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Abstract: Different subthreshold resonance patterns characterized by different amplitudes and
frequencies are evoked from the resting potential of the medial superior olive neurons, playing
important roles in sound localization. In the present paper, the conditions and nonlinear cooperation
mechanisms between two ionic currents for the different patterns are obtained in a neuronal model. As
the resting potential is close to the half-activation voltage of low threshold potassium current (/xz7),
simulation results of resonances match the experimental observations. For weak stimulation with small
amplitude, slow hyperpolarization-activated cation current (/) is not activated, whereas fast /xz7 is
activated to mediate a common single resonance, exhibiting small amplitude with symmetry to the
resting potential and high frequency for sound localization. For strong stimulation with large amplitude,
Iu 1s also activated to mediate a low frequency resonance and enhance the frequency of resonance
mediated by [Ikir for precise sound localization. Then, an uncommon phenomenon of double
resonances appears, which exhibits large and non-symmetrical amplitude. The different resonances are
well explained with the fast frequency response of /xz7and slow response of /x. Interestingly and
paradoxically, an oscillation not around its steady value appears at a high frequency of stimulation,
since Iy 1s too slow to recover. If the time scale of two currents becomes approximate, the paradoxical
oscillation disappears. Finally, for the double resonances, the phase trajectory is wide enough to cover
a large part of nullclines with nonlinearity, resulting in large and asymmetrical amplitudes. For the
single resonance with small and symmetrical amplitude, the trajectory is narrow to cover only a local
linear part of nullcline. These results present feasible measures to modulate the high frequency
response of the medial superior olive neurons for sound localization.
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1. Introduction

The nonlinear dynamics of neural electrical activities play important roles in both brain functions
and diseases [1-3]. For instance, membrane potential resonance serves as a key mechanism for
detecting external signals with varying amplitudes or frequencies [4-9]. The subthreshold resonance
means that the membrane voltage manifests a large response at a frequency [10-12]. For example,
when receiving different subthreshold stimulations, the medial superior olive (MSO) neurons exhibit
different subthreshold resonance patterns, characterized by different amplitudes and different
frequencies, which contribute to the sound localization [7,13]. Sound localization plays important roles
in seeking food, searching for offspring and parents, and avoiding predators of many species. A sound
can induce a very small time-difference (~100 us) between the two ears [12—16]. To detect the small
time-difference for sound localization, the MSO manifests a resonance or firing with a high frequency
around 300 Hz. Then, the high frequency response is a key clue to the sound localization [17-20],
which is induced by a fast low threshold potassium current (/xz7) [13]. Interestingly, the frequency
mediated by the /xzr is much higher than that of other neurons without /xz7, such as the inferior olive
neurons and other neurons [21-25]. Furthermore, a hyperpolarization-activated cation current (/x) with
slow dynamics can modulate the resonance of the MSO neurons [26], forming different resonance
patterns. Then, identification of the cause for different resonance patterns, and the maintenance or
enhancement of the frequency of the resonances, are favorable for accurate sound localization.

The MSO neuron is often at a resting state when not receiving stimulation, exhibiting a resting
membrane potential (Viest). Different resonance patterns [13,27] are induced by different external
stimulations applied to the Viest, exhibiting different amplitudes or different frequencies, which may be
responsible for detecting different stimulations. In biological experiments, external stimulation with
increasing frequency, called Iz4p current, is used to evoke resonance. At an early stage, a weak
stimulation with small amplitude and linearly increasing frequency is applied, and only a single
resonance at a high frequency (~260 Hz) [7] 1s evoked, which is mediated by the fast /x;r. The
resonance amplitude is small, and the top and bottom envelopes of the membrane potential are symmetrical
to the Viest [27], similar to the common resonance widely observed in various neurons [21,28,29]. Then, as
the /z4p becomes strong, although still a single resonance is evoked, the amplitude becomes large and
asymmetrical to the Vs, behaving as a depolarization resonance [13]. Recently, as the frequency of
the large Iz4p increases exponentially, double resonances with large and asymmetrical amplitudes
appear. One resonance exhibits a depolarization amplitude and high frequency ~300 Hz, mediated by the
fast k17 [26,30]. The other resonance manifests hyperpolarization amplitude and low frequency ~50 Hz,
mediated by the slow /y. Furthermore, compared with the single resonance for a weak stimulation, the
depolarization resonance exhibits a higher frequency, implying more accurate sound localizations. For
the double resonances, the top and bottom envelopes of the voltage response are asymmetrical to the
Viet [26,30]. In addition, as Iy is blocked, a single depolarization resonance with large and
asymmetrical amplitude appears. Such an asymmetrical resonance has attracted much less attention,
in addition to an interesting study [27], wherein an asymmetrical resonance is regarded as an
uncommon phenomenon the resonance. Different from the MSO, the asymmetrical resonance is
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mediated by a slow outward potassium current (/)7). Furthermore, the asymmetrical amplitudes are
effectively analyzed with a novel geometric analysis method and compared with the symmetrical
amplitude: the asymmetrical are related to the nonlinear parts of the nullclines related to /i, and the
symmetrical amplitude is induced by the linear nullcline. Paradoxically, a phenomenon that the
resonance behavior does not oscillate around the steady state value of one variable is observed.
However, the dynamical mechanism for the paradoxical remains unclear. Then, such a novel geometric
method for only one ionic current (/1) may be extended to recognize the asymmetrical resonance of
the MSO, which may be associated with nullclines for two ionic currents (/s and Ixz7).

Despite these progresses, several questions remain unclear. For instance, for a weak stimulation,
why does high frequency resonance mediated by Ix.7 appear, and why does not low frequency
resonance mediated by 7/ appear? The cooperation between Viest and activation of the /x;rand the 7
may be the cause. In addition, although the cooperation between the dynamics of Ix;.r and Iy to
modulate the double resonances for strong stimulation has been acquired [30], the cooperation between
the Ix,rand Iy to modulate the single resonances for weak stimulation remains unclear. Furthermore,
the cause of the uncommon phenomenon of the asymmetrical amplitudes is still an open problem, due
to a lack of an analysis method. Then, the geometric analysis in the study [27] may be extended as an
effective method to analyze the nonlinear dynamics underlying different resonance patterns modulated
by the two ionic currents. Furthermore, is there a paradoxical phenomenon that the resonance behavior
does not oscillate around the steady state value of a variable? If there is, what is the condition or
dynamical mechanism for the paradoxical phenomenon? The answers to these questions are very
important for the dynamics of MSO neurons, sound localization, and nonlinear phenomena across in
engineering and natural sciences.

The questions mentioned above are investigated in a neuronal model in the present paper. First,
conditions for the different resonance patterns are obtained. The activation of the /x.7 and /x and their
relationships to the Vs are presented, and the time scales of the /x.7 and Iy are provided, closely
matching the experimental conditions. Second, different resonance patterns are reproduced for
stimulation with different amplitudes. As stimulation amplitude increases, single resonance with a
symmetrical/small amplitude and high frequency changes to double resonances with asymmetrical and
large amplitude, accompanied by enhancement of the high frequency of the resonance that facilitates
sound localization. Third, the different resonance patterns are explained with cooperations between
different activations and different frequency responses of fast /x,r and slow /y. The single resonance
is dominated by the response of /x.7 at high frequency and the inactivation of /z. However, for double
resonances, /y current is activated at slow frequency, which can mediate the resonance for low
frequency and induce the high frequency of the resonance mediated by /x.7 enhanced. Interestingly
and paradoxically, an oscillation that is not around its steady value appears at a high frequency of
stimulation, since 7 is too slow to recover within a relatively short stimulation period. Such a behavior
shows complex dynamics of frequency response induced by the frequency mismatch between external
stimulation and internal factors. If the time scale of /x;rand Iy becomes approximate, the paradoxical
oscillation disappears. Finally, the novel geometric analysis method is extended to explain the
symmetrical characteristic of the amplitude. The asymmetrical amplitude is large enough to cover a
large part of nullclines which exhibit nonlinearity, and the symmetrical amplitude is small enough to
only cover a local part of nullclines which manifest linearity. These results provide the nonlinear and
ionic current mechanisms of the different resonance patterns, which not only help to regulate the
resonance of MSO neurons, but also to facilitate the sound localization.
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2. Models and methods
2.1. MSO neuron model

In addition to the positive currents such as the sodium current (/n,) and hyperpolarization-
activated cation current (/), the MSO neuron model [13] also contains negative currents, such as the
high-threshold potassium current (/xx7), low-threshold potassium current (/x.7), and leak current (/).
The model equations are as follows:

dv

CmE:Zl=_gNam3h(V_ENa)_gKHT(O'85n2+O‘15p)(V_EK)
_gKLTW4Z(V_EK) —gitV—-E)-g,V—-E)+I,, 1

dc x —x

— = (2)

dt TX(V)

where the parameter C,, is the membrane capacitance, and the variable V' represents the membrane
voltage. The symbol x denotes 7 gating variables m, h, n, p, w, z, and r. The variables m and / represent
the activation and inactivation of Iy,, respectively, n and p correspond to the activation and inactivation
of Ikur, respectively, w and z are the activation and inactivation of the Ix;7, respectively, and r is the
inactivation of /. The parameters gna= 1275 nS, gxur= 150 nS, gxkrr =190 nS, gz =70 nS, and g, =15 nS
are the maximal conductances, while Ex,= 55 mV, Ex=-106 mV, Ey=-37 mV, and £, =-77.5 mV are
the Nernst potentials. These parameters were selected based on [13] and the electrophysiological
experiments described in [19]. The parameter /pc = 0.176 nA is a constant current. The functions xe«(})
and (V) (x=m, h, n, p, w, z, and r) are the steady-state function and time constant, respectively, which
are described as follows:

1 0.78 1
T e T e e
1 1 1 L
m, BTG h, = |+ ol 676 oMy, :[1+e—(V+IS)/S]1/2 P = 14 e V236°
0.24-10 0.24-100
T 5 (V018 | 3 ¢ -(V460)/25 +0.04-0.24, 7,= 11eVH00/24 451 o (V6023 0.7-0.24,
o 0.24-100 +5.024,7 - 0.24-100 +5.0.24

P 4eVT60/32 5 —(VF60)22

1000

o (V60720 | —(V-60)8

4 VO3 5o ~(V60)22

7.=0.24] +50].

In the present paper, we focus on subthreshold resonance mediated by the 7y and Ix.r currents. Iy
is a hyperpolarization-activated cation current widely distributed in the nervous system and serves
important functions. For example, research indicates that /y contributes to enhancing the coding
accuracy of sound localization. [ current exhibits slow kinetic properties and can induce subthreshold
resonance at approximately 6 Hz in hippocampal pyramidal neurons [23]. Ik.r is a low-threshold
potassium current commonly found in the auditory system, and its fast kinetic characteristics are
crucial for nuclei involved in sound localization, such as the superior olivary complex. This paper
adopts a model based on electrophysiological experiments conducted on brainstem neurons [19]. In
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the model [19], the expressions for the time constants of / and Ik, 7 are as follows:
B 0.24-100

T, =[ 7V 30 ~(V+60)25

100

6e(V+75)/12.15 +24e—(V+75)/25 + 0 55

+0.6-0.24],
(3)

7.=0.46] 1.

In this study, the time constant reflects the inactivation and activation rate of ionic channel. In
this study, the range of time constants are studied. Then, coefficients «,, and f,,, are added to the

equations of time constant to represent the scale of time constant, as described as follows:

B 0.24-100
Tr —a]_[[ 7e(V+60)/1 1 +3 6e—(V+60)/25

+0.6-0.24],

100 )

6eVTIVI2I5 50~ (VT2 | () 55

7, =Brl ].

The coefficient «, was varied over the range of 0.01 to 0.3, and f,,, over the range of 0.11

to 0.35.
2.2. Iz4p current to induce resonance

In many studies [23,27,29], the single resonance is evoked by an Iz4p with frequency changed
linearly, which is described as follows:

Lp(8) = 4, sin[27 f (1)1))],

f<t>=ja+(jg_fs)%, (5)

where f; represents the starting frequency, f. is the ending frequency, and 7 is the duration of the
stimulus. In fact, the resonance frequency should be located within the range between f; and f., and T
should be long enough to ensure that there is a period to capture the resonance.

However, only when 7 is very long, double resonances respectively at a low frequency and a high
frequency can be evoked or captured. When plotted in a figure, the time solution of the period of Iz4p
is low, since the very long 7. To enhance the time solution of the figure, an /74, with frequency changed
exponentially instead of linearly can induce or capture the double resonances, even when 7 is relatively
short, which was used in the experimental study [26]. Inspired by the experimental study [26], such an
I74p 1s used in the present paper and is described as follows:

1,,p(t) = 4, sin[¢(1)], (6)

(27Z-)fvT (L)I/T
In(f. /) S

where 4;» and ¢(7) are the amplitude of stimulation and phase function, respectively. The time factor ¢

P(1) = ; (7
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t/'T
is contained in the item f, [%} in Eq (7). The derivative of ¢(¢) corresponds to the spontaneous

frequency of Iz4p(f), which is labeled as fi.(¢) and is described as follows:

1 d¢(t)_ f t/T (8)
f(f)

In the present paper, the values of f;, fo, and T are 10 Hz, 850 Hz, and 20 s, respectively. 4;, 1s
chosen as control parameter. A small value or a large value of 4;, corresponds to weak stimulation or

f;n (t) -

strong stimulation, respectively.

A representative example of /z4p with 4;, = 0.05 nA is shown by the black curve in the middle
part of Figure 1. Especially, the blue curve in the bottom represents the exponential change of
frequency, fi(¢), differing from the common /z4p with linearly changing frequency. In fact, for the
latter part of /z4p, the time solution of period is low. Then, the top 3 inset panels (black, magenta, and
green curves) represent the enlargement of /z4p current corresponding to the timing labeled with the
three arrows, respectively. Two cycles of Iz4p around 0.4 s, 10 s, and 19.5 s are presented, respectively,
showing a high time solution of period.
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Figure 1. The /z4p current (black) with exponential frequency for small amplitude 4, =
0.05 nA and changes of frequency (blue curve). Within 20 s, 10 Hz changes to 850 Hz.
The top 3 inset panels (black, magenta, and green curves) represent the two cycles of the
Iz4p current corresponding to the timing labeled with the three arrows, respectively.

During the continuous changes of frequency of /z4p, the resonance within the frequency range of
I74p can be captured easily (Figures 3, 5, 12, 14, and 17 of the present paper). In fact, there is no
correspondence of /z4p in real neurons, whether linear changing frequency or exponential changing
frequency, since Iz4p is a manner to evoke the resonances which exist in the frequency range of Iz4p.
Then, after capturing the resonance induced by /z4p, more detailed dynamics of the resonance are
further investigated at fixed frequencies (Figures 8—11, 15, and 16). Iz4p is a practical manner to capture
resonance in the biological experiments, whereas the dynamics of resonance at fixed frequencies
corresponds to real neurons.

2.3. Measure to characterize the symmetry of the resonance

The MSO neuron stimulated by /z4p is described as follows:
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dv

C, s Z[ =— g W h(V —E, )~ g (0.85n> +0.15p)(V — E,)

_gKLTw4Z(V_EK) _gHr(V_Eh)_gL(V_EL)+IDC +1,,, )
& _Xox (10)
dt  t.(V)

If I74p 1s ignored, the membrane potential V() is at resting state and is labeled as Viest. After introducing
I74p current with amplitude 4;,, V(¢) exhibits oscillations. The envelopes of V(?) are used to characterize
the symmetry of the resonance induced by /z4p, according to [27]. For V(¢) evoked from Ve, the local
maximal values on the upper envelope are labeled as Vyu(f) and the minimal values on the lower
envelope as Viin(£). Vimax(f) — Vrest is labeled as V'(f), and the absolute values of | Vipin(f) — Viest | is

labeled as V(¢). Then, for the amplitude 4;», normalize V' (¢) and V¥ (¢) by dividing 4;, to acquire

the impedance profiles

Z(f)"=—o, (11)

where Z(f)" and Z(f)~ respectively correspond to the depolarization and hyperpolarization impedance
profiles. The resonances can be classified into different patterns according to the relationships between
Z(f)~and Z(f)":

1) If Z(f) "nearly coincides with Z(f)", the resonance is called resonance with symmetrical amplitude.
If Z(f)~ does not coincide with Z(f)", the resonance is called asymmetrical resonance.

2) If the peaks of Z(f)~and Z(f)" occur at nearly a same frequency or only one of Z(f)~and Z(f)" has
a peak, a single resonance appears. If the peak of Z(f)~ appears at a frequency significantly different
from that of Z(f)", the resonances are called double resonances.

2.4. Geometrical analysis to show the asymmetrical amplitude of resonance

In the study [27], the phase trajectory of the response behavior and the nullclines in the phase
plane were used to study the asymmetrical amplitude of the resonance mediated by a single current. In
the present paper, such a method is extended to characterize the symmetrical or asymmetrical
amplitudes of the different resonance patterns mediated by two different resonance currents.

For the resonance induced by an external signal Asin(2nff) with a fixed frequency f, the first
equation is changed to C, OZZ—V = Z[ +A4sin(27 ft) . Then, three V-nullclines c;—V =0 are acquired,

t t
av
dt

=Y 1+4=0, Cmd—V > 1=0, and Cmd—V > I—A=0, corresponding to

which are C, = =
dt dt

peak, 0, and trough of 4sin(2nf?), respectively. In addition, r-nullcline r=r, (V') for the Iy to mediate
the hyperpolarization resonance and w-nullcline w=w, (V') for the Ixzr to mediate the depolarization
resonance are acquired. Considering that [.,,=—g.,w'z(V —E,) and w* determines the

. 4 . 4 . .
instantaneous conductance of the /xz7, w" instead of wand w, instead of w, are used in the phase
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plane. Then, the phase trajectory of the response behavior at different frequencies f'is projected to the
phase planes (¥, r) and (¥, w?). The locations of the phase trajectory, equilibrium point, and nullclines,
the shape of nullclines (nearly linear or nonlinear), and the symmetry of the nullclines to the Viest, are
used to explain the symmetrical or asymmetrical amplitude of the resonance and the changes of
symmetrical characteristics with respect to stimulations.

2.5. Method

The theoretical model is solved by the fourth-order Runge—Kutta algorithm, and a time step 0.001 ms
is used.

3. Results
3.1. Dynamics of the Ikir and Iy currents
3.1.1. Nonlinear activation function of the /x;7r and Iy currents

The blue curve and magenta curve in Figure 2(a) represent the steady-state function of activation

variable w of the Ix.r(w, (V) = . 1

T ST )and of r of the Iy (r, (V) = o ), respectively.

V7073

The red horizontal dashed line corresponds to half-activation (0.5) of activation variables. The magenta
solid circle and blue solid circle represent the half-activation voltages for 7«(}) and w(V), labeled as
Vin,- and Vi2,w, and the values are —76 mV and —57.3 mV, respectively.

(a) 1.0

) ' ' '
Iﬂ-/\:

0.84

0.6
[ e T e
0.4

r /w. (V)
TIJT\\ (ms}

0.2 0.014

— i, = 0.2

0.0 Brr=0.11

. : . 0.001 T T
150 -100 -50 0 50 -100 -80 -60 -40 =20

¥ (mV) ¥ (mV)

Figure 2. Dynamics of the /x;r and Iy. (a) r«(V) (magenta) for the /7 and ww(V) (blue) for
the Ix;r. The green vertical line denotes Vrest; (b) The changes of time constant 7. for o= 0.2
(red) of the Iy and 7w for fkrr= 0.11 (green) of the Ix.r with respect to V.

3.1.2.  The level of resting state

In the present paper, the resting membrane potential Viess=—62 mV is shown by the green vertical
line in Figure 2(a). Obviously, Viest = —62 mV is close to Vipw = —57.3 mV (blue circle) for the Ix;r
and far from Vi, (magenta circle) for the /5. Such a value of Viest ensures the activation of Ixz7 and
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inactivation of 7y for weak stimulation, which is the cause for the resonance mediated by Ik, for weak
stimulation. The detailed results please refer to Subsection 3.2. If Viest is close to Vi, =—-76 mV, Iy is
activated for weak stimulation, whereas Ig;7 is not for small amplitude. Then, single resonance
mediated by the /x should appear (simulation result is not shown here), which is consistent with the
experimental observation of resonance in other neurons [23]. Then, Viest = —62 mV is chosen in the
present paper. The results are similar when Viest is around —62 mV.

3.2. Different resonance patterns
3.2.1.  Single resonance with symmetry for different time scales of the /y and Ix.7

Single resonance with symmetrical amplitude for different time constants (ax and fx.7) induced
by a weak stimulation 4;,= 0.05 nA is shown in Figure 3, with the values of a7 and Sk shown in each
panel. The resonance exhibits a single frequency, amplitude with symmetry, a small amplitude, and a
high frequency (~240-300 Hz). The results of Figure 3 show that the single resonance with
symmetrical amplitude appears in a wide range of time scales of the two resonance currents.

V(mV)
F(mV)
¥ (mV)

=

5 10 15 20 5 10 15 20 10 15 2
Time (s) Time (s) Time (s)

=
]
=
th

¥ (mV)
V{mV)
V(mV)

-63

=

5 10 15 20 10 15 20 10 15 2
Time (s) Time (s) Time (s)

=
<
o
=
th

-61 -61

-62 -62

¥ (mV)

V(mV)

¥ (mV)

-63 -63

0 5 10 15 20 10 15 20 10 15 20

Time (s) Time (s) Time (s)

e
n

=
th

Figure 3. The single resonance with symmetrical and small amplitude at different values
at ay and Sxrr to modulate time constants. Top row: ax = 0.4; Middle row: ax = 0.2;
Bottom row: an = 0.01. Left column: Sk.r = 0.11; Middle column: Sk.r = 0.17; Right
column: fSxrr=0.23.

To clearly show the symmetrical amplitude of the resonance, taking the first in the middle row of
Figure 3 as an example, the impedance profiles of the voltage response are shown in Figure 4, denoted
by black solid (Z(f)") and dashed (Z(f)") curves, respectively. For the single resonance with
symmetrical amplitude, Z(f)" and dashed Z(f)~ almost coincide, thus |Z(f)™— Z(f)"| approximates 0, as
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shown by the horizontal magenta line in Figure 4. For /z4p current with a small amplitude (4;,» = 0.05 nA),
the resonance exhibits a single frequency, an amplitude symmetrical to Vrest (green line), and a small
amplitude (about 2 mV). The frequency of resonance is ~243 Hz.

Frequency (Hz)
10 30 92 280 850

T

—_—

— lziy-zin°|

Impedance (MQ)

0 5 10 15 20
Time (s)

Figure 4. Impedance profiles of single resonance with small and symmetrical amplitude
for weak stimulation amplitude with 4;, = 0.05 nA, ay = 0.2, and fk.7 = 0.11; The bottom
X-axis represents time, while the top X-axis displays the corresponding frequency. The
black solid and dashed curves represent Z(f)" and Z(f)", respectively, and the magenta solid
curve represents |Z(f)~ — Z(f)"].

3.2.2.  Double resonances with asymmetrical amplitude induced by strong stimulations

As the amplitude of the subthreshold /z4p increases to large values, the single resonance with
symmetrical and small amplitudes changes to the double resonances with large and asymmetrical
amplitudes.

For middle amplitude (4:;» = 0.2 nA), the voltage response exhibits double resonances with a
middle amplitude (~7 mV), as depicted in Figure 5(al). One resonance exhibits a low frequency and
hyperpolarization amplitude (blue arrow), and the other a high frequency and depolarization amplitude
(red arrow). The frequency of the depolarization resonance is ~273 Hz for the middle amplitude. For
strong stimulation 4;» = 0.7 nA, double resonances with large amplitude (~20 mV) appear, as shown
in Figure 5(a2). The double resonances closely match the experimental result [26]. The frequency of
the depolarization resonance is ~342 Hz for the strong stimulation, showing that the stimulation
amplitude enhances the resonance frequency. Then, the result implies that the sound source with a
larger amplitude is easier to be localized. In this study, we primarily focus on the effects of the
amplitude of the stimulus current /z4r and the timescales of Iy and /x.r on the resonance pattern. The
conductances of 7y and Ix.r were set to 70 nS and 190 nS, respectively. In fact, increasing or decreasing
gkrr or gy by approximately 20% within a certain range may alter the frequency and amplitude of
resonance but does not induce a transition in the resonance pattern (not shown here).

The impedance profiles Z(f)" and Z(f)~ are shown in Figures 5(b1) and (b2). The magenta solid
curve represents |Z(f)~ — Z(f)'| to show the asymmetrical degree, showing non-zero values in a wide
frequency range. Then, the double resonances for the middle and strong stimulations exhibit
asymmetrical amplitude. The magenta curve in Figure 5(b2) is larger than that in Figure 5(bl) in a
wide range, showing that the asymmetrical degree of the double resonances induced by a strong

Electronic Research Archive Volume 33, Issue 12, 7763-7790.



7773

stimulation (Figure 5[a2] and [b2]) is larger than that induced by a stimulation with middle amplitude
(Figure 5[al] and [b1]).

Frequency (Hz)
0 30 92 280 850

(al)-50 (b1) 25"

-6

A

| —
T —

¥ (mV)

-70

Impedance (MQ)

0 5 10 15 20 0 5 10 15 20
Time (s) Time (s)

Frequency (Hz)
92

¥V (mV)
Impedance (MQ)

5 10 15 | 0 5 10 15 20
Time (s) Time (s)

Figure 5. Frequency responses of the resting membrane potential Viest=—62 mV, oy =0.2,
Pxrr = 0.11 to Iz4p current with different amplitudes. (al) Double resonances with middle
and asymmetrical amplitude for middle stimulation amplitude 4;» = 0.2 nA; (bl)
Impedance profiles of panel (al); (a2) Double resonances with large and asymmetrical
amplitude for strong stimulation amplitude 4;» = 0.7 nA; (b2) Impedance profiles of panel
(a2). In the right column, the black solid and dashed curves represent Z(f)" and Z(f)",
respectively, and the magenta solid curve represents |Z(f)~ — Z(f)'|. The bottom x-axis
represents time, while the top x-axis displays the corresponding frequency.

3.2.3. The dependence of depolarization and hyperpolarization resonance on stimulation amplitude,

By of Ikir, and a,, of In

The changes of depolarization resonance frequency with increasing stimulation amplitude 4;, and

the time constant f,,, of Ix.r are shown in Figure 6. As illustrated in Figure 6(a), the resonance
frequency increases with increasing stimulation amplitude 4;, and decreasing the time constant S,

of Ix.r. Then, increasing amplitude 4;» and decreasing time constant f,,, present potential measures

to enhance the depolarization resonance frequency. Figure 6(b) shows the hyperpolarization resonance
frequency. At the down-right part of Figure 6(b), the frequency is relatively high, and there is small
difference to the depolarization resonance frequency (Figure 6(a)). At the up-left part of Figure 6(b),
the frequency is low, which is much lower than that of the depolarization resonance (Figure 6(a)).
Then, the double resonances appear in the up-left part, and the single resonance in the down-right part,
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as shown in Figure 6(c). The difference between the depolarization resonance frequency and
hyperpolarization resonance frequency is larger than 30 Hz for the double resonances. In addition, the
weak, middle, and strong stimulations can be distinguished to a certain extent, according to Figure 6.
In Figure 6(a), the most part of green area, the most part of yellow area and up-right part of green area,
and the red part correspond to weak, middle, and strong stimulations, respectively.
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Figure 6. The change of resonance frequency with the variations in stimulation amplitude
Ain and the time constant g, of Ix.r. (a) Depolarization frequency in the plane (g, , Ain);
(b) Hyperpolarization resonance frequency in the plane ( g,,,, 4in); (c) The distribution of
single and double resonances in the plane ( g, , 4m). The gray represents double

resonances and light green represents single resonance.

The change of depolarization resonance frequency with increasing stimulation amplitude 4;, and
the time constant ¢, of /i are shown in Figure 7. As depicted in Figure 7(a), the resonance frequency
increases with increasing 4, and changes little with increasing o, . Then, increasing amplitude A
presents a potential measure to enhance the depolarization resonance frequency. Figure 7(b) shows the
changes of hyperpolarization resonance frequency. At the bottom or left part, the frequency is
relatively high. At the remaining part, the frequency is low, which is much lower than that of the
depolarization resonance (Figure 7(a)). Except the down-left corner, there is obvious difference
between the frequencies of depolarization resonance and hyperpolarization resonance (Figure 7(a)).
Then, the single resonance appears in the down-left corner, and double resonances appear in the other
part, as shown in Figure 7(c). The difference between the depolarization resonance frequency and
hyperpolarization resonance frequency is larger than 30 Hz for the double resonances. In our previous
study [30], the ionic mechanism that the /i enhances the frequency of resonance mediated by /x.r for
large-amplitude stimulation is obtained. In the present paper, the mechanism for middle and weak
stimulation are similar (not shown here to avoid repetition).

In summary, the amplitude of the /z4p current and the time scales of the /x and Ik, r currents are
key factors influencing the transition of resonance patterns. When the /y current is slow (i.e., with a
large «,, ) and the Ix.r current is fast (i.e., with a small g, ,, ), an increase in stimulus amplitude causes
the resonance pattern to shift from single to double resonances, as illustrated in Figures 6(c) and 7(c).

At strong stimulus amplitudes, if the time scale of the /y current becomes faster (i.e., a, decreases)
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while that of the /x.r current becomes slower (i.e., j,,, increases), the resonance pattern changes
from double back to single resonance.
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Figure 7. The change of resonances frequency with the variations in stimulation amplitude
Ain and the time constant ¢, of /u. (a) Depolarization resonances frequency in the plane
(a, , Ain); (b) Hyperpolarization resonances frequency in the plane (¢, , 4in); (c) The
distribution of single and double resonances in the plane (¢, , 4in). The gray represents

double resonances and light green represents single resonance.
3.3. The cooperations between I, and Iy for different resonance patterns
3.3.1.  Single resonance: Low activation of /y and fast frequency response of Ix.r

In fact, during the process to change the frequency of the /z4r to evoke the resonance, the
responses of the /x.r and Iy cannot keep up with the /z4p at different speeds, resulting in a phase
difference between V(f) and variables of the Ix;r and Iy The Ix;r and Iy show different phase
differences due to the different time scales. To clearly show the frequency responses of w(#) and we(t)
of the Ix;r, r(f) and r«(f) of the Iy, and V(¢) at different frequencies, the responses to a stimulation
Asin(2nft) are studied, with 4 = 0.05 nA and f fixed at four different values, 0.1, 50, 243, and 1500, as
shown in Figure 8.

As depicted in the top row of Figure 8, V(¢) (black) exhibits small oscillations, and the resonance
(largest amplitude) appears at /= 243 Hz, as shown in the third panel. The Ik, is activated, resulting
in that w(?) is around 0.4, as depicted by the purple curve in the middle row. However, the Iy is nearly
inactivated, resulting in 7(#) manifesting a small value (0.12 and 0.14), as depicted by the black dashed
line in the bottom row. The activations are determined by that Vet = —62 mV is close to V12w, and far
from Vis,,, as shown in Figure 2(a).

Compared with the first and second columns, w(¢) exhibits a faster frequency response than 7(z).
For a very slow frequency (0.1 Hz), w(¢) (purple dashed curve) can keep up with w«(#) (cyan solid
curve), and meanwhile 7(¢) (black dashed curve) can keep up with r«(#) (green curve), as shown in the
first column. For a low frequency (50 Hz), w(¢) nearly keeps up with w«(¢), whereas 7(f) cannot keep
up with 7»(#), as shown in the second column. 7(¢) delays than r«(¢) and V(¥), since r«(¢) and V(¢) have
the same phase. At the resonance frequency (243 Hz), w(¢) decreases to a small extent, whereas
r(t) decreases to a large extent. Then, the resonance is mainly determined by w(¢). For a large
frequency (1500 Hz), w(¢) decreases to a large extent, whereas r shrinks to 7«(Vrest). Obviously, the
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Ixr7 exhibits a faster frequency response than the /7 current.
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Figure 8. V(#)(top), w(¢) and we(f) (middle), and 7(#) and r=(f) (bottom) at different
frequencies for 4 = 0.05 nA. (al), (bl), and (c1): 0.1 Hz; (a2), (b2), and (c2): 50 Hz; (a3),
(b3), and (c3): 243 Hz; (a4), (b4), and (c4): 1500 Hz. The solid black curve and green line
in the top row represent V(#) and Viest, respectively. The dashed purple, cyan, and magenta
in the middle row represent w(?), wx(?), and ww(Viest), respectively. The dashed black, solid
green, and red in the bottom row represent 7(¢), r«(t), and rw(Vrest), respectively.

3.3.2.  Double resonances: fast response of /x.r and slow response of Iy

As the amplitude of the subthreshold /z4p stimuli increases to large values, the single resonance
with symmetrical and small amplitude changes to the double resonances with large and asymmetrical
amplitudes. As depicted in Figure 9, V(¢) (black) exhibits large oscillations in the top row. Double
resonances appear respectively at /= 50 and 342 Hz, as shown in the second and third panels.

The w(?) (purple dashed curve), wa(?) (cyan solid curve), and w(Vrest) (magenta) of the Ik, 7 at four
fvalues, 0.1 Hz, 50 Hz, 342 Hz, and 1500 Hz, are shown in the upper row of Figure 9. And r(¢) (black
dashed), r«(?) (green solid), and 7(Vrest) (red solid) of the Iy are depicted in the lower row. Compared
with the two rows, several characteristics can be found:

1) Both the Ik, 7 and the Iy current are activated, then, both w(#) and »(¢) can reach relatively
large values;

2) w(t) exhibits a faster frequency resonance than 7(¢). At the hyperpolarization resonance frequency
50 Hz, the delayed phase between 7(¢) and r«(f) is larger than that between w(f) and ww(?). At the
depolarization resonance frequency 342 Hz, the delayed phase between 7(¢) and r«(f) is much larger than
that between w(¢) and w(?), and 7(f) becomes small to a larger extent, whereas w(f) to a smaller extent.
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3) Especially, w(#) oscillates around wew(Vrest), which is consistent with the common view.
However, r(¢) does not oscillate around r«(Viest) for a relatively high frequency but runs at a level
higher than r«(Viest), which is an interesting phenomenon different from the common view, due to 7(¢)

is slow while w(¢) is fast.
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Figure 9. V(¢) (top), w(¢f) and ww(f) (upper), and r(¢f) and r«(f) (lower) at different
frequencies for a strong stimulation 4 = 0.7 nA. (al), (bl) and (cl): 0.1 Hz; (a2), (b2) and
(c2): 50 Hz; (a3), (b3) and (c3): 342 Hz; (a4), (b4) and (c4): 1500 Hz. The solid black
curve and green line in the top row represent V(¢) and Vres, respectively. The purple dashed
and cyan curves represent w(f) and w«(t), respectively. The black dashed and green solid
curves represent #(f) and r«(f), respectively. The magenta and red horizontal lines represent
Woo( Vrest) and roo( Viest), respectively. The blue and red arrows indicate hyperpolarization and
depolarization resonance, respectively.

3.4. Geometric analysis of symmetrical characteristics of the single and double resonances

The geometrical analysis results at the four different f values are shown in Figure 10. The results

in the (w#, V) plane are shown in the upper panel. In each panel, the three magenta curves from left to
right represent V-nullclines (C,, — = ZI +A=0) or 4 =-0.7nA, 0 nA, and 0.7 nA, the cyan curve

represents the nullcline w* = w? (V), and the blue curve denotes the phase trajectory of the response

behavior. Then, the middle V-nullcline (magenta solid curve) intersects with w* =w’ (V) to form the

equilibrium point with ¥ = Viest. And the results in the phase plane (V, r) are shown in the lower row.

In each panel, in addition to the three V-nullcline curves depicted by the magenta curves and phase

trajectory shown by the blue curve, the green curve denotes the nullcline = 7, (V). Then, the middle

V-nullcline (magenta solid) intersects with » =7, (V) to form the equilibrium point with V' = Vies.
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3.4.1. Single resonance: nearly symmetrical dynamics in a small region around the equilibrium point
and with a linear nullcline

Obviously, in each panel, the nullclines are nearly linear within the small range, a V-nullcline exhibits
nearly symmetry on the two sides of the w’—nullcline, and V-nullclines for 4 = 0.05 nA and 4 = —0.05 nA
are nearly symmetrical to the equilibrium point and the V-nullcline for 4 = 0 nA. The phase trajectory runs
in a small region around the equilibrium point and exhibits symmetry to Vs corresponding to the
equilibrium point. The results in the (¥, ) plane exhibit behavior similar to those in the (¥, w*) plane.

For the very low frequency such as 0.1 Hz, the phase trajectory in the (¥, w¥) plane moves cyclically
(anticlockwise) along the w’—nullcline, around the equilibrium, and within the range between the V-
nullclines of 4 = 0.05 nA and 4 =—-0.05 nA, due to that w nearly equals w, as depicted in Figure 10(al).
At 50 Hz, the phase trajectory becomes a cycle due to the phase delay between w(¢) and V(¢) (w«(¢)), as
shown in Figure 10(a2). The phase point runs along the phase trajectory in an anticlockwise. At resonance
frequency 243 Hz, the size of the cycle becomes largest due to the optimal phase delay and the largest
V(¢) values, as shown in Figure 10(a3). At 1500 Hz, the phase trajectory shrinks, as shown in Figure
10(a4), due to the small oscillations of w(¢) and V(¢). With increasing frequency, the cycle of the phase
trajectory rotates in a clockwise direction, from a direction along w*-nullcline to a direction nearly
parallel to the V-axis, due to the enhanced phase delay between w(¢) and V(#)(w«(?)).

As shown in Figures 10(b2)—(b4), the phase trajectory (¥, r) exhibits shrinkage in the  direction,
and becomes nearly parallel to the J-axis. At a not low frequency (>50 Hz), the rotation angle of the
cycle of the phase trajectory in the V- r plane is larger than that in V- w? plane, showing a larger phase
delay between r(¢) and r«(¢), due to the slower frequency response. The direction of the lower row is
inverse to the upper row.
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Figure 10. Dynamics in the V-w’ plane (upper row) and V- plane (lower row) at the four
frequencies for 4 = 0.05 nA. (al) and (b1): 0.1 Hz; (a2) and (b2): 50 Hz; (a3) and (b3): 243
Hz; (a4) and (b4): 1500 Hz. In each panel, the three magenta solid curves from left to right
represent the V-nullcline for —4, 0, and 4, respectively, the cyan curve denotes the w-nullcline,
the green curve represents the 7-nullcline, blue curve represents the phase trajectory. Upper
row: The anti-clockwise arrow represents the phase point running along the phase trajectory,
and the arrow with a clockwise direction denotes the rotation of the cycle of the phase
trajectory with increasing frequency. Lower row: The direction is inverse to the upper panel.
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3.4.2. Double resonances: non-symmetrical dynamics in a large region with nonlinear nullcline

With increasing 4 to 0.7 nA, the distance between V-nullclines for 4 and —4 becomes larger, the
size of the phase trajectory becomes large, V-nullclines, 7-nullcline, and w*-nullcline exhibit strong
nonlinearity around the range of the phase trajectory, and V-nullclines for 4 and —4 are asymmetrical
to the equilibrium point and V-nullcline for 4 = 0. All these enhance the asymmetrical amplitude on
two sides of the equilibrium point (Vrest), resulting in enhanced asymmetrical degree with increasing
stimulation amplitude. Especially, in the plane V-w”, the largest size of the phase trajectory appears at
the frequency of resonance mediated by the /x; 7, as shown by the third column of Figure 11.
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Figure 11. Dynamics in the ¥-w* plane (upper row) and V-r plane (lower row) at the four
frequencies for 4 = 0.7 nA. (al) and (b1): 0.1 Hz; (a2) and (b2): 50 Hz; (a3) and (b3): 342 Hz;
(a4) and (b4): 1500 Hz. In each panel, the three magenta solid curves from left to right
represent the V-nullcline for —4, 0, and A, respectively, the cyan curve denotes the w*-
nullcline, the green curve represents the r-nullcline, blue curve represents the phase
trajectory. Upper row: The anti-clockwise arrow represents the phase point running along
the phase trajectory, and the arrow with the clockwise direction denotes the rotation of the
cycle of the phase trajectory with increasing frequency. Lower row: The direction is inverse
to the upper panel.

As shown in Figures 11(b2),(b3), an interesting phenomenon for 7(¢) (green) for 4, = 0.7 nA appears.
For the fast stimulation with large amplitude, 7(¢) is higher than r at the equilibrium point, 7«( Vrest). Such
a result is very interesting, since it is not similar to the general view that oscillations should run around
the equilibrium point. The phenomenon was reported in the study [27]. In [27], the interesting
phenomenon is explained with the narrow region between two nullclines. In the present paper, no small
region between nullclines is found in the phase plane. The slow response of 7(¢) at a high frequency is
the cause of the interesting phenomenon, which is addressed in the following subsection.

3.4.3.  Oscillations not around equilibrium point: Slow responses of 7(¢) at high frequency of stimulation

As frequency is changed from 0.1 Hz to 850 Hz, the change of #(f) and r«(#) are shown by the
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green and blue curves, respectively, and the red horizontal line represents 7«( Viest), as shown in Figure 12.
The bottom horizontal axis indicates time, and the top axis shows the exponentially increasing frequency
of the Iz4p stimulus over time. Specifically, 0.1 Hz corresponds to the initial time point, 20 s corresponds
t0 9.2 Hz, and 850 Hz corresponds to 40 s. As shown in Figure 12, #(¢) (green curve) oscillates around
roo( Viest) (red line) for ¢ < ~24 s (f < ~22.8Hz). Within this interval, 7(¢) keeps up with r«(¢) (blue curve)
for t <~13 s (f < ~2 Hz), and r(¢) cannot keep up with r«(¢) for ~13 <t <~24 s (~2 < f<~22.8 Hz).

However, as the stimulus frequency continues to increase, 7(¢) does not oscillate around 7oo( Vrest)
(red line) for t > ~24 s (f> ~22.8 Hz), different from the common view that »(¢) should oscillate around
ro(Viest). Such a phenomenon is observed for the activation variable of the /s to mediate a resonance
in [27]. In the present paper, we extend the phenomenon to the 7 and the activation variable r. In fact,
this phenomenon occurs because 7(¢) is initially too slow to follow r«(?) (¢ > 13 s, f> 2 Hz), and then
does not oscillate around r(f) (Viest) at high frequency (¢ > 24 s, > 22.8 Hz). Such a phenomenon
does not appear for the variable w(¢), due to the fast dynamics of w(z).
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Figure 12. Double resonances with asymmetrical amplitude induced by /z4p current. As
frequency is changed from 0.01 Hz to 850 Hz. (a) The change of r(¢) (green) and rw«(¢)
(blue) for 4;» = 0.7 nA; (b) The voltage. The red horizontal line represents steady state
ro(Viest). The frequency is 9.2 Hz at about 20 s.

3.5. Resonance for approximate time scales of Ix.r and Iy and strong stimulation

In Subsection 3.2, double resonances with asymmetrical amplitudes for strong stimulation are
mediated by a slow current (/) and a fast current (/xz7), with az=0.2 and Sxzr= 0.11. In Subsection 3.4.3,
oscillation not around equilibrium point of slow variable 7(t) but around equilibrium point of fast
variable w(t) appears at high frequency of stimulation. In the present subsection, Ix;zr and Iy with
approximate time scale, i.e., ag = 0.01 and Sk.r = 0.23, are considered, as shown in Figure 13. The
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dashed red and green curves represent 7. for /zand 7, for Ik.r, respectively. 7. approximates z,. Then,
nearly single resonance with nearly symmetrical amplitude appears, even of the /z4p stimulation is
large (i.e., the paradoxical oscillation shown in Figure 12 disappears). The results are different from
those for slow Iy and fast Ixi7 (e = 0.2 and Skir= 0.11) in subsections 3.2-3.4, showing complex

dynamics of resonance related to fast/slow ionic current or time scale.

1,/1,, (ms)

-]

-40

-20

Figure 13. The changes of time constant z- for o= 0.01 (red dashed) of the /y and 7 for
Prrr=0.23 (green dashed) of the Ix;r with respect to V.

3.5.1

Nearly symmetrical and single resonance

The voltage response to strong stimulation amplitude 4:» = 0.7 shows single resonance with nearly
symmetric amplitude, as depicted in Figure 14(a). The impedance profiles of the upper and lower
envelopes of the voltage are shown in Figure 14(b). The peaks of impedance profiles Z(f) "and Z(f)~
appear at nearly the same frequency (i.e., nearly single resonance). The amplitudes Z(f) "and Z(f)~
approximate. |Z(f)~ — Z(f)"| shown by the magenta curve in Figure 14(b) is very small (< 3), showing
nearly symmetrical resonance.
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Figure 14. Single resonance with nearly symmetry for 4 = 0.7 nA, ax = 0.01, and fkir
= (.23. (a) Voltage response (black curve). The green line represents Veest; (b) Impedance
profiles of panel (a). The black solid and dashed curves represent Z(f)" and Z(f)~,

respectively, and the magenta solid curve represents |Z(f)~ — Z(f)'].
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3.5.2 The similar frequency response of w(¢) and 7(¢)

At four representative f'values of stimulation with 4 =0.7 nA, 0.1 Hz, 50 Hz, 368 Hz, and 1500 Hz,
the dynamic responses of voltage V, w(¢) (purple dashed curve) and w«(#) (cyan solid curve), and 7(¢)
(black dashed curve) and () (green solid curve) are shown in the top, middle, and bottom rows of
Figure 15. Resonance appears at f'~ 368 Hz. Different from Figure 8 to show frequency responses of
symmetrical resonance with small amplitude and Figure 9 to show frequency responses of double
resonances, wherein w(¢) has a faster frequency response than r(¢), w(f) exhibits frequency response
similar to that of (7). At f~ 368Hz, w(f) has a large oscillation amplitude and a middle phase delay to
woo(t), and r(f) exhibits similar dynamics. The nearly symmetrical resonance results from the
interactions between the /g, 7 current and the /5 current with nearly the same time constant.
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Figure 15. The dynamic processes of voltage V(¢) (upper), w(¢) (middle), and »(¢) (lower)
at different frequencies for 4 =0.7 nA. (al), (bl), and (c1): 0.1 Hz; (a2), (b2), and (c2): 50 Hz;
(a3), (b3), and (c3): 368 Hz; (a4), (b4), and (c4): 1500 Hz. The black solid represents
voltage; The purple dashed and cyan curves represent variable w and steady-state function
we, respectively; The black dashed and green curves represent variable 7 and steady-state
function r«, respectively.

Dynamics in phase planes: Symmetrical amplitude and oscillations around equilibrium points

Dynamics in the ¥~w* and V- planes at four representative frequencies are shown in Figure 16.
Importantly, it can be found that the largest size of phase trajectory in plane ¥~w? and V—r appears
at the same frequency, as shown in the third column, due to that the resonance is single resonance
appearing at the frequency. In addition, although the nullclines exhibit nonlinear characteristics
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and the phase trajectory runs around the equilibrium point, the ranges of the phase trajectory on
two sides of the equilibrium point are nearly equal, showing nearly symmetrical resonance, due to
that w and » exhibit nearly the same frequency response. The nearly symmetrical characteristics
are different from asymmetrical characteristics in Subsection 3.4, where w and » exhibit different
frequency responses.

(al)0.15 (a2)0.15 (a3y.as (ad)0.15
0.12 0.12 0.12 0.12
0.09 0.09 0.09 0.09
- - - -
0.06 0.06 0.06 0.06
0.03 0.03 0.03 0.03
0.00 0.00 0.00 0.00
-80 70 -60 -0 -80 =70 -60 -50 -80 -70 -600 -50 -80 -70 -60 -50
V(mv) ¥V (mV) ¥ (mV) ¥ (mV)
(b1)0.4 (b2)0.4 (b3)04 (b4)04
0.3 0.3 0.3 0.3
s 0.2 =02 s 0.2 s 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
-80 =70 -60 -50 -80 =70 -60 -50 -80 70 -60 50 -80 =70 -60 50
¥ (mv) ¥ (mv) V(mV) V(mV)

Figure 16. Dynamics in the ¥~ w* plane (upper) and V- r plane (lower) at four frequencies
for 4=0.7nA. (al) and (bl): 0.1 Hz; (a2) and (b2): 50 Hz; (a3) and (b3): 368 Hz; (a4) and
(b4): 1500 Hz. In each panel, the three magenta solid curves from left to right represent
the V-nullcline for —4, 0, and 4, respectively, the cyan curve represents the w*-nullcline,
the green curve represents the 7-nullcline, and the blue curve represents the phase trajectory.

3.5.4  Oscillations around equilibrium points of 7(¢) and w()

As frequency is changed from 0.1 Hz to 850 Hz, the changes in #(¢) and 7«(¢) are shown in Figure 17,
where 10 Hz corresponds to approximately 20 s. When ¢ <27 s (f <44 Hz), r(¢) (green curve) and r«(?)
(blue curve) remain nearly synchronized, as shown in Figure 17(a). Then, r(¢) fails to keep up with
r«(f) and oscillates around r«(Viest) (red curve) during 27 < ¢ < 36.3 s (44 < f < 368 Hz), with
continuously increasing amplitude. Finally, when ¢ > 36.3 s (f> 368 Hz), (¢) continues to oscillate
around 7(Viest) (red curve), but the amplitude gradually decreases. The result differs from Figure 12,
due to that the time scale factor o of the Iy current reduces from 0.2 to 0.01, resulting in approximate
time scale of /x;.r and /. The changing trends in w(f) and we(?) are similar to 7(¢) and r«(¢), as shown
in Figure 17(b).
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Figure 17. Single resonance with nearly symmetry for 4 =0.7 nA, ax=0.01, and Skrr=0.23.
(a) The change of r(f) (green) and r«(¢) (blue); (b) The change of w(¢) (green) and we(?)
(blue). The red horizontal line represents steady state roo( Viest).

3.5.5 The dependence of paradoxical oscillation not around steady state on oy and Sxrr

On the parameter plane (aw, fkir), r(t) oscillates around the equilibrium point in the yellow
region, and #(¢) does not oscillate around the equilibrium point in the cyan region. The upper (red)
and lower (magenta) stars denote the values of parameters ax and Sk.r corresponding to Figures 12
and 17, respectively. In the range 0.10 < Ski.7 < 0.17, r(¢) oscillates around the equilibrium point for
o < 0.01, and does not oscillate around the equilibrium point for x> 0.01. In the range 0.17 < Sx.r
< 0.35, r(¢) oscillates around the equilibrium point for ¢z < 0.01, and does not oscillate around the
equilibrium point for oz > 0.01. The time scale, phase delay, and ionic dynamics underlying the
paradoxical oscillation not around steady state should be studies in future.
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Figure 18. The dependence of oscillations of #(f) around the equilibrium point on oy and
Pxrr. The yellow area corresponds to the oscillation of 7(¢) around the equilibrium point,
while the cyan area represents the situation where 7(f) does not oscillate around the
equilibrium point. The upper (red) and lower (magenta) stars denote the values of
parameters au and Sxrr corresponding to Figures 12 and 17, respectively.

4. Conclusions and discussion

Resonance is an important nonlinear phenomenon in the nervous system, which is involved
in information processing through frequency response. Resonance with the high frequency of the
MSO neuron contributes to sound localization. Experiments have revealed different resonance
patterns in the MSO neuron: single resonance with symmetrical amplitude for a weak stimulation [7],
and double resonances with asymmetrical amplitude for a strong stimulation [26]. In the present
paper, the nonlinear cooperation mechanisms between ionic currents with different frequency
responses for these different resonance patterns are obtained, exhibiting significance in the
following aspects.

Firstly, the intrinsic and external conditions for different resonance patterns are obtained.
Especially, the level of the Viest is identified, which is a basic factor to recognize the resonance. For the
MSO neurons, the activation of Ix.r and Iy, the level of resting potential (Vrest), and the fast/slow
dynamics or high/low frequency response of /x.r and /x present the intrinsic conditions. The level of
Viest presents a key condition for the different resonance patterns, which has not been stated clearly in
the previous studies. Based on the simulation result of the resonance closely matching the experimental
observation [26,30], Veest 1s identified to be close to the half-activation voltage of Ix;rand far from the
half-activation voltage of /. If Viest is close to the half-activation potential of Iy, depolarization
resonance should appear at first with increasing stimulation amplitude. The timescale of /x.r current
activation is significantly faster than that of /x current. Based on the intrinsic conditions, the weak
stimulation induces single resonance, and the strong stimulation evokes double resonances, which
present external conditions for the different resonance patterns. Almost all conditions are consistent
with experimental conditions [7,26].

Secondly, different resonance patterns are evoked by different stimulation amplitudes, and the
stimulation amplitude may be favor of sound localizations. In the previous studies, the single and
double resonances were studied independently [7,26]. The strong or weak stimulation to evoke single
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or double resonances have not been stated clearly. In the present paper, for weak stimulation, a single
resonance with small and symmetrical amplitude is induced, similar to the experiments [7] and the
most well-known subthreshold resonance [11]. The resonance exhibits high frequency for sound
localization. For strong stimulation, double resonances with large and asymmetrical amplitudes are
evoked, similar to the experiment [26]. Furthermore, the high frequency resonance manifests increased
frequency with increasing stimulation amplitude, showing precise sound localization. The
asymmetrical amplitude of double resonances is a phenomenon that was rarely reported in previous
studies [31-33]. Furthermore, the small or large amplitudes of stimulation are obtained, which are
dependent of the time scale of ionic current.

Thirdly, different resonance modes are explained with the cooperations of the frequency
responses of I, and Ix. In the previous studies [7,26,30], the cooperations for the single resonance
have not been addressed. In the present paper, at weak stimulation, /x;7 is activated whereas /x current
remains in a low activation state, since the level of Vies 1s close to half-activation of Ixzr. Thus, the
single resonance is dominated by the rapid frequency response of the /x;r current. However, for strong
stimulation, the activation level of the /y current significantly increases. Then, /x can mediate a low
frequency, and can increase the frequency of resonance mediated by Ix;7, forming the double
resonances. The cooperation between the slow frequency response of the /5 and the fast response of
the /x;r induces the double resonances, which have been partially addressed in a previous study [30].

Fourthly, the geometric method is extended to explain the symmetrical or asymmetrical
amplitudes of the different resonance patterns mediated by two ionic currents. In a previous study [27],
the asymmetrical amplitude induced by only one ionic current is explained with one nullcline. In the
present paper, two nullclines related to /x;rand Iy are considered. For the symmetrical amplitude which
is small, the phase trajectory runs in a narrow range around the steady state. The dynamics such as two
nullclines exhibit nearly linear and symmetrical characteristics, which are the cause for the
symmetrical amplitude. The two nullclines are for w* related to Ix.r and » associated with /x, different
from only one nullcline in the study [27]. For the asymmetrical amplitude which is large, the phase
trajectory runs in a wide range, within which two nullclines manifest asymmetry and strong
nonlinearity. Furthermore, the enhanced asymmetrical degree is induced by the increase of the
stimulation amplitude, due to the enlarged size of the phase trajectory.

Finally, a paradoxical or interesting phenomenon that the oscillation is not around the steady state is
observed, and the fast-slow dynamics underlying the phenomenon is discussed. In a previous study [27],
such a paradoxical phenomenon induced by the /i is reported. However, the mechanism for the
phenomenon remains unclear. In the present paper, a slow oscillation that is not around the steady state
of the slow variable is induced by stimulation with high frequency, presenting complex nonlinear
dynamics underlying the resonances modulated by two ionic currents. At a high frequency stimulation,
the oscillation does not run around the steady state of the variable r which exhibits slow dynamics
related to /u. At the high stimulation frequency, the oscillation amplitude of the slow 7(#) cannot keep
up with 7(f) within in period. By reducing the time constant of the /x current, thereby accelerating the
Iy current, resulting in approximate time scale of Ix;r and Iy. Then, the paradoxical oscillation
disappears, and recovers to revolve around the steady state, which presents fast-slow or time scale
dynamics of the paradoxical or interesting phenomenon.

In summary, the results present the dynamics of the different resonance patterns caused by
different stimulus amplitudes in the MSO neuron, which is not only helpful to understand frequency
responses for sound localization, but also to understand the nonlinear phenomena across in engineering
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and natural sciences [34,35]. In future, more dynamic behaviors associated with sound localization
should be investigated, particularly the post-inhibition facilitation (PIF) in the MSO neurons related to
the fast dynamics of Ix;r current [14,36], as well as the post-inhibitory rebound (PIR) phenomenon in
the superior paraolivary nucleus (SPN) neurons modulated by the Iy current [37]. In addition, the
geometric analysis method combined with frequency response may be used to explain subthreshold
resonance in other neuronal types, such as the inferior olive [21]. However, resonance in inferior olive
neurons is largely governed by T-type calcium current, differing markedly from the /x.7. The difference
should be considered when geometric analysis method is used to analyze the resonance induced by
T-type calcium current. Furthermore, a mathematical model from the perspective of phase delay and
current feedback should be proposed to fully explain the essence of the paradoxical phenomenon that
r(t) does not oscillate around the steady-state value.
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