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Abstract: In this paper, we consider the Cauchy problem for the two-dimensional anisotropic
inhomogeneous Navier-Stokes equations with mixed partial dissipation, where the density at infinity is
in the state p > 0. We obtain the global well-posedness of strong solutions and the large-time behavior
of the velocity field under the condition that || y/oouo||.2 s sufficiently small. It is worth noting that our
results include the case of vacuum.
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1. Introduction

In geophysical fluid dynamics, Earth’s rotation and the stratification of the atmosphere and oceans
introduce pronounced anisotropic features into fluid flows. These anisotropies, prevalent in fluid
mechanics, significantly shape flow dynamics. For example, in turbulent flows, the interplay between
inertial and viscous forces results in distinct behaviors across different spatial directions, thereby
influencing flow structure and the transport of momentum and heat. For further background,
see [1-3]. To study these anisotropic behaviors, the anisotropic Navier-Stokes equations are widely
employed, as shown below:

o1+ div(ou) = 0,
(pu); + div(pu ® u) — 1 Aju — 07w + VP = 0, (L1
divu = 0, ’

(0, pW)i=0 = (o, PoUo),

where u = (uy,uy,...,u,)(x,t) with x € R” represents the fluid velocity field, p = p(x,t), and P =
P(x,t) are the density and pressure of the flow, respectively. The operator A, = Z?;ll 8? is defined
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as the horizontal Laplacian, while > = 92 represents the partial derivative with respect to the n-th
coordinate. The coefficients u; and u, are viscosity coeflicients associated with the fluid dynamics.

When y; = p, > 0, the system reduces to the Navier-Stokes equations with standard dissipation,
whose well-posedness and large-time behavior of solutions have been extensively studied. When
away from vacuum, Kazihov [4] proved the global existence of three-dimensional weak solutions.
Subsequently, Antontsev et al. [5] established the local existence and uniqueness of three-dimensional
strong solutions, which were later extended to global solutions by Ladyzhenskaya and Solonnikov [6]
and Salvi [7]. In the presence of vacuum, the problem becomes more complex. Initially, Simon [8]
established the global existence of weak solutions. Choe and Kim [9] proposed a compatibility
condition to prove the local existence and uniqueness of strong solutions in three-dimensions. Later,
Liang [10] established a blow-up criterion to prove the local existence of strong solutions for the
two-dimensional Cauchy problem, and Lii et al. [11] extended these local solutions to global ones. In
succession, Huang and Wang [12] proved the global strong solutions in a two-dimensional bounded
domain with Dirichlet boundary conditions. Most recently, Liu [13] established the optimal decay
estimates for the two-dimensional inhomogeneous Navier-Stokes equations. For more related
literature, see [14—16] and the references therein.

When the viscosity coefficients in system (1.1) are unequal or partially vanish, it is frequently
used to simulate geophysical flows and has produced numerous intriguing results. In particular, when
> = 0 and the density p is constant, this three-dimensional model garners considerable attention from
scholars. The seminal work was conducted by Chemin et al. [17], who established the existence of
local solutions and the existence of global solutions under the smallness condition of ||ug||zos (s > %).
Subsequently, Paicu [18] demonstrated the existence of global solutions in the anisotropic Besov space
B%> within the L? framework. Building on this, Chemin and Zhang [19] and Zhang anszlang [20]

extended these results to the more general L” framework of anisotropic Besov spaces BI_,1er for2 <
p < oo. For more related results, we refer to [21,22]. More recently, Liu and Zhang [23] showed that
the system admits a unique global solution as long as the one directional derivative of the initial velocity
is sufficiently small in some scaling-invariant framework. They also established the existence of global
large solutions when the initial data varies slowly. Additionally, when the density is constant, some
interesting results have also been obtained in the two-dimensional case. Regmi and Wu [24] established
the global well-posedness of classical solutions for three distinct types of partially dissipative systems
with large initial data. Shang and Zhou [25] demonstrated the stability and large-time behavior of
solutions for a 2D mixed partially dissipative system. Dong et al. [26] examined the stability and
exponential decay of solutions for a system with p, = 0 in the domain T X R, where T denotes a
one-dimensional periodic box.

When the density is non-constant, the well-posedness and large-time behavior of solutions to
system (1.1) are relatively limited in the existing literature. Hao [27] established the global
well-posedness of strong solutions to the three-dimensional Cauchy problem under the conditions that
the viscosity coefficient u, is significantly larger than the initial data and u;, and the initial density is
near a positive constant. Recently, Paicu and Zhu [28] extended the results of [23] to the
inhomogeneous Navier-Stokes equations. However, to the best of our knowledge, the well-posedness
of nonhomogeneous systems with partial dissipation is still an open question. Therefore, we aim to
address this issue.

We consider the two-dimensional anisotropic Navier-Stokes equations with mixed partial
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dissipation, which are given by the following system:

po; +div(pu) = 0,
puy, + pu - Vuy — udsu; + 0P =0,
puy +pu - Vu, — ,uc?fuz + 62P =0, (12)
diva =0,
(0, pW)|=0 = (p0, Polo),
with far field state satisfying

u(x,t) > 0, p(x,1)—p >0, as|x] > . (1.3)

In this paper, we investigate the global well-posedness and the large-time behavior of strong solutions
to systems (1.2) and (1.3).

Before stating the theorem, we first introduce some notation conventions throughout this paper. We
assume u = 1 without loss of generality. We denote by L™ the usual scalar-valued and vector-valued
L™ space over R?. For k > 0,1 < m < oo, we use the following simplified notations for the standard
Sobolev spaces:

Wk,m =1"N Dk,m Hk — Wk,Z.

For all f € L' N L*(R?), the Fourier transform of f is defined as

{ Dk’m = {u S L}OC(RZ) : ||Vku||Lm < OO},

FFx) = fx) = f F@e ™ de,
RZ

and it holds that || f ||i2 = |If ||i2. Additionally, for a < b, this notation indicates that there exists a
uniform constant C, which may vary from line to line, such that a < Cb.
Now, the main theorems are presented below.

Theorem 1.1. Assume that (py, ) satisfies for some q > 2,

0<py<p, po—p€H NWIR?,

1.4
Vooug € L*(R?), Vuy € H'(R?), divugy =0, (19
and the compatibility condition
—ud3urg + 01Py = \pogi, (1.5)
—pdiury + 0,Py = \pogo, ’

for some Py € H' (R?) and g = (g1, g>) € L*(R?). Then there exist a time Ty > 0 and a unique strong
solution (p, ) to the initial boundary value problems (1.2) and (1.3) satisfying

p—p € C(0,Tol; H n WH(R?)),

Vu € L0, To; H'(R?) N L*(0, To; H' (R?)),

\/ﬁut e L=, Ty; LZ(RZ)) N LZ(O, To; Lz(Rz)), (1.6)
VP e L0, Ty; LZ(R2)) N LZ(O, To; Lz(Rz)),

Vu, € L*(0, To; L*(R?)).
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Notably, the presence of nonlinearity and vacuum in the inhomogeneous Navier-Stokes system,
combined with partial dissipation in (1.2) and (1.3), significantly complicates the problem. To establish
local well-posedness, inspired by [25], we first derive the estimates for the anisotropic Stokes problem
by leveraging the inequality ||[V**'u||;> < C||V*w||;2, where w = 8>u; — 8,u, represents the vorticity. For
the detailed process, see Lemma 2.4. Then, utilizing Lemma 2.2 and (1.3), we proceed to the proof,
with specific details provided in Section 3.

Building upon the local solution, we establish the global well-posedness and the large-time behavior
of the solution as follows:

Theorem 1.2. Assume that initial data (oo, W) satisfies (1.4) and (1.5) with g € (2,4), in addition to
u) € H°R*>) with o € (q;qz, %]. Then, there exists a sufficiently small constant n, which depends only
on i, p, |IVugllg w2y, and |lpo — Pl awraw2), such that if

Il Vool gz < 7, (1.7)

then the systems (1.2) and (1.3) admit a unique global strong solution (p,n) satisfying that for ¥V 0 <
T<T < oo,

p—peC(0,T];H' n WH(R?),

Vu € L*(0,T; H'(R?)) N L*(0, T; H'(R?)),

vou, € L*(0,T; L*(R?)) N L™(0, T; L*(R?)),

VP e L=(0,T; L*(R?)) N L*(0, T; L*(R?)),

tVu € L=(z,T; H'(R?)), > \Jpu, € L™(z,T; L*(R?)),
*Vu, € L(1,T; L*(R?)), *'VP € L=(0, T; L*(R?)).

(1.8)

Moreover, there exists t, such that the following decay rates hold when t > t,:
M, Dl s, < CCL+ 577,
”VU(', t)”iZ(RZ) < C(l + t)_1_0-+8’ (19)

||V2u(-, t)lliz(Rz) <C( + t)—2—0+,9’

where C depends only on p, p, llpo — Pllmawiege), and |[Wollpewe), and € is a sufficiently small
positive constant.

It is well-known that establishing the boundedness of Vu in L!(0, T; L) is essential to proving
global well-posedness.
Unfortunately, for partially dissipative systems, the elliptic estimates do not yield for p > 2,

IV2ull + [IVPllr < Cllow s + Cllou - Vullp. (1.10)

By invoking Lemma 2.4 and using interpolation, we find that the estimate ||Vp||.» is unavoidable. From
the mass equation, we observe that ||Vp||.» and for |[Vul|.~ dt are interdependent and from (3.31)
d
d—t”VP”Lq < IVl [IVpll e
1 1
< IVl LIV ull, Vol e (1.11)

q=2 1

3 1 92 1 1 1
< IVl IVl 2 19, + [Vl VL 19l + -
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It is noted that the exponents in the higher-order estimates of ||[Vu,||;> in (1.11) are relatively small,
which poses difficulties in achieving the boundedness of flT |[Vul|,~ dt through the usual
time-weighting. In light of the aforementioned difficulties, we need to propose new ideas to close
the estimates.

To overcome these difficulties, we impose smallness on || y/joou||;2. Subsequently, through energy

. . ) . T
estimates and weighted-r estimates for |[Vul/;2, we obtain the smallness of fo ||Vu||i2dt and

SUP,e(0.7] IIIVUIIEZ, thereby avoiding the smallness requirement on ||[Vpo|l,». Meanwhile, inspired by
Schonbek’s work [29] on utilizing frequency decomposition to obtain the large-time behavior of the
velocity field, we assume that uy € H~“ and we simultaneously employ this method to derive the
decay rate of || 4/pull;2. Based on this analysis, we then leverage the decay of the velocity field to
update the decay rates of its derivatives, thereby effectively overcoming difficulties. For the detailed

process, please refer to Section 4.

Remark 1. It should be noted that the similar ideas in this paper can be applied to the following
magnetohydrodynamic equations with mixed dissipation, as well as to analogous systems.

p; + div(pu) = 0,

pui; + pu - Vuy — udju; + 6P =b - Vb,
puy +pu - Vuy — ,u@%uz +0,P=b-Vb,,
6,b1 +u-Vbh, - V@%b] =b-Vu,,

6,]92 +u- Vbz — V@%bz =b- Vuz,
divu=0, divb =0.

(1.12)

Remark 2. In this paper, to establish global well-posedness, we impose a compatibility condition to
derive the decay rate of || y/oul|;2. It is natural to study the global strong solution without (1.7), which
we leave for future research.

The rest of this paper is organized as follows: In Section 2, we gather some basic inequalities and
Stokes estimates that will be used in subsequent analysis. In Section 3, we focus on establishing the
local well-posedness of the solution. Ultimately, in Section 4, we obtain the global well-posedness of
the solution, thereby completing the proof of Theorem 1.2.

At the end of this section, we explain the notation and conventions throughout this paper. We
assume u = 1 without loss of generality. We denote by L™ the usual scalar-valued and vector-valued
L™ space over R?. Additionally, for a < b, this notation indicates that there exists a uniform constant
C, which may vary from line to line, such that a < Cb.

2. Preliminaries

In this section, we present several frequently used inequalities and conclusions that will be
employed in subsequent proofs.

Lemma 2.1. ( [30])(Gagliardo-Nirenberg inequalities) For q € [2,0), r € (2,00), and s € (1,0),
there exists some generic constant C > 0 that may depend on g, r, and s such that for f € H' and
g € L* N D', we have

1AL, < CIARNVAIS2, (2.1)
llgllzs < Cllgll}y 2/ st g g 2r/Grest=2), (2.2)
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Lemma 2.2. ([31]) Suppose that 0 < p < p andu € H', then we have

I Voull7, < CE)(1 + 1l vpull)llullg A2 + [[ull?,), (2.3)

where and in what follows, we sometimes use C(f) to emphasize the dependence on f.

Lemma 2.3. Let u be a divergence-free vector function, then ¥ k > 0,
IVl < (V¥ o2, (2.4)

where w = druy — 01uy.

Proof. We can derive the result by employing the properties of the Riesz operator, along with the facts
that the velocity divergence is zero and —Au = —Vdivu — V*w, where V* = (9,, —0;). O

The last lemma gives the uniform regularity estimates for solutions to the anisotropic Stokes
equations. The proof is similar to the classical results, and we provide a brief proof here.

Lemma 2.4. Assume that (u, P) is a smooth solution to the following anisotropic Stokes system:
—8§u1+6]P:f1, X € Rz,

—6%142 + 62P = fz, X € Rz, (25)
divu =0, x e R

Then for N £ = (fi, f») € H', it holds that
IV?ull2 + IVPlz2 < CIIfll 2, (2.6)

and
IVull2 + [IV2Pll2 < CIIVE| 2. 2.7)

Proof. To begin, we take the inner product of (2.5); with 87u; and the inner product of (2.5), with d7us.
Adding these two results together and applying integration by parts, we obtain

1010211112, + 18T ually> < CIIfll2I1Vull 2, (2.8)
where we have used
0\POuidx + | 0,POTurdx = 0. (2.9)
R2 R2
Similarly, we can also obtain
105u1ll2> + 18102uall7> < CIIfll2]1Vul] 2. (2.10)

Based on the fact (2.4), we can therefore obtain
IV2ull}, < 2310517, + 1101021217, + 110102u 117, + 116 uall7,) < CIIEI,. (2.11)
Applying 0, to (2.5), and 9, to (2.5),, and then adding them together, we can derive that

AP = divf + 020 ,u; + 0,0%us, (2.12)
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i.e.,

P = —(=A)"'divf — (=A)'030,u; — (—=A)'0,0%u,. (2.13)

By classical estimates in harmonic analysis, we have the following conclusions:
IVPIl2 < C(Ifll2 + 11Vull2). (2.14)

Therefore, by combining (2.11), we arrive at (2.6). For (2.7), it is similar to (2.6), and we omit the
details here. O

3. Local well-posedness

In this section, our objective is to demonstrate the local well-posedness of the system. We begin in
Section 3.1 by obtaining uniform a priori estimates for smooth solutions. Subsequently, employing the
standard linearization process, we proceed to establish the proof of the local solutions in Section 3.2.

3.1. A priori estimates

To begin with, since (1.2), is a transport equation, following the standard procedure, we have that
forall0 <t < Ty,

0<p<p, llo—plls =llpo = pllzs, 2 < g < oo (3.1

In what follows, we shall establish the fundamental energy inequalities:

Lemma 3.1. It holds that

To
sup [[ypull7, +f IVull?.dt < || Voouoll2.. (3.2)
0

t€[0,T]

Proof. Multiplying (1.2), , by u and integrating by parts over R? yield that V 0 < 7 < T,

1d
—— | plufdx+ f |01 1o dx + f |0,u1)* dx = 0. (3.3)
2 dt R2 R2 R2
Observe that
[Vulf?, < fz(aluz — 0quy)* dx < 2(|62u][3, + 101ua]1}2). (3.4)
R
Thus, (3.3) and (3.4) imply (3.2), and the proof of Lemma 3.1 is completed. O

Next, we aim to derive uniform estimates and weighted-in-time estimates for ||Vul|;« 7.72).

Lemma 3.2. There exists a constant C depending only on ||Vug||y1, 1, p, and p, such that for0 <t < T
andi=0,1,

To
sup (£[Vul?,) + f £l vpuldr < C. (3.5)
0

1€[0,To]

Proof. First, multiplying (1.2), , by d,u and integrating over R? leads to
1d 2 2 2
——( | |01ua]"dx + |Ouq |“dx) + plul"dx=—- 1| (pu-Vyu-uwdx. 3.6)
2 dt R2 R2 R2 R2
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Using Young’s inequality, (3.2), and (2.1), we obtain

| fz(pll - Vu - wdx| |l vowllz2ll vou - Vul| 2
R
1 2 2 2
Szll voull, + CllvpullLlIVully,
1
SEII Vowl[, + Cll vpull2, [Vl 2] Vull 2.

Substituting (3.7) into (3.6), we have

1d
Ed—t(llaluzlliz + 11021 117,) + | Vol < Cllvoullr [Vull 2V ull 2.
Utilizing Lemma 2.4, we derive from (3.2) that

IV2ullz +IVPll2 < C (lowl + llow - Vul|2)
1 1
< Clivpudllz + CllVoull[Vull L IV2ullZ,

< Cllvpullzz + Cll ypullZ, ||Vl + %”Vzulle-
Substituting (3.9) into (3.8) yields
1d 2 2 2 4 2
Ed—t(llaluzlly +102u1ll72) + | Vo> < Clivpull[IVully,.
Considering (1.3) and (3.1), we can obtain

p f lufdx = f plul*dx + f @ — p)luldx
RZ RZ RZ

< lIvpull?, + Clip = pllz2lull 2] Val| 2
3
< I vpull3, + Cl[Vull?, + illulliz,

and we combine with (3.2) and (2.3) to yield

d
d—t(llf%uzlliz +102ull7,) + | VoulI7, < [IVull7,(1 + [[Vul[2,) In(C + || Vul[,).

2~

Set
g() 2 C +01uwll;, +110suill2,, (C > 2)

12

then from (3.11) and (2.4), we can deduce that

g'(1) < CIIVull7,¢(1) In g(1),

i.e.,
(Ing(t)) < C|IVull7, In g().

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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By applying Gronwall’s inequality in conjunction with (3.2), we arrive at the conclusion that

sup Ing(r) < C.

1€[0,To]
Hence, we get that
2 2 2
sup [[Vull;, <2 sup (|0 ull> + [102u1l;2) < C. (3.13)
1€[0,To] 1€[0,To]

Integrating (3.11) with respect to ¢ together with (3.13) leads to
To
fo | Vowll?, + IV*ull},dt < C. (3.14)
Finally, applying the operator ¢ to (3.8) and combining (2.1), we can obtain

—(lllaluzlle + tl621117.) + Al Voull7. <l VoulllIVull?, + [|VullZ,

< dul|% ]Vl + [Vull7,

(3.15)

Combining (3.2), (2.4), and Gronwall’s inequality, we obtain the weighted-t estimate. Thus, we
complete the proof. O

Naturally, we have the following time-weighted estimates on || \/ﬁutlli2

Lemma 3.3. There exists a generic positive constant C only depending on p, u, ||+poouoll;2, and
[IVagl||g such that for j =0,1,2,

To
sup (tfllx/_u,||L2)+f VlIVu,|,dr < C. (3.16)
t€[0,T9]

Proof. First, operating 9, to (1.2), and (1.2); yields that
puiy +pu - Vuy, — Opuy; + 01 Py = —psuy; — (o), - Vuy, (3.17)
Pz + pu - Vg, — Oy + 2Py = —pyty, — (pw), - Vuy. '
Multiplying the (3.17) by u,, we obtain after using integration by parts and (1.2), that

1d
2dt

— —2‘[R2pll'Vllz'llzdx— ‘fRzpu.V(qu-u,)dx (3.18)

ou; - Vu - udx = H;.
- [ pu-vueu, 3

i=1

plu,lzdx+f |52M11| +|61M21| dx

By employing (2.1) and (3.9), we proceed to estimate each term on the righthand side of (3.18) in
the following:
|Hi| < 2]l Vullzs |l Vo4Vl 2

1 3
< Vil Voullzs I viowl  lull
< ||Vut”L2”\/_u||L4”\/_ut||L2(”\/—ut”L2 + [[Vull2)7 ”Vut”Lz
< EIIVuzlle + Cll voullll Voull?..

(3.19)
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where we have used
||ut||22 < C(ﬁ) || \/Eut”22 + ||,0 }5”22” ;ut”zz
L L L L

) ) (3.20)
< C(llvowliz, + IVu,).

Similarly, we have

|Hy| < fR (olullVuPu| + pluPIVullu| + pluP(Vul Vu,)) dx
< Il VIR yAu s + [l IVl Vgl + [l 92l Bl
< I IVl 92l B 2 Va1, + 190l a2Vl 9]l (3.21)
+ Il IVl 1Vl [V

1 4 2
< E”Vllt“iz + CIIVUIIizIIVZHIIZZII Voull), + ClIVull7,(IV?ul?

L2°

and )
|H3| < [|Vull 2] Vou[7

1
< VU2l VoL, (1l voullzz + 1IVullz2)? (Va2 (3.22)
1
< glqutlliz + ClIVul 21l Vo7,

Substituting (3.19), (3.21), and (3.22) into (3.18), gives

d
d_ pl“t|2dx + f |62u1,|2 + |61u2,|2dx
t R2 R2

< ClIVullL, |l Vowll7, + ClIVullZ,[IVul7,.

(3.23)

From the compatibility condition (1.5), we define, for j = 0, 1,

Vouj(x,t =0) = —g; — vpouo - Vu,p. (3.24)
By applying Gronwall’s inequality along with (2.4) and (3.24), we can derive the case for j = 0

in (3.16).
Next, multiplying (3.23) by ¢ and combining (3.9), it thus follows that

d
— (1 f plu,Pdx) + 1 f 1O2ur® + 1011421 dix
dt R2 R2

(3.25)
< Ctll Vo2, IVully, + CAIVullf, + || voull7,.
By using Gronwall’s inequality and combining with (3.5) leads to
To
sup Bl + [ ol + ol < (3.26)
1€[0,To} 0

Similarly, we weigh (3.23) by > again and then apply Gronwall’s inequality to obtain the case for j = 2
in (3.16), thereby completing the proof. O
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We will employ Lemmas 3.1-3.3 to establish bounds on the L'(0, Ty; L™)-norm of Vu and to
estimate the gradient of the density.

Lemma 3.4. There exists a generic positive constant C depending on p, u, || yoouollz2, and |[Vug|z
such that Vg > 2

To
sup |l = pllaiawta + f IVul|z~ds < C. (3.27)
t€[0,To] 0

Proof. First, by using Lemma 2.4 and the Gagliardo-Nirenberg’s inequality, we obtain the following:

IVull,z +[IV2Pl2
< [IV(ou; + pu - V)| >
< IVpu i + Va2 + Vo - Vallz + [[Va - Vall2 + [[u - Vull2
S IVPllzliudl 2 + NIVl + 1[Vollzolull[[Vall 2

(3.28)
+ (IVull7, + [l [|Vull»
a2 2 1 o2 b
S IVPllea(iadll 2 IVl + [l L1Vall 3 (V7] S + (Vg
1 3
+ [IVull [ V2ull + [fall %[ Vull2,.
Therefore, by the Gagliardo-Nirenberg inequality, we can obtain that for V 0 < ¢ < T,
1 1
IVull= < CIIVull%[IVull,
1 1 a2 2 1 . N
< IVl IVl (LS IVwlE, + a2, [ Vall 2 (V2] )2 (3.29)
1 1 1 1 1 3
+ IVl VW, + [Vall2 V2l + a1Vl 92l
Since (1.2),, standard calculations show that
d
d—tllelqu < Cl[Vullz[[Vpl|zs- (3.30)
By substituting (3.29) into (3.30), we can derive
d vl T a2l
1Pl < IV IVl a2 IV, + il Vall2 (9l
(3.31)

1 1 1 1 1 3
1 1 . L 1 L3
+ (IVull L[Vl 7, + [IVall2 IVl + [l IVl LVl ) Vel
2
< IVpliz, + (),

where by utilizing Lemmas 3.1-3.3, we can readily obtain that a() € L'(0, T;) and denote fOTO a(t)dt =

C;. Then there exists Ty = for which we have

1
4(C1+IVpollza)’

sup |[Vo(@D)lle < 2(Cy + [IVpollre), (3.32)
IE[O,TQ]

and from (3.32) and (3.29), we also have

To
f [|Vul|;~dt < C(Ty). (3.33)
0
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Similarly, by using (1.2),, (3.33), and Gronwall’s inequality, we can derive that

To
wpwmgﬂmmmwﬂéf meﬁ
0

te[0,To]

(3.34)
< ClIVpollz-

Combining this with (3.1), we thus complete the proof of Lemma 3.4. O

3.2. The proof of Theorem 1.1

Based on the a priori estimates in Section 3.1, we present the proof of the local well-posedness of
the systems (1.2) and (1.3).

Proof. Following the standard procedure, we linearize the system and construct a sequence of
approximate solutions via successive iterations. Let € > 0 be a small parameter and function
We(x) = € 2y(x/€) with ¢ satisfying

Y >0, yeCyR?) and fgbdle.
R2

We define .
e * po + €p
1+e€
and satisfy divag, = 0, lim._ [[uge — Wollp2z2y = 0, and lim._ [|ooe — polliawrag2) = 0. Next, we

construct the approximate system for (1.2) and (1.3) by u® = uy, as follows:

Upe = we * Ug, Poe = ’ (335)

o® 4 ulD . yp® = 0,

p(k)atu(lk) + pPyp*-b. Vu(lk) +0,P% — ng(lk) =0,
k _ k k

p(k)a,u;) + p®Ouk-D . Vu(z) + 0, PP — aﬁu;) =0,

V-u® =0.

(3.36)

By combining the theory of linear evolution equations and Lemma 2.3, we can obtain the existence and
uniqueness of the solution (p®, u®) such that (p®, u®) € C*(R? x (0, T]). Moreover, in conjunction
with the a priori estimates from the previous section, it follows that up to extraction of a subsequence,
it converges to some limit functions (p, u) in the following weak sense:

p® —p = p—p, in L0, To; H' N W),

vu® & va, in L0, Ty, HY),

Vol — vu, pful — vou,, in L*0, Ty; L),
Voru® = \pu,, in LX(0, To; L),

vPbO VP in L0, To; L),

VPO VP, in LX0,Ty; L?).

(3.37)

Therefore, following a standard procedure as in [9], we can obtain that the limit functions (p,u) are
strong solutions to the system (1.2) and (1.3).
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The uniqueness of local solutions is similar to the method in [22], and thus we omit the details here.
For specific details, please refer to [22]. Therefore, the local well-posedness of the solutions to the
systems (1.2) and (1.3) is proven.

O

4. Global well-posedness

Based on the local well-posedness established in the previous section, we present the proof of the
global well-posedness of the systems (1.2) and (1.3) and also obtain the decay rate of the solution.
In this section, the constant C is used to denote a generic constant that depends solely on

s P, [IVuollg, and llpo = Pl awa-

Proposition 4.1. Let M = ||Vpg||;s, where g € (2,4). Under the condition of Theorem 1.2, there exists
a constant 7 such that if (o, u) is a smooth solution to the systems (1.2) and (1.3) on R? x (0, T) and
satisfying the following inequality holds:

sup |[Vpllzs < 4M, 4.1)
te[0,T]

then it can be deduced that
sup [[Vplls < 2M, 4.2)
1€[0,T]

provided || yjoouol2, < 7.

Proof. The core of the proof of this proposition lies in utilizing the smallness condition to obtain
a uniform norm estimate for Vu in L'(0, T; L) that is independent of time 7. The proof of this
Proposition can be easily derived from Lemma 4.6. O

Lemma 4.2. There exists a constant C that depends only on u, p, and ||Vug||g such that for all t > 0,
the following inequality holds:

T
sup || ypull?, +f IVull?,dr <7, (4.3)
1€[0,T] 0
T
sup (tlqulliz)+f I voull;.dt < Cn, 4.4)
1€[0,T] 0
T
sup (t2||\/ﬁut”iz)+f £lIVu,|[7,dr < Cn, 4.5)
1€[0,T] 0
T
sup [|Vull?, +f | vow|[>.dt < C, (4.6)
1€[0,T] 0
and
. T .
sup ([ Voudll2,) +f YIIVul7,dr < C, (j=0,1) 4.7)
1€[0,T] 0

under the assumption that || \/Poll0||iz <n
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Proof. First, we can directly obtain (4.3) from (3.2), under the assumption of condition (1.7). Thus, we

can obtain fOT ||Vu||i2 dt < n. We then combine this with (3.15) to derive (4.4). For (4.5), we use (3.23)
and (4.4) to get (4.5). Finally, since the estimates from (3.5) and (3.16) are uniformly bounded and
independent of 7, it follows that (4.6) and (4.7) hold for V¢ > 0. O

Next, we provide the decay estimate for || y/oul|;> and [[ul|;>. Before doing so, we first present the
following auxiliary lemma.

Lemma 4.3. ForV & = (¢1,&) € R and t > 0, it holds that

[, 1)] < e~ mMERER G & p)|

4 . 4.8)
+C f e mnE R0 (| lul 2, + || ol + [IVull2 + IVal,)dr,
0
where a = % > 0.
Proof. First, rewrite Eqgs (1.2),—(1.2), as follows:
uy, — adjuy + adi P = —u - Vuy — a(p — p)u - Vuy + alp — p)uys,
Uy — adiuy + adrP = —u - Vuy — a(p — pyu - Vuy + a(p — p)ua, (4.9)

diva = 0.
Applying the Fourier transform to (4.9), we obtain
iy, + aléPiy = —aié P = F (- Vuy) — aF (o — pyu - Vuy) + aF (o — phusy),
iy + alé\ iy = —ai&; P — F(u - Vuy) — aF (p — p)u - Vun) + aF (0 — pluzy), (4.10)
&l + &y = 0.

Taking the inner products of (4.10), and (4.10), with #; and f,, respectively, conjugating (4.10),
and (4.10), and then multiplying them by i, and i,, respectively, and finally summing them up,
we obtain

Ot + 2al&: i P = —ai& Pl + aié Py — F(u-Vuy) - iy — F(u - Vay) - iy
—aF ((p—pya-Vuy) -, —aF (o —p)u-Vuy) - iy 4.11)
+af ((p = Phury) - by + aF ((p = Phuy,) - iy

il + 2alé, Pl = —ai& Pl + aiérPi, — F(u- V) - o — F(u - V) - ity
—aF ((p—pu-Vuy) - ity —aF (o — p)u - Vuy) - il (4.12)

+af (o — puy) - oy + af (o — puz) - ily.
Adding (4.11) and (4.12) together and based on (4.10);, we obtain

Ailaf® + 2amin{|&, [, &Y al
< —77(11 . Vll,') . fli - ‘7:(11 . Vll,') . I//\t,'
—aF (o -y - Vay) - B — aF (o — pyu - Vagy) - (4.13)

12
+aF (p ~Phw) - b+ aF (o — ) - i = ) Ki.
i=l
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By using the fact that the divergence of the velocity field is zero, we can obtain

K+ Ky + K3 + Ky S (IF (u- Vuy) + |F (u - V)|l |

R 5 in 4.14)
< Elllwal[ i < |€llall7, .
Similarly, we have
Ks + Ks + K7 + K < (IF (0 — p)u - V)| + [F (0 — p)u - Vuy))l2|
< o = pll2 IVl || 4|l
4.15)

1 1
2 3 3 1A
< Vol Va2l |2
1
S (IVpwl7, + IVull)lVull 2 fal,

and

Ky + Ko + K11 + Kiz 5 (IF (0 — pluzg)| + |F (0 — p)ui)Dlil
< llo = pllzz Il 1al (4.16)
< (IVewdlzz + IVl z2)l.
Inserting the bounds of K; through K, into (4.13), it leads to

Oilal® + 2amin{lé P, I al* < CAElllg + Nl vowllz + 11Vl + [1VullZ)lal. (4.17)

Combining this with Gronwall’s inequality, we arrive at the desired result (4.8). O
Subsequently, we employ Schonbek’s method [29] to establish the decay rates.

Lemmad4.4. Letuy € H witho € (%, %]. Under the condition of Theorem 1.2, there exists at; > 1

such that for any t > t,, the following holds:
| Voull7, + llall}, < C(1 + 17", (4.18)

where € is a sufficiently small positive constant.

Proof. Let
S(1) = {£ e Rl < M(1)), (4.19)

with M(#) > O to be chosen later. By invoking Plancherel’s theorem and employing a frequency
decomposition, it holds that

IVul?, > f EP1acE)Pdé
[E1=M (1)

> M (1) a(¢)1Pd¢
€=M (4.20)
= M*(0)llull}, — M*(1) a(¢)1Pd¢
=M@
= aM* (1)l vpully, + aM* )P = plullly — M) ()¢

IEl<M ()
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Substituting (4.20) into (3.2) and utilizing (4.8), we derive

d
7 Voully, + aM?(@)l| ypull},

< CM*(1) a(€)Pdé + CM*ONIE — p)ulll
E1<M()

< CM(1) e 2emnlaR ey @)Pdg + CMPDIIP = pllz2Ilull,z | Vull 2 @21
lE1<M(1)

! ) 2
+ CMz(t)f (f e—amln{lfl|2,|§2|2}(t—‘r)(|ér|”u”i2 + ” \//_ﬂlt”Lz)dT) df
IE1<M (1)

! , 2
+CM) | (| e mMeRERED (I ul: + [Vl )dr) dé.
IE1<M(r) t

We first take
m

M@ = (a(e T+ 1) log(e + r))i’

with m > 1 in (4.19), and subsequently multiply (4.21) by log” (e + t) to derive the following

d
—(log"(e + D]l ypu (o))

log" "™ (e + 1) log" (e + 1)
<22 T g2, - = f lul[}.d7)?

( +t)1+(r ( +l)3
log" (e + 1) " (e + 1) )
+ 2|| V|2 + — ||V
r NPVl + =SVl
log" (e +1) ("
—g(e el f Ivowllz: + IVulR, + [Vl 2dr)? (4.22)
0
lOgm 1- "(e+t) s IOgm_3(€+t) 4
log”' (e +1) log" '"*(e +1)
+log"(e + ¢ 2
g e+ DINPUIl = 4 =S

log" (e + 1) N log" (e + 1)
(e + 1)? (e +1)

(j: Vol + [IVully, + [IVull7.d7).
By employing Gronwall’s inequality over (0, #) and using (3.2) and (3.5), we can obtain

Il ypul%, < Clog™ (e + ). (4.23)
Next, we update the decay rate by setting

M(z) = ( )2,

(+t)
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with m > 01in (4.19), and then multiplying (4.21) by (e + )", we obtain the following

d
e 0"l vpull})
t
t
< Cle+ 0" lugll7,., + Cle + t)’"_zf |[ull},d7
0

1t + 1)

1
+ (e + )"l Vpull, = T tew 1" log! (e + 1)||Vull7,
e

t
+ Cle + )" |[Vul7, + Cle + t)m_z(f low |2 +[Vull?, + [Vu,ll2d7).
0

Using Gronwall’s inequality and taking m = o — € leads to
(e + 17| ypull7,
t S
S o-1-1g
< C(IVpouoll?, + lhwoll?,-) + Cf (e+5)7? f |lu|l},d7ds + C(e +1)72"2
0 0
t N
+C f (e + )77 f lowllz> + IVully, + [IVu,ll2d7)*ds
0 0

!
Sl+(e+n'™ f log™ (¢ + T)(e + 1) (e + T)"~°|| ypulldt + (e + )7 172°
0

! ! /
+ f (e + S)O‘—Z—assds(f Tl—gllput”isz) + f (e + S)U'—Z—gds
0 0 0

! !
+ f (e + 5)7 2 sds( f 7170Vl 2, d7)
0 0

< C+Cl(e+ 07" +log (e + 0] sup (e + 1) Il ypul:) + Cle + 0737,
7€[0,1]

where ¢ is sufficiently small and we have used fOT(l + 0)|[Vu|7,dr + fOT(l + Dl Voul?,dt <

L
logz(e+t) <(e+1),¥Yt=>0.

Therefore, 3 1; s.t.

Clle+1) "  +log (e +1)] < 2,

and we have
IpulZ, < C(L+ 0.

Moreover, by using (3.10), we can obtain
ull?, < C(1+ )77

Thus, the proof of Lemma 4.4 is completed.

(4.24)

(4.25)

C and

(4.26)

(4.27)

(4.28)

O

Building on that, we update the decay estimate for the derivatives of the velocity field on the interval

[tla T]
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Lemma 4.5. Under the condition of Theorem 1.2, it holds that for allt;, <t < T,

T
sup (|| vpull?,) + f t77%||Vul[2,dt < C.

1€[t1,T] 1

T
sup (¢'*77%|[Vul2,) + f 7 w2, dt < C.

te[ty,T] 1

T
2to—2 2 2402 2
sup (7 gll\/ﬁuzlle)+f |V [l,de < C

te[t,T] f

where t,, o are defined in Lemma 4.4 and C is a constant independent of T.

Proof. Applying =% to both sides of (3.3), we obtain

d
d—(ff-k f pluf® dx) + 177 f [Vul® dx < Ct7~'7% f pluf® dx.
t R2 R2 R2

Then, integrating (4.32) over the interval [#;, T], we can deduce that

T T
sup (17| yjpull7,) + f 772 Vull7, dr < 77| ypull7, + Cf 171 7%|| ypull7, dt

t€[11,T] 1 f

T
§C+Cf 17 dt < C,

4]

which gives (4.29). Similarly, multiplying (3.8) by #7722, we arrive at the following:

d 1o 2 1+0-2 2
d_t(t VL) + £ Vol

< C1"* 77| ypull L[ Vull?, + CH*7722| [ Vully, + C177||Vul |7,
< Ct"* 77|\ Vull}, + C17 (| Vull;,

Then, integrating with respect to ¢ and employing (4.33), we infer that

T
1+0-2 2 fror=2 2
sup (17 8||VU||L2)+f TN Vol dt

te[t),T]

T
< exp| f IVulZ,de)(t} 72| Vul, + C f (72| Vull}.dt) < C.

1

Likewise, from (3.23), we obtain the following:

d 2 2 2 2
Ry T2 Vpwllz) + £Vl

24+0-2. 2+0-2 2 20112
<Cr* SIIVUIlellx/ﬁutll + C 7|Vl L[ V7ull,
2+0-2 2 2 1 2
+ Cr7 |Vl L]V llll’zllx/_utll’ + C1 77| ypu, |1}

12
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and integrating over [¢;, T] in (4.36),

T
2+0-2. 2 2+0-2. 2
sup (127 7| ypu,|I7,) + f 72| V| di
1

t€[1,T]

T T
< exp{C f V|2 d} (577>l ypull7, + C f £Vl 2 | Viow 7. dt (4.37)
151

f

T T
+C f 77|V, |Vl dr + f 177 ypu,lI7,dr) < C.

151 1
Thus, we complete the proof of the Lemma 4.5. O

Lemma 4.6. Under the condition of Proposition 4.1, there exists a generic positive constant C

depending only on p, u,||Vugllg, and |lpg — pllgiawie such that ¥ g € (2,4) and o € (q_2 11 The

)
following formulas hold:

f IVull,~dt < Cn?, (4.38)
sup |[Vpllze < 2M, (4.39)
t€[0,T]

sup |lo — pllagtawie < C, (4.40)

t€[0,T]

provided that || \/p_ouolli2 <n
Proof. We can derive from (3.29) and (3.20) that

r r . 1
INCEE f IVl Il VPu L [0 + f Il IV de
0

1 1
fIIVUII22||Vp||iq||Vutllzzdt

R 4.41)
+f IIVUIlzzllelliqllull42||Vl1|| IIVZUI|4"dt

f ||Vll||L2||V211||2 dl+f [lall; z||V11||22||V2ll||4 dt
0
—P1+P2+P3+P4+P5+P6.

Next, we estimate P, through Pg in sequence. We utilize (4.1) and Lemma 4.5, thereby obtaining

Py < f”vu”zzll\/_us” IVl dS+f IIVullzzllx/_ucll IIVUYII

s(f IIVUIIizdS)i(f II\//_)usllizdS)“_‘f(f IIVusllizdS)Tq
0 0 0 (4.42)

1 2+0-2 2 \%2
+ sup (sl[Vul[7,)* sup (s> you,ll7,)
sefty,T] selt,T]

( f 74220 V|2, ds) % f G < o',
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)
where o > L=

positive number.
Analogously, we estimate the following terms by using Lemmas 4.2 and 4.5:

g 1 1 T 1 1
Py + P3 < f IVull 2, IVugll;,ds + f IVull,[IVuagll/,ds
0 n

5l ' 11 .
s(f ||Vu||i2ds)4(f IVu,i7.ds)
0

+ sup (s|[Vul?,)4( f 2722 7y 2, ds) f 1=$+% g

s€[t1,T]

< Cns,

and

4+q 4+q
P, < fIIVull IVull,¥ dS+f IIVUII ||V211|| ||ll||4dS

2 a5 20012 gy el 2\
s ( IIVulledS) 7 ( IIV ullds)® + sup (s[|Vulf;,)
0 0

SE[tl,T]
T
1 _ 44q _3g+2_2+q 8+3¢
( sup S(T—sllu”iz)g( sup s2+0' 2£||V2u||i2) % f X Tt ads
s€[t,T] se[ty,T] f
-1
< quTq,

2
where we used o € (q 1

Ps < fIIVUIILZIIVzulledHf IIVUIILzllVZUIlzdS

s(f IIVullizdS)z(f IV2ul2.ds)*
0 0

T
; 1 o £
+ sup (slIVulli)? sup (s* 7V ull},)" f 51 g

1€[t;,T] se[n,T] 1

< Cnt,

and
P6 < CU%

Therefore, by combining (4.42) through (4.46), and substituting into (4.41), we obtain (4.38).

By combining (3.30) and (4.38), we can obtain the following:

IVo@llze < 2IVpollLs,

assuming that
I Voouoll7, <n = (C™ In2)".

Finally, we obtain (4.40) from (3.34) and (3.1).

+ 2¢ ensures that the last integral is integrable and & is a sufficiently small

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

O
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Proof of Theorem 1.2. Based on the a priori estimates established in Lemmas 4.2-4.6, we can derive
the existence and uniqueness of a global strong solution to the systems (1.2) and (1.3) through a
standard procedure, the details of which can be found in [31]. To avoid redundancy, we omit the
detailed proof here. Moreover, the decay rate of the velocity field can be readily obtained from
Lemmas 4.4 and 4.5. m|
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