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Abstract: In this paper, we developed a numerical scheme based on barycentric rational interpolation
to solve the generalized modified Camassa–Holm–Degasperis–Procesi (CH–DP) equation. Using the
proposed approach, we applied a direct linearization technique to transform the nonlinear generalized
modified CH–DP equation into an equivalent linear formulation. Approximate solutions were
constructed using barycentric rational interpolation basis functions. The spatiotemporal domain
was discretized via barycentric rational interpolation, and a corresponding differentiation matrix
was derived. Furthermore, theoretical analysis of error distribution and convergence properties
was presented. Analytical results and numerical experiments validate the scheme’s computational
efficiency and high accuracy in solving the generalized modified CH–DP equation.
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method; generalized modified CH–DP equation

1. Introduction

Nonlinear partial differential equations (PDEs) exhibit extensive applications across disciplines,
including hydrodynamics, plasma physics, nonlinear optics, chemistry, and biology, particularly in
modeling nonlinear wave phenomena. However, obtaining exact or numerical solutions for such
equations remains challenging in most cases. This persistent difficulty has motivated sustained
research efforts to develop analytical and computational methods for nonlinear PDEs. So far,
relatively mature methods have been proposed, including hybrid analytical–numerical frameworks
such as the homotopy perturbation method and variational iteration method [1], spectral domain
decomposition for the Fisher equation [2], homotopy perturbation solutions for the Huxley
equation [3], cubic B–spline quasi-interpolation schemes for Burgers’ equation [4], finite difference
methods for the Burgers–Huxley [5], and generalized Burgers–Fisher equations [6]. Spectral
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collocation methods have been successfully applied to nonlinear time–fractional Burgers’ [7],
time-fractional Schrödinger [8], and ψ–Hilfer fractional Black–Scholes equations [9]. Additionally,
Chen et al. [10] proposed an alternating direction implicit compact difference scheme for
two–dimensional integro–differential equations.

The Camassa–Holm (CH) and Degasperis–Procesi (DP) equations constitute two fundamental
nonlinear PDEs in applied mathematics and theoretical physics. They exhibit strong nonlinear
characteristics in describing shallow water wave propagation, integrable turbulence, and biophysical
processes, particularly in simulating non–smooth wave phenomena that transcend the limitations of
traditional KdV equations. Originating from Camassa and Holm’s seminal work on shallow water
wave dynamics, the CH equation incorporates dissipative and dispersive effects in wave evolution.
Degasperis and Procesi subsequently extended this framework through the DP equation, introducing
higher–order nonlinearities to model complex wave propagation. Moreover, researchers have
generalized these frameworks into combined CH–DP type equations. These equations exhibit rich
solution structures, including smooth solitons, singular traveling waves (peakons, cuspons,
stumpons), and composite wave patterns, that challenge classical PDE analysis.

Analytical advances have significantly elucidated the solution spaces of these equations.
Lenells [11] classified all weak traveling wave solutions of the CH equation, demonstrating the
coexistence of smooth solitons with singular wave types. Parker and Matsuno [12] established
peakons as limiting cases of CH solitons through asymptotic analysis, while Zhang and Zhang [13]
revealed cuspon emergence under nonhomogeneous boundary conditions. The DP equation presents
additional complexities through multi–peakon solutions [14], inverse scattering formulations [15],
and multi–soliton structures [16]. Alquran et al. [17] derived novel bell–shaped and periodic soliton
solutions using Kudryashov expansion and sech–csch function schemes. Abdel-Kader and
Abdel-Latif [18] extended solution families via Lie symmetry analysis for coupled CH–DP systems.
Lafortune and Pelinovsky [19] further demonstrated spectral instability of peakons in the b–family of
CH equations. Sun et al. [20] investigated a four–parameter generalized CH–DP equation whose
traveling wave system exhibits rich dynamical behaviors, yielding 30 distinct types of exact explicit
bounded traveling wave solutions. Zhu et al. [21] established existence and uniqueness of global
conservative weak solutions in H1(R) for cubic CH–type equations with nonlocal nonlinearity.
Grunert [22] proved the uniqueness of dissipative solutions for the CH equation, establishing rigorous
correspondence between energy dissipation and weak solution regularity. Numerical investigations
have supplemented analytical progress through innovative discretization strategies. Liu and
Ouyang [23] employed bifurcation analysis and numerical simulation to demonstrate the coexistence
of bell–shaped solitary wave and peakons at identical wave speed. Behera and Mehra [24] developed
wavelet–optimized finite difference schemes with adaptive resolution for CH equation singularities.
Kaur et al. [25] proposed a coupled algorithm using fourth-order uniform algebraic tension B-splines
and mixed block methods that convert PDEs to ordinary differential equations (ODEs) via differential
quadrature, reducing grid points while maintaining high accuracy, significantly improving the
computational efficiency of CH and DP equations. Qi et al. [26] proposed an invariant-preserving
fourth–order finite difference scheme for the DP equation, achieving optimal error estimates for
smooth solutions through matrix bounds and energy analysis. These analytical and numerical
studies collectively address the challenges posed by the equations’ nonlinearity and the multiplicity
of solutions.
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In recent years, the barycentric interpolation method has gained prominence due to its
computational efficiency, numerical stability, and implementation simplicity. Some interpolated
functions have been rewritten as the barycentric format with different weight functions [27, 28].
Moreover, the weighted stabilities of distinct barycentric–type interpolants at some special nodes have
been analyzed in some literature [29, 30]. Crucially, when appropriate nodes such as Chebyshev
nodes are selected, the method produces highly accurate results. Consequently, it has been widely
adopted for diverse numerical challenges, such as Volterra integro–differential equations [31],
nonlinear high–dimensional Fredholm integral equations [32], heat conduction [33], biharmonic [34],
reaction–diffusion [35], and convection–diffusion equations [36]. Furthermore, Li and Wang [37, 38]
successfully applied the barycentric interpolation method to practical engineering problems, including
dynamic diffusion, vibration, and beam structural mechanics, as documented in their monographs.

Despite these advancements, applications of the linear barycentric rational collocation method to
nonlinear wave equations, particularly the CH, DP, and CH–DP equations, remain notably limited. In
this paper, we consider a general modified CH–DP equation [39, 40] given by

ut − uxxt + (β + 1)u2ux = βuxuxx + uuxxx, (1.1)

where β is a positive integer and u(x, t) denotes the fluid velocity’s horizontal component. This equation
inherits the peakon solution characteristics of the CH equation and the shock wave forming ability of
the DP equation, providing a richer mathematical model for studying wave interactions and energy
transfer mechanisms. Notably, for β = 2 and β = 3, Eq (1.1) reduces to the generalized modified CH
and DP equations, respectively:

ut − uxxt + 3u2ux = 2uxuxx + uuxxx, (1.2)

and
ut − uxxt + 4u2ux = 3uxuxx + uuxxx. (1.3)

Wazwaz [39] pioneered the study of these modified forms, transforming the nonlinear convection
term to u2ux, which changes the characteristics of these peakon solutions, producing bell shaped
solitary waves. Building on this foundation, we seek to explore the application of barycentric rational
interpolation collocation to numerically solve these nonlinear wave equations.

The remainder of this paper is organized as follows: In Section 2, we develop a direct linearization
technique for the generalized modified CH–DP equation and derive associated differentiation matrices.
In Section 3, we establish error estimates for the linear barycentric rational collocation method applied
to the generalized modified CH–DP equation. In Section 4, we present numerical examples validating
the theoretical analysis. Finally, in Section 5, we summarize key findings and discuss their significance.

2. Numerical schemes

In this section, we utilize the barycentric interpolation method to aid in the resolution of the
differentiation matrix formulation for the general modified CH–DP equation.

2.1. Direct linearization method for the generalized modified CH–DP equation

In the following, a direct linearization method is used to transform the nonlinear terms u2ux and
uxuxx into linear terms. Starting from an initial value u(0), we substitute it into the general modified
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CH–DP equation and obtain:

ut − uxxt + (β + 1)(u(0))2ux − β(u(0))xuxx − u(0)uxxx = 0. (2.1)

Solving Eq (2.1) yields an updated value u(1). Similarly, replacing u(0) with u(s−1) at the s–th iteration
(s ∈ N+ represents the number of iterations), we establish a direct linear iteration scheme for the
Eq (2.1):

u(s)
t − u(s)

xxt + (β + 1)(u(s−1))2u(s)
x − β(u(s−1))xu(s)

xx − u(s−1)u(s)
xxx = 0. (2.2)

In this context, u(s−1) denotes the value of u after s− 1 iterations, while u(s)
t and u(s)

x represent the partial
derivatives of u with respect to t and x after s iterations, respectively. Similarly, (u(s−1))x represents
the partial derivatives of u with respect to x after s − 1 iterations, u(s)

xx and u(s)
xxx represent the second–

order and third–order partial derivatives of u with respect to x after s iterations, respectively, and u(s)
xxt

represents the third–order mixed partial derivatives of u with respect to x and t after s iterations.

2.2. Differentiation matrices for the generalized modified CH–DP equation

To approximate the general modified CH–DP equation, we adopt the barycentric interpolation
collocation method. Both the time derivative and the spatial derivative terms are approximated.

Within the spatiotemporal domains Ω = [a, b] × [0,T ], we insert equidistant points (xi, t j), where
xi = a+ ib−a

m for i = 1, 2, · · · ,m and t j = jT
n for j = 1, 2, · · · , n, as well as the second kind of Chebyshev

points (xi, t j), where xi = − cos( iπ
m ) for i = 1, 2, · · · ,m, and t j = − cos( jπ

n ) for j = 1, 2, · · · , n. It is
noteworthy that the Chebyshev nodes within the interval [−1, 1] can be transformed to any interval
[a, b] via the linear transformation x̃ = b−a

2 x+ b+a
2 . In this case, the spatiotemporal domain Ω is divided

into a uniform mesh with steps hx =
b−a
m and ht =

T
n , and a non–uniform mesh with steps hi = xi − xi−1

and τ j = t j − t j−1. The approximation umn(x, t) to u(x, t) is constructed as

umn(x, t) =
m∑

i=1

n∑
j=1

ξi(x)µ j(t)ui j, (2.3)

where ui j = u(xi, t j), with interpolation basis functions

ξi(x) =
ωi

x − xi
/

m∑
k=1

ωk

x − xk
, (i = 1, 2, · · · ,m), µ j(t) =

ω j

t − t j
/

n∑
k=1

ωk

t − tk
, ( j = 1, 2, · · · , n).

The barycentric interpolation weights ωi and ω j are computed as

ωi =
∑
k∗∈Ji

(−1)k∗
k∗+d1∏

i∗=k∗,i∗,i

1
xi − xi∗

, ω j =
∑
k∗∈J j

(−1)k∗
k∗+d2∏

j∗=k∗, j∗, j

1
t j − t j∗

,

where Ii = {0, 1, 2, · · · ,m − d1}, Ji = {k∗ ∈ Ii : i − d1 ≤ k∗ ≤ i}, I j = {0, 1, 2, · · · , n − d2}, and
J j = {k∗ ∈ I j : j − d2 ≤ k∗ ≤ j}. According to (2.3), the (p + q)–th partial derivative of the function
umn(x, t) is

∂p+qumn

∂xp∂tq =

m∑
i=1

n∑
j=1

ξ
(p)
i (x)µ(q)

j (t)ui j, (p, q = 0, 1, 2, · · · ). (2.4)
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Evaluating at nodes (xg, th) yields:

u(p,q)
mn (xg, th) :=

∂p+qumn(xg, th)
∂xp∂tq =

m∑
i=1

n∑
j=1

ξ
(p)
i (xg)µ(q)

j (th)ui j, (2.5)

for g = 1, 2, · · · ,m, h = 1, 2, · · · , n, where ξ(p)
i and µ

(q)
j represent the p–th and q–th derivatives of

interpolation basis function, respectively. The elements of the first–order and higher–order barycentric
interpolation differentiation matrices are presented as follows [38]:

ξ′i (xk) =


ωi/ωk
xk−xi

, k , i

−
m∑

i=1,i,k
ξ′i (xk), k = i

, µ′j(tk) =


ω j/ωk

tk−t j
, k , j

−
n∑

j=1, j,k
µ′j(tk), k = j

,

and

ξ
(p)
i (xk) =


p(ξ(p−1)

k (xk)ξ′i (xk) −
ξ

(p−1)
i (xk)
xk−xi

), k , i, p ≥ 2

−
m∑

i=1,i,k
ξ

(p)
i (xk), k = i, p ≥ 2

,

µ
(q)
j (tk) =


q(µ(q−1)

k (tk)µ′i(tk) −
µ

(q−1)
j (tk)

tk−t j
), k , j, q ≥ 2

−
n∑

j=1, j,k
µ

(q)
j (tk), k = j, q ≥ 2

.

Let Dx(m)
i j = ξ(m)

j (xi) and Dt(m)
i j = µ(m)

j (ti) denote the m–th order derivative values of the j–th
interpolation basis function at the i–th interpolation node in spatial and temporal directions,
respectively. Thus, the algebraic summation (2.5) can be rewritten as

u(p,q) = (Dx(p) ⊗ Dt(q))u := D(p,q)u, (2.6)

where Dx(0) = Im, Dt(0) = In, and ⊗ denotes the Kronecher product. Substituting (2.3) into (2.2), the
differentiation matrices for the general modified CH–DP equation can be expressed as

[D(0,1) − D(2,1) + (β + 1)diag(u(s−1))2D(1,0) − βdiag(u(s−1)D(1,0))D(2,0) − diag(u(s−1))D(3,0)]u(s) = 0, (2.7)

where s = 1, 2, · · · . For simplicity, the matrix–vector multiplication in (2.7) can be represented as

LU = 0, (2.8)

with

L = D(0,1) − D(2,1) + (β + 1)diag(u(s−1))2D(1,0) − βdiag(u(s−1)D(1,0))D(2,0) − diag(u(s−1))D(3,0),

and
U = (u11, · · · , u1n, u21, · · · , u2n, · · · , um1, · · · , umn)T .

In general, the replacement method and addition method are often used to deal with initial–boundary
conditions, as outlined in [38]. The discrete initial condition is as follows:

u(xi, 0) = ui1 = u0(xi), i = 1, 2, · · · ,m, (2.9)
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with matrix representation: 
u(x1, 0)
u(x2, 0)

...

u(xm, 0)

 =

u11

u21
...

um1

 = (Im ⊗ e1
n)U =


u0(x1)
u0(x2)
...

u0(xm)

 , (2.10)

where e1
n is the first row of an n−order identity matrix.

The boundary conditions are discretized as

u(a, t j) = u1 j = g1(t), u(b, t j) = um j = g2(t), j = 1, 2, · · · , n, (2.11)

with corresponding matrix forms:
u(a, t1)
u(a, t2)

...

u(a, tn)

 =

u11

u12
...

u1n

 = (e1
m ⊗ In)U = g1 =


g1(t1)
g1(t2)
...

g1(tn)

 , (2.12)


u(b, t1)
u(b, t2)

...

u(b, tn)

 =

um1

um2
...

umn

 = (em
m ⊗ In)U = g2 =


g2(t1)
g2(t2)
...

g2(tn)

 . (2.13)

In this context, e1
m and em

m are the first row and the m-th row of an m−order identity matrix, respectively.
In this study, we employ the additional method to address the initial and boundary conditions.

3. Error estimates

In this section, we establish error estimates and convergence properties for the barycentric rational
collocation method applied to the generalized modified CH–DP equation, comparing exact solutions
with numerical approximations.

We define the spatial error function as

e(x) := u(x) − um(x) = (x − xi) · · · (x − xi+d1)u[xi, xi+1, · · · , xi+d1 , x], (3.1)

where um(x) =
m∑

i=1
ξi(x)ui, with ui = u(xi), and ξi(x), defined in (2.3).

Lemma. Assume u(x) ∈ Cd+2[a, b], let h := max
0≤i≤m−1

(xi+1 − xi), and C be a positive constant. If e(x)

is as defined in (3.1), then
|e(k)(x)| ≤ Chd−k+1, k = 0, 1, · · · . (3.2)

The proof of the lemma will not be elaborated here, as the detailed derivation process can be found in
reference [41]. For the bivariate case, let u(x, t) be the exact solution of Eq (1.1) and its approximation
umn(x, t) as defined in (2.3). The error function admits the representation:

e(x, t) :=u(x, t) − umn(x, t)

=(x − xi) · · · (x − xi+d1)u[xi, xi+1, · · · , xi+d1 , x] + (t − t j) · · · (t − t j+d2)u[t j, t j+1, · · · , t j+d2 , t].
(3.3)
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Theorem 1. For e(x, t) as defined in (3.3), with d1, d2 as defined in the symbols Ii, I j, and u(x, t) ∈
C(d+2)(Ω) , where Ω = [a, b] × [0,T ], d = max{d1, d2}, and C∗ is a positive constant, we have

|e(x, t)(p,q)| ≤ C∗(hd1−p+1
x + hd2−q+1

t ), p, q = 0, 1, · · · , (3.4)

where, e(x, t)(p,q) represents the p, q–order mixed partial derivatives of e(x, t) with respect to x, t.
The detailed derivation process of Theorem 1 can be seen in reference [34]. Using the direct

linearization method, the linearization operator corresponding to formula (2.1) is defined as

ℓ :=
∂

∂t
−

∂3

∂x2∂t
+ (β + 1)u2

0
∂

∂x
− β

∂u0

∂x
∂2

∂x2 − u0
∂3

∂x3 .

It can be shown that the operator ℓ is convergent and bounded. Let u(x, t) be the solution of Eq (1.1)
and u(xi, t j) be the numerical solution obtained by the barycentric interpolation collocation method.
Then,

ℓu(xi, t j) = 0, (3.5)

and
lim

i, j→∞
ℓu(xi, t j) = 0.

Based on these results, we obtain the following Theorem 2.
Theorem 2. For u(xi, t j) : ℓu(xi, t j) = 0 and ℓ as defined above, we have

|u(x, t) − u(xi, t j)| ≤ C(hd1−2
x + hd2

t ), (3.6)

where d1, d2 are as defined in the symbols Ii, I j and C is a positive constant.
Proof: From Eq (3.5), we have

ℓu(x, t) − ℓu(xi, t j)

= ut(x, t) − uxxt(x, t) + (β + 1)u2
0ux(x, t) − β

∂u0

∂x
uxx(x, t) − u0uxxx(x, t)

− [ut(xi, t j) − uxxt(xi, t j) + (β + 1)u2
0ux(xi, t j) − β

∂u0

∂x
uxx(xi, t j) − u0uxxx(xi, t j)]

= [ut(x, t) − ut(xi, t j)] + [−uxxt(x, t) + uxxt(xi, t j)] + (β + 1)u2
0[ux(x, t) − ux(xi, t j)]

+ β
∂u0

∂x
[−uxx(x, t) + uxx(xi, t j)] + u0[−uxxx(x, t) + uxxx(xi, t j)]

= L1 + L2 + L3 + L4 + L5,

(3.7)

where
L1 = ut(x, t) − ut(xi, t j),

L2 = −uxxt(x, t) + uxxt(xi, t j),

L3 = (β + 1)u2
0[ux(x, t) − ux(xi, t j)],

L4 = β
∂u0

∂x
[−uxx(x, t) + uxx(xi, t j)],

L5 = u0[−uxxx(x, t) + uxxx(xi, t j)].
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For L1, we have

L1 = ut(x, t) − ut(xi, t j)

= [ut(x, t) − ut(xi, t)] + [ut(xi, t) − ut(xi, t j)]

= (x − xi) · · · (x − xi+d1 )ut[xi, xi+1, · · · , xi+d1 , x, t] + (t − t j) · · · (t − t j+d2 )ut[xi, t j, t j+1, · · · , t j+d2 , t]

= et(xi, t) + et(xi, t j).

(3.8)

Furthermore, based on the Theorem 1, we have

|L1| ≤ |et(xi, t)| + |et(xi, t j)| ≤ C∗11(hd1+1
x + hd2

t ) +C∗12(hd1+1
x + hd2

t ) = C1(hd1+1
x + hd2

t ), (3.9)

where C1 = C∗11 +C∗12, C∗11 and C∗12 are positive constants.
Similarly, we have

|L2| ≤ |exxt(xi, t)| + |exxt(xi, t j)| ≤ C2(hd1−1
x + hd2

t ), (3.10)

where C1 and C2 are positive constants. For L3, we have

L3 = (β + 1)u2
0[ux(x, t) − ux(xi, t j)] = (β + 1)u2

0[ux(x, t) − ux(xi, t) + ux(xi, t) − ux(xi, t j)], (3.11)

then
|L3| ≤ |(β + 1)u2

0|[|ex(xi, t)| + |ex(xi, t j)|] ≤ C3(hd1
x + hd2+1

t ). (3.12)

Similarly, we get

|L4| ≤ |β
∂u0

∂x
|[|exx(xi, t)| + |exx(xi, t j)|] ≤ C4(hd1−1

x + hd2+1
t ), (3.13)

|L5| ≤ |u0|[|exxx(xi, t)| + |exxx(xi, t j)|] ≤ C5(hd1−2
x + hd2+1

t ), (3.14)

where, C3,C4, and C5 are positive constants. Combining Eqs (3.8)–(3.14), we have

|u(x, t) − u(xi, t j)| ≤ |L1| + |L2| + |L3| + |L4| + |L5| ≤ C(hd1−2
x + hd2

t ),

where C := max{C1,C2,C3,C4,C5}. Thus, the proof is completed.

4. Numerical experiments and discussion

In this study, the generalized modified CH–DP equation (1.1) is numerically solved only for
bell–shaped soliton solutions [39]. Barycentric interpolation basis functions are constructed using
Chebyshev nodes and compared with equidistant nodes to summarize the conditions of stability. The
standard Chebyshev domain [−1, 1] is mapped to the physical spatial interval [a, b] and temporal
domain [0,T ] via coordinate transformation formulas x̃ = b−a

2 x + b+a
2 and t̃ = T

2 t + T
2 . The maximum

absolute error E∞, relative error Er, and convergence orders in space (h∗) and time (t∗) are defined
as follows:

E∞ = ∥Ue − Uc∥∞ = max
k
|Ue

k − Uc
k |, Er =

∥Ue − Uc∥∞

∥Ue∥∞
,

h∗ =
log Ei

Ei+1

log hi
hi+1

, t∗ =
log Ei

Ei+1

log τi
τi+1

,
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where Ue and Uc denote the exact and computed solutions of u(x, t), respectively, Ei represents the
error at the i–th mesh resolution, and hi and τi represent the maximum spatial and temporal step sizes
for the corresponding discretization.

The exact bell–shaped soliton solution for the generalized modified CH-DP equation (1.1) is given
by [39]:

u(x, t) = −
3(β + 2)
2(β + 1)

sech2[
1
2

(x −
β + 2

2
t)].

Subsequently, we present some numerical experiments for specific β values to validate the efficacy and
applicability of the barycentric interpolation collocation method.

Example 1. Let β = 2, we consider the generalized modified CH equation (1.2)

ut − uxxt + 3u2ux − 2uxuxx − uuxxx = 0,

defined on the domain Ω = [a, b] × [0,T ]. The exact bell–shaped soliton solution is

u(x, t) = −2sech2(
x − 2t

2
), (4.1)

with the initial condition

u(x, 0) = −2sech2(
x
2

).

For Example 1, the temporal evolution of bell-shaped soliton solutions for the generalized modified
CH equation are presented in Figure 1. Within the computational domain Ω = [−5, 5] × [0, 0.1],
Figure 2 demonstrates excellent agreement between the numerical solutions computed on uniform and
non–uniform grids against the exact solution in Eq (4.1).
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Figure 1. The temporal evolution of bell–shaped soliton solution for Example 1.
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Figure 2. Numerical solution and bell-shaped soliton solution of the generalized modified
CH equation for Example 1.

(a) Equidistant nodes (b) Chebyshev nodes

Figure 3. Error distribution calculated by different types of nodes with m × n = 51 × 20,
d1 = 4, and d2 = 6 for Example 1.
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Figure 3 depicts the maximum absolute error distributions from the barycentric interpolation
collocation method using equidistant and Chebyshev nodes. It is clear that the numerical solutions
obtained through barycentric rational collocation method approximate the bell–shaped soliton
solution with high accuracy. Notably, the barycentric rational interpolation with Chebyshev nodes
maintains stable numerical precision, while equidistant interpolation exhibits oscillatory behavior, as
shown in Figure 3.

Table 1. Maximum absolute error and relative error calculated by different types of
interpolation method with d1 = 5, d2 = 6, and Ω = [−5, 5] × [0, 0.1] for Example 1.

Error m × n Chebyshev Equidistant m × n Chebyshev Equidistant
18 × 10 3.4602e − 04 1.9104e − 04 30 × 10 9.5774e − 07 2.7444e − 06
26 × 10 4.5201e − 06 6.4967e − 06 30 × 14 8.3786e − 07 2.7797e − 06

E∞ 34 × 10 2.9695e − 07 1.1436e − 06 30 × 18 7.2669e − 07 2.8189e − 06
42 × 10 9.2886e − 08 2.6480e − 07 30 × 22 6.2321e − 07 2.8557e − 06
18 × 10 1.7301e − 04 9.5520e − 05 30 × 10 4.7887e − 07 1.3722e − 06
26 × 10 2.2600e − 06 3.2484e − 06 30 × 14 4.1893e − 07 1.3899e − 06

Er 34 × 10 1.4848e − 07 5.7180e − 07 30 × 18 3.6334e − 07 1.4094e − 06
42 × 10 4.6443e − 08 1.3240e − 07 30 × 22 3.1161e − 07 1.4278e − 06

Table 2. Maximum absolute errors calculated by the barycentric rational collocation method
for different t with d1 = 5, d2 = 4, m × n = 35 × 20 for Example 1.

Node type t = 0.05 t = 0.1 t = 0.5 t = 1 t = 2
Chebyshev 7.2327e − 07 1.3847e − 06 5.5260e − 06 1.3328e − 05 3.1023e − 03
Equidistant 4.7817e − 07 5.4986e − 07 2.0118e − 05 7.7540e − 04 −

Table 3. Maximum absolute errors calculated by the barycentric Lagrange interpolation
method for different t with m × n = 35 × 20 for Example 1.

Node type t = 0.05 t = 0.1 t = 0.5 t = 1 t = 2
Chebyshev 2.2835e − 06 2.3045e − 05 2.1479e − 04 7.0759e − 03 1.7756e − 02
Equidistant − − − − −

The general modified CH equation is solved using the barycentric rational interpolation method
with Chebyshev nodes and equidistant nodes, respectively. Generally, numerical results obtained
through Chebyshev node interpolation display a distinct advantage compared to those from
equidistant node interpolation. As shown in Table 1, increasing the number of nodes in the
x–direction enhances numerical accuracy while maintaining stability. In the t–direction, high
computational accuracy is achieved once the node count exceeds a certain threshold.

Data in Table 2 indicate that the accuracy of Chebyshev nodes interpolation remains relatively
stable as time t increases, particularly under long-term conditions, in comparison to equidistant nodes
interpolation. For example, at t = 2, the accuracy of the Chebyshev nodes interpolation reaches the
magnitude of 10−3, whereas the equidistant nodes interpolation exhibits poor precision and cannot even
achieve the magnitude 10−1.
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In addition, under the same parameter conditions, the barycentric Lagrange interpolation method
is applied to Example 1. With equidistant nodes m × n = 20 × 10, the maximum absolute error
is 2.7073 × 10−2. However, when the number of equidistant nodes increases to m × n = 35 × 20,
numerical calculation results are distorted. These results are presented in Table 3.

From the comparative analysis of the numerical results in Tables 2 and 3, it can be seen that that
when applying the barycentric Lagrange interpolation method, if the nodes are dense or close, the
weights of the basis functions may approach zero or diverge, leading to ill conditioned coefficient
matrices and unreliable interpolation results. Compared with the barycentric Lagrange interpolation
method, the barycentric rational interpolation method solves the problems of Runge phenomenon and
numerical instability, and has better approximation ability and higher numerical stability.

Table 4. Maximum absolute errors and convergence orders calculated by Chebyshev
interpolation nodes with d2 = 6, t = 0.1 for Example 1.

m × n d1 = 5 h∗ d1 = 4 h∗ d1 = 3 h∗ d1 = 2 h∗

21 × 20 6.3283e − 05 8.2930e − 05 7.3608e − 05 2.5556e − 04
27 × 20 6.5546e − 06 9.02 1.5957e − 05 6.56 2.3891e − 05 4.48 1.3213e − 04 2.63
33 × 20 1.9631e − 06 6.01 5.7483e − 06 5.09 8.1517e − 06 5.36 9.8317e − 05 1.47
39 × 20 7.2448e − 07 5.97 2.2407e − 06 5.64 2.9626e − 06 6.06 6.9305e − 05 2.09
45 × 20 3.2094e − 07 5.69 1.2015e − 06 4.35 2.7993e − 06 − 5.0374e − 05 2.23
51 × 20 1.7470e − 07 4.86 6.1141e − 07 5.40 1.7297e − 06 3.85 2.9607e − 05 4.25

Table 5. Maximum absolute errors and convergence orders calculated by equidistant
interpolation nodes with d2 = 6, t = 0.1 for Example 1.

m × n d1 = 5 h∗ d1 = 4 h∗ d1 = 3 h∗ d1 = 2 h∗

21 × 20 1.1954e − 05 5.5658e − 05 1.0240e − 04 2.7866e − 04
27 × 20 5.1873e − 06 3.32 2.2850e − 05 3.54 6.5115e − 05 1.80 1.4551e − 04 2.59
33 × 20 9.4535e − 07 8.48 5.3247e − 06 7.26 2.2270e − 05 5.35 1.0417e − 04 1.67
39 × 20 2.2660e − 07 8.55 1.3657e − 06 8.15 8.0633e − 06 6.08 7.7655e − 05 1.76
45 × 20 1.0624e − 07 5.29 5.9125e − 07 5.85 4.1726e − 06 4.60 5.0052e − 05 3.07
51 × 20 4.7631e − 08 6.41 3.4880e − 07 4.22 3.0822e − 06 2.42 3.5363e − 05 2.78

Table 6. Maximum absolute errors and convergence orders calculated by Chebyshev
interpolation nodes with d1 = 5, t = 0.1 for Example 1.

m × n d2 = 4 t∗ d2 = 3 t∗ d2 = 2 t∗ d2 = 1 t∗

35 × 10 1.4039e − 06 1.3992e − 06 3.5595e − 05 4.9310e − 04
35 × 14 1.3961e − 06 − 1.3951e − 06 − 1.2603e − 05 3.09 3.3613e − 04 1.14
35 × 18 1.3884e − 06 − 1.3881e − 06 − 5.7975e − 06 3.09 2.5431e − 04 1.11
35 × 22 1.3812e − 06 − 1.3807e − 06 − 3.1202e − 06 3.09 2.0433e − 04 1.09
35 × 26 1.3743e − 06 − 1.3742e − 06 − 1.8644e − 06 3.08 1.7068e − 04 1.08

Electronic Research Archive Volume 33, Issue 8, 4603–4624.



4615

Table 7. Maximum absolute errors and convergence orders calculated by equidistant
interpolation nodes with d1 = 5, t = 0.1 for Example 1.

m × n d2 = 4 t∗ d2 = 3 t∗ d2 = 2 t∗ d2 = 1 t∗

35 × 10 5.4626e − 07 5.4518e − 07 6.7844e − 05 1.2511e − 03
35 × 14 5.4822e − 07 − 5.4775e − 07 − 3.5586e − 05 1.92 9.5744e − 04 0.80
35 × 18 5.4940e − 07 − 5.4922e − 07 − 2.1999e − 05 1.91 7.8638e − 04 0.78
35 × 22 5.5024e − 07 − 5.5022e − 07 − 1.4921e − 05 1.93 6.7260e − 04 0.78
35 × 26 5.5088e − 07 − 5.5098e − 07 − 1.0735e − 05 1.97 5.9042e − 04 0.78

Tables 4 and 5 display the convergence rates of the spatial variable for Chebyshev node
interpolations and equidistant node interpolations, respectively, with the time interpolation parameter
set at d2 = 6. Conversely, Tables 6 and 7 present the convergence rates of the temporal variable for
both interpolation methods, with the spatial interpolation parameter fixed at d1 = 5. An analysis of
Tables 3 to 6 reveal that for both Chebyshev and equidistant nodes, the spatial convergence rate is
O(hd1+1

x ) with d2 = 6 and d1 ranging from 2 to 5, while the temporal convergence rate is O(hd2
t ) with

d1 = 5 and d2 ranging from 1 to 4, all of which are consistent with our theoretical analysis.

Example 2. Let β = 3, and we consider the generalized modified DP equation (1.3)

ut − uxxt + 4u2ux − 3uxuxx − uuxxx = 0,

defined on the domain Ω = [−5, 5] × [0, 0.1]. The exact bell–shaped soliton solution and initial
condition are

u(x, t) = −
15
8

sech2(
2x − 5t

4
) and u(x, 0) = −

15
8

sech2(
x
2

).

Consistent with Example 1, Figure 4 displays the temporal evolution of the exact bell–shaped
soliton solutions for the generalized modified DP equation. Figure 5 displays numerical solutions
on 51 × 20 uniform and non–uniform meshes, demonstrating close agreement with the exact solution.
Furthermore, error distributions are illustrated in Figure 6, revealing stable accuracies for Chebyshev
nodes versus oscillatory errors for equidistant nodes.
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Figure 4. The temporal evolution of bell–shaped soliton solution for Example 2.
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(a) Uniform mesh: 51 × 20 equidistant nodes
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Figure 5. Numerical solution of the generalized modified DP equation for Example 2.

(a) Equidistant nodes (b) Chebyshev nodes

Figure 6. Error distribution calculated by different types of nodes with m × n = 51 × 20,
d1 = 4, and d2 = 6 for Example 2.

Furthermore, the data in Table 8 confirm that Chebyshev interpolation exhibits superior stability
and effectiveness over equidistant interpolation when solving the generalized modified DP equation
via the barycentric interpolation collocation method. Analysis of Tables 9 to 12 show that with time
interpolation parameter d2 = 6, the spatial convergence rate achieves O(hd1+1

x ) for d1 = 2, 3, 4, 5. When
d1 = 5, the temporal convergence rate attains O(hd2

t ) for d2 = 1, 2, 3, 4. These results are consistent
with our theoretical analysis.
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Table 8. Maximum absolute errors and relative errors calculated by different types of
interpolation methods with d1 = 5, d2 = 6, Ω = [−5, 5] × [0, 0.1] for Example 2.

Error m × n Chebyshev Equidistant m × n Chebyshev Equidistant
18 × 20 3.3184e − 04 2.4191e − 04 35 × 10 1.2629e − 06 9.6294e − 07
27 × 20 5.9818e − 06 8.5059e − 06 35 × 14 1.2548e − 06 9.6634e − 07

E∞ 36 × 20 1.1792e − 07 8.0333e − 07 35 × 18 1.2474e − 06 9.6785e − 07
45 × 20 2.7009e − 07 1.3389e − 07 35 × 22 1.2408e − 06 9.6838e − 07
18 × 20 1.7698e − 04 1.2902e − 04 35 × 10 6.7352e − 07 5.1357e − 07
27 × 20 3.1916e − 06 4.5365e − 06 35 × 14 6.6923e − 07 5.1538e − 07

Er 36 × 20 6.2889e − 07 4.2845e − 07 35 × 18 6.6528e − 07 5.1619e − 07
45 × 20 1.4405e − 07 7.1409e − 08 35 × 22 6.6175e − 07 5.1647e − 07

Table 9. Maximum absolute errors and convergence orders calculated by Chebyshev
interpolation nodes with d2 = 6, t = 0.1 for Example 2.

m × n d1 = 5 h∗ d1 = 4 h∗ d1 = 3 h∗ d1 = 2 h∗

21 × 20 6.7370e − 05 8.5459e − 05 8.8317e − 05 3.0205e − 04
27 × 20 5.9818e − 06 9.64 1.4568e − 05 7.04 2.5154e − 05 5.00 1.2255e − 04 3.59
33 × 20 1.7525e − 06 6.12 5.4684e − 06 4.88 8.1639e − 06 5.61 9.5680e − 05 1.23
39 × 20 6.5407e − 07 5.90 1.9790e − 06 6.08 2.1493e − 06 7.99 6.4003e − 05 2.41
45 × 20 2.7009e − 07 6.18 9.9255e − 07 4.82 2.6832e − 06 −1.55 4.9146e − 05 1.85
51 × 20 1.4793e − 07 4.81 6.1372e − 07 3.84 1.9701e − 06 2.47 2.6894e − 05 4.82

Table 10. Maximum absolute errors and convergence orders calculated by equidistant
interpolation nodes with d2 = 6, t = 0.1 for Example 2.

m × n d1 = 5 h∗ d1 = 4 h∗ d1 = 3 h∗ d1 = 2 h∗

21 × 20 1.9105e − 05 9.2142e − 05 1.3066e − 04 2.7432e − 04
27 × 20 8.5059e − 06 3.22 2.4156e − 05 3.95 8.5728e − 05 1.68 1.2193e − 04 3.23
33 × 20 1.3376e − 06 8.12 8.9971e − 06 6.65 2.9738e − 05 5.28 8.7081e − 05 1.68
39 × 20 3.5729e − 07 9.22 2.3011e − 06 8.16 1.0163e − 05 6.43 6.7221e − 05 1.55
45 × 20 1.3150e − 07 6.98 7.9949e − 07 7.39 4.7138e − 06 5.37 4.3448e − 05 3.05
51 × 20 7.2048e − 08 4.81 4.9280e − 07 3.87 3.2881e − 06 2.88 3.0374e − 05 2.86

Table 11. Maximum absolute errors and convergence orders calculated by Chebyshev
interpolation nodes with d1 = 5, t = 0.1 for Example 2.

m × n d2 = 4 t∗ d2 = 3 t∗ d2 = 2 t∗ d2 = 1 t∗

35 × 10 1.2595e − 06 1.2401e − 06 8.1056e − 05 1.1223e − 03
35 × 14 1.2543e − 06 − 1.2506e − 06 − 2.8641e − 05 3.09 7.6483e − 04 1.14
35 × 18 1.2472e − 06 − 1.2460e − 06 − 1.3159e − 05 3.09 5.7854e − 04 1.11
35 × 22 1.2405e − 06 − 1.2401e − 06 − 7.0900e − 06 3.08 4.6475e − 04 1.09
35 × 26 1.2342e − 06 − 1.2345e − 06 − 4.2414e − 06 3.08 3.8819e − 04 1.08
35 × 30 1.2290e − 06 − 1.2289e − 06 − 2.7328e − 06 3.07 3.3320e − 04 1.07
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Table 12. Maximum absolute errors and convergence orders calculated by equidistant
interpolation nodes with d1 = 5, t = 0.1 for Example 2.

m × n d2 = 4 t∗ d2 = 3 t∗ d2 = 2 t∗ d2 = 1 t∗

35 × 10 9.6092e − 07 9.6111e − 07 1.5259e − 04 2.8113e − 03
35 × 14 9.6381e − 07 − 9.6278e − 07 − 8.0000e − 05 1.92 2.1514e − 03 0.80
35 × 18 9.6530e − 07 − 9.6421e − 07 − 4.9461e − 05 1.91 1.7671e − 03 0.78
35 × 22 9.6595e − 07 − 9.6489e − 07 − 3.3562e − 05 1.93 1.5117e − 03 0.78
35 × 26 9.6609e − 07 − 9.6506e − 07 − 2.4158e − 05 1.97 1.3272e − 03 0.78
35 × 30 9.6589e − 07 − 9.6485e − 07 − 1.8105e − 06 2.02 1.1864e − 03 0.78

Example 3. Let β = 4, and we consider the generalized modified CH-DP equation (1.1)

ut − uxxt + 5u2ux − 4uxuxx − uuxxx = 0,

defined on the domain Ω = [−5, 5] × [0, 0.1]. The exact bell–shaped soliton solution and initial
condition are

u(x, t) = −
15
8

sech2(
2x − 5t

4
) and u(x, 0) = −

9
5

sech2(
x
2

).

The nonlinear generalized modified CH–DP equation (1.1) is solved via the barycentric
interpolation collocation method. Figures 7–9 present temporal evolution of bell–shaped soliton
solutions, numerical solutions u(x, t) on 51 × 20 uniform and non–uniform meshes, and maximum
absolute error distributions for equidistant and Chebyshev nodes, respectively.
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Figure 7. The temporal evolution of bell–shaped soliton solution for Example 3.
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Figure 8. Numerical solution of the generalized modified CH-DP equation for Example 3.

(a) Equidistant nodes (b) Chebyshev nodes

Figure 9. Error distribution calculated by different types of nodes with m × n = 51 × 20,
d1 = 4, and d2 = 6 for Example 3.

Table 13. Maximum absolute errors and relative errors calculated by different types of
interpolation methods with d1 = 5, d2 = 6, Ω = [−5, 5] × [0, 0.1] for Example 3.

Error m × n Chebyshev Equidistant m × n Chebyshev Equidistant
18 × 20 3.4242e − 04 4.2042e − 04 35 × 10 1.1807e − 06 1.5076e − 06
27 × 20 5.6503e − 06 1.1512e − 05 35 × 14 1.1719e − 06 1.5155e − 06

E∞ 36 × 20 1.3451e − 07 8.5864e − 07 35 × 18 1.1641e − 06 1.5203e − 06
45 × 20 2.4028e − 07 1.7210e − 07 35 × 22 1.1575e − 06 1.5233e − 06
18 × 20 1.9023e − 04 2.3357e − 04 35 × 10 6.5600e − 07 8.3756e − 07
27 × 20 3.1391e − 06 6.3956e − 06 35 × 14 6.5104e − 07 8.4197e − 07

Er 36 × 20 7.4730e − 07 4.7702e − 07 35 × 18 6.4672e − 07 8.4461e − 07
45 × 20 1.3349e − 07 9.5610e − 08 35 × 22 6.4304e − 07 8.4631e − 07
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Table 14. Maximum absolute errors and convergence orders calculated by Chebyshev
interpolation nodes with d2 = 6, t = 0.1 for Example 3.

m × n d1 = 5 h∗ d1 = 4 h∗ d1 = 3 h∗ d1 = 2 h∗

21 × 20 6.6963e − 05 7.8614e − 05 1.2037e − 05 3.5639e − 04
27 × 20 5.6503e − 06 9.84 1.4086e − 05 6.84 2.6204e − 05 6.07 1.1477e − 04 4.51
33 × 20 1.6394e − 06 6.17 5.4092e − 06 4.77 9.2336e − 06 5.20 9.5632e − 05 0.91
39 × 20 6.1459e − 07 5.87 1.8495e − 06 6.42 1.7976e − 06 9.80 6.6989e − 05 2.13

Table 15. Maximum absolute errors and convergence orders calculated by equidistant
interpolation nodes with d2 = 6, t = 0.1 for Example 3.

m × n d1 = 5 h∗ d1 = 4 h∗ d1 = 3 h∗ d1 = 2 h∗

21 × 20 3.8411e − 05 1.6375e − 04 1.8569e − 04 3.1000e − 04
27 × 20 1.1512e − 05 4.79 4.4214e − 05 5.21 1.0785e − 04 2.16 1.2519e − 04 3.61
33 × 20 2.5413e − 06 7.53 1.3289e − 05 5.99 4.2557e − 05 4.63 8.0919e − 05 2.17
39 × 20 5.5095e − 07 9.15 3.4894e − 06 8.00 1.4386e − 05 6.49 6.1823e − 05 1.61

Table 16. Maximum absolute errors and convergence orders calculated by Chebyshev
interpolation nodes with d1 = 5, t = 0.1 for Example 3.

m × n d2 = 4 t∗ d2 = 3 t∗ d2 = 2 t∗ d2 = 1 t∗

35 × 10 1.1711e − 06 1.1146e − 06 1.6253e − 04 2.2534e − 03
35 × 14 1.1710e − 06 − 1.1602e − 06 − 5.7474e − 05 3.09 1.5355e − 03 1.14
35 × 18 1.6390e − 06 − 1.1609e − 06 − 2.6341e − 05 3.10 1.1614e − 03 1.11
35 × 22 1.1568e − 06 − 1.1558e − 06 − 1.4160e − 05 3.09 9.3294e − 04 1.09
35 × 26 1.1508e − 06 − 1.1500e − 06 − 8.4718e − 06 3.07 7.7914e − 04 1.08

Table 17. Maximum absolute errors and convergence orders calculated by equidistant
interpolation nodes with d1 = 5, t = 0.1 for Example 3.

m × n d2 = 4 t∗ d2 = 3 t∗ d2 = 2 t∗ d2 = 1 t∗

35 × 10 1.5061e − 06 1.5084e − 06 3.0514e − 04 5.6105e − 03
35 × 14 1.5138e − 06 − 1.5129e − 06 − 1.5989e − 04 1.92 4.2938e − 03 0.79
35 × 18 1.5187e − 06 − 1.5176e − 06 − 9.8841e − 05 1.91 3.5273e − 03 0.78
35 × 22 1.5219e − 06 − 1.5209e − 06 − 6.7085e − 05 1.93 3.0179e − 03 0.78
35 × 26 1.5240e − 06 − 1.5231e − 06 − 4.8318e − 05 1.96 2.6503e − 03 0.78

Numerical results for different Chebyshev and equidistant interpolation nodes are presented in
Tables 13 to 17. The convergence results are also displayed in Tables 14 to 17. It is observed that for
both Chebyshev and equidistant nodes, the spatial convergence rate is O(hd1+1

x ) with d2 = 6 and
d1 = 2, 3, 4, 5, while the temporal convergence rate is O(hd2

t ) with d1 = 5, d2 = 1, 2. These findings
align with theoretical analysis.
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5. Concluding remarks

In this paper, we present a numerical algorithm based on barycentric rational interpolation for
approximating bell-shaped soliton solutions of the general modified CH–DP equation. The
barycentric interpolant and its differentiation matrix discretize unknown functions without mesh
generation, significantly simplifying implementation. Error estimation and convergence analysis
establish spatial convergence rates of O(hd1−1

x ) and temporal rates of O(hd2
t ) for equidistant

interpolation. Numerical experiments demonstrate the scheme’s efficacy and accuracy in solving the
general modified CH–DP equation, with results consistent with theoretical analysis. Compared to
existing methods, the proposed approach achieves higher accuracy with fewer nodes while reducing
computational costs. We focus on bell-shaped soliton solutions, and in the future, we will investigate
peakon solitary wave solutions and extend this to high-dimensional problems such as nonlinear
parabolic evolution equations [42].
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