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Abstract: In this paper, a predator-prey model with cross-diffusion and two delays is investigated.
First, the conditions for local stability and Turing instability of positive steady-state solution are studied
separately when the system was without and with diffusion. Second, the existence and the stability of
Hopf bifurcation were investigated by computing stability switching curves in the parameter plane
with two delays. Moreover, explicit formulas for determining the stability and the direction of the
bifurcation periodic solutions were derived using the normal form theory and the center manifold
theorem. Finally, the theoretical results were verified by numerical simulations.
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1. Introduction

Mathematical modeling is a powerful tool for understanding and predicting the dynamics of
complex ecosystems. By abstracting and quantifying key elements in biological processes-such as
population growth, interactions, spatial movement, and time delays, it transforms qualitative ecological
hypotheses into an analyzable and simulatable quantitative framework [1-4]. Mathematical models
enable ‘numerical experiments’ under controlled conditions, exploring the long-term behavior of
systems under various parameters and scenarios, revealing underlying threshold phenomena (e.g.,
bifurcations), stability transitions, and mechanisms of spatial pattern formation, which are often
difficult to obtain through observation or experimentation alone.

As an important part of ecology, population ecology is rich in dynamics and application value.
Therefore, scholars have developed a strong interest in population dynamics models. The population
dynamics model is a mathematical model that describes the interactions between populations and
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the environment, and between populations and populations. The study of these models is of great
significance in protecting resources and the environment, maintaining the balance of ecosystems and
the rational use of biological resources. It is well known that the relationships among biological
populations include four basic relationships: reciprocal symbiosis, parasitism, competition, and
predation. Predation relationship plays an important role in the survival and development of the
biological community. Hence, the study of the predator-prey dynamics model has also received
extensive attention in biomathematics.

In 1926, Lotka [5] and Volterra [6] proposed the most basic and important Lotka-Volterra predator-
prey model to describe the dynamic relationship between two populations. Since the establishment of
the predator-prey model, the study of this model has been rapidly developed and much research has
been carried out on it from different perspectives [7-13]. In 1959, Holling proposed three functional
response functions [14], which have promoted the research process of the predator-prey model. It is
well known that functional response functions are the key factors to reflect the interaction between
predator and prey in the predator-prey model. To describe the characteristics of interactions between
populations, many types of functional response functions have been proposed, mostly including
Holling type, ratio-dependent type, Hassell-Varley type, Beddington-DeAngelis type, Leslie-Gower
type, and Crowley-Martin type. A large amount of research work has been done on these common
functional response functions [15-23]. The Leslie-Gower model and its modifications have received
great attention, and the modified Leslie-Gower model in [24] is as follows:

d

d—bt‘ =ru(1—%>—vw<u,v),

& (1.1)
dr u+a’

where u and v represent the population density of prey and predators, respectively. r, K, 5, v, and «
are positive numbers. r denotes the internal growth rate of the prey. K is the environmental carrying
capacity of the prey. The growth rate of the prey is logistic with the carrying capacity K and the
intrinsic growth rate r. Y¥(u, v) represents the functional response function of the predator to the prey.
B is the internal growth rate of the predator population. 7y is the maximum per capita reduction rate of
predators, and @ measures the degree to which the environment protects predators.

In an ecosystem, a species does not always stay in a certain position but migrates due to changes in
resources and intra species competition, and diffusion is a common phenomenon. Similarly, population
trends are related not only to the current state but also to the state at some time in the past or future,
which is known as the delay phenomenon. Therefore, researchers have introduced diffusion or delay
into the predator-prey model and conducted numerous studies. For example, Yang [25] investigated
the global asymptotic stability and persistence of diffusive predator-prey systems with modified Leslie-
Gower functional response. With a deeper study of the predator-prey model, it was found that, by
introducing delay in the diffusive system, the system has a richer dynamical behavior. For a detailed
example, Yang and Zhang in [24] considered a diffusive predator-prey system with constant prey
refuge and delay under Neumann boundary conditions. The local stability and Turing instability of
positive equilibrium are investigated, and the property of Hopf bifurcation is determined using the
center manifold theorem and the normal form theorem, so the model with delay and diffusion has
richer dynamical properties. Therefore, predator-prey models with diffusion and delay have received

Electronic Research Archive Volume 33, Issue 12, 7866-7901.



7868

widespread attention and research from scholars [26-29]. The types of diffusion can generally be
categorized into self-diffusion and cross-diffusion. Moreover, cross diffusion refers to the migration
of a population due to the presence of another population [30], and the model with a cross-diffusion
term can more accurately reflect the predation relationship between the predator and the prey [31, 32].
Therefore, in this paper, we consider the introduction of cross-diffusion and two delays on the basis of
model (1.1).

Although many researchers have focused on predator-prey models with delay or diffusion, studies
on Beddington-DeAngelis functional response models that simultaneously incorporate cross-diffusion
and two delays (especially production delay and digestion delay) remain relatively limited. Cross-
diffusion can more realistically reflect the mutually driven spatial movement between populations,
while the two delays can separately capture the feedback delay in prey growth and the physiological
delay in predator digestion. However, the spatiotemporal dynamics under the joint effect of both
factors, particularly the systematic analysis of delay-induced Hopf bifurcation via stability switching
curves in the two-delay planes, has not been fully explored. We aim to fill this gap by systematically
analyzing the complex dynamical behaviors of such a model regarding the stability of equilibria, Turing
instability, and spatiotemporal Hopf bifurcation induced by two delays.

The remainder of the paper is as follows. In Section 2, we display the model to be discussed in
the paper. In Section 3, the existence of the positive equilibrium of system (2.3) and the stability of
the unique positive equilibrium are investigated by analyzing the relevant characteristic equations. In
Section 4, the existence of Hopf bifurcation is studied by applying the method of stability switching
curves given in reference [33]. In Section 5, using the normal form theory and the central manifold
theorem, we obtain the direction of Hopf bifurcation and the stability of the bifurcation periodic
solutions of the system. In Section 6, the theoretical results are illustrated by performing a series
of numerical simulations. Finally, we conclude the paper and give a brief discussion in Section 7.

2. Model formulation

In this paper, the base model follows model (2.1) in reference [34], which is a model based on a
modified Leslie-Gower predator-prey model with a Beddington-DeAngelis functional response. The
detailed and specific reasons that we select the Beddington-DeAngelis functional response is also
given in [34]. The Beddington-DeAngelis functional response that embodies predator-prey interactions

U(u,v) = @ are as described in [34].
a+bu+cv
Since the delay can reflect the number fluctuation law of the biological population, the population

production has a certain delay, as well as when the population feeds it takes a certain amount of
time to digest and absorb. Production delay represents the time lag between predator reproduction
and the maturation of offspring; digestion delay corresponds to the time required for predators to
process consumed prey into energy available for growth or reproduction [35-37]. For system (1.1), we
introduce production delay 7; and digestion delay 7,, and the model is as follows:

u(t —tp) quv

u
- _ 1 — _

dt ru( K ) a+bu+cv’

dv — y(t — T15) 2.1)
dt_v ut—t)+a’
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where a, b, c, q, 71, T, are positive numbers, ¢ is to measure the number of prey that the predator can
eat in each time unit, a is the prey density with half-saturated attack rate, b represents the measurement
of food abundance relative to the predator population, ¢ is a measure of competition intensity between
individuals of the predator population. In the latter part, u(t — 71), u(t — 7,), and v(t — 7,) can be
represented by u.,, u.,, and v,,, respectively.

Based on the analysis in the previous section, the model with cross-diffusion terms can more
accurately reflect the predator-prey relationship between predator and prey. Thus we introduce cross-
diffusion in model (2.1) and construct the following model under Neumann boundary conditions:

ou(x, 1) (t—11) quy

S = A1+ 0v)] + ru(l - ! ) O<x<in 1>,
avg, D _ AL + 6u)] + v(B — %), 0<x<ln t>0,
u(x, 1) =vu(x, 1) =0, x=0,Im, t >0,
u(x,t) = uop(x,1) > 0, 0<x<lIn, —max{r|,7} <t<0,
v(x, 1) = vo(x,1) > 0, O0<x<ln, -7 <1t<0,

(2.2)
where d; and d, denote the diffusion coefficients of predator and prey, and they are non-negative
numbers. d,6 and d,6 are cross-diffusion coefficients. 6 and ¢ belong to the real number field.
The cross-diffusion term can imply different biological significance: 4,6 > 0,(d,6 < 0), depicting
a tendency that prey species is far from (resp., close to) high-density areas of predator species; d,d > 0
means that the diffusion rate and the population pressure of predator species may weaken in the high
density location of prey species. d,6 < 0, the rate of diffusive spread of predator populations, increases
in the process of forming spheres, and the pressure on the predator population enlarges in the center of
the sphere. We refer to [32] for more background about the biological explanation regarding the cross-
diffusion. The domain inhabited by the species is closed with a one-dimensional length of /7. Before
discussing in detail, we simplify model (2.2) by being dimensionless. The specific scaling process is
as follows:

_ d Krbé
ﬁzﬁv‘_}:ﬂ’t:rt’d:i’dllz_l’dlzz L ’
K bKr Kb r q
b d
e:E9m:é’n:_yap_g9d21_K69d22__2
q r q
Dropping the bars, the model (2.2) becomes the following form:
ou(x,t
”g; ) — dy ALu(l + digv)] + (1l — u(t — 7)) — #, 0<x<lim t>0,
ov(x, 1) nv(t — 1)
=dnAlv(l +d + - =), 0 I, t> 0,
ot nA[v( hiw)] + v(im Wi — 1) + p <x<lm, t>
u(x,t) =v(x, 1) =0, x=0,lr, t >0,
u(x,t) = up(x, 1) > 0, 0<x<lnr, —-max {7, 72} <t <0,
vix, 1) = vo(x, 1) >0, 0<x<lIn, -1, <t<0,

(2.3)
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where all coefficients are positive numbers expect that di, and d,; are real numbers.
In this paper, we work on the effect of feedback delay and digestion delay on the spatio-temporal
distribution of model (2.3).

3. Existence and stability for the constant steady state

First, we discuss the existence of the coexisting constant steady state of model (2.3). The existence
and stability for the constant steady state is a further study of [34]. The existence and the stability of
the boundary equilibria are also given in [34]. To avoid excessive length, in the following, we give a
summary about the existence and the stability of the boundary equilibria and trivial equilibrium.

Remark 3.1. The constant steady state solution of system (2.3) is the same as the equilibria of
system (3.1). System (3.1) always has three boundary equilibria (0, 0), (1,0) and (0, @).
n

ny (3.1)

e The origin (0,0) is always an unstable node.
e The Boundary equilibrium (1,0) is always a saddle.

1 -
e The Boundary equilibrium (0, @) is always a saddle if d > M’- 0, @) is always a
n n
1- 1 -
stable node if 0 < d < M; (0, @) is always a degenerate equilibrium if d = pml=e m e).
n n

3.1. Existence of the positive equilibrium

Let £ = (i1, 7) be a positive constant steady-state solution of system (2.3), and the coexisting
constant steady state of the system should satisfy the following equation

v
l-u——=0,
" d+u+ev
wo_ (3.2)

m_
u+p

From the second equation of (3.2), we have v = @ Bringing it into the first equation, there is
moyu® + myu + mg = 0, (3.3)

where
my = —(n + em), m; = n+em —nd — epm —m, my = nd + epm — pm.

Thus, the system (2.3) has positive equilibria equivalent to Eq (3.3) having positive real roots.

Theorem 3.2. Denote A = m% — dmymy. For the existence of positive roots for f(u) = 0, we have the
following conclusions:

(H) If A, > 0, mg <0, 2’"—‘ < 0, Eq (3.3) has two distinct roots u,, i,
ny
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(Hy) If A =0, my <0, — < 0, Eq (3.3) has two identical roots u; = u,.

(H3) As one of the followZIzg conditions holds, Eq (3.3) always has a positive root us.
(i) mg > 0.
(ii) mgy =0, m_ < 0.

(Hy) If Ay <0, the Eq (3.3) has no positive roots.

According to Theorem 3.2, there are two constant steady-state solutions when system (2.3) satisfies
condition (H;), one constant steady-state solution when system (2.3) satisfies the conditions (H,) and
(H3), and no steady-state solution when system (2.3) satisfies the condition (Hy).

Remark 3.3. It follows that if either of (H,) and (H3) holds, system (2.3) has a unique positive steady-
state solution, which is denoted by E* = (u*,v").

Regarding the existence, stability, and instability of the positive equilibrium point of the system
without diffusion terms and time-delay terms, we present these contents in Section 3 of [34]. We
don’t elaborate on them here. Next, we will focus on the Turing instability of the positive steady-
state solutions.

3.2. Stability of the positive steady state

In the following section, we consider that condition (H3) holds. Linearizing model (2.3) at E*,
we have

ou(x,t
uf,; ) = d11(511AM + d11512AV + aju+ apv +,311u(x, - Tl), X € (0, lﬂ'),l > 0,
ov(x, 1)
Fran d621Au + dr0nAv + Boiu(x, t — 72) + Borv(x, t — 72), x €(0,In),1 >0,
I/tx(x, t) = Vx(x’ t) = O, X = 0, lﬂ-, > O,
u(x, 1) = up(x, 1) 2 0, 0<x<lIt —max{r, 72} <t <0,
v(x, 1) = vo(x, 1) = 0, 0<x<lIn, -1, <t<0,
(3.4)
where
* * * * * nV*z
on =1+dpv', dp=dpu’, 6 =dyv', én=1+dyu’, pu=-u’, fu = ——=,
(u* +p)
B nv* |-y vi(d + ev™) u*(d+ u")
=— ,apn=1-u"-—"— ap=—-——"7-—"7-—".
2 u +p a (d+ u* +ev)? 12 (d+ u* + ev*)?
Assume that the eigenvector corresponding to the eigenvalues A of (3.4) is
n
(u(n), V(1)) = (c1, c2)e" COS((Y)X), (3.5
where n € N is the wavenumber. Substituting (3.4) into Eq (3.5) yields
Acy = —dy611c1(8)? — di612c2(3)* + ey + anpes + Bricie™, (3.6)
Acy = —612252101(%)2 - 61'225226‘2(%)2 + Baric1e7 + Borcre 2,
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Thus, there are A(cy, ;)" = J(n;71,12)(c1, c2)! and

—d 1615 + ayy + Bre —d162(5)* +
J(n;Tl’TZ) = ) P 5 1 )
—dn621(7)” + Pue ™ —dn62(7)" + Prne™ ™

so we can obtain the characteristic equation at the positive equilibrium (u*, v*)

B(A;71,72) = Bi(d) + Bj(De™™ + By()e '™ + Ble ™) = (), (3.7)
where
Bi(A) = 2> + BI, A+ By,
B'(d) = B!, A+ B,
Bi(1) = B!, A+ Bl
By = By,
for

By, = (dnén + d22522)(%)2 - Qi
By, = (d11d061162 — d11d0612621)(5)* + (dpabriary — dyndnan)(4)?,

B}, = —fu,
B}, = —d»6nPii(4)?,
B}, = P,

By, = (Ba1d11612 — d11611B822)(5)* + Bttt — Bar i,
Bgo = B11B2.

3.2.1. Local stability of the positive equilibrium

We investigate the long-time behavior of model (2.3) without time delay and diffusion. In the case
ofn=0,7, =0, and 7, = 0, Eq (3.7) becomes

X = (@ + B + Ba)d + Boai; — Baraiy + B11fxn = 0, (3.8)

and the root of (3.8) is given by the following equation

(a1 + B +B2) = V(@i + it +B)? — 4(Bnari — Bran + B11B2n)

Aip = >

Due to the complexity of the eigenvalues of the above characteristic equations, it is difficult to directly
determine the behavior of the positive equilibrium. Its behavior can be directly determined by the trace
and determinant of the Jacobian matrix J(0; 0, 0) at E*.

Let the two eigenvalues of Eq (3.8) be 4, and A,, and there are

A1 + A, =tr(J(0;0,0)) = ay; + B + B,

A1 Ay = det(J(0;0,0)) = Brayy — oz + B11B2,

so we have the following theorem:
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Theorem 3.4. If conditions Hs and Hg hold, where

(Hs) a1y + B1 + B2z <0

(He) P — Boriaiz + 112 > 0,

then Eq (3.8) always has two roots of the negative real part. Under the above conditions, the
equilibrium E* of model (2.3) is asymptotically stable.

3.2.2. Turing instability of the positive steady state

Now, we aim to derive the stability for the spatial model (2.3) at E*(u*, v*) without delay. In this
case, Eq (3.7) becomes
2> = twr(J(n;0,0))A + det(J(n; 0,0)) = 0, (3.9)

where
tr(J(1:0,0)) = = (d611 + doad)(5)° + r(J(0: 0,0))
det(J(; 0,0)) = d11d2 (61162 — 512521)(%“ + (dnbnars — dndnlan +Bi)
+ Bordy 1612 — dii6 1@)(%)2 + det(J(0; 0, 0)).

Note that tr(J(0; 0,0)) < 0 when condition Hs holds. For tr(J(n; 0, 0)), let

no.  tr(J©0;0,0) 1 dp(+dyu’) 1 diu(1+dppv)
(_) :—’d12:__*_—*’d21:__*_—*
/ d11511 + d22(522 Vv d11V u dzzu

and we have the following cases:
If di, > 0 and d»; > 0, and one can deduce dy161; + d»02n > di; + dr, > 0, then tr(J(n;0,0)) < 0.

1 1
Ifd12 < 0and d21 <0, as - < d12 < 0Oand - < d21 <0, dll(l +d12V*)+d22(1 +d21u*) > (. That
\% u
1 1
iS, d11511+d22(522 > 0, and tI'(J(I’l; 0, 0)) <0; As d12 < —-—— and d21 < =-—, d11(1+d12\/*)+d22(1+d21l/t*) <
v* u*
0. That is, d;1611 + d»n2» < 0 can be derived, then tr(J(n;0,0)) > 0 when condition (?)2 < (;)2* is

satisfied, and tr(J(n; 0, 0)) < 0 when condition (r—ll)2 > (;)2* is met.
If d12 < 0and d21 > 0, or d12 > 0 and d21 < 0, as dlz < dikz or d21 < d;l’ dll(l + dlgv*) + dzz(l +
dryu*) < 0, tr(J(n;0,0)) > 0 when condition (?)2 < (?)2* holds, and tr(J(n;0,0)) < 0 when condition

(;)2 > (%)2* is met.
Next we consider det(J(n; 0, 0)) as a quadratic function with respect to (?)2. Let
D= d11d22(611622 - 512621)’ b= d22521a’12 - d22522(a’11 +ﬁ11) +521d11612 - d11611ﬁ22,

det(J(0;0,0))

) ; As © # 0, denote

As = b7 — 4Ddet(J(0; 0,0)), (%)é ( )i = \/_ LG 1); = — +z>\/_

As D =0,b <0, denote (;)i =

We have the following cases:
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Asdi; > 0and dp; > 0, di1dn(1+dyu™+di,v*) > 0, and one can derive © > 0, then det(J(»; 0, 0)) >
0 if condition A, < O is satisfied; If A, = 0, b < 0, then det(J(n;0,0)) = 0 as (?)2 = (%)é If

Ay > 0, b < 0, then det(J(n;0,0)) = 0 as (%)2 = (?)? or (%)2 = (;);, and then det(J(n;0,0)) < 0 as
n n n
(D1 < () <(x
As dj; <0and dy; <0, or d%dn < % if 1 +dyu" +dv <0 agd one %an deduce © <0, A, >0,
then det(J(n;0,0)) > 0 as 0 < (7)3 < (7)5, det(J(n;0,0)) = 0 as (7)3 = (7)3, and det(J(n; 0,0)) < 0

no no
as (17 > ()}
Summarizing the above discussion, we have the following theorem.

Theorem 3.5. Assuming that conditions (HS) and (H6) hold, if one of the following conditions is
satisfied, then the positive steady-state solution E* changes from asymptotically stable to unstable as
the parameter range changes. That is to say, Turing instability of E* emerges.

(Hza) dia > 0and dy; >0, Ay =0, b <0, (%)2 = (%)3;
(Hrp) diz > 0 and day = 0, 4> 0, 6 < 0, (1)} < (1) = (D
(Hs) D <0, 8> 0,(5)° = (93
(Hw) =0, <0, (5= ()
(Hyy) din(1+div) + doa(1 + o) < 0, (7)° < (57, D = 0,6 > 0;
(Hap) dir(1+ dizv") + doa(1 + doyt’) < 0, (7)° (7). D> 0. 8,2 0, < 0;
(Hoc) din(1+diav") + dn(1 + d’) < 0, (3 < (1), D> 0,4 < ;
(Hoa) diy(1+diav') + d(1 + do’) <0, (7)° < ()7, D <0, A, > 0,0 < () < ()
(Hy) din(1+div) +dn(l +da) < 0, (5)° < (57, D=0,0<0,0<(7)° < (7).
Theorem 3.6. Assume Hs and Hg hold. If one of the conditions is satisfied,
(Hyo) dip > 0 and dyy > 0, Ay < 0;
(o) din(1+ dizv) + doo(1 + dou’) <0, (7)° > (7). D= 0,0 > 0;
(Hypp) diy(1+dipv*) + doy(1 + dyyu”) < 0, (’%)2 > (%)2*, D>0,A <0,
Then Eq (3.9) always has two roots of the negative real part, and the equilibrium E* is
asymptotically stable.
Remark 3.7. If the conditions (Hs), (Hg), and (H7,) or conditions (Hs), (Hg), and (H7p,) hold, then
det(J(n;0,0)) = 0 as (?)2 = (;)g, (%)2 = (%)T, or (;)2 = (;)5, so Eq (3.9) possesses a zero eigenvalue,
which means that Turing bifurcation occurs [38].
4. Hopf bifurcation

In this section, under the assumption that condition (H3) holds, we focus on obtaining the existence
of Hopf bifurcation for the spatial model (2.3) with two delays 7, and 7, using the method in [33] to
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study the stability switching curves and the crossing directions of the curve.

4.1. Stability switching curves

First, we need to verify whether assumptions (i) — (iv) hold for any fixed n of the characteristic
Eq (3.7).
(i) Finite number of characteristic roots on C, = {1 € C : Red > 0} under the condition

deg (Bj(A)) > max {deg (B}(1)), deg(B5(1)), deg(B5)}.

(ii) By(0) + B}(0) + B5(0) + B} # 0.

(iii) By(A), B(4), By(4) and B” are coprime polynomials.
B”(/l) Bg(/l) B

(iv) 11 - - - <1
Bj() Bj() Bj()

The above condltlons (if) — (iv) holds, and (i) follows the [39]. To obtain the stability switching curves,

assume that A = iw(w > 0) is a root of Eq (3.7). Substituting it into the equation, there is

(By(iw) + Bj(iw)e ™) + (B(iw) + Bje ™) e = 0.

Since |e"""’2 = 1, one can get

Bj(iw) + B} (iw)e ™| = |B5(iw) + Bie ™|, (4.1)
the above equation is equivalent to
(Bj(iw) + B} (iw)e ™) (By(iw) + B} (iw)e™™) = (B(iw) + Bie ™) (Bj(iw) + Bie™™).
Through simple calculations, we obtain
Byiw)|" + |Bl(iw)[ - |Biiw)| — [Bi|" = 247(w) cos(wr) — 2C}(w) sin(wry), (4.2)
where
Al(w) = Re(BS(iw)B}) — Re(By(iw) B} (iw)),
C'(w) = Im(B}(iw)B}) — Im(B}(iw) B! (iw)).
If there exists w, such that A7(w)* + C?(w)* = 0, then we get
Bi(iw)B, = By(iw)Bi(iw), |Biiw)| +|Bj(w)[ = |Biw)| +|Bi (4.3)

Therefore, if exists w such that (4.3) holds, then all 7; € R, are solutions of Eq (4.1).
If A”(w)* + C"(w)* > 0, then there is a continuous function ¥ (w) such that

A(©) = AP + Clw)? cosWy(w)),

Cl(w) = AP + Cl(w)? sin(y(w)).
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where ¢/ (w) = arg {B’;(iw)B’; - Bg(iw)B’l‘(iw)}. Thus, Eq (4.2) becomes

Bi(io)| + |Biiw)|” — |Biiw)| -

B;

P=2 \/A';(w)z + CMw)? cos(Pi(w) + wry).  (4.4)

Thus, there exists 7 € R,, satisfying (4.4) equivalent to

Let the set of w € R, satisfying (4.5), be Qf, and note that (4.5) also includes the case A’f(a))2 +
C’f(cu)2 = 0. Let

2

Byiw)|" + |BiGw)[ - |Biiw)| - |B;

<2, \JANw) + Clwp. (4.5)

Bg(ia))|2 + B’l’(iw)|2 - Bg(iw)l2 - 1B

2 AN () + Cl(w)?

B;

cos(@}(w)) = , #(w) € [0,7].

From the above expression, we have

+¢(w) — ¥ (w) + 2k

fﬁl (w) = ” , k| € Z. (4.6)
By the same method as above, one can obtain
. ¢ (w) — Yy (w) + 2kom
™ (w) = —2 (j k€ Z, 4.7)
where , , , ,
Bi(iw)|" - |Biiw)| + [BiGiw)| - |B:

cos(¢h(w)) = , $h(w) € [0, 7],

2 AT (W) + Cl(w)?

Wh(w) = arg {B(iw) B} - By(iw)B(iw)}

The condition for w is as follows

Let the set of w € R, satisfying (4.8), be €J. We find that (4.5) is equivalent to (4.8) by squaring both
sides of the two conditions (4.5) and (4.8). Therefore, there are Q" = Qf = Qf, and Q" is called the
crossing set of Eq (3.7). Denote

Bg(iw)|2 - B’f(ia))|2 + Bg(icu)|2 - By’

B;

<2 \JA1w)? + () (4.8)

Bg(iw)|2 + B’f(iw)|2 - Bg(iw)|2 -

By

F(w) 2 ( 2)2 —4(A}(w)” + Cl(w)?). (4.9)
and

Q= {a) € R|F"(w) < o}.

Theorem 4.1. The crossing set Q" consists of a finite number of finite-length intervals.
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Proof. We demonstrate the above results by a method similar to that in the [33]. From Eq (4.9), it can
be seen that ¥"(w) is an eighth degree polynomial and " (+00) = +o00, so ¥"(w) has a finite number
of roots on R.
If #"(0) > 0, then the roots of the equation F"(w) = 0 are expressed as 0 < a} < b} < a) < b <
- < ay, < b}y, < +ocoand

N
= JQu Qi = 1a, b].
1=1
If £7"(0) < 0, then the roots of the equation F"(w) = 0 are expressed as 0 < b} < aj < b} < a} <
by <--- <ay <bjy <+ooand

N
= Ju Qi = .81, @, =1q], 5102 2).

Through the above analysis, the crossing set " consists of intervals of finite length.

By verification, we have 7, = 77 (w) when 7, = 7]} (w) and 75 = 77} (w) when 7, = 7] (w).
Therefore,

N
I= U T, iklz N Rz ki 2L Lijers s ko> Loy, Logig, - 0), (4.10)
where L;; denotes a lower bound for k;.

T = {(TI i (), ) (a))) ‘ wE Qz,n}
_ {(i‘/’rf(w) — Y (w) + 2k Fh(w) — Y (w) + 2k27f)

w ’ w

4.11)
w € Ql,n} .

For any (71, 7;) € T 1s called a crossing point, and Eq (3.7) has at least one root iw with w € Q". The
set T is the set composed of all the crossing points, which is known as stability switching curves.
Since F"(a}) = F"(b}) = 0, we have

Bi(a)) = o, G} = o',
where 6“ 6b 0,1(j=1,2). Based on (4.6) and (4.7), we can verify that

Therefore, for the stability switching curves correspondlng to Ql,,,, S J;f connects IZ +fsa - and
Zl;é?,kz_ % at its ends to ¢} and b/

Due to Theorem 3.1 in [33], we can directly obtain the following results.

Theorem 4.2. T defined in (4.10) is the set of all stability switching curves on the (11,7,) plane of
Eq (3.7). In addition, the following conclusions are available:

(i) When (6‘1‘, 53) = (611’, 5b) T ” and Ty, +ga o8 form a loop on R?. At this point, T is a set of closed
continuous curves;

(ii) when (6‘1’, 6‘21) # (551’ , 6’2’), T is a set of continuous curves whose two endpoints either lie on the axes
or extend to the infinity region on R2.
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4.2. Crossing directions

Assuming that 4 = u + iw satisfies Eq (3.7), by the implicit function theorem, 7, and 7, can be
expressed as functions of y and w. As A = iw, denote B(A; 11, 72) as B(iw). Thus, we have the
following expressions:

dRe B(iw) 2
o =Re {Bg’(iw) + Z (Bg’(iw) -~ TkBg(iw)) et _ (1) + 72)Bge-iw<ﬁ+fz>} = Ro,

k=1
—‘”m i) {B" (zw)+Z (BY (i) = TuBiw)) e = (1 + T2)Be -"”“1”2)} = 1o,

R 23
ORe (la)) —Re [—iw (B”(lw)e iwT] + Bn —zw(n+‘rz))} — Rl’
671
Olm B
TR -t (Bliw)e " + Bl )| = 7,
ORe B(iw) " —iwr n_—iw(r+12)\| _
= Re{ iw (Bz(zw)e 2+ Bhe ™ )} =R,
Olm B(iw
—672( ) Im{ iw (B”(la))e w4 Ble ’“’(“”2))} =1,
ORe B Olm B
e (zw) 7, m (la)) _ R,
ow  dw
If det (‘7;1 ?2) =R 1, — RyI, # 0, through the implicit function theorem, then
1 42
a’l’] 671 |
2| on dw (R R\ (Re =T
sosldh Bl =0T (W) o
ou Oow

For an arbitrary stability switching curve T J—;fz , the direction of the curve corresponding to the increase

in w € Q, is called the positive direction. We call the region on the left-hand (right-hand) side the
left (right) region when the curve moves in a positive direction. Since the tangent vector of T} - ” , along

the positive direction of the curve is (‘Zl, ‘Zﬁ) the normal vector of T ikl pointing to the right reglon is
(g:j 5”) When a pair of complex eigenvalues cross the imaginary axis on the complex plane to the
right with the change of y, it is obvious that (7, 7,) moves along the direction of (%, %). If the inner
product of the following two vectors is positive,
or; 0 0 0 ot 0 0ty 0
S(wy & [, 22| (22 ) _gndn  gnin (4.15)
(9 8,u ow Ow ou dw  Ou ow

then Eq (3.7) has two more characteristic roots with positive real parts in the region to the right of
121 J—;c’z . If inequality (4.15) is reversed, then Eq (3.7) has two more characteristic roots with positive real
parts in the region to the left of T}’ ° i’ .

-Ro 1o
-1y —Ro
determined by the range of R, 7, — R, 7. If either Ry # 0 or 7, # 0, it holds without considering that

It is obvious to see that 0(w) = detA(w), and det = ﬂ% + 7 (2) > 0, so the sign of 6(w) is
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iw 1s the multiple root of Eq (3.7). By further calculation, we obtain

RiLr = Rod,

=1Im {—ia) (B’l’e_imﬁl + Bg’e_iw(ﬂ‘?il +T;§<2))(—ia)) X (B’zle_imﬁz + Bg’e_iw(T’fil +T;fk2))}
= o’Im{(B}B; - ByB;) e n |
nnn n nn

n

= +w? sin ¢7.

Therefore,

B - BF

sign 6(w € ngl,n) = +sign {a)2 sin ¢’1’} = =+1, (4.16)
where qb’l“(fll,,,) c (0,n), and f)l,n indicates the interior of €;,. Equation (4.16) indicates that they
have different stability switching directions, which means that when we move along these continuous
curves, the stability switching directions are consistent.

From the above analysis and by combining Theorem 4.1 of the [33], we can directly obtain the
following results.

Lemma 4.3. For arbitrary I=1, 2- - - N, we have
sign 8w € Q) £ £1, ¥ (11(w), 12(w)) € T} 2.

Therefore, the region to the left of 121}'{’2 ( T’LZJ{[Z ) has two more (fewer) characteristic roots with positive
real parts.

Based on the above discussion, we have introduced the following conclusion about the existence of
the Hopf bifurcation [40].

Theorem 4.4. T is a Hopf bifurcation curve in the following cases: For any ¢ € T and for any smooth
curve F intersecting with ¢ € T transversely at g, we define the tangent of F at ¢ by 7. If ‘71;—? CF 0,
and the other eigenvalues of (3.7) at ¢ have nonzero real parts, then system (2.3) undergoes a Hopf

bifurcation at ¢ when parameters (11, T;) cross T at § along F.

5. The direction and stability of bifurcation periodic solutions

In Section 4, we know that the positive equilibrium E* of the system (2.3) undergoes a Hopf
bifurcation at any critical values (7,72) = (7],7;) € T for n = n,. This section extends the
method proposed in [35,41,42] to system (2.3), calculate the normal form of the model at the positive
equilibrium E* to further determine the direction of Hopf bifurcation and the stability of the bifurcation
periodic solutions. Without loss of generality, we always assume that 7, > 75, and the case 7| < 7,
can be carried out in a similar form. We fix 7, = 73, and denote the value of w to (7],7) as w".
For convenience of representation, the latter part 73, 7] and w” is represented by 75, 7°, and w.
Before making the calculations of the normal form, we need to introduce some basic notation and
equation transformation.
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5.1. The basic notations and equation transformation

In this subsection, we introduce some convention symbols used in [35, 41, 42] and define the
following real-valued Hilbert space

X = {U = (uy,up) € HX0, br) ® HXO, I) : om _ 0w _ o o, In),
ox ox

and its inner product is defined as

I
(U, V] = f UTvdx, for U,V € X.
0

Let M = C([- max{l,:—f},O];X), and it is a Banach space with a continuous mapping from
[— max{1, :—f},O] to X.
Denote
cos(2x \/I, n=0,
ba) = ot -

||COS(?X)||L2 \J = cos(4x), n > 1.

Set B, = (b, 0)', B, = (0,b,)".
By setting 71 = 7 + {, { < 1 is a small perturbation of 7* is such that { = 0 is the Hopf bifurcation
value of model (2.3). In addition, in the following calculations, { is considered a state variable.

Make the following transformation to shift £*(u*, v*) to the origin

ui(x,t) = u(x,t) —u*,
uy(x,t) = v(x, t) —v',

and normalize the delay by rescaling the time variable t — L. Let U(x,1) = (ui(x,1), us(x,1)". We

7"

rewrite U(x, 1) as U(¢) and U,(x) = U,(x,t + k) as U,, where —max{l, 2} <k <0and U, € X.

’Tl —_

5.2. The normal form

Based on the calculation in Appendix A and Appendix B, we obtain the normal form of Hopf
bifurcation as shown below

- L(NmiZ\ 1 (Nymim, 2 4
m_(vm+§(]\71m2§)+§(ﬁ2m1m§ +O(|m|{ + |m] ) (5.1)
where ,
. T ns
Ny = 2p7(0) (Alq(m +Asg(=1) + (1 + i) Asq(-2) - (7) qu(0>),

3
Ny, = Ny + E(sz + Naz + Nog).

According to references [41] and [42], we can rewrite Eq (5.1) as
o =Kol + Koo + 0 (Lo +1(0. 01,
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where | |
7(1 = ERB(Nl), 7(2 = gRe(Nz)

According to [43], we know that the symbols of K; and K, can determine the direction of Hopf
bifurcation and the stability of periodic solutions. Therefore, based on the previous analysis, we infer
the following theorem:

Theorem 5.1. The sign of KK, determines the direction of Hopf bifurcation, while the sign of ¥,
determines the stability of the periodic solution of Hopf bifurcation. The main situation is as follows:
1) Hopf bifurcation is supercritical when KK, < 0, Hopf bifurcation is subcritical when K,9; > 0.
2) The periodic solution of Hopf bifurcation is stable when K, < 0, the periodic solution of Hopf
bifurcation is unstable when ¥, > 0.

The calculation process of the coefficients corresponding to the above theorem is shown in
the Appendix.

6. Numerical simulations

In this section, we give some numerical simulations to verify the findings of this paper. The
numerical simulations about the existence, stability, and instability for the positive equilibrium point
and boundary equilibria of the system without diffusion and delay are shown in [34]. Here, we omit it.

In the numerical simulations, we choose the parameters in the model (2.2) as n = 0.8, d = 1.2,
e=05,p=06,m=04,d; =0.13, and dy, = 0.13. By changing the value of d;, and d,;, we can
obtain Turing instability of E* = (0.7074,0.6537).

Turing

B .
6 ® o A N o
L

N

[}
aaoaaa
[rat

9 N

1l

»

a

N

8

I

N

o

1
max(Re()\n /I))

-45 -40 -35 -30 -25 -20 -15 -10 -5 o 0.2 0.4 0.6 0.8 1 1.2 1.4
diz n/l

() (d)
Figure 1. Turing instability of E™.

By Theorem 3.5, as (d,d>;) takes the value from (—10,—-10) to (10, 10), condition (Hg,) holds,
and the Turing region is displayed as the green field in Figure 1(a). As (d)2,d,;) takes the value from
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(=50, -50) to (50, 50), condition (Hy) holds, and the Turing region is displayed as the yellow field in
(b) in Figure 1. By Theorem 3.6, as (di,, d»;) takes the value from (—50, —50) to (50, 50), condition
(H11,) holds, and the stable region is displayed as the cyan field in Figure 1(c). Take (di»,d>;) as
(4,4), (0,0), (4, -20), (—4,0.001), and (-4, =3). As (d2,dy1) = (4,4), condition (H}() holds, and E* is
asymptotically stable; as (di», d»1) = (0,0), conditions (Hs) and (Hg) holds, and E* is asymptotically
stable; As (di2,d>1) = (4,-20), condition (Hg,) holds, and Turing instability appear; as (d»,d;) =
(—4,0.001), condition (Hy,) holds, and Turing instability appears; as (d»,d»;1) = (-4, —3), condition
(Hg,) holds, and Turing instability appears. In Figure 1(d), one can directly see that the real part
of the maximum eigenvalue of (3.9) is always negative as (4,4) and (0, 0), so the equilibrium E* is
asymptotically stable. However, when (d,, d>;) takes (4, —20), (—4,0.001) and (-4, —3), the real part
of the maximum eigenvalue of (3.9) changes positive from negative, that is, Turing instability appears.

Asn=08,d=12,¢e=05p=06,m=04,d,, =0.13,d», =0.13,n=1, 7, = 13, 7, = 6, as
dip; =4, and dy; = 4, one can see E* = (0.7074,0.6537) is stable (see Figure 2(a),(b)) and as dy, = —4,
d,; = —3, one can obtain that E* is unstable (see Figure 2(c),(d)). For Panel (a): The surface fluctuates
slightly around (u* = 0.7074) (the z—axis range is 0.7 — 0.8) and maintains spatial homogeneity (no
distinct patterns form across the x—axis). For Panel (b): v(x, f) oscillates near v* = 0.6537 (the z—axis
range is 0.66 — 0.74 with no spatial heterogeneity. These results confirm that E* is asymptotically
stable under this parameter set: Small initial perturbations decay, and the system remains near the
equilibrium. For Panel (c): The surface deviates sharply from u*: Initial small fluctuations (near ¢ = 0)
grow into spatially heterogeneous patterns (striped structures along the x—axis). The z—axis range
expands to 0—5, indicating large deviations from E*. For Panel (d): v(x, f) exhibits analogous behavior-
small initial perturbations evolve into distinct spatial patterns, with the z—axis range also expanding to
0 — 5. This transition from homogeneous, small fluctuations (Panels (a) and (b)) to heterogeneous,
large-amplitude patterns (Panels (c) and (d)) directly demonstrates that E* becomes Turing-unstable
under d12 = —4, dz] = -3.

(a) d12 = 4 dy = b)ydy,=4,d, =4

vix.t)
s
a
3
>
2
1
o
10

(©)dip=-4,dy = - (d)dip =-4,dy =-3
Figure 2. Turing instability of E*.
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Next, we focus on the pattern formation of E*. As d, = —4, d»; = -3, the parameter group satisfies
conditions (Hs), (Hg), and (Hg,), and a Turing pattern of E* = (0.7074,0.6537) appears. The situations
of other diffusion parameters can be obtained in a similar way. Thus, we choose the initial value as
ug = 0.7074 + 0.02 * rand(1, M) and vy = 0.6537 + 0.02 = rand(1, M) with M = 100.

Start pattern formation with a homogeneous steady state solution at nt = 1, which almost equals to
the case that d; = di; = d; = dy»; = 0. One can conclude that E* is stable and obtains the stationary
pattern shown in (a) in Figures 3 and 4. As time T increases, d; d2d>1d2; # 0, Turing instability and
heterogeneous pattern formation of system (2.2) around E* appear (see (b) — (f) of Figures 3 and 4).

At nt = 1, (u(x,1),v(x,t)) starts near the stable equilibrium E*, exhibiting only small, uniform
spatial fluctuations-this reflects the initial stable regime (small perturbations decay, and the system
remains homogeneous). By nt = 100, subtle spatial variations emerge (faint striped structures along
x), signaling the onset of Turing instability: Cross-diffusion begins to amplify small inhomogeneities,
pushing the system away from the uniform steady state. As nt increases to 200 — 250, these variations
grow into distinct, organized spatial patterns (pronounced stripes), confirming the loss of stability.
By nt = 400, (u(x,1),v(x,1)) forms robust, large-amplitude heterogeneous structures (dense patches
and sparse regions), with values deviating significantly from E*. This final state embodies the
Turing-unstable regime, where cross-diffusion sustains persistent spatial heterogeneity (no return to
uniformity). In short, Figures 3 and 4 trace the classic Turing instability cascade: From stable
homogeneity to incipient spatial variation, and finally to fully developed heterogeneous patterns, which
is driven by cross-diffusion-induced breakdown of the uniform equilibrium.

nt =100 nt =200
0.725 2 0:73 2 0.78
0.76

0.72 0.74

u(x,t)
u(x,t)

0.72

0.715

0.68

0.66

0.64
50 0.69

nt = 250 nt =300 nt = 400

2 ' 1
15 0.8 15 0.9
1 0.75 1 08
0.5 0.7 0.5 07
0.65 -

0 (]
2 100 * 2 100 05
50 50
4 0
t X

Figure 3. The pattern formation of u as dy; = 0.13, dy, = -4, d»; = -3, d», = 0.13.

u(x,t)
u(x,t)
u(x,t)

-

0.5
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nt=1 nt =100 nt = 200
2 2 0.75
0.67 0.68
1.5 1.5
= = 10.67 = 0.7
3_<: 0.665 5: 1 5: 1
EY > H
‘ 0.5 ’ g:g8 0.5 0.65
0.66
0.65
0 0 0.6
100 0.655 2 100 0.64 2 100
i g 50 4 50
t X t ¢ X
nt = 250 nt =300 nt =400

2 0.85

1.5 0.8
0.75

v(x,t)

0.7
0.65
0.6

0.55
100

Figure 4. The pattern formation of v as dy; = 0.13, dy, = —4, dp; = -3, d»; = 0.13.

Next, the parameters are chosen as

n=06,d=09, e=0.8, p=06, m=04,
1=2,d,=06, d,=0.3, dyy =04, dy, =5,

and we can obtain the unique positive constant equilibrium E* = (0.5291, 0.7527), and the equilibrium
E™ is always stable. To illustrate the dynamics in the presence of delays, we apply the procedure given
in Section 4 for verification. #'(w) has only two roots a;~0.4831, a;~0.5654, as shown in (a) of
Figure 5, and

§=0,80=1,6=1,8=1

From Theorem 4.2, we can determine that the switching curves belong to class (ii). As 7y and 7, vary,
we can determine the cross direction of the characteristic roots according to Lemma 4.3, as shown in
(b) of Figure 5. We can investigate the direction and stability of the Hopf bifurcation based on the
procedure in Section 5. When n = 1, by further calculations 7, = 7] = 14.4975 and 7, = 75 = 5.3208,
for the above critical Hopf bifurcation values, we have

K =0.0810 > 0, K, = -0.0243 < 0,

which implies that the mode-1 spatial inhomogeneous Hopf bifurcation at 7] and 75 are supercritical
and stable. When 7, = 7], 7, = 75, the inhomogeneous Hopf bifurcation is stable, whose figure is
displayed in Figure 6(a),(b). When 7, = 15 > 7], 7, = 6 > 7, the inhomogeneous Hopf bifurcation is
unstable and converges to E*, whose figure is displayed in Figure 6(c),(d).
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Figure 5. Stability switching curves.
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Figure 6. Bifurcation near E*.

7. Conclusions

In this paper, we deal with a predator-prey model with two delays and cross-diffusion. Through
theoretical analysis, we obtain some sufficient conditions for the Turing instability at positive
equilibrium. Numerical calculations verify the case of Turing instability. Over time, the stability
of the steady state solution of the system changes from stable to unstable, and the time increases up to
a certain point where the solution curve diverges and tends to infinity.

Drawing on the stability crossing curves method proposed in [33], we obtain stability crossing
curves in the (71, 7,) plane. When (71, 7,) lies on the crossing curves, the characteristic Eq (3.7) has
at least one pair of pure imaginary roots, so we identify the stable region of positive equilibrium.
Furthermore, taking 7,7, as the bifurcation parameter, the conditions for the existence of Hopf
bifurcation are obtained. Based on the emergence of Hopf bifurcation and combined with the central
manifold theorem and the normal form theory, by calculating the coefficients of the normal form, the
determining conditions for the Hopf bifurcation direction and the stability of the bifurcation periodic
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solutions are further determined, and the corresponding theorems are given.

Turing patterns describe the formation mechanism of spatial heterogeneity in ecology. By
introducing cross-diffusion terms, the paper reveals how populations in a uniform habitat can
spontaneously form non-uniform spatial distribution patterns (e.g., patches, stripes) through the
coupling of diffusion and local interactions (such as predation and competition). The specific
ecological implications include: When the system satisfies the Turing instability conditions (e.g.,
conditions (H7,) — (Hy,) in Theorem 3.5 of the paper), the homogeneous steady-state solution E
becomes unstable, and the spatial distribution transitions from a uniform state to an ordered patchy
distribution (as shown in the numerical simulations in Figures 1-4 of the paper). For instance, the
spatial separation of predators and prey may reduce competitive pressure and promote the maintenance
of biodiversity. Numerical simulations in Section 6 demonstrate that when diffusion parameters meet
specific conditions (e.g., di; = —4 and d»; = —3), the system exhibits Turing patterns (Figures 3 and 4),
simulating the aggregated distribution of species in natural ecosystems.

We focus on the coupling effects of two types of delays: The production delay (reflecting the
population’s reproduction maturation time) and the digestion delay (reflecting the predator’s digestion
and absorption process). Their interaction leads to periodic oscillations in the system through Hopf
bifurcation (Sections 4 and 5), with specific mechanisms as follows: The coupling of delays introduces
phase differences, amplifying system fluctuations. For example, in the characteristic Eq (3.7), the
superposition of delay terms e~ and e™*™ may transition the system from a stable equilibrium
(Theorem 3.4) to a Hopf bifurcation (Theorem 4.4), generating periodic oscillations. Numerical
simulations (Figures 5 and 6) show that when the delay combination (7, 7;) crosses the stability
switching curves, the system transitions from a stable state (Figures 6(a),(b)) to periodic oscillations
(Figures 6(c),(d)), demonstrating the regulatory role of delay coupling on population dynamics. Stable
periodic solutions (e.g., limit cycles) represent predictable periodic fluctuations in population numbers
(such as seasonal fluctuations), indicating ecosystem resilience. In Section 5, the stability of periodic
solutions is determined by calculating the normal form coefficient K, (Theorem 5.1; the solution
is stable when K, < 0). Unstable periodic solutions: Indicate critical thresholds where minor
disturbances may lead to population collapse or outbreaks. For example, when delay parameters
approach the bifurcation curve (Figure 5), the system becomes highly sensitive to environmental
fluctuations, explaining phenomena such as sudden species extinction or invasion.

Moreover, several other promising avenues for future investigation remain open. For instance:
(i) Introducing stochastic perturbations: Incorporating environmental noise or random fluctuations
into the model could enable us to analyze the robustness and dynamic behavior of the system under
stochastic influences, which is often more realistic for ecological settings.
(i1) Extending to heterogeneous spatial environments: Studying the effects of cross-diffusion and delays
in non-uniform media, such as landscapes with spatially varying resource distributions or habitat
fragmentation, could provide insights into pattern formation in real-world ecosystems.
(ii1)) Model validation with real ecological data: Applying the model to field observations of specific
predator-prey systems and using statistical methods to fit and validate parameters would strengthen
the ecological relevance and predictive power of the theoretical framework developed here. Such
extensions would not only deepen the theoretical understanding of spatiotemporal dynamics in
interacting populations but also enhance the applicability of the model in conservation biology and
ecosystem management.
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Appendix

Appendix A. The calculations of the normal form
By equation transformation, model (2.3) can be written in the following form

dU(?)
dr

= DU + LU, + F(U, {), (A.1)
where ¢ = (¢, 0®)T € M, and each component is represented as follows:

D(g)((p)xx = DO(QD)xx + Fd(‘go’ {)’
where
. [di +dndpy' dyidyu* ‘chlx)(o))
D XX = * *
o) =7 ( dydynv dy + dydanu )(9053()(0)
= T*Bl(pxx(()),
y oo [ dig®0)0(0) + 2d11diag” (0)¢7(0) + diidiogV(0) 2 (0)
F (e, 0) =(t" + ) D2 Dy @ (N1
dr1d2¢" " (0)py (0) + 2dy1d2n g, " (0)py " (0) + dadypg(0)¢,y (0)

((dn +dy 1 d i) (0) + dnduu*so;?(m)
d21d22V*90§c1x)(0) + (dy + d21d22u*)¢%c)(0) ’

(A.2)

and

o an ap)(¢"(0) 1 0\ [eP(=1) 0 0\(¢"(—7%
Lo)p) =T +0) (( 0O 0 )(50(2)(0)) * ( 0 0) (90(2)(—1)) " (,321 ,322) (SO(Z)(—%:
= (T +0) (Also«» + Ayp(~1) +A3¢<—%>),
™+
F (@00 +1, 620 + v, oV (=1) + )
SO0) + v o) 4 1 oD () 4 v*) — L(O)(¢)- (A.3)

T+ T+

Flg.0)= (" + 4)[
8(

Based on the previous expression, by separating the linear term from the nonlinear term, we can

rewrite Eq (A.1) as
dU(r)

—3 = DoUnu+ Lo(U) + FU, 0, (A.4)

where .
Lo(g) = 7 (Also((» T Arp(=1) + Aw(—;ﬁ)) :

F(p,0) = L(p) — Lo(p) + F@, ) + FU(p,0). (A.5)

From the previous statement, the linear system of Eq (A.4) is represented as follows

dU(z)
dr

= DO(Ut)xx + LO(UI) (A6)
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According to [35], in order to write Eq (A.4) as an abstract ordinary differential equation in Banach
space, we choose the following amplification space:

C:= {@‘(D € C([- max{1, 22},0], X), 3 lim D) € X}.
T1 k—0~
Then, Eq (A.4) is equivalent to an abstract ordinary differential equation on C

du, - N
d—t’ = HU, + Z,F(U,, ). (A.7)

where H is a linear operator from M(l) = {gp e Mlp e M,p(0) € dom((-)xx)} to C, and there are the

following statements:
Hp = ¢+ Zy (T"B1¢:x(0) + Lo(¢) — ¢(0))

and Z, = Zy(k) is expressed as follows:

0,k € [- max{l, :—?},O),

ZO(K):{ 1,k =0.

Next, we use the method proposed in [44] to decompose C. Let

M i= C([-max(1, =), 0k RY), M; := C([0, max{1, =) R>).
1 1

where R** is the two-dimensional space of row vector. The adjoint bilinear form on M x M, is defined
as follows:

0 K
(P(s), Qx)) = P(O)Q(0) — f - f 07"(5 — AW, (K)QE)dE,
max ,% &=

where P € M;, Q € My, and ‘W,(x) € BV ([-max{l, 2},0];R>?), such that for Q) € M, and

we have .

—T*(?)ZB 1Q::(0) + Lo (Q()) = f dW, (0)Q(x),

—max{l,%}

where Q) = (g(),0) and P(s) = (p(s)T, p8)T) 5 g6 = (@100 @2(k)" = g7 and p(s) =
(p1(s), pz(s))T = pe TS, g = (q1,q) is the eigenvector corresponding to the eigenvalues iwt* of
Eq (A.6); and p = (p, p»)! is the adjoint eigenvector corresponding to the eigenvalues —iwt* of
Eq (A.6). They meet the following condition

(P(), Q) = .

Through calculation, we obtain

1 1
q= Bre ™ — (5)2dydppv* ,P=1 ap — (5’ dndpu’ ,
(dy + d21d22u*)("—;)2 — Brne i +iw (dyn + 61'2161'22M*)(%)2 — frne " +iw
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where

ki

= — — — - — s
(1 +Butre ™)kt + (1 + foTre™™)ky + kifaiainTre™ @™ — (5)2k By1dy dipu Toe ™o

n

i —iwT .
ky = (dy + 61'210722M*)(7‘)2 — Bne " +iw,
—iwT) U * N * —iwT) Ns 4 * %
ky = apfre - 0/12(7) dydnv” — (7) dndipu Brre + (7) didpdydpu™v'.
According to [35,42,44], phase space C can be decomposed into
C = Imn & Kern,

where 7 : C — Imn. For € M, we have

= S . A'
() (Q(K) <7 0), ([ 5(')’,8;(1?] bns(x) (A.8)

Through the above analysis, we decompose U, (k) into

T A
Ui(k) = (a<x> (Z;)) (’;&) +2
o o 7z
= (mlqe’m “+ myge " K) b, (x) + (Z(Z))

= Q(K)m, + z,

T
where z € P! := M} N Kerr, my = (mb,(x), mab,(x))" and z = (z(l),z@)) . Therefore, we can
decompose the system (A.7) into the following abstract ordinary differential equation on R? x Kern

. [FQm, +2,0), 8]
m—(Vm+P(O)( ), (A9)

[F@QWm, +2,0). 81
z=Apz+ [ - MZy(OF(Q)m, + 2,0,
where m = (m;,m»)", V = diag {iwt*, —iwt*}, and Ap : P! —> Kern are represented by
Api1z = 2+ Zo(k) (T"B12:x(0) + Lo(2) — 2(0)) .
Next, we consider the following Taylor expansions
LX) = £ 3LOW). Fe.0) = 5 1Fi4.0,
F(p,0) = gz il—!F,-(%{), Fl(p,0) = gz l.l—!Ffl(%é)-
Combining Eq (A.5), we have

Fap. ) =20 (Also«)) + Ayp(=1) + Aw(—%) + %Aw’(—%)) + Fy(@,0) + Fi(@.0),  (A.10)
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and
Fi(@,0) = L{O(@) + Filg, O) + Fl(¢,0),i = 3,4+ . (A.1T)

Therefore, Eq (A.9) can be rewritten as

1
m=VYm+ Y Ffl-‘(m,z,g“),
>2 L.

] (A.12)
I=Apiz + gz Efl-z(m, z,{),
where ~ (1
| 3 Fi(Q(ym, + z, é’)’ﬂnx
flim,z,{) = P(O)( F@uom, + 20,82 (A.13)

fHm,z,0) = (I = D Zy(OF(Qum, + z,).
According to the normal form theory of partial functional differential equations [44], by applying the
following variable transformations

(m,2) = (,2) + ll‘ (UlGn. ). U R, 0)) i 2 2, (A.14)

where m,m € R?, z,Z7 € P, U! : R* > R* and U? : R? > P' are homogeneous polynomials of degree
i in m and £, we obtain the normal form of (A.12), as follows:

m=Ym+ Zg,-l(m, 0,0).

i>2

According to [35,41,42], by defining (M!q) (m.{) = Dyq(m,)Vm = Va(m,{) and (M?h) (m. ) =
D,h(m, ) Vm — Aph(m, ), we have

82(m, 0, ) = Projgepy) fo (m, 0, ), (A.15)

and
g3(m, 0,0) = Projy, f3 (m, 0, ) = Projg f3(m, 0,0) + O (£ |ml), (A.16)

where f; (m, 0, ) is the cubic polynomial of (m, {) under the variable transformation of (A.14), and it

can be determined by Eq (A.16),
ker(Mé) = Span {(éﬁ(q)ﬁ) , ({gq )} )
2
oy sonl [ €5 L2 )

2 0
S = Span {(mlomz) , (mlm%)}. (A.17)

For the convenience of representing subsequent calculations, denote

and

uy U2
am;'m,
— Uy U]
am;*m,'{

Blam|'my*) = ( ), a € C.
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Calculation of g;(m, ,0,?)
According to Eq (A.2), we have

F3(e,0) = F5(@) + {F5, ()

and
Fl(g,0) = (FE (@), FU9,0) = (0,0), i=4,5---,

where

Fi(@) = (d”dw(z)(o)w(l)(o) + 2dnding! (00, (0) + dlldlzso(”(ow)(o))
1oV (O)F(0) + 241" ()P (0) + dondng® 0)61(0))”
FL@) = 2B1g(0), - 2
d (o) = (dndlz(P(z)(O)so( W(0) + 2dy1d 120 (0) (0) + dyydiogP (0)g) )(o)) |
1 o1 doa g V()63 (0) + 21 o (0P (0) + oy doa g ()6 (0)

Therefore, we can obtain

|

= 27 (A1Q(0) + ArQ(-1) + (I + iwTy)A;Q(-2 )(Z;)

(F3 Qwm,) . B % my
( CFY @Qwmy)., ﬂ@D _2(7) 5(31 (Q(O) (mz)))

27 (A1 (QWO)m,) + Ay (Q(-1)my) + As
27 (A1 (QO)m,) + Ay (Q(=1)m,) + As

QU-2ymy) + 245 (Q (- Zymy)) 2‘3)
Q-2)m,) + 2As (Q (-2)ym.)), By

and

(A.18)

(A.19)

(A.20)

(A21)

(A.22)

Besides, for all £ € R, we have F, (Q(k)m,, ) = F, (Q(k)m,,0). From the first expression of Eq (A.13),

we can obtain

f(m,0,{) = ?(0)[

FrQUym, 0), ﬁ(”]
F@Qum,, ), B

Combining Eqgs (A.18)—(A.23), we get

82(m,0,0) = Projieyppn fo (m, 0,0) = BN {my),
where

2
N1 =2p" (A10(0) + Asg(=1) + (1 + iwr)Asg(~—2) - (”7) qu(O)).

Calculation of g3(m,,0,¢)
We need to calculate gé(m, ,0,) from Eq (A.16). Denote

1D (m, z,0) = 50(0)(

Fy(@QK)m, + 2,0),8)
Fy(Q)m, +2,0),87 )

(A.23)

(A.24)

(A.25)
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1D (m, z,0) = 50(0)( (A.26)

Fl@Qm, +z,0). 5,
FAQuom, +2,0),82])

According to Eq (A.24), we can obtain g;(m, 0,0) = (0,0)". Then, f; (m,0,0) is expressed by the
following formula

fi(m,0,0) =£!(m,0,0) + % (D3 (m. 0.0)V}(m, 0) + (D.£, (1, 0,0)) V3(m. 0)(x))

# 2 [(Dece 5 2m,0.00VEn,0)0)]

where
f(m,0,0) = £i"V(m,0,0) + £ (m,0,0), (A.27)
-1 -1
V3(m,0) = (M3) " Proji,f2 (m,0,0), V3(m,0) = (M3) " f3(m,0,0), (A.28)
D, i P, 0,0) = (D.£3(m,0,0), D, £ (m, 0,0), D. ;P (m, 0,0)), (A.29)
2.d) 2 2 2 r
VD m, 0)(k) = (V3(m, 0)(x), V3,(m, 0)(K), V3,,(m, 0)(K)) . (A.30)
Next, we divide it into the following four steps to calculate Projg f31 (m,0,0).
Step 1. The calculation of Projg f; (m, 0, 0).
Let
F3@QKm,0) = > ®yum'mb} (x), w, s € N, (A31)

u1+u2:3

From Eqs (A.11) and (A.19), we obtain F3(Q(k)m,,0) = F3(Q(x)m,,0), and it can be inferred from
Egs (A.13) and (A.31) that

I
f;(m,o,O):so(O){ Z Dyt fo bix(x)de,

u1+u2=3

I
where foﬂ by (x)dx = 5-, and then we have

Projg f5 (m, 0,0) = B(Nymim,),

where

3
Ny = =—p' ®@yy.
21 2l7rp 21

Step 2. The calculation of Projs (D, £} (m. 0, 0)V}(m. 0)).
According to Eqgs (A.10) and (A.18), we have

Fy(Q(k)m,, 0) = F2(Q(k)m,, 0) + F SO(Q(K)mx). (A.32)
From Eq (A.3), we have

F> (QUmy + 2, §) = F> (Q()m, + 2, 0)

A.33
=bia.<x>( 3 <I>mmi”m§‘2)+sz @wm,, 2+ 0(iP). (A3

uy+uy=2
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where S, (Q(k)m,, z) represents the product of Q(k)m, and z. From Eqgs (A.18) and (A.20), we have

F4@Qmy, 0) = Fi @Uom,) = ("7)2 (P2.(x) = B2.()) (u;u;_z O my’ | (A34)
where 2
pr() = —= sin(n;x),
) = 2q1(0)g2(0)" (Z;ZZ) = @,
(A.35)

o = 2r (4d11d12R€ {51(0)612(0)}) .

4d, dxnRe {q1(0)g,(0)}

Noted that fol” pﬁx ()b, (x)dx = folﬂ bﬁx(x)dx = (. Based on the previous content, we have

FyQm,, 0), By
'(m,0,0) = PO)|} - 1= (0,0). A.36
fz (m ) ( )( FZ(Q(K)mx, O), ﬁ;zY) ( ) ( )
By combining (A.18) and (A.36), we have
Projs (D) (m, 0,0)V3(m,0)) = B(Nymim),
where
Ny = (0,0)".
Step 3. The calculation of Proj ((D.f;""(m,0,0)) V3(m, 0)(x)).
Let
V3(m, 0)(x) = h(k,m) = Z hy(k, m)by(x), (A.37)
neNo
where

I’ln(K,m): Z hn,uluz(K)m7lmgz'

uy+uy=2

Therefore, we can directly obtain

[sz (Q(K)mx, > ha(x, m)bn(x>) , 2?]
n€Ny ) (2)] = Z Zn (Sz(CI(K)ml, hn(K, m)) + Sz(C_](K)mZa hn(K» m))),

neNy

[32 (Q(K)mx, 2 Ik, m)b,(x)

neNy

where

,n=0,

|-

In
Z = f by, (X)b,(x)dx =
0

, n=2ng,
V2Ir

0, otherwise.
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Therefore, we have
(D.£""m,0,00) V3(m, 0)() = PO)| D Zo (SalqImy, hy(k, m)) + Sa(@(Kyma, (o, m) |,
n=0,2n;
Projs ((D./f;""(m.0,0)) V3(m, 0)(k)) = B(No3mim,),

where

1 1
Ny = ﬁPT (S2(q(k), ho11(k)) + S2(q(k), ho20(k)))+ T

Step 4. The calculation of Proj (( PR 42 (m, 0, 0)) (Véz’d)(m, 0)(/<)).
Denote U(x) = (UD, U?) = Q(x)m, and

FSU(K), 2, Zvs Zee) =F5(UK) + 2, 0) = F3(U(K) +2)

didiy (UL(0) + 22(0) (U2(0) + 22(0))
=27 0) @ 1 I
oy (UL(0) + 22(0)) (UD(0) +2(0)

dydin (U (1)(0) + z(l)(O) (2)(0) + Z(2)(0)
+ 47" o 5 " .
dr1dan (UY(0) + 27(0)) (UL (0) + 23,7 (0)

[dndi2 (UL(0) + 22(0)) (UD(0) + 2(0))
dody (U (0) + 25(0)) (UP(0) + 22(0)) )

According to [41], we have

di1di2 (q1(0)y2(0) + g2(0)y1(0))
dy1dy (g2(0)y1(0) + 1(0)y2(0))
di1d12 (q1(0)y2(0) + g2(0)y,(0))
dy1d; (2(0)y1(0) + g1(0)y2(0))
di1di2 (q1(0)y2(0) + g2(0)y1(0))
dy1d» (g2(0)y1(0) + q1(0)y2(0)))

SV (g, y(x)) = 27

-

-

S (q(w), y(x)) = 4t

S (q(w), y(x)) = 27

From (A.26), (A.30), and (A.37), we have

(Do 2 (,0,0)) VE(m, 0)(x) = P(O) (

(D-, 2 FE(m, 0,0)) VE"(m, 0)(x), B
(D, FE(m,0,0)) V(. 0)(x). By

therefore, we obtain

Proj (D=2, /47 (m.0,0)) VS, 0)(x)) = B(Naymimy),

where
1 ng o S —
Nay = — ﬁ@)%ﬂ (S5 (g, ho.1(®)) + S5V(G(k). hoo(x))
[ 0 (&) S(di) =
+ P Con, (S5 7(q(K), hou11(K)) + S,77(G(K), hon,20(K))
V2Un 525 ’ ( ’ ? ‘ )
and " " "
C(zln)s = _(75)2, C(zzn)s — 2(75)2’ C(23n)5 - _4(73)2'
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Appendix B. Calculation of the corresponding coefficients for Theorem 5.1

The calculations of ®;; and S, (Q(k)m, 2)
Denote 7} = == and 77 = %, we have

T4
Fa(¢,0) =f20000090%(0) + fozoooo‘ﬁ%(o) + fooozoo‘P%(—T_l) + 2 f11000091(0)¢2(0)
+ 2 f101000¢1(0)@1 (=1) + 2 fo10100002(0)01 (=17) (B.1)
+ 2 fo1001092(0)2(=17) + 2 fooo1 101 (=72 (—17),
and
F3(¢,0) = 30000097 (0) + f03000005(0) + foooz0023 (—71) + 3 1000097 (0)p2(0)
+ 3 fo0021091 (—=12(—1) + 3 fi2000001(0)3(0) (B.2)
+ 3 fy1020002(0)¢7 (=77 + 6 for011092(0)p1 (—71)pa(—77),
where
2v'7(d + ev®) . 2eu't"(d + u*) 0
- 2 = T - = L S
fro0000 = | (d + u* + ev¥)? ], Jo20000 = [(d +ur + ev*)3} » fo00200 = [_2”” VT ],
0 0 w* + p)’
2evT(d + ev') — T°(d + 2ev)(d + u* + ev®) . 0
_ 3 _ -7 _ % __%
Sii0000 = (d+u* +evy }, Sio1000 = ( 0 ), Joro100 = { nvrt ],
0 (u + p)?
0 0 —6v*T'(d + ev*) —6e%u*t*(d + u*)
Jorooro = | _ ntt |, fooorio = | VT L, faooo00 = | (d + ur + ev)t |s fosooo = | (d + ur + ev)* |
u+p (u* + p)? 0 0
0 —6ev T (d + ev*) + 27" (d + u* + ev*)? 0
fooosoo = | 60TV 1, frrooon = d + u* + ev?)* » Joooa10 = [ 2’7 ),
w + p)* 0 (w* + p)’
2e7(d + u* + ev*)? — 2e2v' T (d + ev*) — 4dT(d + u* + ev*) + SeT*vu’
Ji20000 = (d + u* + ev)* ,
0
0 0
foro200 = | =20V 7" |, foro110 = nt' .
(w* + py’ (" + py?
Denote
(k) =Q(K)m, = q(K)m ()b, (x) + g(k)my ()b, (x)
_ (m(K)ml(t)bns(X) + q1(K)ma()b,, (X))
q2(k)my ()b, (x) + q2(K)ma(£)by,, (x) (B.3)
_ (901(K))
(k)
Similar to the expression in (A.31), we have
Fy@Q®my, 0) = > ®yuym'm2b (x), w1, 12 € No. (B.4)

uy+uy=2
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By combining equations (A.31) and (B.1)-(B.4), we can calculate that

D20 =/2000004; (0) + fi2000043(0) + foo02004; (=71 + 2 f11000091(0)g2(0) + 2 fin100041(0)g1 (—1)
+ 2£01010092(0)q1(=17) + 2 fo1001042(0)q2(=1) + 2 fooo11091 (=) q2(—1),
D11 =2 f20000041(0)31(0) + 2 f02000042(0)32(0) + 2 fooo20041 (=7 G1(=17) + 2 fi1000041(0)G2(0)
+ 2 £11000041(0)¢2(0) + 2 f101000¢1(0)G1(=1) + 2 f101000G1(0)g1(=1)
+ 2 £01010092(0)q1(=17) + 2 f01010042(0)q1(=17) + 2 fo1001092(0)G2(—17)
+ 2 f01001042(0)q2(=17) + 2 fooo11091 (=7 G2(=17) + 2 fooo11041(=11)q2(=1),
D2 =1000007; (0) + f2000025(0) + fo002007; (=71 + 2 f11000071(0)G2(0) + 2 fio1000G1(0)g1 (—1)
+ 2£01010092(0)G1(=17) + 2 f010010G2(0)G2(=17) + 2 fooo110G1(—=77)G2(—1),
D30 = f30000041 (0) + f03000045(0) + foooz00q: (—) + 3 f21000041 (0)92(0) + 3 fooo21047(— D2 (—77)
+ 3 f12000041(0)g5(0) + 3 fo1020042(0)q7(=77) + 6 for011042(0)q1 (—7)g2(~7),
D3 =£30000071(0) + f3000075(0) + foo300@; (—71) + 3 f2100001(0)G2(0) + 3 fovo210d1 (—7)G2(—77)
+ 3 f12000071(0)35(0) + 3 f1020042(0)Z; (=77) + 6 fo10110G2(0)G1 (—7)Ga(~77),
D21 =3 f30000047(0)71(0) + 3 f03000045(0)72(0) + 3 fooosooq 1 (—)G1 (—77)
+ 3 fa10000 (77(0)32(0) + 21(0)g2(0)G1(0)) + 3 faoon10 (71 (~MGo(—70) + 201 (~D)q2(~DG1 (=77))
+ 3 fi20000 (71(0)g3(0) + 292(0)32(0)q1 (0)) + 3 fononoo (71 (~)G2(0) + 21 (~7)q2(0)g (—7)
+ 6010110 (22(0)q1 (=7 G2(=17) + 2(0)q2 (=1 G1(—77) + G2(0)q1 (=) q2(=1D)) ,
D13 =3 £30000071(0)q1(0) + 3 fo3000075(0)22(0) + 3 fooos0071 (—7)q1 (—77)
+ 3 210000 (é%(O)CIz(O) + 26]1(0)512(0)%(0)) + 3 fooo210 (é?(—ﬁ)%(—ﬁ) + 2%(—7_7)@2(—7_7)511(—7_7))
+ 3 f120000 (611(0)513(0) + 2%(0)@2(0)%(0)) + 3 f010200 (é?(—ﬁ)%(o) + 2Q1(—7_7)é2(0)511(—7_7))
+ 6 /010110 (§2(0)G1 (=1 G2 (=77) + G2(0)g2(=17)q1(=17) + G2(0)G1 (=17 g2(=17)) .

Denote

@(K) + z2(k) =Q(K)m + z2(k) = q(K)my (Db, (x) + GUEIM()by () + 2(K)
_ (QI(K)ml(t)bns(x) + q1(K)ma (Db, (x) + Z1(K)) _ (%(K) + ZI(K)) (B.5)
q2()m1 (Db (%) + G2 ()M (Db (x) + 22(k) ] \2(K) + 22(k) )

Similarly, we have
Fy@Qum, +2,00 = Y @yuymi mih? (x) + $y@Qwmy, ) + O (P, w1 €N (B.6)
up+uy=2

Combining Egs (B.1), (B.5) and (B.6), we have

Sa(Qx)my, 2) =[2120000091(0)z1(0) + 2 f02000092(0)22(0) + 2 foo020041 (—=17)z1(=17)
+ 2 £110000(41(0)22(0) + 2(0)z1(0)) + 2 f101000(q1(0)z1(=1) + g1(=1)z1(0))
+ 2f010100(42(0)z1(=1) + q1(=17)22(0)) + 2 fo10010(q2(0)22(=77) + g2(=11)22(0))
+ 2 fooor10(q1 (=mz2(=17) + q2(=)z1(=17) Im: ()b, (x)
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+ [2 /20000041(0)21(0) + 2 f02000042(0)22(0) + 2 foo0200G1(—7)z1 (=17

+ 2f110000(G1(0)22(0) + §2(0)21(0)) + 2 f101000(g1(0)z1(=1) + g1 (—=1)z1(0))

+ 2£010100(G2(0)z1(=17) + G1(=17)22(0)) + 2 f010010(g2(0)z22(—=77) + G2(=11)22(0))
+ 2 fooo110(q1 (=z2(=17) + Go(=17)z1 (=17)) I () D, ().

The calculations of h(),ll(K), ho’z()(K), thS,ll(K) and thS,ZO(K)
From [44], there is

M, (hy(k, m)by(x)) = D,y (hy(k, mby(x)) Vim = Apr (hy(k, m)by(x))
which causes

M2 (h,(k, m)b,(x)) , B
M2 (h,(k, m)b,(x)) , B

|

D =2iwt" (hn20()m; = o2 () (B.7)

= (Fnli,m) + Zo(w) (Lo (rn(, 1) = B (0, m)))
where
Lo (k) = =7 (3 Bu(0.m) + 7 (Auhy(0.m) + Ashy(=1,m) + Ash, (=7, m).
By combining (A.8) with the second equation of (A.13), we have
£3(m,0,0) =Zo() F>(Q)m,, 0) — 7t (Zo() F2(@Q()m,., 0))

Fr(Qx)m,, 0), /35,{?D - (B.8)

:ZO(K)Fz(Q(KWx’O)‘Q(K)P(O)( Fr@Qwm,, 0), B2

From Eqgs (A.32), (A.33) and (A.34), we have

1
( £2(m, 0, 0), 8 ] WTZO(K) ((Dzom% + Do + (I)llmlmz) ,n=0, ©9)
@~ 1 - - - :
f22(m’ 0, O)’IB” Z()(K) ((Dgom% + (Dozmg + Cl)llmlmz) , = ZHS,

T
where ®;; is represented by the following equation

i (B.10)

By = Dy - 2=
i,j=0,1,2, i+ j=2,

and the expression for d)f’j is given by (A.35). Therefore, by combining (B.7)—(B.9) and matching
coefficients of m?7, m;m,, we obtain

. ho20(k) = 2iwt*ho20(k) = (0,0)7,
) e {ho,zo(o) — Lo(ho20(K)) = ﬁq)zo,
=0 fo.11(6) = (0,0), B-1D
i - {ho,u(o) — Lo(ho11(x)) = %(Dll,
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{ T, 20(K) = 2iwT*hyp, 20(k) = (0,0)7,
mi

. 1 .

hon, 20(0) = Lo(hop, 20(k)) = D,,

. N2in (B.12)
h2ns,ll(K) =(0,0),

mymy :

n = 2n,,

h2n5,11(0) - ~£O(h2n5,ll(K)) = (i)ll-

1
V2Ir
By solving Eqs (B.11) and (B.12), we obtain the following results

o N o
hO,ZO(K) :_eZIwT K 2iLL)T*12 _ T*Al _ T*A2e—2uur _ T*A3e—21wrz Doy,
e )

1 ¢ % % _
ho.11(k) :_\/l_ (—T°A| = T"Ay - T°A3) " @y,
n

-1
N 2n - . o
hon, 20(k) = i (210)7*12 +7( ls VB — T'A| — T Are 27 — T Aze 22| Dy,

1
V2t
. 2N

1
h2ns,11(K):\/T(T( ]
b4

Use of AI tools declaration

-1
)2Bl — T*Al — T*Az - T*A3) d)ll-
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