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Abstract: This work addresses active vibration control for fractional-order systems based on a
multiple region eigenvalue assignment. First, we propose the selection criteria of fractional-order
multiple stability regions and define multiple stability regions by generalized linear matrix inequality.
Based on the inverse eigenvalue problem theory, we give the sufficient condition for solving the
feedback control matrix under multiple region eigenvalue assignment and present the expression of
the feedback control matrix. Then, we propose a numerical algorithm for solving this problem, which
improves the control performance. Finally, we verify the feasibility and effectiveness of the proposed
method through numerical examples of fractional-order simulation and actual physical systems.
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1. Introduction

We consider the following fractional-order linear system in the state-space form:
D*x () =Ax(t) + Bu(v), (1.1)

where A € R™" is the system matrix, x(f) € R" is the state variable, B € R™ is the control matrix,
u(t) € R!is the control input vector, and D% (0 <a< 2) is the fractional-order derivative. Since
fractional derivatives can be used to describe hereditary properties and long memory transients of the
behavior of various natural phenomena, several control systems in the real world can be described by
fractional-order models, such as viscoelastic systems [1], neuronal systems [2], supercapacitors or
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hybrid systems [3], and unmanned aircraft systems [4]. Additionally, many fractional-order
derivatives have been combined with nonlinear partial differential equations to form fractional-order
partial differential models, which are important research objects in the field of nonlinear optics and
applied science [5]. The dynamic property of these fractional-order partial differential models has
been investigated in [6,7]. In recent research, the impacts of fractional-order systems have expanded
across various domains, including flight control theory [8], bioengineering [9], and electronic
circuits [10].

Vibrations are inevitably generated due to rotation and working of components during the operation
of fractional-order systems, which affect the stability of the system. Passive and active vibration control
are the primary methods for reducing vibrations. Passive vibration control reduces vibration by placing
devices in the structures [11, 12]. However, it cannot be adjusted with the system state, resulting in
limited flexibility and inconspicuous control effect. Active vibration control [13], in contrast to passive
methods, depends on feedback control through actuating sensors to reduce vibration. It can offer
greater flexibility and adaptability to varying external conditions. In [14], a diffusion collaboration-
based distributed Filtered-x Least Mean Square algorithm was applied to active vibration control to
address the issue of increased control scale. In [15], Zhang et al. investigated active vibration control
of aircraft wings under dynamic loading by using a constant-gain negative velocity feedback control
technique, which enhanced prediction accuracy and control efficiency. In [16], an active vibration
control method based on proportional integral-linear quadratic regulator state feedback was studied to
suppress the vibration of ship pipeline systems. In [17], the classical proportional integral derivative
program was employed to scrutinize the efficacy of closed-loop active vibration control. In [18], Tian
et al. researched the active control of the shaft-shell system of an underwater vehicle. Additionally, the
active vibration control method was also applied to a novel fractional-order chaotic jerk system [19].
Therefore, active vibration control for fractional-order systems requires designing a controller u (¢) to
reduce vibration and preserve the stable system performance. The common state feedback control is
expressed by

u()=Fx(@), (1.2)

where F € R™" is the feedback control matrix. Then, the closed-loop system can be expressed as
D*x(t) =(A+ BF)x(1). (1.3)

We aim to find the feedback control matrix such that the system (1.3) maintains stability performance.
The process of active vibration control for fractional-order systems is demonstrated in Figure 1.
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Figure 1. The process diagram of active vibration control.
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The closed-loop system performance is determined by closed-loop eigenvalues [20], and region
eigenvalue assignment is a widely used controller design method to improve control system
performance [21]. In [22], Zhang et al. evaluated the design of the fault detection filter using regional
pole assignment in an uncertain linear discrete-time system. In [23], Richiedei and Tamellin proposed
a novel approach for solving regional pole placement for linear systems by state feedback control.
In [24], Schaub et al. developed the method for designing robust controllers based on a region
eigenvalue assignment. In [25], Arican et al. introduced a new state-dependent regional pole
assignment method for nonlinear systems, which produced a state-dependent feedback control law
enabling the eigenvalues of the closed-loop matrix to be placed in a specified disk. Furthermore, they
proposed two algorithms to update the disc parameters for improving stability in [26]. In [27], region
stability and H,, optimization control for discrete-time impulsive Takagi—Sugeno fuzzy systems were
studied, where the proposed method maintained the stability of the system while simultaneously
addressing constraints on convergence speed and damping response. More related references can be
seen in [28,29].

Most of above research focus on a single region to assign all the eigenvalues, which cannot adjust
system performance flexibly. In [30], a method for designing an optimal tracking control scheme
through multiple-region pole assignment was presented, which motivated our work. With the aim
assign closed-loop eigenvalues of fractional-order system (1.1) from a single region to multiple regions,
each eigenvalue is assigned to a specified region. Hence, active vibration control for fractional-order
systems based on multiple region eigenvalue assignment can be mathematically described as:

Problem MREAP: For a given fractional-order system (1.1) and multiple specified regions, find
the feedback control matrix F such that all the eigenvalues of the closed-loop system matrix A + BF
are in specified multiple regions.

Based on the multiple region eigenvalue assignment method, a feedback control matrix is designed
in our study for active vibration control of fractional-order systems. The main contributions of this
paper are as follows:

e Compared with single-region eigenvalue assignment, we present the selection criteria of
fractional-order multiple stability regions based on linear matrix inequality theory.

e Based on the inverse eigenvalue problem theory, we give the sufficient conditions for solving the
feedback control matrix under multiple-region eigenvalue assignment and present the expression
of the feedback control matrix.

e We propose a numerical algorithm for solving the active vibration control problem of fractional-
order systems, which improves control performance.

The following sections of this work are organized as follows. In Section 2, the selection criteria of
fractional-order multiple stability regions and the definition of multiple stability regions by generalized
linear matrix inequality are proposed. Subsequently, we present the sufficient conditions for solving
the feedback control matrix under the multiple-region eigenvalue assignment and propose a numerical
algorithm for solving this problem in Section 3. Finally, fractional-order simulation and actual physical
experimental results are given to illustrate the effectiveness of our approach in Section 4.

Notations: A7, A, and A" denote the transpose, conjugate, and conjugate transpose of matrix A,
respectively. “> 0” represents positive definite and “< 0” represents negative definite. ® denotes the
Kronecker product. I represents the identity matrix with appropriate dimensions.
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2. Selection criteria for fractional-order multiple stability regions

The traditional methods describes the stability region in the form of linear matrix inequality (LMI),
which is limited to describing a convex subregion. Next, we will introduce the definition of the
generalized linear matrix inequality (GLMI) region, which generalizes the traditional description to a
region including, but not limited to, convexity.

Definition 2.1. [31] A GLMI region Yy is a subset in the complex plane defined as

.@R:{SEC:f@R(S):H]l+SH]2+§H{-]2+S§H13<0}, (21)
where Hy, = H! € C™4, Hy, € C™, H\5 = HY, € C*™. The function
fo, () = Hyy + sHyy + SHE, + s5H 3 (2.2)

is the characteristic function of the GLMI region .
From Definition 2.1, it is clear that & takes LMI form when H;;3 = 0, meaning that the LMI region
can be regarded as a special case of the GLMI region.

For fractional-order system (1.1), the stability region is shown in Figure 2. We can observe that
the stability region is I, = Zg, U Zg, (61 = 6, = (1 —@)7n/2) when 0 < a < 1, which includes a
part of the right half complex plane and is nonconvex. When 1 < a < 2, the stability region is
Ds = Dr, N Dg, (01 = 6, = (@ —1)7/2) [32].
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Figure 2. The stability region of the fractional-order system.

According to Definition 2.1, Zg, and %, can be described as [32]

DR, = {s € C: fg,, (s) = s(sin(an/2) + icos (an/2)) + 5 (sin (an/2) — i cos (an/2)) < O} , (2.3)

D, = {s € C: fgy, (s) = s(sin(an/2) — icos (an/2)) + 5 (sin (an/2) + i cos (an/2)) < O} . (2.4)

Under the premise of the stability region description of fractional-order systems, we will introduce
the selection criteria for fractional-order multiple stability regions to assign closed-loop eigenvalues.
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Without loss of generality, we take the case 0 < @ < 1 as an example. In practical applications, one
of the most important considerations in the selection criteria of multiple regions is the selection of the
region shape and location, as they have a great effect on the system response and control effort [26].
Hence, taking into account the demand of simplicity in the description, we take circle regions to assign
closed-loop eigenvalues, which is one of the most used bounded regions.

For the fractional-order system with the eigenvalue 1 = —¢w? + iw?+/1—¢&?%, the system
eigenvalue could be determined by the damping coefficient ¢ and natural frequency w, [33]. In
general, design specifications are often given in terms of &, and w,. Define

n = arccos (€min) .0 = w;, and we can determine a circle region S (0, r) with the center being the
coordinate origin, the radius being r [34], and

r = p/sin (). (2.5)

If 21 € §(0,r) N Iy, it implies that the eigenvalue is stable. Hence, in this restrained stability region,
we choose n circle regions with different radii to complete multiple-region eigenvalue assignment, as
shown in Figure 3.
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Figure 3. n circle eigenvalue assignment regions.

Note that circle region can be described by the GLMI form, and let the center of the k-th circle
region be (ay, by) and the radius be ry, where af + b7 — r; > 0, then the k-th circle region is described by

@Rk = {Sk eC: f@Rk (Sk) = Hkl + Ska2 + EkH,g + SkikHld < 0} s (26)
where Hy = a; + b; — ri, Ho = — (ax — iby) , Hi3 = 1. While the set of eigenvalues is self-conjugate,
the conjugate eigenvalues should be located in two circle regions, which are symmetric about the real
axis. That is to say that the corresponding symmetric circle region to Z, can be described as

Dry = {5 €C: fa,  (s0) = (af + b} = 17) + s + iby) = 5y (@ — iby) + 5S¢ < O} 2.7)

Subsequently, we present the following definition of MGLMI regions:
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Definition 2.2. &, is defined as the set consisting of n GLMI regions

P =) D, (2.8)
k=1
where g, is the k-th GLMI region determined by (2.6). Let H, = diag{H,,...,H,}¢e C"™",

H, = diag{H,,...,H,} € C™", and Hs = diag {H\3, ..., H,3} € C*™". If the variable s € C is in 9y,
then 9y can be described as

fo, (s) = Hy + sHy + SHY + s5H3 < 0, (2.9)

where [y, (s) is the characteristic function of Y.

Based on the above analysis, the selection criteria for fractional-order multiple stability regions is to
first define a restrained sector region with the center as the coordinate origin and the radius r according
to the minimum damping coefficient &,;, and natural frequency w,. Then, we choose n circle regions
Py defined by Definition 2.2. Therefore, solving Problem MREAP is to find F such that all the
eigenvalues of A + BF are in the MGLMI regions Z;.

3. Solutions to problem MREAP

In this section, we first provide the equivalent condition for all the eigenvalues of A to be in the
MGLMI regions Z;,.
Theorem 3.1. All the eigenvalues of A € R™" are in the MGLMI regions 9y if and only if there exists
a symmetric positive definite matrix P € R™" satisfying

My, (A, P) <0, 3.1)

where
Mg, (A,P)=H, ® P+ H, ® AP + HY ® PA" + H; ® APA". (3.2)

Proof. (Sufficiency) Assume that the condition (3.1) holds. Let 4; be an arbitrary eigenvalue of A and
v; € C" the corresponding eigenvector, which means that v/’A = Av/’. This yields

(1, ® Vi) Mgy, (A, P) (I, @ )
_ (In®vf’)(H1 ® P+ Hy ® AP + H @ PA" +H3®APAH)(In®v,)

3.3
=H® (V{IPVI) + H, ® (VIHAPVZ) + H;I ® (V{{PAHVI) + H; ® (VIHAPAHVZ) (3-3)
= (VIHPVI) (Hl + A4 H> + /_l[Hgl + /ll/_llH3) .
If (3.1) holds and P > 0, (3.3) implies that
H, + 4,H, + /_lngI + /l]/_lng <0, (34)

which means that the arbitrary eigenvalue A, (Il = 1, ..., n) is distributed in .
(Necessity) Suppose that all eigenvalues of A are in the MGLMI regions; we need to find P = PT >0
satisfying (3.1). We first consider the case where A is diagonalizable. Then, there exists a nonsingular
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matrix V € C™" satisfying V'!AV = A = diag{A,,...,A,}, where ;(I=1,...,n) € Zy. It can be
verified that
Mg, (A, 1)

=H ®I,+ H,® A+ HY ® A" + H; ® AA" (3.5)

= WHdi(lg {f@U (/7.1) e ns f%} (/ln)} VV,
where W is a elementary transformation matrix. Since A; € %y, it follows that fy, (14;) < 0. Hence, we
have My, (A,1,) <0. Then, pre- and post-multiplying Mgy, (A,I,) by (I,® V) and (In ® Vi )
respectively, it yields

(I, ® V) Mg, (A1) (I, & V¥
=(L,®V)(H ® 1, + Hy® A+ HI' ® A" + Hy ® AA") (I, 8 V)
= H,® (VV")+ Hy® (VAV") + H ® (VAHVH) + Hy ® (VAR V) (3.6)
= H, ®(VV") + H,® (AVV?) + HI' @ (VVHAH) + Hy © (AVVHAH)
= Mg, (A, VVY).

It means that there exists P = VV > 0 satisfying My, (A, P) < 0.

In the case where A is not-diagonalizable, there exists a nonsingular matrix V € C™" satisfying
VAV = J = diag{J,,...,Js}, where J, (r = 1,...,s) is the Jordan block,

J, = A€ Dy, Y mo=n. (3.7)

Inyxn,

Assuming that
/ll [nl
A= , (3.8)
/ls—l Ins,l
Asly,

one can construct a sequence of invertible matrices 7} such that
]}im T, JT) = ]}im diag{A\y, ..., N} = diag{1,,, ..., Ad,} = A. (3.9)
Based on the above analysis, we have My, (A, I,) < 0, then

lim My, (T JTw 1) < 0. (3.10)

Then, £ is sufficient large, which satisfies Mg, (Tk‘ YTy, I,,) < 0. Together with J = V7!AV, let T = Ty,
then we can obtain Mg, (T‘1V‘1AVT, In) < 0. Pre- and post-multiplying My, (T‘IV‘IAVT, In) by
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(I, ® TV) and (I,, ® VATH ), respectively, yields

(I, TV) Mg, (T-1 V-IAVT, 1,,) (1 ® VHTH)
H &I, +H® (T-lv-lAVT)
= (1,oTV)| +H ®(T7'v-'AVT)" (1, ® vATH)
+Hy® (T7'V='AVT) (17 v avT)"
= H, ® (TVVATH) + H, ® (ATVVHT") + HY @ (TVT"VHAH) + H; ® (ATVVHT! AY)
= Mg, (A, TVVHTH) < 0.

(3.11)

Since T and V are invertible matrices, P = TVVHT# is positive definite. This implies that there exists
P > 0 satisfying My, (A, P) < 0.

We observe that P = P > 0 is not necessarily a real matrix. Set P = P; + iP,, where P; = Re (P)
and P, = Im(P) denote the real and imaginary part of P, respectively, then P; = P > 0. For the
matrix A, we have

Mg, (A, P)
= H1®(P1 +iP2)+H2®A(P1 +l.P2)+H§-I®(P1 +iP2)AH+H3®A(P1 +iP2)AH
= |Hi® P\ + Hy® AP, + H' ® P\A" + Hy @ AP\ A"| (3.12)

+ i[H1 ® P, + H, ® AP, + HY ® P,A" + H; ®AP2AH]
A .
= M@U (A, Pl) + lM@U (Aa P2)a

where we can verify that My, (A, Py) = (Mg, (A, Pl))H and Mg, (A, P,) = —(Mg, (A, Pz))H according
to H; = H{" and Hy = Hj. Therefore, for any non-zero vector y € C”, we have y" M, (A, P,)y = 0.
According to (3.12), we know that yHM@U (A,P)y = yHM@U (A, P1)y. Since My, (A, P) <0, it implies
that M, (A, P,) < 0, where P, is the required symmetric positive definite matrix.

Since the condition in Theorem 3.1 involves complex matrices H;, H,, and H;, we propose the
following theorem to avoid the use of complex matrices that are incompatible with the LMI toolbox
in MATLAB.

Theorem 3.2. Let Hig and Hy; be the real part and the imaginary part, respectively, of Hi, k = 1,2,3,
and we denote

~ [ H]R + iHlI |
H, = ) ,
: | Hg — iHy; |
~ | Hyp +iHy; ]
H, = . , 3.13
? | Hor — iHy; | ( )
~ | Hsg +iHy,
H; = . .
’ Hsgp —iH53; |
Then
H ®P+H,®AP + HY ® PA" + A; ® APA" <0, (3.14)
where
A Hig Hy | 4 Hyy Hy | 5 Hsyz  Hj;
H, = ,H, = ,Hy = , 3.15
1 [ “Hy, Hyg ] 2 [ “Hy Hx ] ; [ “Hy Hy ] (3.15)
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if and only if
H®P+H®AP+ H ® PA" + H; ® APA" <0, (3.16)

which implies that all the eigenvalues of A are in the MGLMI regions &y with complex matrices
HlaHZ’ H3'

Proof. Let
1 {1, 1,
N = $[ i il ], (3.17)
then we can get
H
~ I, 1 H\ +iH L, 1
H H _ 1 n n 1R 11 n n
NEWNT =2 [ il, —il, H Hig—iHy || il, -il,
_ Hix Hy (3.18)
A—Hu Hg
= H].
Similarly, it also has
NI:I2NH = ﬁz,NI:I3NH = I:I3. (319)

Then it follows that

H ®P+H,®AP + HY ® PA" + H; ® APA"
= NHAN? ® P+ NH,N" @ AP + NHIN" @ PA" + NA;N" ® APA" (3.20)
=(N®1,)(H ®P+H,®AP+ HY @ PA" + H;® APA") (N ®1,).

If (3.14) holds, it is deduced that H, ® P+ H, ® AP + HY ® PA" + Hy ® APA" < 0. It can be obtained
that all the eigenvalues of A are in the MGLMI regions, which consist of complex matrices H,, H,, Hs.
Conversely, (3.14) can be derived from (3.16) in a similar way.

Before solving the matrix F, we define the closed-loop system matrix as A, = A + BF. Based on
Theorem 3.2, all the eigenvalues of A, are in the MGLMI regions ¥y, if and only if (3.14) holds for A..
Hence, we have

HeP+H®AP+H®PA" + A;® A.PAY <0, (3.21)

which can be reorganized as
H®P+H®A+BF)P+H!®PA+BF)” +H;®(A+ BF)P(A+ BF)" <0. (3.22)

From (3.22), we know that the matrices P and F are unknown, which implies that (3.22) has nonlinear
terms of the unknowns. Hence, we give a sufficient condition for solving the feedback control matrix F.
Theorem 3.3. For the given fractional-order system (1.1), the MGLMI regions Py with the given
matrices Hy (k = 1,2,3) are defined by (3.15), if there exist M € R™", S € R™ and a symmetric
positive definite matrix P € R™" satisfying

QX
Q= [ Q§ 0, ] <0, (3.23)
where
Qi Qe ]
Q = ,k:1,2,3, 324
« l Qi3 Qs 3-24)
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and
Qi1 = Hig® P+ Hyp ® (AM + BS) + HY, ® (AM + BS)",
Qi =Hy; ® P+ Hy®(AM+ BS) - HI @ (AM + BS)",
Qi3 =-H;;® P - Hy ®(AM + BS) + H ® (AM + BS)",
Q4= Hig® P+ Hy ® (AM + BS) + Hi, ® (AM + BS)",
Qy = Hl, ® (P~ M") + Hyz ® (AM + BS),
Q= —Hf @ (P — M™) + Hy ® (AM + BS),
Q3 = H © (P — M™) - Hy ® (AM + BS),
Q4 = Hiy ® (P - M") + Hyz ® (AM + BS)
Q3 =Hyzx P —H;g ® M — Hyg @ MY,
Qp=Hy®P-Hyy®M — H3;; @ M",
Q33 :—H31®P+H31®M+H31®MH,
Q3 =Hyzx®P — H;g ® M — Hyg @ MY,

(3.25)

then all the eigenvalues of A + BF are in the MGLMI regions 9y, and M is a nonsingular matrix such
that the feedback control matrix is
F=SM". (3.26)

Proof. We first prove that the matrix M is nonsingular. Based on the selection criteria for fractional-
order multiple stability regions, we know that Hy = a; +b; —ri and His = 1 (k = 1,...,n). According
to Definition 2.2, it yields that

H, = diag{H1,...,Hn} =diag{af+b%—r12,...,aﬁ+bfl—r§},

i i (3.27)
H; =diag{Hs,...,H,;} =diag{l,...,1}.

Thus, we have H, = H{', H; = Hj'. Combined with H, (k = 1,2,3) defined by (3.15), we can get

Hir :diag{a%+b%—rf,...,aﬁ+b,%—rﬁ},H” = diag{o0,...,0},

) . (3.28)
Hsg = diag{1,...,1}, Hy = diag {0, . ..,0}.

Therefore, H; = I:I{{, H; = I:If =1,>0. Set M = FS and A, = A + BF, then Q;, Q,, Q3 can be
briefly written as
Q=HoP+HoAM+H!®AM",
Q,=Ae (P - MH) + Hy, ® AM, (3.29)
Q; :FI3®(P—M—MH).

It can be verified that Q; = Q{’ and Q3 = le because P is symmetric positive definite. Furthermore,
Q X
Qf Q,
H® (P -M - MH) < 0. Based on the above analysis, we have H; = HY > 0 and P > 0, and it
can be verified that M + M > P > 0. Thus M + M¥ > 0. Since M € R™", it yields that M =
M M+MT = (M + MT)T > 0. Then for any non-zero vector x € R”", there is x” (M + MT) x> 0. Let

A be an arbitrary eigenvalue of M and x be the corresponding eigenvector, and it can be verified that
xr (M + MT) x=x"Mx+ x"M"x = 2Ax" x > 0. Therefore, A > 0 for x # 0, then M is nonsingular.

we have Q = [ ] = Qf. Since Q < 0, it is equivalent to Q3 < 0 [34], that is, Q3 =
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Next, we prove that all the eigenvalues of A + BF are in the MGLMI regions. Based on the above
analysis, (3.23) can be rewritten as
HioP+HoAM+HI®AM" A e(P-M!)+H;0AM

N N n <0. 3.30
@ (P - M)+ fy & (AM)" Ay @ (P— M- M) (530

LetT =[I I®A.]", and pre- and post-multiplying (3.30) by T7 and T, respectively, we deduce
HoP+H,®AM+H @ AM)" A o(P-M!)+H;®AM
H, &P - M)+ Hy® (AM)" H;®(P- M- M")

=H®P+H,®AP+H!®PA" + H;® A.PAY < 0.

T

(3.31)

This means that if there exist matrices P, M, S such that Q < 0, we can reduce that H, @ P+ H, ® AP +
A ® PAY + A, ® A PA" < 0. According to Theorems 3.1 and 3.2, it means that all the eigenvalues of
A + BF are in the MGLMI regions Zy,.
Furthermore, we give the expression of F. By solving the matrix inequality (3.23), we can obtain §
and M. Since M is nonsingular and M = FS, we can get the feedback control matrix F = S M.
Based on the above analysis, we present a numerical algorithm for solving active vibration control
for fractional-order systems based on multiple-region eigenvalue assignment.

Algorithm 1 Multiple-region eigenvalue assignment algorithm

Input: A, B, a, &nin, Wy, ai, by and i, k=1,...,n.
Output: The feedback control matrix F.
1: Compute 1 = arccos (Epin) , 0 = Wi
2: Compute radius
r = p/sin(n);

3. Compute the matrices
Hkl = ai+bi—r2,
Hp = —(ax —iby),
Hk3 = 1,k: 1,...,1’1;

4: Form the matrices H, = dzag {Hi1,..., Hnl} ,Hy, = dlag {Hp,...,Hp},Hs = dlag {Hys,...,Hz};
5. Separate the real part Hyz (k = 1,2,3) and the imaginary part Hy; (k = 1,2,3) of the matrices
H\, H, H3;
6: Select the matrices P, M, S;
7. Compute the matrices €; (k = 1,2,3,j=1,2,3,4) by (3.25);
Qi Qe Q O
On Qu (k=1,2,3)and Q = [ Qi q, ],
9: Solve the matrix inequality Q < 0 for the matrices M and S;
10: Compute the feedback control matrix F = S M~".

8: Form the matrices €; =

4. Numerical examples

In Section 4, the feasibility of our algorithm is demonstrated through numerical examples of
fractional-order quadrotor UAV systems, electrical circuit systems, and rotary inverted pendulum
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systems. In Section 4.1, we present the mathematical modeling of a fractional-order quadrotor UAV
system and verify the validity of the multiple-region eigenvalue assignment method and the stability
of the flight systems. In Section 4.2, we provide the experimental results of this approach combined
with fractional-order electrical circuit systems, which indicate that the system stability and region
constraint requirements are achieved. In Section 4.3, we compare single-region eigenvalue assignment
with our method through an experiment on a fractional-order rotary inverted pendulum system. The
results imply that the multiple-region eigenvalue assignment method improves system performance.

4.1. Fractional-order quadrotor UAV systems

Existing research has confirmed that the metal materials of the shell, the damping materials of the
wings, and the mechanical stresses in the physical structure of quadrotor UAV all exhibit
fractional-order characteristics [35]. Additionally, the motor subsystem, responsible for propeller
rotation to generate propulsion, the battery subsystem that provides endurance energy, and the speed
control subsystem have also been confirmed to exhibit fractional-order features [36,37]. Therefore,
the quadrotor UAV system should fundamentally be considered as a fractional-order system, as shown
in Figure 4 [38,39]. The dynamic model of quadrotor UAV system is given in [40].

Y Pitch

2. Rotor 1

Figure 4. Model of the quadrotor UAV.

% = (sinfcospcosy + singsiny) & — K,

V= (sinfcos @siny — SimPCOSW)% - %

z=(cosfcosp) & — Kz g

G = llj_f N 1).I—Xlzlpg_ ;_;Qrg_ %Sb, 4.1)
6=+ 509~ 70~ 720,

J= gt

where x,y, z are the position of the center of mass, ¢, 6,y are the roll, pitch, and yaw angle of the
quadrotor, 1,1, I, are the moments of inertia, J, and Q. are the principle moments of inertia and
angular velocity, m is the total mass, g is the gravitational acceleration, [ is the distance from the rotor
to the center of mass, K; (i = 1, ..., 6) is the drag coefficient, and U, U,, U3, U, are the total, roll, pitch,
and yaw forces.
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In general applications, we assume that the quadrotor UAV works in a hovering condition, which
implies that U; =~ mg. Also, the drag coeflicients for the system and the influence of four propellers on
the gyroscopic torque of the aircraft can be neglected, which means that J, = 0,K; =0,i=1,...,6. In
addition, the pitch and roll angles are so small that cosd = 1,sinf = 6,cos¢ =~ 1,sing = ¢. The yaw
angle is close to zero, and we have cosy = 1,siny = 0. Then, (4.1) can be simply written as

X = g0,

V=-8¢,

=4,

G = %’ 4.2)
.. _ UX

=7

Y=7

Based on the analysis mentioned earlier, we introduce the fractional-order derivative in (4.2), and
the state variables will be assumed as follows:

X =X, X5 =Y, X9 = 2, X13 = @, X7 =0, X1 =,

_ oS5 _ o5 _ oS5 _ oS5 _ 05 _ 05
X, =D"x, | x¢ =Dy, X0 =Dz, | xia =D, | x13 =D"0, | x0 =D, 4.3)
X3 = X, X7 =Y, X =4z, X5 = @, X9 =6, X3 =,

— NLs — nls — nls — nls — NLS — NS
X4—D X, Xg—D y, X12—D Z, X16—D @, x20—D 9, X24—D W

Therefore, model (4.2) can be transformed into the fractional-order linear control system with
fractional order @ = 0.5 in the following representation

[A; 0 0 0 A; O ] [0 ]
X1 0 A2 0 0 0 0 X1 0 U]
X2 0 0 A; A 0 O X2 B U
0.5 _ 3 Ag 1 2
PV %10 0 0 a0 o] 2 T |lu | 4
Xos 0 0 0 0 As O Xoa Bs U,
0 0 0 0 0 A¢ | B,
where 0 is the zero matrix of order 4, and
01 060
0010
Al'— 0 0 O 1 ,l—l,.. ,6,
00 06O
0 00O 0O 00O
0 00O 0O 00O
A=loo0o0o0l™ 0o o000
g 000 -2 0 00
0O 00O 0O 0 0O
0O 00O 0O 0 0O
Bi=lo 00 0®=lo 0 oo
I/m 0 0 O 0 11, 0 O
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00 O O 000 O
00 0 O 000 O
Bs=loo o o'®=|000 o
00 1/I, 0 00 0 1L
Namely, we have
D (t) =Ax (@) + Bu(?), 4.5)
where x () = [x1,...,x4]" € R* u(f) = [U,, U, Us, Us]" € R4, the fractional order @ = 0.5, and the
system matrices A € R>*?* and B € R>** are, respectively,
A 0 0 0 A, O 0
0 A, 0 0 0 O 0
1o o0 a5 4 0 o |B
A=l 0 0 o0 a4 o o |'B7| 58
0 0 0 0 As O Bs
| 0 0 0 0 0 A B,

Since the fractional-order model can be separately developed for each channel of the quadrotor
UAV system, we perform the experimental results in yaw and x-axis channels. We set &, = 0.1,
w, = 3.9867, and the restricted radius r = 20.

Example 4.1. For the yaw channel, combined with the fractional-order state space model (4.5), we
define xy (¢) = [x21, X22, X23, x24]7, then the system matrix and control matrix are

0
0
Aw: ,Bl//: O )

S O OO
SO O =
S O~ O
S = O O

1/1,
where I, = 3.9062. The MGLMI regions are given as follows:

Dy = Dr,, (-0.5 £5.8i,0.5) U Dg, (=6,1) U Zg, (-19,1).
From Definition 2.2, we can obtain

Hyy =33.64,H,=05+58i,H;=1,Hy; =33.64, H), =05—-5.8i,H»s =1,
H3 =35,H3 = 6,Hs3 = 1,Hy =360, Hyy = 19, Hyz = 1.

According to Algorithm 1, the feedback control matrix F is
F=10*x| -13524 —03207 —0.0546 0.0097 |

and it can be confirmed that o (A + BF) = {—-0.0328 + 5.7351, —5.4546, —19.2968}.

In Figure 5, we can observe that all the closed-loop eigenvalues are reassigned into the given regions.
Figure 6 demonstrates the time response curve for the closed-loop fractional-order system. We can see
that the feedback control matrix F' obtained by multiple-region eigenvalue assignment can maintain
the fractional-order quadrotor UAV system in a stable flight condition.
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Figure 5. The closed-loop eigenvalue map of Example 4.1.
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Figure 6. The closed-loop system states of Example 4.1.

Note: The system state response is x (f) = E,; (At*) x(0) + fol (t = 1) Eqo (A(t — 7)) Bu (1) dr,

where x (0) is the initial state, and E,,,, (z) = is the two-parameter Mittag-Leffler function. In

> k
g‘o Tmkcen)
numerical experiments, we adopt the Griinwald-Letnikov method to compute it [41].

Example 4.2. For x-axis channels, combined with the dynamic model of the quadrotor UAV, we

know that the fractional-order state space model (4.5) may be conjointly developed for roll and x-axis
channels of the quadrotor UAV. Based on the earlier analysis, we can denote
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X, () = [x1, X2, X3, X4, X17, X138, X19, X20]" , then we can obtain

}

Il
el eNoNoNeoNelel el
SO OO OO o -
el eoBoNoNeoNe "
el eoNoNeoNe S =l=
S OO O O OO
S oo~ O O OO
SO = OO O oo
el eoleoBoNoleNe

SO = O O O O oo

p—
—
o

where g = 9.807 and I, = 4.4843. The MGLMI regions are given as follows:
Dy = Dy, (£2.2i,0.8) U Dy, (1.3 £ 7.6i, 1.1) U D, (<7.3 + 7.6, 1.1) U T, (=3.6,1.1) U D, (=16, 1.1).
From Definition 2.2, we can obtain

H, = 4.2,H12 = +2.2i,H13 =1,

H21 = 42, H22 = —2.2i, H23 = 1,

H31 = 10984, H32 =-73+ 76l, H33 = 1,
H41 = 10984, H42 = —73 - 761, H43 = 1,
H51 = 10984, H52 =73+ 761, H53 = 1,
Hg; = 109.84,Hgy = 7.3 —7.6i, He3 = 1,
H71 = 11.75,H71 = 36, H72 = 1,

Hg, = 254.79, Hg, = 16, Hg3 = 1.

According to Algorithm 1, the feedback control matrix F is
F =10°x [ 2.7293 0.1569 0.3988 0.1387 -0.0768 -0.0007 -0.0002 -0.0001 ]
and we can verify that

0 (A+ BF) ={-15.7757,7.9742 + 8.0051i, 8.0650 + 7.8567i,—0.0190 + 2.8749i, -2.8282} .

We show Figure 7 to illustrate that all the closed-loop eigenvalues are reassigned into the given
regions in the fractional-order system stability region. The time response curve in Figure 8 represents
the fractional-order quadrotor UAV system maintaining a stable flight performance under the proposed
multiple-region eigenvalue assignment method.
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Figure 7. The closed-loop eigenvalue map of Example 4.2.
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Figure 8. The closed-loop system states of Example 4.2.

4.2. Fractional-order electrical circuit systems

In the field of electrical engineering, the capacitor is regarded as an ideal component with absolutely
no current flowing between the plates, based on the conventional integer-order circuit theory, since its
internal resistance is considered to be infinite [42]. However, a practical capacitor has resistive losses
and its resistance is finite [43]. This means that the ideal integer-order capacitor does not exist in the
real world, and the actual capacitors and inductors have fractional-order properties. Fractional-order
electrical circuit systems are usually a type of circuit that contains fractional-order components, such
as the fractional-order capacitor and the fractional-order inductor shown in Figure 9.
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Figure 9. Fractional-order circuit components.

Let the current i¢ (¢) in a fractional-order capacitor be

ic®=D%(),0<a<l, (4.6)

where C is the capacity of the capacitor and ¢ (¢) is the charge. From ¢ (t) = Cuc (¢), it has

ic (t) = CDQL{C (t) , (47)

where uc (¢) is the voltage on the capacitor. Similarly, let the voltage u; (f) on the fractional-order
inductor be

u, () =DP¥(1),0<B < 1, (4.8)

where L is the inductance and W (¢) is the magnetic flux of the capacitor. According to ¥ (r) = Li, (¢),
then

up (t) = LDPi, (¥), 4.9)

where i; (¢) is the current in the inductor. Therefore, for a fractional-order electrical circuit composed
of resistances, inductances, capacitances, and source voltages, it can be expressed as a fractional-order
system by selecting appropriate voltages on the capacitors and the currents in the inductor as state
variables. We will give the fractional-order electrical circuit system combined with specific electrical
circuit examples [44] and explore numerical results under the proposed multiple-region eigenvalue
assignment method for the fractional-order electrical circuit systems. In the following experiments, we
set &min = 0.1, w,, = 0.9980, and the restricted radius r = 10.

Example 4.3. The fractional-order electrical circuit system composed of resistances Ry, R,, R3, Ry,
inductances Ly, L,, L3, L4, and source voltages e, e,, e3 is shown in Figure 10.
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Figure 10. Fractional-order electrical circuit system.

Taking into account (4.7), (4.9), and Kirchhoff’s laws, we have

er = (Ry + Ry) iy — Raoia — Ryig + L1 DPiy,

0=—-Ry; + (Rl + Rz) ir — R3i5 + LzDBiz,

e, = —R3i, + R3iz + L3DBl.3,

e, +e3 =—Ryi| — Rzir + (R] + R; + R4) iy + L4D6i4.

(4.10)

Choosing the state variable to be x () = [ iy Ih I3 14 ]T, then we can rewrite (4.10) as

DPx () = Ax(t) + Bu(¢),

where
- (R + Ry)/L, R»/L, 0 R,/L,
A = Ry/L, —(Ry+R3)/L, Rs/L, 0
0 R3/Ls —R3/L; 0 ’
Ri/L4 R3/Ly4 0 — (R + R3 + Ry)/Ly

1/L; O 0
0 0 0
B= 0 1/L5 0

0 1/Ls 1/L4

Setf=085L=1,L,=1,L; =1/3,L, =1/5,R, = 13/10,R, = —1,R3 = 13/10, R4, = —131/10, and
the MGLMI regions

Dy = Dr,, (=6.7+£0.1i,0.8) U Dg, (=6.1,0.7) U g, (=7.4,0.7).

Then we have

Hy = 4474, Hy = 6.7+ 0.71, Hi;=1H, = 4474, H, = 6.7 —0.7i, Hy; =1,
H31 = 3672, H32 = 6.1,H33 = 1,H41 = 54.27,H42 = 74, H43 =1.
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According to Algorithm 1, the feedback control matrix F is

-8.8427 16.4482  3.1147 -1.3
F=| 93439 -61.5463 -31.0872 0
-10.6439 60.2464 31.0872 —44.2336

For confirmation, we compute that o (A + BF) = {-6.7458 + 0.0778i, —6.7467, —6.7467}. Figure 11
shows that the closed-loop eigenvalues are reassigned into the given regions Z;. We find that the
closed-loop fractional-order electrical circuit system preserves stable status under the multiple-region
eigenvalue assignment method from Figure 12.

Imaginary Axis

-8 7.5 -7 6.5 -6 5.5 -5
Real Axis

Figure 11. The closed-loop eigenvalue map of Example 4.3.
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Figure 12. The closed-loop system states of Example 4.3.
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Example 4.4. The fractional-order electrical circuit system composed of resistances
R,k = 1,...,n, capacitances C;,Cs,...,C,,, inductances L,,L,...,L,, and source voltages
e1,e,€4,...,6, (n=n; +ny) is shown in Figure 13.

~{__1 .

trg an ! 24 R4 \/ RQ ?2 | Rﬁ 6
'Crnl:: T“nl i HST =

,3_}_ T u3 Cl_L T U
S
| gt [ ©
1

~

u

u

aaa
s
A

R

€1
€n _@ /\

P

: €6
S
Figure 13. Fractional-order electrical circuit system.
Using Kirchhoff’s laws, we can write
e :RkaD“uk‘+ l/lk,k.:.1,3,...,fl1, (411)
e t+e;= LjDBZj +lej,_] =2.4,...,n,.
T
Assuming that @ = 8 = 0.85, we choose x (f) = [ Uy Uz ... Uy dp la ... ] and reformulate
(4.11) as
up 751
us us
€
)
pOss| Yni | _ 4] ¥m | Bl ey , (4.12)
%) %] .
is iy :
el’l
in, in,
where
A =diag( -1/R\Ci -1/RsCs ... —1/R,C,, —Ro/Ly —Ru/Ly ... =Ry,/L, )€R™,

_ B nx(Z+1)
[ oo
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1/R.C, 00 ... 0 1/L, 1/L, 0 ... 0

1/R;C5 00 ... 0 1/L4 0 1/Ly ... 0

B, = ) .o . |,B2= ) ) . )
“1/RyCy 0 O ... 0 YL, O 0 .. 1/L,

Setn1 = 9,712 = 2, R] = 1,R3 = 1/7,R5 = 1/2,R7 = 5/2,R9 = 1/3, C1 = 1/2, C3 = 5, C5 :4, C7 = 2,
Ry =10,R, =5, L, = -5/2, and the MGLMI regions

Dy = Dr,, (-0.55 £ 0.051,0.2) U g, (-1.6,0.2) U D, (=0.4,0.1) U Dg, (=1,0.2) U D, (-0.3,0.1).
From Definition 2.2, we can get

H11 = O.265,H12 = 055 - OOSl, H13 = 1, H21 = O.265,H22 = 055 + 0051, H23 = 1,
H31 = 252, H32 = 16, H33 = 1,H41 = 0.15,H42 = 04, H43 = 1,
H51 = 096, H52 = 1,H53 = 1,H61 = 0.08,H62 = O.3,H63 =1.

According to Algorithm 1, the feedback control matrix F is

P 0.3385 0.1607 -0.0531 -0.0179 -0.0278 0
~ | =0.3385 -0.1607 0.0531 0.0179 0.0278 7.1055

and o0 (A + BF) = {—1.6527,-0.2059, —0.3165, —0.6857 + 0.0193i, —0.8422}. Numerical results are
shown in Figures 14 and 15, where we can see that the stability and region constraint requirements
are achieved.

06}

047}

0.2}

Imaginary Axis
o

021

04l

061

-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2
Real Axis

Figure 14. The closed-loop eigenvalue map of Example 4.4.
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Figure 15. The closed-loop system states of Example 4.4.

4.3. Fractional-order rotary inverted pendulum system

By utilizing the inverted pendulum model, we illustrate the functionality and applicability of the
proposed method. The transfer function of the fractional-order rotary inverted pendulum system is

G(s) = (bo + b s* + bzsz")/(l +a1s° + s + a3 + a s4") (4.13)

According to the system identification method and results of [45], we know that the fractional-order
model is closer to the actual model when the fractional order is a= 0.7 with a; = 0.0107, a, = —0.0227,
a; = —0.0179,a4 = 0,b; = —0.226, b, = b3 = 0. Therefore, the fractional-order state space model of
the circular inverted pendulum is given as follows:

D" x () = Ax(t) + Bu (1), (4.14)

where
0 1 0

A= 0 0 1
55.8569 0.5978 —1.2682

We set &nin = 0.1, w, = 1.7804, and the restricted radius r = 15.
Example 4.5. [45] Giving the fractional-order system (4.14) and the following MGLMI regions

Dy = Dr,, (=1 £2i,0.5) U D, (-4,1).
From Definition 2.2, it yields that
Hy =4775,H;; =1 +2i,H13 =1,
H21 = 4.75,H22 =1- 21, H23 = 1,
Hs =15,H3 =4,Hy3 = 1.
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According to Algorithm 1, the feedback control matrix F is
F=|-71.6948 —11.9251 -4.2498 |,

and 0 (A + BF) = {-0.9630 + 1.8660i, —3.5920}. Figure 16 implies that the closed-loop eigenvalues
are assigned into the specified regions. The validity of the proposed method is assessed by a
comparison experiment between the multiple-region eigenvalue assignment method and the
single-region method, as shown in Figures 17 to 19. The closed-loop system states of these two
methods are shown in Figures 17 to 19. The fluctuations of the system states using the multiple-region
eigenvalue assignment method are small, and the method has desired stability, showing that this
method has better effectiveness.

25}

N

Imaginary Axis
o

Real Axis

Figure 16. The closed-loop eigenvalue map of Example 4.5.
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Figure 17. The closed-loop system state of x;.
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Figure 19. The closed-loop system state of x3.

5. Conclusions

In this work, active vibration control for fractional-order systems based on multiple-region
eigenvalue assignment is considered. We first propose the selection criteria of fractional-order
multiple stability regions and give the definition of multiple regions according to linear matrix
inequality theory. Based on the inverse eigenvalue problem theory, the sufficient condition for solving
the feedback control matrix under the multiple-region eigenvalue assignment is provided, and the
expression of the solution is given. Then, we present a numerical algorithm for solving this problem,
which improves control performance. Numerical experiments of fractional-order quadrotor UAV
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systems, fractional-order electrical circuit systems, and fractional-order rotary inverted pendulum
systems show the feasibility of our algorithm. However, the method is only applicable for
fractional-order systems without uncertain disturbances. In future work, other vibration control
methods like PID control, may be considered.
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Appendix

Al. Construction of the matrix Ty in (3.9)

A sequence of invertible matrices T is defined as

Ty,
T, = ,
Tks’—l
Ty,
where Ty, (r = 1,..., s) is the diagonal block invertible matrix, and
kn,—l
T, = (k #0).
¢ k
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Thus we have
k=)

-1 _ .
Tkr - k—]
1

According to (3.7) in the proof of Theorem 3.1, let A, = T LJ, T, , it yields that

[ A, k!
A k!
A, = ) ..
A k!
A,
Then we can compute
T, 'JTy 1
[ Tk1 Ji Tkl
Ty, Js-1 Ty,
I Ty, Js Ty,
T, LI Ty,
T, I T
| T, VI Ty,
(A
- As—l
A,

According to (3.8), it can be concluded that

lim 7' JT; = lim diag {Ay,..., As} = diag M, ..., Ad, ) = A

k—o0
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