

where 

𝐽ఝሺ𝑋ሻ ≔ െሼtr൫∇ఝ∇ఝ െ ∇∇
ఝ൯𝑋 െ tr𝑅෨ሺd𝜑, 𝑋ሻd𝜑ሽ. 

We obtain 

τଶሺ𝜑ሻ ൌ െ𝐽஦൫τሺ𝜑ሻ൯ 

                                                                ൌ െ𝐽஠భ∘ఝ൫τሺπଵ ∘ 𝜑ሻ൯ െ 𝐽஠మ∘ఝ൫τሺπଶ ∘ 𝜑ሻ൯ 

                                      ൌ τଶሺπଵ ∘ 𝜑ሻ ൅ τଶሺπଶ ∘ 𝜑ሻ. 

Therefore, 𝜑 is 𝜆-biharmonic, i.e., τଶሺ𝜑ሻ െ λτሺ𝜑ሻ ൌ 0 if and only if 

൜
𝜏ଶሺ𝜋ଵ ∘ 𝜑ሻ െ 𝜆𝜏ሺ𝜋ଵ ∘ 𝜑ሻ ൌ 0,
𝜏ଶሺ𝜋ଶ ∘ 𝜑ሻ െ 𝜆𝜏ሺ𝜋ଶ ∘ 𝜑ሻ ൌ 0,

 

which means πଵ ∘ 𝜑 and πଶ ∘ 𝜑 are λ-biharmonic. 

Lemma 3.2. Let 𝜑: ሺ𝑀௠, 𝑔ሻ → ሺ𝑁௠ ൈ ℝ, 𝑔ே ൅ d𝑡ଶሻ be an isometric immersion. Assuming that ℎ ൌ
𝜋ଶ ∘ 𝜑 is 𝜆-biharmonic, then we have 

𝛥ଶℎ ൌ 𝜆𝛥ℎ. 

Proof. Let ሼ𝑒௜ሽ௜ୀଵ
௠  be a local orthonormal frame on 𝑀௠. Then 

τሺℎሻ ൌ trሺ∇dℎሻ 

                                          ൌ ∇௘೔
௛ ൫dℎሺ𝑒௜ሻ൯ െ dℎ൫∇௘೔

𝑒௜൯ 

                           ൌ 𝑒௜𝑒௜ℎ െ ൫∇௘೔
𝑒௜൯ℎ 

     ൌ Δℎ. 

Considering that the curvature operator 𝑅ത on ሺℝ,d𝑡ଶሻ is zero, we obtain 

τଶሺℎሻ ൌ Δτሺℎሻ െ tr𝑅തሺdℎ, τሺℎሻ𝑑ℎሻ ൌ Δଶℎ. 

Because ℎ is λ-biharmonic, that is, τଶሺℎሻ െ λτሺℎሻ ൌ 0, then we have Δଶℎ ൌ 𝜆Δℎ. 

Lemma 3.3. Let 𝑀௠ be a 𝜆-biharmonic hypersurface in 𝑁௠ ൈ ℝ. Then 

𝛥ሺ𝐻𝜃ሻ ൌ 𝜆𝐻𝜃.                               (6) 
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Proof. We know from [11] that Δℎ ൌ 𝑚𝜃𝐻. It follows that 

Δଶℎ ൌ ΔሺΔℎሻ ൌ 𝑚Δሺ𝐻𝜃ሻ, 

which, together with Δଶℎ ൌ λΔℎ (cf. Lemma 3.2), deduced our lemma. 
Now, we provide the equivalent equations that characterize the hypersurface 𝑀௠ as being 𝜆-

biharmonic. 

Lemma 3.4. Let 𝜑: 𝑀௠ → 𝑁௠ାଵ  be an isometric immersion. Then the hypersurface 𝑀௠  is 𝜆-
biharmonic if 

൝
𝛥𝐻 െ 𝐻|𝐴|ଶ ൅ 𝐻Ric෪ ሺ𝜉, 𝜉ሻ െ 𝜆𝐻 ൌ 0,

2𝐴ሺ𝛻𝐻ሻ ൅ ௠

ଶ
𝛻𝐻ଶ െ 2𝐻 ቀRic෪ ሺ𝜉ሻቁ

ୃ
ൌ 0,

                        (7) 

where ൻRic෪ ሺ ∙ ሻ, ∙ ൿ ൌ Ric෪ ሺ  ∙ , ∙ ሻ. 

Proof. Let ሼ𝑒௜ሽ௜ୀଵ
௠  be a local orthonormal frame on 𝑀௠ such that ሼ𝑑𝜑ሺ𝑒ଵሻ, ⋯ , 𝑑𝜑ሺ𝑒௠ሻ, 𝜉ሽ forms 

an orthonormal basis of 𝑁௠ାଵ. Combining with τሺ𝜑ሻ ൌ 𝑚𝐻𝜉, we have 

τଶሺ𝜑ሻ ൌ ෍ሼ∇௘೔

ఝ
௠

௜ୀଵ

∇௘೔

ఝ ሺ𝑚𝐻𝜉ሻ െ ∇∇೐೔
௘೔

ఝ ሺ𝑚𝐻ξሻ െ 𝑅෨ሺd𝜑ሺ𝑒௜ሻ, 𝑚𝐻𝜉ሻd𝜑ሺ𝑒௜ሻሽ   

ൌ 𝑚ሺΔ𝐻ሻ𝜉 െ 2𝑚𝐴ሺ∇𝐻ሻ െ 𝑚𝐻Δఝ𝜉 െ 𝑚𝐻 ∑ 𝑅෨ሺd𝜑ሺ𝑒௜ሻ, 𝜉ሻd𝜑ሺ𝑒௜ሻ௠
௜ୀଵ .  

Since 

∑ ൻ𝑅෨൫d𝜑ሺ𝑒௜ሻ, τሺ𝜑ሻ൯d𝜑ሺ𝑒௜ሻ, 𝜉ൿ௠
௜ୀଵ ൌ െ𝑚𝐻Ric෪ ሺ𝜉, 𝜉ሻ, 

and 

⟨Δఝξ, ξ⟩ ൌ ∑ 〈∇௘೔

ఝ ∇௘೔

ఝ 𝜉 െ ∇∇೐೔
௘೔

ఝ 𝜉, 𝜉〉௠
௜ୀଵ   

                 ൌ ∑ ൻ∇௘೔

ఝ 𝜉, ∇௘೔

ఝ 𝜉ൿ௠
௜ୀଵ ൌ |𝐴|ଶ, 

the normal part of τଶሺ𝜑ሻ െ λτሺ𝜑ሻ is 

൫τଶሺ𝜑ሻ െ λτሺ𝜑ሻ൯
ୄ

ൌ ⟨τଶሺ𝜑ሻ െ λτሺ𝜑ሻ, 𝜉⟩𝜉 

                                                                     ൌ 𝑚൫Δ𝐻 െ 𝐻|𝐴|ଶ ൅ 𝐻Ric෪ ሺ𝜉, 𝜉ሻ െ λ𝐻൯𝜉. 

Considering 

∑ ⟨Δ஦𝜉, 𝑒௞⟩𝑒௞
௠
௞ୀଵ ൌ ∑ ർ∇௘೔

ఝ ∇௘೔

ఝ 𝜉 െ ∇∇೐೔
௘೔

ఝ 𝜉, 𝑒௞඀ 𝑒௞
௠
௜,௞ୀଵ   
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                ൌ 𝑚ሺ∇𝐻ሻ െ ቀRic෪ ሺ𝜉ሻቁ
ୃ

, 

and 

∑ 〈𝑅෨ሺd𝜑ሺ𝑒௜ሻ, 𝜉ሻd𝜑ሺ𝑒௜ሻ, 𝑒௞〉𝑒௞
௠
௜,௞ୀଵ ൌ െ ∑ ൣRic෪ ሺ𝜉, 𝑒௞ሻ൧𝑒௞

௠
௞ୀଵ ൌ െ ቀRic෪ ሺ𝜉ሻቁ

ୃ
, 

then the tangent part of τଶሺ𝜑ሻ െ λτሺ𝜑ሻ is given by 

    ൫τଶሺ𝜑ሻ െ λτሺ𝜑ሻ൯
ୃ

ൌ ⟨τଶሺ𝜑ሻ െ λτሺ𝜑ሻ, 𝑒௞⟩𝑒௞  

                                                                 ൌ 𝑚 ൬െ2𝐴ሺ∇𝐻ሻ െ
𝑚
2

ሺ∇𝐻ଶሻ ൅ 2𝐻 ቀRic෪ ሺ𝜉ሻቁ
ୃ

൰. 

Therefore, 𝑀௠ is λ-biharmonic precisely when the tangent and normal parts of τଶሺ𝜑ሻ െ λτሺ𝜑ሻ are 
both zero, i.e., Eq (7) holds. 

Remark 3.5. When ambient space is 𝐿௠ሺ𝑐ሻ ൈ ℝ, we can rephrase 𝜆-biharmonic Eq (7) into the 
following form with angle function 𝛼 by combining Eq (4). 

൝
𝛥𝐻 െ 𝐻ሺ|𝐴|ଶ െ 𝑐ሺ𝑚 െ 1ሻ 𝑠𝑖𝑛ଶሺ𝛼ሻ ൅ 𝜆ሻ ൌ 0,

𝐴ሺ𝛻𝐻ሻ ൅
𝑚
2

𝐻𝛻𝐻 ൅ 𝑐ሺ𝑚 െ 1ሻ 𝑐𝑜𝑠ሺ𝛼ሻ 𝐻𝑇 ൌ 0.
 

Lemma 3.6. ([13]) (Yau’s maximum principle) 
(i) Let 𝑀௠  be a Riemannian manifold whose Ricci curvature is nonnegative and 𝑢  be a 

smooth function. If 𝑢 ൐ 0 and 𝛥𝑢 ൌ 0, then 𝑢 is a constant; 
(ii) Let 𝑀௠ be a Riemannian manifold and 𝑢 be a smooth function. If 𝑢 ൒ 0 and 𝛥𝑢 ൒ 0, 

then ׬ 𝑢௣
ெ ൌ ൅∞ for 𝑝 ൐ 1, unless 𝑢 is a constant. 

Lemma 3.7. ([14]) Let 𝑢 ∈ ሺ0, 𝐶ሿሺ𝐶 ൐ 0ሻ be a solution to the differential inequality 𝛥𝑢 ൑ 0 on a 
complete noncompact manifold 𝑀௠. If 

න ቆ𝑙𝑜𝑔ሺ௞ሻ 𝐶𝑒ሺ௞ሻ

𝑢
ቇ

௣

ெ
𝑑𝑣௚ ൏ ൅∞, for 𝑠𝑜𝑚𝑒 𝑝 ൐ 0, 𝑘 ∈ 𝑁, 

where 𝑙𝑜𝑔ሺ௞ሻ ൌ 𝑙𝑜𝑔൫𝑙𝑜𝑔ሺ௞ିଵሻ൯ and 𝑒ሺ௞ሻ ൌ 𝑒௘ሺೖషభሻ
, 𝑙𝑜𝑔ሺଵሻ ൌ 𝑙𝑜𝑔 and 𝑒ሺଵሻ ൌ 𝑒. Then 𝑢 is a constant. 

4. 𝝀-biharmonic hypersurface in 𝑳𝒎 ൈ ℝ 

This section discusses λ -biharmonic hypersurfaces in 𝐿௠ ൈ ℝ  and proves that such 
hypersurfaces are either minimal or vertical cylinders under some curvature conditions. First, we 
consider hypersurfaces with constant mean curvature. 
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Theorem 4.1. Let 𝐿௠  be an Einstein space with Ric௅ ൌ 𝜇𝑔௅ . Then, every 𝜆 -biharmonic 
hypersurface ሺ𝜆 ൒ 0ሻ 𝑀௠ in 𝐿௠ ൈ ℝ, whose mean curvature is a constant, is minimal or a vertical 
cylinder in 𝐿௠. 

Proof. Assume 𝐻 ് 0, Eq (6) can be reduced to 

Δ𝜃 ൌ λ𝜃.                                  (8) 

As demonstrated in [11], we have 

                               Ric෪ ሺ𝜉, 𝜉ሻ ൌ 𝜇ሺ1 െ 𝜃ଶሻ.                             (9) 

Substituting Eq (9) into (3), we find 

Δ𝜃 ൌ െ𝜃൫|𝐴|ଶ ൅ 𝜇ሺ1 െ 𝜃ଶሻ൯. 

By incorporating Eq (9) into the first equation of Eq (7), we obtain 

|𝐴|ଶ ൌ 𝜇ሺ1 െ 𝜃ଶሻ െ λ.                            (10) 

Considering that 𝐻 is a constant, combining the two above equations leads to 

Δθ ൌ െθሺ2|𝐴|ଶ ൅ λሻ.                           (11) 

Combining Eqs (8) and (11), we arrive at 𝜃ሺ|𝐴|ଶ ൅ λሻ ൌ 0. Since |𝐴|ଶ ൐ 0 and λ ൒ 0, we obtain 
𝜃 ≡ 0. Combining with 𝜃 ൌ  cos ሺαሻ ൌ ⟨∂௧ , 𝜉⟩, we deduce that 𝜕௧  is perpendicular to 𝜉, which 
means that 𝜕௧  is tangent to 𝑀௠ . Thus, 𝑀௠  is a vertical cylinder 𝑃௠ିଵ ൈ ℝ . Let 𝜑  be the 
isometric immersion of the hypersurface 𝑀௠. According to Lemma 3.1, we infer that the component 
map πଵ ∘ 𝜑 of 𝜑 is λ-biharmonic, indicating that 𝑃௠ିଵ is a 𝜆-biharmonic hypersurface in 𝐿௠. 

When the scalar curvature of the Einstein manifold 𝐿௠ is nonzero, we can remove the condition 
λ ൒ 0 in Theorem 4.1 and obtain the following theorem: 

Theorem 4.2. Let 𝐿௠ be an Einstein space with Ric௅ ൌ 𝜇𝑔௅ and 𝜇 ് 0. Then, every 𝜆-biharmonic 
hypersurface 𝑀௠ in 𝐿௠ ൈ ℝ, whose mean curvature is a constant, is minimal or a vertical cylinder 
in 𝐿௠. 

Proof. When λ ൒ 0, Theorem 4.1 has given the proof. When λ ൏  0 and 𝐻 ് 0, we also have Eqs (8) 
and (10) and 𝜃ሺ|𝐴|ଶ ൅ λሻ ൌ 0. Suppose 𝜃 ് 0 on some open subset 𝑈, then |𝐴|ଶ ൅ λ ≡ 0 on 𝑈. 
Considering that 𝜇 ് 0, then from Eq (10) we have 𝜃ଶ ≡ 1 on 𝑈  and Δ𝜃 ൌ 0 at some point. 
Compared with Eq (8), we conclude that 𝜃 ൌ 0 at some point, a contradiction. So, 𝜃 ≡ 0, which 
implies that ∂௧ is tangent to the hypersurface 𝑀௠. The conclusion has been proved. 

For non-minimal 𝜆-biharmonic hypersurfaces in 𝐿௠ ൈ ℝ having constant mean curvature, there 
is a relation between 𝜆 and 𝜇 as follows: 

Proposition 4.3. Let 𝐿௠  be an Einstein space with Ric௅ ൌ 𝜇𝑔௅  and 𝜇 ് 0 . Then, every non-
minimal 𝜆-biharmonic hypersurface 𝑀௠ in 𝐿௠ ൈ ℝ having constant mean curvature satisfies 𝜆 ൌ
𝜇 െ |𝐴|ଶ. Moreover, we have 

𝜆 ൏ 𝜇. 
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Proof. From Theorem 4.2, 𝑀௠ is the vertical cylinder 𝑃௠ିଵ ൈ ℝ. Denote the mean curvatures of 

𝑃௠ିଵ ൈ ℝ and 𝑃௠ିଵ by 𝐻 and 𝐻଴, respectively; then, we have 𝐻଴ ൌ ௠

௠ିଵ
𝐻 from [15]. Since 𝐻 

is a nonzero constant, from Lemma 3.4 we have the equation 

Δ𝐻଴ െ 𝐻଴|𝐴଴|ଶ ൌ ሺλ െ 𝜇ሻ𝐻଴, 

where 𝐴଴ is the shape operator of 𝑀௠ିଵ, which can be reduced to 

λ ൌ 𝜇 െ |𝐴଴|ଶ. 

By a straightforward computation, we have |𝐴|ଶ ൌ |𝐴଴|ଶ, then λ ൌ 𝜇 െ |𝐴|ଶ.  
Especially when the ambient space is the product space 𝐿௠ሺ𝑐ሻ ൈ ℝ, we can provide more specific 

classification results for 𝑚 ൌ 3. Combining Theorem 4.2 with the classification results [5] for non-
minimal 𝜆-biharmonic surfaces of 𝐿ଷሺ𝑐ሻ, 𝑐 ൌ 1 or െ 1, we have the following theorem: 

Theorem 4.4. Let ሺ𝑀ଷ,  𝑔ሻ  be a non-minimal 𝜆 -biharmonic hypersurface of 𝐿ଷሺ𝑐ሻ ൈ ℝ  with 
constant mean curvature. If 𝑐 ൌ 1, then 𝑀ଷ  is a vertical cylinder 𝑃ଶ ൈ ℝ, where 𝑃ଶ  is locally 
isometric to 

(i) 𝕊ଶ ቀସିఒ

ଶ
ቁ with 𝜆 ൏ 2, 

(ii) or 𝕊ଵ ൬
ସିఒା√ఒమିସఒ

ଶ
൰ ൈ 𝕊ଵ ൬

ସିఒି√ఒమିସఒ

ଶ
൰ with 𝜆 ൏ 0. 

If 𝑐 ൌ െ1, then 𝑀ଷ is a vertical cylinder 𝑃ଶ ൈ ℝ, where 𝑃ଶ is locally isometric to  
(iii) ℝଶ with 𝜆 ൌ െ4,  

(iv) or 𝕊ଶ ቀିସିఒ

ଶ
ቁ with 𝜆 ൏ െ4,  

(v) or ℍଶ ቀିସିఒ

ଶ
ቁwith െ4 ൏ 𝜆 ൏ െ2,  

(vi) or 𝕊ଵ ൬
ିସିఒା√ఒమାସఒ

ଶ
൰ ൈ ℍଵ ൬

ିସିఒି√ఒమାସఒ

ଶ
൰ with 𝜆 ൏ െ4. 

Remark 4.5. From Theorem 4.4, it can be observed that the inequality 𝜆 ൏ 𝜇 in Proposition 4.3 is 
optimal. When 𝜆 ൌ 0, the result of Theorem 4.4 is coincident with the result in [15]. When 𝑐 ൌ 1, the 
result of Theorem 4.4 is coincident with the result in [16]. 

We now explore the 𝜆-biharmonic hypersurfaces characterized by a constant angle function.  

Theorem 4.6. Let 𝐿௠  be an Einstein space and 𝑀௠  a 𝜆-biharmonic hypersurface ሺ𝜆 ൒ 0ሻ in 
𝐿௠ ൈ ℝ . If 𝑀௠ has constant angle function 𝛼 and 𝐻 ൒ 0, 𝐻 ∈ 𝐿௣ሺ𝑀ሻ for some 𝑝 ൐ 1, then 𝑀௠ 
is minimal or a vertical cylinder in 𝐿௠. 

Proof. We know that 𝜃 is a constant because of 𝜃 ൌ cosሺαሻ. If 𝜃 ൌ 0, 𝑀௠ is a vertical cylinder in 
𝐿௠. If 𝜃 ് 0, we deriveΔ𝐻 ൌ λ𝐻 by (6), and from λ ൒ 0 and 𝐻 ൒ 0, we haveΔ𝐻 ൒ 0. Additionally, 
with 𝐻 ∈ 𝐿௣ሺ𝑀ሻ for some 𝑝 ൐ 1, Lemma 3.6 leads us to know that 𝐻 is a constant, and the result 
follows from Theorem 4.1.  

Theorem 4.7. Let 𝐿௠  be an Einstein space. If a 𝜆-biharmonic hypersurface 𝑀௠  in 𝐿௠ ൈ ℝ is 
totally umbilical and 𝛼 is a constant, then 𝑀௠ is minimal or a vertical cylinder in 𝐿௠. 
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Proof. For 𝜆 ൌ 0, the result has been proved in [17]. For λ ് 0, set ሼ𝑒௜ሽ௜ୀଵ
௠  to be a local orthonormal 

frame on 𝑀௠, then 𝐴ሺ𝑒௜ሻ ൌ 𝐻𝑒௜, |𝐴|ଶ ൌ 𝑚𝐻ଶ. Substitute Eq (9) into the first equation of Eq (7), 
and we obtain 

Δ𝐻 െ 𝑚𝐻ଷ ൅ 𝐻𝜇ሺ1 െ θଶሻ െ λ𝐻 ൌ 0.                      (12) 

Since α is a constant, we know that 𝜃 ൌ cosሺαሻ is a constant. When 𝜃 ൌ 0, it means that ∂௧ is 
tangent to the hypersurface 𝑀௠, then 𝑀௠ is a vertical cylinder in 𝐿௠. 

When 𝜃 ് 0, Eq (6) tells us that Δ𝐻 ൌ λ𝐻. So, Eq (12) can be reduced to 

𝑚𝐻ଷ ൌ 𝐻𝜇ሺ1 െ 𝜃ଶሻ. 

Combined with Δ𝐻 ൌ λ𝐻, we have 𝐻 ൌ 0, i.e., 𝑀௠ is minimal. 
Next, we discuss the case of 𝜆-biharmonic hypersurfaces with nonnegative Ricci curvature in 

𝐿௠ ൈ ℝ. 

Theorem 4.8. Let 𝑀௠ be a 𝜆-biharmonic ሺ𝜆 ൒ 0ሻ hypersurface in 𝐿௠ ൈ ℝ with Ric ൒ 0. If 𝐻 
is harmonic and satisfies 𝐻 ൒ െ𝐶 for some positive 𝐶, then 𝑀௠ is minimal or a vertical cylinder 
in 𝐿௠.  

Proof. Define 𝑢 ≔ 𝐻 ൅ 𝐶 ൅ 1 ൐ 0, from Δ𝐻 ൌ 0,Δ𝑢 ൌ 0. By Lemma 3.6, 𝐻 ൌ 𝑢 െ 𝐶 െ 1 is a 
constant. The result follows from Theorem 4.2. 

Theorem 4.9. Let 𝑀௠ be a 𝜆-biharmonic hypersurface in 𝐿௠ ൈ ℝ. If 𝑀௠ has nonnegative Ricci 
curvature and 

׬ 𝐻ଶ௣
ெ 𝑑𝑣௚ ൏ ൅∞, 

׬                             ቀ𝑙𝑜𝑔ሺ௞ሻ ௘ሺೖሻ

ఏమାఌ
ቁ

௤

ெ 𝑑𝑣௚ ൏ ൅∞,                       (13) 

for some 𝑝 ൐ 1, 𝑞 ൐ 0, 𝑘 ∈ 𝑁, and 𝜀 ൐ 0. Then 𝑀௠ is minimal or a vertical cylinder in 𝐿௠. 

Proof. If 𝜆 ൌ 0, one can refer to [17]. If 𝜆 ് 0, we have from Lemma 3.3 that 

Δሺ𝐻𝜃ሻଶ ൌ 2|∇ሺ𝐻𝜃ሻ|ଶ ൅ 2λሺ𝐻𝜃ሻଶ ൒ 0. 

Since െ1 ൑ 𝜃 ൌ cosሺαሻ ൑ 1, it follows that 

න ሺ𝐻𝜃ሻଶ௣

ெ
𝑑𝑣௚ ൑ න 𝐻ଶ௣

ெ
𝑑𝑣௚ ൏ ൅∞,  for some 𝑝 ൐ 1. 

By Lemma 3.6, it leads to the conclusion that ሺ𝐻𝜃ሻଶ is a constant, that is, 𝐻𝜃 is a constant. 
Given that Δℎ ൌ 𝑚𝐻𝜃 (cf. [11]) and 𝐻𝜃 is a constant, the Ricci identity 

Δ∇௜ℎ ൌ ∇௜Δℎ ൅ ሺRicሻ௜௝∇௝ℎ 

can be simplified as 

Δ∇௜ℎ ൌ ሺRicሻ௜௝∇௝ℎ. 

Because ∇ℎ ൌ 𝑇  and due to the nonnegativity of Ricci curvature, we deduce from the above 
equation that 



4733 

Electronic Research Archive  Volume 33, Issue 8, 4723-4739. 

⟨Δ𝑇, 𝑇⟩ ൌ Ricሺ𝑇, 𝑇ሻ ൒ 0. 

Hence, 

ଵ

ଶ
Δ|𝑇|ଶ ൌ |∇𝑇|ଶ ൅ ⟨Δ𝑇, 𝑇⟩ ൌ |∇𝑇|ଶ ൅ Ricሺ𝑇, 𝑇ሻ ൒ 0.               (14) 

With ∂௧ ൌ 𝑇 ൅ 𝜃, we obtain ⟨𝑇, 𝑇⟩ ൌ 1 െ 𝜃ଶ. Thus, 

ଵ

ଶ
Δ|𝑇|ଶ ൌ ଵ

ଶ
Δሺ1 െ 𝜃ଶሻ ൌ െ ଵ

ଶ
Δ ቀଵ

ଶ
൅ 𝜃ଶቁ.                  (15) 

By combining Eqs (14) and (15), we can deduce 

Δ ൬𝜃ଶ ൅
1
2

൰ ൑ 0. 

Hence, 𝜃ଶ ൅ ଵ

ଶ
 is a superharmonic function. Notably, 𝜃ଶ ൅ ଵ

ଶ
 also satisfies Eq (13). By Lemma 3.7, 

we conclude that 𝜃ଶ ൅ ଵ

ଶ
 is a constant, that is, 𝜃 is a constant, which implies that 𝐻 is a constant. It 

follows from Eq (6) that 𝐻 ൌ 0  or 𝜃 ൌ 0 . So, 𝑀௠  is either minimal or a vertical cylinder 
𝑃௠ିଵ ൈ ℝ. From Lemma 3.1, we infer that 𝑃௠ିଵ is a 𝜆-biharmonic hypersurface. 

Theorem 4.10. Let 𝑀௠  be a 𝜆 -biharmonic hypersurface in 𝐿௠ ൈ ℝ  with Ric ൒ 0 . If 𝑆  is a 
constant and 𝜃 is harmonic, then 𝑀௠ is minimal or a vertical cylinder in 𝐿௠. 

Proof. The case of λ ൌ 0 follows by [17]. For λ ് 0, set 𝑢 ൌ 𝜃 ൅ 2, then Δ𝑢 ൌ Δ𝜃 ൌ 0 and 𝑢 ൐
0 by െ1 ൑ 𝜃 ൑ 1. By Lemma 3.6, 𝑢 and 𝜃 are constants. If 𝜃 ൌ 0, 𝑀௠ is a vertical cylinder. 

If 𝜃 ് 0, we have Δ𝐻 ൌ λ𝐻. Substituting this into the first equation of Eq (7), combining with 
Ric෪ ሺ𝜉, 𝜉ሻ ൌ 𝜇ሺ1 െ 𝜃ଶሻ, we obtain 

𝐻൫|𝐴|ଶ െ 𝜇ሺ1 െ 𝜃ଶሻ൯ ൌ 0. 

If 𝐻 ് 0 at some point 𝑝 ∈ 𝑀, then 

|𝐴|ଶ ൌ 𝜇ሺ1 െ 𝜃ଶሻ. 

Consequently, Eq (2) becomes 𝑆 ൌ 𝑆ሚ െ 3𝜇ሺ1 െ 𝜃ଶሻ ൅ 𝑚ଶ𝐻ଶ , where 𝑆ሚ ൌ 𝑚𝜇 . This yields ∇𝑆 ൌ
2𝑚ଶ𝐻∇𝐻. Because 𝑆 is a constant, we have ∇𝑆 ൌ 0, which together with 2𝑚ଶ𝐻∇𝐻 ൌ ∇𝑆 leads to 
𝐻 being a constant. A contradiction arises from Δ𝐻 ൌ λ𝐻, that is, 𝐻 ≡ 0. 

Remark 4.11. The condition 𝜆 ൒ 0 in Theorem 4.6 can be replaced by 𝜇 ് 0 or reduced to |𝐴|ଶ ൅
𝜆 ് 0. When 𝜆 ൌ 0, the results of Theorems 4.6–4.10 degenerate into some results in [17]. 

5. 𝝀 െbiharmonic hypersurface in 𝑳𝒎ሺ𝒄ሻ ൈ ℝ 

This section classifies 𝜆-biharmonic hypersurfaces as either totally umbilical or semi-parallel 
when the ambient space is 𝐿௠ሺ𝑐ሻ ൈ ℝ . It is noteworthy that a totally umbilical hypersurface in 
𝐿௠ሺ𝑐ሻ ൈ ℝ may not be semi-parallel (cf. [17,18]). 
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Theorem 5.1. If the 𝜆-biharmonic hypersurface 𝑀௠ in 𝐿௠ሺ𝑐ሻ ൈ ℝ is totally umbilical, then 𝑀௠ 
must be minimal. 

Proof. When λ ൌ 0, the result follows from [17]. When λ ് 0, since 𝑀௠ is totally umbilical, from 
Remark 3.5 we have 

ቊ
Δ𝐻 െ 𝐻ሺ𝑚𝐻ଶ െ 𝑐ሺ𝑚 െ 1ሻ sinଶሺ𝛼ሻ ൅ 𝜆ሻ ൌ 0,

௠ାଶ

ଶ
𝐻∇𝐻 ൅ 𝑐ሺ𝑚 െ 1ሻ cosሺ𝛼ሻ 𝐻𝑇 ൌ 0.

                  (16) 

Assuming that 𝐻 ് 0 . If sinሺαሻ ≡ 0 , 𝜃 ൌ cosሺαሻ ൌ േ1 . Taking 𝑋 ൌ ∇𝐻  in the second 
equation of Eq (1), combining with 𝐴ሺ∇𝐻ሻ ൌ 𝐻∇𝐻 leads to |∇𝐻| ൌ 0, that is, 𝐻 is a constant. Then, 
Eq (6) tells us that λ𝜃 ൌ Δ𝜃 ൌ  0, a contradiction. If sinሺαሻ ് 0, at some point 𝑝 ∈ 𝑀௠. We find 
|𝑇|ଶ ൌ sinଶሺαሻ from 𝑇 ൌ ∂௧ െ cosሺαሻ. Choose a local orthonormal frame ሼ𝑒௜ሽ௜ୀଵ

௠  such that 

𝑇 ൌ sinሺαሻ 𝑒ଵ.                                  (17) 

Inserting ∇𝐻 ൌ ∑ 𝑒௜ሺ𝐻ሻ𝑒௜
௠
௜ୀଵ  and Eq (17) into the second equation of Eq (16) yields 

𝑒ଶሺ𝐻ሻ ൌ 𝑒ଷሺ𝐻ሻ ൌ ⋯ ൌ 𝑒௠ሺ𝐻ሻ ൌ 0, 

and 

𝑒ଵሺ𝐻ሻ ൌ െ ଶ௖ሺ௠ିଵሻ

௠ାଶ
sinሺαሻ cosሺαሻ.                        (18) 

Applying the first equation of Eq (1), for 2 ൑ 𝑗 ൑ 𝑚, we have 

𝐻 cos ሺαሻ ൌ ⟨ cos ሺαሻ 𝐴𝑒௝, 𝑒௝⟩ = ⟨∇𝑒௝𝑇,  𝑒௝⟩ 

ൌ 𝑒௝⟨ 𝑇, 𝑒௝⟩−⟨ 𝑇, ∇௘ೕ
𝑒௝⟩ ൌ−sin ሺαሻ⟨𝑒ଵ, ∇௘ೕ

𝑒௝⟩, 

which implies that 

ർ𝑒ଵ, ∇௘ೕ
𝑒௝඀ ൌ െ𝐻 cotሺαሻ, 

and 

Δ𝐻 ൌ 𝑒ଵ𝑒ଵሺ𝐻ሻ െ ෍൫∇௘೔
𝑒௜൯ሺ𝐻ሻ

௜

 

                          ൌ 𝑒ଵ𝑒ଵሺ𝐻ሻ െ ሺ𝑚 െ 1ሻ cotሺαሻ 𝐻𝑒ଵሺ𝐻ሻ.                (19) 

Setting 𝑋 ൌ 𝑒ଵ in the second equation of Eq (1), using 𝑇 ൌ sinሺαሻ 𝑒ଵ, we obtain 

𝐻 ൌ 𝑒ଵሺαሻ.                                     (20) 

By differentiating Eq (18) along 𝑒ଵ, we get 

𝑒ଵ𝑒ଵሺ𝐻ሻ ൌ െ ଶ௖ሺ௠ିଵሻ

௠ାଶ
cosሺ2αሻ 𝐻.                            (21) 
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Substituting Eqs (18), (20) and (21) into (19), gives 

Δ𝐻 ൌ
2𝑐ሺ𝑚 െ 1ሻ

𝑚 ൅ 2
ሼሺ𝑚 െ 1ሻ cosଶሺαሻ െ cosሺ2αሻሽ𝑒ଵሺαሻ. 

Using Eq (20) and the above equation, from Eq (16) we deduce 

𝑒ଵሺαሻ𝑄ሺαሻ ൌ 0,                               (22) 

where 

𝑄ሺαሻ ൌ
2𝑐ሺ𝑚 െ 1ሻ

𝑚 ൅ 2
ሼcosሺ2αሻ െ ሺ𝑚 െ 1ሻ cosଶሺαሻሽ െ 𝑐ሺ𝑚 െ 1ሻ sinଶሺαሻ ൅ 𝑚൫𝑒ଵሺ𝛼ሻ൯

ଶ
൅ 𝜆. 

If 𝑒ଵሺαሻ ≡ 0, then 𝐻 ≡ 0 , a contradiction. If 𝑒ଵሺαሻ ് 0 , then Eq (22) becomes 𝑄ሺαሻ ൌ 0. By 
differentiating this equation along 𝑒ଵ and using Sine-Gordon equation (cf. [18]) 

𝑒ଵ𝑒ଵሺ2αሻ ൅ 𝑐 sinሺ2αሻ ൌ 0, 

we obtain 

4ሺ𝑚 െ 1ሻ െ 2ሺ𝑚 െ 1ሻଶ

𝑚 ൅ 2
ሺ2𝑚 െ 1ሻ2𝑐 sinሺαሻ cosሺαሻ ൌ 0, 

that is, 

ሺ11𝑚 െ 8ሻ sinሺ2αሻ ൌ 0. 

This leads to sinሺ2αሻ ≡ 0. Thus, 𝛼 is a constant and 𝑒ଵሺαሻ ൌ 0, a contradiction. 

Remark 5.2. Compared with Theorem 4.7, we delete the condition “constant angle” in Theorem 5.1, 
but require the ambient space to be 𝐿௠ሺ𝑐ሻ ൈ ℝ, and obtain the more correct conclusion.  

In the following, we classify semi-parallel 𝜆 -biharmonic hypersurfaces. For semi-parallel 
hypersurfaces of 𝑆௠ ൈ ℝ and 𝐻௠ ൈ ℝ, the following classification results are provided in [18,19]. 

Lemma 5.3. ([18]) Let 𝑀௠ be a semi-parallel hypersurface of 𝐻௠ ൈ ℝ (𝑚 ൒ 3), then there are 
three possibilities: 

(i) 𝑀௠ is totally umbilical. 
(ii) 𝑀௠ is locally congruent to a rotation hypersurface, whose profile curve 𝛾 is given by one 

of the following: 

𝛾ሺ𝑠ሻ ൌ ሺ 𝑐𝑜𝑠ℎ ሺ𝑠ሻ,0, ⋯ ,0, 𝑠𝑖𝑛ℎ ሺ𝑠ሻ, න ඥ𝐶𝑐𝑜𝑠ℎଶሺ𝑠ሻ െ 1 𝑑𝑠ሻ, 

𝛾ሺ𝑠ሻ ൌ ሺ 𝑐𝑜𝑠ℎ ሺ𝑠ሻ,0, ⋯ ,0, 𝑠𝑖𝑛ℎ ሺ𝑠ሻ, න ඥ𝐶𝑠𝑖𝑛ℎଶሺ𝑠ሻ െ 1 𝑑𝑠ሻ, 

𝛾ሺ𝑠ሻ ൌ ቌ𝑠, 0, ⋯ , െ
1

2𝑠
, න ඨ𝐶 െ

1
2𝑠ଶ 𝑑𝑠ቍ.  

(iii) 𝑀௠ ⊆ 𝑀෩௠ିଵ ൈ ℝ, where 𝑀෩௠ିଵ is a semi-parallel hypersurface of 𝐻௠. 
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Lemma 5.4. ([19]) Let 𝑀௠ be a semi-parallel hypersurface of 𝑆௠ ൈ ℝ (𝑚 ൒ 3), then there are 
three possibilities: 

(i) 𝑀௠ is totally umbilical 
(ii) 𝑀௠ is locally congruent to a rotation hypersurface, whose profile curve is a vertical line, or 
can be parameterized as 

𝛾ሺ𝑠ሻ ൌ ቀ𝑐𝑜 𝑠ሺ𝑠ሻ , 0, ⋯ ,0, 𝑠𝑖 𝑛ሺ𝑠ሻ , ׬ ඥ𝐶𝑐𝑜𝑠ଶሺ𝑠ሻ െ 1𝑑𝑠ቁ. 

(iii) 𝑀௠ ⊂ 𝑀෩௠ିଵ ൈ 𝑅, where 𝑀෩௠ିଵis a semi-parallel hypersurface of 𝑆௠. 
Let 𝑀௠  be a semi-parallel 𝜆 -biharmonic hypersurface of 𝑆௠ ൈ ℝ  or 𝐻௠ ൈ ℝ . Now we 

discuss the three cases of Lemmas 5.3 and 5.4. For case (i), that is, 𝑀௠ is totally umbilical, we know 
𝑀௠ is minimal by Theorem 5.1. For case (iii), Lemma 3.1 leads to the conclusion that 𝑀௠ is a 
vertical cylinder in 𝑆௠or 𝐻௠. When 𝑀௠ is locally congruent to a rotation hypersurface, as in case 
(ii), a contradiction can be derived by employing the following lemma. 

Lemma 5.5. Let 𝑀௠ be a 𝜆-biharmonic rotation hypersurface in 𝐿௠ሺ𝑐ሻ ൈ ℝ (𝑐 ൌ 1 or  െ 1), then 

ቀ௠

ଶ
𝐻 െ 𝛼ᇱ 𝑐𝑜𝑠ሺ𝛼ሻቁ 𝐻ᇱ െ 𝑐ሺ𝑚 െ 1ሻ 𝑠𝑖𝑛ሺ𝛼ሻ 𝐻 ൌ 0.                    (23) 

Proof. For 𝑐 ൌ 1, according to Eq (5) and [12], there exists a local orthonormal frame ሼ𝑒௜ሽ௜ୀଵ
௠  such 

that 

𝑒ଵ ൌ ଵ

ඥଵାሺ௤ᇲሻమ
𝑑𝑓ሺ∂௦ሻ,  𝑒௜ ൌ ଵ

ටୱ୧୬మሺ௦ሻ൬∑
ಢಞೖ
ಢ ೡ೔

೘
ೖసభ ൰

𝑑𝑓ሺ∂௜ሻ,  2 ൑ 𝑖 ൑ 𝑚, 

and 

𝜉 ൌ
1

ඥ1 ൅ ሺ𝑞ᇱሻଶ
ሺെ𝑞ᇱ sinሺ𝑠ሻ , 𝜑ଵ𝑞ᇱ cosሺ𝑠ሻ , ⋯ , 𝜑௠𝑞ᇱ cosሺ𝑠ሻ , െ1ሻ, 

such that 

cosሺαሻ ൌ ⟨𝜉, ∂௧⟩ ൌ െ
1

ඥ1 ൅ ሺ𝑞ᇱሻଶ
,   

sinሺαሻ ൌ
𝑞ᇱ

ඥ1 ൅ ሺ𝑞ᇱሻଶ
. 

Then 

𝐴ሺ𝑒ଵሻ ൌ 𝜅𝑒ଵ,   𝐴ሺ𝑒௜ሻ ൌ 𝜈𝑒௜,  2 ൑ 𝑖 ൑ 𝑚,                        (24) 

where 
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𝜅 ൌ െ
𝑞ᇱᇱ

ሺ1 ൅ ሺ𝑞ᇱሻଶሻ
ଷ
ଶ

ൌ െαᇱ cosሺαሻ, 

𝜈 ൌ െ
𝑞ᇱ cotሺ𝑠ሻ

ሺ1 ൅ ሺ𝑞ᇱሻଶሻ
ଵ
ଶ

ൌ െ sinሺαሻ cotሺ𝑠ሻ. 

Thus, 

𝑇 ൌ ∂௧ െ cosሺαሻ ξ ൌ sinሺαሻ 𝑒ଵ,                             (25) 

and 

𝐻 ൌ െ
1
𝑚

ሺαᇱ cosሺαሻ ൅ ሺ𝑚 െ 1ሻ cotሺ𝑠ሻ sinሺαሻሻ, 

which leads to 

∇𝐻 ൌ 𝑒ଵሺ𝐻ሻ𝑒ଵ ൌ െ cosሺαሻ 𝐻ᇱ𝑒ଵ.                         (26) 

By substituting Eqs (25) and (26) into the second equation of Eq (3.3), and combining Eq (24), 

ቀ
𝑚
2

𝐻 െ αᇱሺ𝑠ሻ cosሺαሻቁ 𝐻ᇱ ൌ 𝑐ሺ𝑚 െ 1ሻ sinሺαሻ 𝐻. 

The case 𝑐 ൌ െ1 is similar. 

Theorem 5.6. If 𝑀௠  is a semi-parallel 𝜆 -biharmonic hypersurface in 𝐿௠ሺ𝑐ሻ ൈ ℝ ሺ𝑚 ൒ 3,  𝑐 ൌ
1, െ1ሻ, then 𝑀௠ must be minimal or a vertical cylinder in 𝐿௠ሺ𝑐ሻ. 

Proof. We deal with the case 𝑐 ൌ 1. The discussion for the case 𝑐 ൌ െ1 is similar. Let 𝑀௠ be a 𝜆-
biharmonic semi-parallel hypersurface of 𝑆௠ ൈ ℝ, and there are three cases (i)–(iii) as given by 
Lemma 5.4. For the cases (i) and (iii), we can derive the conclusion by using Theorem 5.1 and 
Lemma 3.1. Now, let us focus on case (ii). 

From [19], we know that 𝜅𝜈 ൌ െ cosଶሺαሻ, where 𝜅 and 𝜈 are two different principal curvatures. 
Moreover, from the proof of Lemma 5.5, we have κν ൌ αᇱ sinሺαሻ cosሺαሻ cotሺ𝑠ሻ. It follows that 

െ cosଶሺαሻ ൌ αᇱ sinሺαሻ cosሺαሻ cotሺ𝑠ሻ. 

By setting 𝑢 ൌ െ sinሺαሻ, we can simplify the above equation to 

𝑢𝑢ᇱ cotሺ𝑠ሻ ൌ 𝑢ଶ െ 1. 

Solving this equation, we have 𝑢 ൌ േඥ1 ൅ 𝐶 secଶሺ𝑠ሻ  for some real constant 𝐶 . However, this 

solution does not meet the criteria in Eq (23), leading to a contradiction. 

Remark 5.7. For semi-parallel biharmonic hypersurface (i.e., 𝜆 ൌ 0), it must be minimal when the 
ambient space is 𝐻௠ ൈ ℝ (cf. [17]). 
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