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Abstract: In this paper, we defined and classified the algebraic Schouten solitons that are associated
with the perturbed Bott connection on three-dimensional Lorentzian Lie groups possessing three
distinct distributions. By transforming equations of perturbed Bott algebraic Schouten solitons
into algebraic equations, we found that G3, Gs, G, and G; have perturbed Bott algebraic Schouten
solitons under the first distribution. Gs, Gg, and G7 have such solitons under the second distribution.
Additionally, G,, G3, G4, Gs, Gg, and G7 have such solitons under the third distribution.
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1. Introduction

Einstein metrics play a crucial role in many areas of mathematical physics and differential geometry.
In geometry, Einstein metrics have been investigated within three - dimensional Lorentzian manifolds.
The definition of the Ricci soliton, as a natural generalization of Einstein metrics, was put forward
by Hamilton in [1]. Furthermore, Hamilton proposed that if a Ricci soliton has only one modulus up
to diffeomorphism and a parameter family on the space of Riemannian metrics, then it can serve as a
self-similar solution to the Ricci flow. Since then, numerous mathematicians have turned their attention
to Ricci solitons, among which the study of Ricci solitons on different manifolds has become one of
the interesting topics in geometry and mathematical physics. In [2], Wang studied Einstein manifolds
related to semisymmetric nonmetric connections and semisymmetric metric connections, respectively.
Naturally, mathematicians began to study Ricci solitons associated with different affine connections.

With the continuous advancement of research, the generalization of Ricci solitons has been widely
applied in Lie groups [3—-6]. In 2013, Calvino-Louza introduced the concept of the Schouten tensor [7].
Thereafter, mathematicians attempted to follow the definition pattern of Ricci solitons and construct
a new type of soliton based on the Schouten tensor, namely Schouten solitons. In 2023, Azami
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introduced a generalization of generalized Ricci solitons, namely algebraic Schouten solitons [8, 9].
In the same year, Liu defined and classified the algebraic Schouten solitons associated with Levi—
Civita connections, canonical connections, and Kobayashi-Nomizu connections on three-dimensional
Lorentzian Lie groups that have some product structure [10]. In the same year, Sardar et al. conducted
research on almost Schouten solitons and almost gradient Schouten solitons in the spacetime of general
relativity [11]. Miao and Yang conducted an investigation into the existence conditions of algebraic
Schouten solitons linked to Yano connections, with their research set against the backdrop of three-
dimensional Lorentzian Lie groups [12]. Subsequently, in 2025, Jin put forward the definition of
algebraic Schouten solitons associated with the Bott connection and carried out a classification of
such solitons. This classification work targeted three-dimensional Lorentzian Lie groups equipped
with three distinct distributions [13]. Drawing inspiration from the research findings presented in
the aforementioned studies, our focus of this paper lies on algebraic Schouten solitons related to the
perturbed Bott connection (under the setting of three distributions). In this paper, we define perturbed
Bott algebraic Schouten solitons by some algebraic systems. To solve the algebraic systems arising
from these definitions, we achieve a complete classification, which indicates that G3, Gs, Gg, and G
have perturbed Bott algebraic Schouten solitons under the first distribution. G3, G¢, and G7 have such
solitons under the second distribution. Additionally, G,, G3, G4, Gs,Gg, and G7 have such solitons
under the third distribution.

In Section 2, we introduce the fundamental concepts related to three-dimensional Lie groups
and perturbed Bott algebraic Schouten solitons. As for Sections 3 to 5, we focus on discussing
and presenting algebraic Schouten solitons associated with the perturbed Bott connection on three-
dimensional Lorentzian Lie groups, with each section centering on a distinct type of distribution.

2. Preliminaries

The classification of three-dimensional unimodular Lie groups in the context of Lorentzian
geometry was completed by Rahmani in [14], and the non-unimodular cases received treatment
in [15,16]. Throughout this paper, {G;}/_, stands for connected and simply connected three-dimensional
Lie groups, each endowed with a left-invariant Lorentzian metric g. Their associated Lie algebras are
denoted by {gi}zzl, and each of these Lie algebras has a pseudo-orthonormal basis {€7, €, €3} (Where é3
is timelike [17]). Let VX be the Levi-Civita connection on {G;};=;... 7, and R" be the curvature tensor of
VL. Then, for any vector fields X, Y, and Z, we have

RY(X,Y)Z = VYVyZ - VyVZ = Vi Z.
Then, the Ricci tensor of (G, g)i=1... 7 1s defined as
pH(XY) = —g(RM(X, é))Y, &1) - g(R"(X, &)Y, &) + g(R"(X, &)Y, &),

where {é,, &, &3} 1s a set of standard pseudo-orthonormal basis, and ¢3 is timelike. Next, we introduce
the perturbed Bott connection V2! for the first distribution. The Bott connection V2! associated with
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distribution D, is defined as follows:

w5, (VEY), XY eT™(Dy),
w5, ([X, Y]), X eT™(DY), Y e T°(Dy),
(X, YD), X €I™(D)), Y € ™(D}),
wpe(VEY),  X,Y e I™(D}),

VaY = (2.1)

where 7p, (resp. Tp:) is the projection on D, (resp. D;). Then, we consider the perturbed Bott
connection V5. Let é3* be the dual basis of €3, and define on Gy 7

VEY = VBY + apéy’ (X)é5' (V)és,

where aq is a non-zero number. Then Vf;‘ €3 = ayés, VZ‘ é = Vg‘ é;, where (s,1) # (3, 3).
We define i o o )
RP(X,Z = VIVZ — ViVRZ — Vi 2. (2.2)

The Ricci tensor of (G, g) associated to the perturbed Bott connection V3 is defined by
PP(X,Y) = —g(R¥(X,6)Y, &) — g(R(X, &)Y, &) + g(R°(X, &)Y, &).

Let } By

B(X,Y B(Y,X

PBED) 4 pBIX)
2

Using the Ricci tensor PP, the Ricci operator Ric? is given by:

PAX,Y) =

22X, Y) = gRick(X), Y). (2.3)

Then, we have the definition of the Schouten tensor as follows:

B
B, ~ B~ o~ s - o~
SPe, e =pt@,é) - ) gé;, é)),

where s8 represents the scalar curvature. Moreover, we generalized the Schouten tensor to:

SPe,e) =p°@,e) - s Agé, é)),
where A is a real number. By [18], we obtain the expression of sB as
s” = pP(ér, ) + p¥(&, 6) — pP(é3, 6).
Definition 1. A manifold (G;, g) is called an algebraic Schouten soliton associated to the connection
VB ifit satisfies: ) ) i

Ric® = (s®2y + ¢)Id + D®,

where c is a constant, and DB is a derivation of g;, i.e.,

DP[X,,X,] = [DPX,, X,] + [X1, DPX,],  for X1, X € g (2.4)
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3. An algebraic Schouten soliton concerning connection V5!

3.1. A perturbed Bott algebraic Schouten soliton of G,
According to [17], we have the following Lie algebra of G, that satisfies
[61,8,] = A8 — ué;, [é),83] = —A8, — ué,, [é,, &3] = ué, + 1é;, + A&, 4 # 0.
From this, we derive the following theorem:

Theorem 1. (G4, g) is not an algebraic Schouten soliton associated to the perturbed Bott connection
va,

Proof. According to [19], the expression for RicP is derived as follows:

(€ —(2 + ) Ap A €
Ric? | & | = Au —(+d) -1 +ad||e].
é3 —%/l/J %(/12 + a()/l) 0 é3
The scalar curvature is s = —2(A2 + 1?). Now, we can express D51 as follows:

D816, = —(A% + 12 + sBAy + ©)é + Aués> + 3 AuEs,
DP1é; = quér — (2 + 1% + 5P + ©)é; — 1A% + apd)és,
l)B~1 é3 = —%/l/lél + %(/12 + apd)é, — (SB/l() + ¢)é3.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V531 exists on the
manifold (G, g) if and only if the subsequent condition holds:

S8 24 = 2042 + pP) + Ac — 3aoA* = 0,
%/lz,u —apd =0,

Ap 4+ 24 = 2udo(A% + (i) + uc = 0,

I8 424 = 2A20(A2 + pP) + Ac + 3apA* = 0,
—3 1 + apdp = 0,

A2 p = 2udg(A% + p?) + pe = 0,

A+ 2% — 4A29(A + (i) + 24¢ = 0.

Recall that A # 0, and we now analyze the system under different assumptions.
Assume first that u = 0, so we get apd = 0, which is a contradiction. Next, suppose that u # 0, we
get apd= 0, which is a contradiction.

3.2. A perturbed Bott algebraic Schouten soliton of G,
According to [17], we have the following Lie algebra of G,, which satisfies:
[é1, 8] = pé; — ues, [e1,83] = —ueé, — pes, [, é3] = Aéj,p # 0.

From this, we derive the following theorem:
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Theorem 2. (G», g) is not an algebraic Schouten soliton associated with the perturbed Bott connection
va,

Proof. According to [19], the expression for Ric® is derived as follows:

(&) (WD) 0 Jaop) (€
Ric? | & | = 0 -+ 4w 1o |le].
€3 —%aop —%/1/0 0 J\e
The scalar curvature is s5' = —(u2 + 2p* + Au). Now, we can express DP' as follows:
Dl}é] = —(/.12 +p2 + Sgl/l() +c0)é| + %aope},

DB o = —(p2 + /l,u + SB~1/10 +c)ér + %/lpé},,

DBe} = —%aope] — %/lpéz - (sé' Ay + €)é;.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V531 exists on the
manifold (G,, g) if and only if the subsequent condition holds:

A% — 1 + ® + (1 + 20% + Aw)udy — cu = 0,

p(u? + p? + Au — (u? +20% + Ay + ¢) = 0,

A° = 1 = 2up” — 4 + (@ + 207 + updy — cu = 0,
A(=12 + Au — (W +20% + )y +¢) = 0,

sa0(A+ wp =0,

%atop2 =0.

Since p # 0, we have ay = 0, which is a contradiction.

3.3. A perturbed Bott algebraic Schouten soliton of G

According to [17], we have the following Lie algebra of G, which satisfies:
[€1,82] = —pé3, [e1,e3] = —ueés, [, 8;3] = Aé,.

From this, we derive the following theorem:

The existence conditions for Schouten solitons in this part are consistent with those under the Bott
connection. For the sake of ensuring the completeness of the paper, the conclusion is provided herein
(refer to [13] for the specific proof process).

Theorem 3. If (G, g) is an algebraic Schouten soliton concerning connection VB! then one of the
following cases holds:

i. A=u=p=0,forallc.
ii. 1#0,u=p=0,c=0.
iii. A=p=0,u#0,c=0.
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. A#0,u+0,0=0,c=0.
V.A=pu=0,0#0,c=0.

vi. A#0,u=0,0#0,c=-12p+ ApAy.

vii. 1=0,u#0,p#0,c=—up+ upAy.

3.4. A perturbed Bott algebraic Schouten soliton of G4
According to [17], we have the following Lie algebra of G4, which satisfies:
[61,8,] = =€, + 2o — p)és, [é1, é3] = &3 — ué,, [é,,é3] = Aé;,0 # lor — 1.
From this, we derive the following theorem:

Theorem 4. (G4, g) is not an algebraic Schouten soliton associated with the perturbed Bott connection

A%
Proof. According to [19], the expression for RicP is derived as follows:
3 €~1 —(].1—0')2 0 —%a() €~1
Ric”' | & | = 0 200 -u—-1 -1a||el.
€~3 %ao %/l 0 €~3
The scalar curvature is s%' = —(u — 0)? + 240 — Au — 1. Now, we can express D?' as follows:

DPré; =(= (u— o) = (sB 2 + 0))é; - Laoés,
D é :(2/10' — /l,u -1- (SB] Ao + C))éz - %/153,
DBI€~3 = %aoe] + %/163 — (SBlﬂ() + C)és.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V531 exists on the
manifold (G4, g) if and only if the subsequent condition holds:

%aO:O,

ayo—u—-21) =0,
~QRo-w((u-0)P? =20+ Au+1-((u—0) +Au—210+ 1)Ag +¢) = A4,
(=0 +210 - Au—1-((u—0) + Au—210 + 1)y +c) = 4,
(w—0) = ((u—0)?+Au—210 + 1Ay +c = Ao — ),

Au—0)P+2l0 - Au—1+((u-0)*+Au-210 + 1)y —c) = 0.

By solving (3.1), we have ay = 0, which is a contradiction.

3.1

3.5. A perturbed Bott algebraic Schouten soliton of Gs
According to [17], we have the following Lie algebra of G5, which satisfies:
[é1,82] =0, [é1,e3] = A& + ué,, [é,,é3] = pé; + 0,4 +60 #0,1p —ub =0.

From this, we derive the following theorem:

The existence conditions for Schouten solitons in this part are consistent with those under the Bott
connection. For the sake of ensuring the completeness of the paper, the conclusion is provided herein
(refer to [13] for the specific proof process).

Theorem 5. If (Gs, g) constitutes an algebraic Schouten soliton concerning connection VB! thenc = 0.
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3.6. A perturbed Bott algebraic Schouten soliton of G
According to [17], we have the following Lie algebra of G¢, which satisfies:
[é1,8:] = A&, + ues, [e,,e3] = pé, + 6e3,[é;,83] = 0,4+ 60 #0,4p — ub = 0.

From this, we derive the following theorem:

Theorem 6. If (Ge, g) constitutes an algebraic Schouten soliton associated with the perturbed Bott
connection V5, then it fulfills the conditions: 1+ 0, =p =60 =0, and c = —A*> + 2A°A,.

Proof. According to [19], the expression for Ric® is derived as follows:

) € —(/12 + /.lp) 0 —%aoe é1
Ric” [ ¢ | = 0 -2 0 |lel.
é3 %aoe 0 0 &
The scalar curvature is s = —(242 + up). Now, we can express D? as follows:

DPré; = (2 + pp + (s + ©))e, — Lagbes,
DP1é, = —(a? + sP1 Ay + ©)2,,

DBlé}, = %Clogél - (SB] Ao + C)ég.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V31 exists on the
manifold (Gg, g) if and only if the subsequent condition holds:

%ao,ue =0,
3apd6 =0,
%aOHZ = O,
(2% + o — @2 + pp)dy + ¢) = 0, (3.2)

A(22 + pp — A% + pp)dg + ¢) = 0,
p (1o = Q2% + pp)dg + c) = 0,
9(/12 +up — (222 + up) Ay + c) =0.

From the first equation above, we have either ¢ = 0 or u # 0. We now analyze the system under
different assumptions.
Assuming that u = 0, we have:

1apA0 = 0,
%61092 = 0,
A2 =222 +¢) =0, (3.3)

p (2422 +c) =0,
9(/12 2022 + c) = 0.

Given dp —uf = 0 and A1+ 6 = 0, we assume first that 4 = 0, so we get ap = 0, which is a contradiction.
Assuming A # 0, in this case, system (3.3) can be simplified to: 4> — 24> + ¢ = 0. Then, we have
c=—-A+22.
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If u # 0, system (3.2) becomes:
w1 (242 + pp — Q2% + pp)Ag + ¢) = 0,
A (/12 +pp — (2% + up) Ay + c) =0.

This is a contradiction.

3.7. A perturbed Bott algebraic Schouten soliton of G;
According to [17], we have the following Lie algebra of G, which satisfies:
[é1,é,] = —Aé; — ué, — ués, [é;,e3] = Aé; + ué, + ués, [é,,e3] = pé; + 0é, + 0é;, 1+ 0 #0,1p = 0.
From this, we derive the following theorem:

Theorem 7. If (G7,g) is an algebraic Schouten soliton concerning connection VB then one of the
following cases holds:

i /l;ﬁO,y:pZO,c:—%/F—sB/lo.
ii. 1=0,u#0,a0 = -36,c = 16" — s5,.
iii. A=p=0,a9=-20,c=-s5.

Proof. According to [19], the expression for Ric® is derived as follows:

(& -2 TCEW)) —p(A + 0 + ag) é
Ric® |&|=| 1u@-2 —(P+ @2 +pp) - = S(up+ A0+ ad) || é .
és (A+0+ay) 6+ 2(up+ 0 + agb) 0 &
The scalar curvature is s5' = —(24% + u* + up). Now, we can express D?' as follows:

DPré; = (2% + (sP1 2 + 0)ér + L@ — Dés — (A + 0+ Lag)és,
DP1éy = 10— ey — (2 + 12 + pp + (sP1 29 + ©))é — (8 + L(up + 260 + aph))é3,

DPréy = p(A + 60+ Lag)é + (0% + L(up + 20 + aph))és — (sP1 A + ¢)é.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V31 exists on the
manifold (G, g) if and only if the subsequent condition holds:

A% + 1+ pp + 5By + ¢) + (o + p)(Au + ub + %ao,u) + %uz(e - =26+ %(,up + A0 + ayh)),

p(A + 5840 + ) + 04 + b + Jaow) + 2Au@ - 1) = 0,

QA + 1 + pp + 80 + ) + u(O — V(A + 0 + Laop) = 2u(6* + L(up + 20 + aob)),

A(sBA + ¢) + A6 + 1(up + 20 + aph)) + 3 — p)(O — ) = 0,

—u(u? + pp + s82y + ¢) - %/1(0 — A+ 2u(6® + %(,up + A0 + ayh)) = 0,

p(A + 5520 + ¢) = Ap(A + 6) + 1u6(6 — ),

P(* + A+ s820 + ¢) = (A = 6)(A + 6) — 3u(6 — V)2,

O(sB A + ¢) + 0(6* + 3(up + A0 + aph))= (e — p)(0 — 1),

O + p* + pp + 80 + ¢) — 0(6% + 2(up + 20 + agh)) = (1 + p)(Au + ub + Laou) + 126 - A).
(3.4)
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Recall that 1+6 # 0 and Ap = 0, and we now analyze the system under different assumptions, assuming
first that A # 0, p = 0. Then, the above system (3.4) becomes:

A+ + B + ) + (A + 0+ 3a0) + 320 — 1) = AH* + 5(10 + ah)),

p(A2 + 5829 + ) + 04 + pf + Saou) + Au(0 — ) = 0,

QA+ p* + B0 + ) + u(O — V(A + 0 + Jaou) = 2u(6* + (A0 + aph)),

A(sB A + ¢) + A% + 2(A0 + ah)) + 3> (O — 1) = 0,

—pu(p? + sB A + ¢) — (0 — 1)* + 2u(6* + (A0 + aeh)) = 0, (3.5)
(A% + sB2 + ¢) = A+ 0) + 160 - 1),

p(A = )+ 6) — 3(0 — )* = 0,

0(sB 2 + ¢) + (6% + 3(A0 + agh))= 3u*(0 — 1),

O + p* + 5520 + ¢) — 0(0° + 3(A0 + aph)) = p* (A + 0 + 1ao) + 3% (0 — A).

Next, suppose that u = 0, and the first, second, seventh, and eighth expressions in Eq (3.5) can be
transformed into:

A% + sB2 + ¢) = A6 + 310 + aph)) = 0,

A(sB A + ¢) + A(6* + (A0 + aph)) = 0,

02 + 5520 + ¢) — 6(6* + 3(10 + aph)) = 0,

0(s52 + ¢) + (6% + (10 + agh)) = 0.
Since A # 0, we have A% + 255y + 2c = 0, and we then get ¢ = —14% — 5%.,.

If u # 0, we further assume that § = 0. Under this assumption, the last equation in (3.5) yields
%ao,u3 = 0, which is a contradiction. Additionally, if we assume that 6 # 0 and 6 # —A, then we get
—%,u(@ — A)? = 0, which is a contradiction. If we presume A = 6, then we get 2% = 0, which is
a contradiction.

Second, let 4 = 0,8 # 0. Then, the above system (3.4) becomes:

(p + (b + 3aop) + 34°60 = 0,

u(sBy +c) + 6(ub + %ao,u) =0,

p(® + pp + sB2g + ¢) + pb(0 + Jaou) = 2u(6” + 3 (up + aob)),

S —p)o =0,

—pu(p? + pp + sB A + ¢) — 36 + 2u(6* + 2(up + agh)) = 0, (3.6)
u(s89 + ¢) = 3u6?,

p(* + 582 + ¢) = —3u6?,

O(sB A + ¢) + 0(6* + L(up + apd))= 1u(u — p)o.

O(u* + up + sBAy + ¢) — (6 + % 0+ agh)) = (u + p)u(d + %ao,u) + %;ﬁ@.

Then, if 4 # 0, the second and sixth equation in (3.6) exists as ¢ = 16* — s%1, if and only if ay = —36.
If u = 0, we have :

o(sBy+¢) =0,

(582 + ¢) + 0(6* + apd)= 0,

(552 + c) — 0(8* + 3a06) = 0.
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Then, ¢ = —s8, exists if and only if ay = —26.
4. An algebraic Schouten soliton concerning connection V22

In this section, we present the algebraic criterion that is necessary for a three-dimensional
Lorentzian Lie group to possess an algebraic Schouten soliton associated with the perturbed Bott
connection V22, Next, we introduce the Perturbed Bott connection V5 for the second distribution.
The Bott connection V32 associated with distribution D, is defined as follows:

7p,(VLY), X, Y eI'(D,),
vRy = i, ([X, Y]), X eI*(Dy"), Yel™D,),
X mp,c([X, Y]), X eT®(Dy), Y eT™(D,"),
np,(VRY), X, Y e ™(Dy),

where 7p, (resp. mpy) the projection on D, (resp. Dy). Then, we consider the perturbed Bott connection
V52, Let é;* be the dual basis of e,, and define on G-, 7

VEY = VY +agéy (X)é" (1),
where qg is a non-zero number. Then Vf:;éz = apé,, foé, = nge}, where (s,1) # (2,2).

4.1. A perturbed Bott algebraic Schouten soliton of G,
Lemma 1. The Ricci tensor pB~2 related to the connection V5 of (G, g) is presented as follows:
i A2 -2 %/l,u —Au
PP, 8) =| 3au 0 A2 —apd|.
—u 3 —ad P =2

From this lemma, the subsequent theorem is deduced.

Theorem 8. (G, g) is not an algebraic Schouten soliton associated with the perturbed Bott connection
VB,

Proof. According to [19], the expression for Ric?? is derived as follows:

(€ A2 -2 %/l,u Au é
Ric®[é& | =] iAu 0 apd — 3% || & |.
& A I —apd - )&

The scalar curvature is s5 = 2(A* — 4?). Now, we can express DP as follows:

D¢y = (12 — 12 = (sP2 29 + ©))é) + L Aués + Aués,
DB~2€~2 = %/l,ue] - (ng/l() + C)€~2 + (Cl()/?. - %/12) é3,
DB~2€~3 = —/lﬂél + (%/12 - Cl()/l) é + (/12 — /,12 — (SB~2/10 + C)) é3.
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Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V5 exists on the
manifold (G4, g) if and only if the subsequent condition holds:

A(222 = i) + ¢) + 2% + 10 - apA> = 0,

/lZ,u =0,

w (200 = 1) + ¢) = 24%u = 0,

A (42 — 2 =22 = 1)y — c) — P+ 18— a2 =0,

(22 =22 = 2022 = p2)g - ¢) = 0, 4.1)
2a0du — 4* =0,

w (20 = i) + ) = 2 =0,

A(22 = i) + ¢) = 13 + 2% - ap A = 0,

A(22 = D)y + ¢) = 143 + 242 + ap* = 0.

Since A # 0, then u = 0, the eighth and ninth equation in (4.1) yields apA? = 0, which is a contradiction.

4.2. A perturbed Bott algebraic Schouten soliton of G,
Lemma 2. The Ricci tensor pg2 related to the connection V> of (G, g) is presented as follows:
—(u* +p%) a0y 0

p™(E, é)=| 3aoy 0 —14p
0 1 —Au-p?

From this lemma, the subsequent theorem is deduced.

Theorem 9. (G, g) is not an algebraic Schouten soliton associated with the perturbed Bott connection
VB,

Proof. According to [19], the expression for Ric?? is derived as follows:

(€ —(* +p%)  sapy 0 €
RiCB2 €~2 = %aoy 0 %/lp €~2 .
€3 0 -1 u+p*)\&

The scalar curvature is s5 = —(u? + 2p* + Au). Now, we can express D2 as follows:

Dg2e”1 = —(,u2 +p2 + sgleo +c)é] + %aopéz,
B, 5 1 ~ B, ~ 1 ~

D™ é, = jappéy — (s72 Ay + ©)éz + 5Apés,

DP¢; = —%/lpe} — A+ p* + sP2 2y + ¢)é;.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V22 exists on the
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manifold (G,, g) if and only if the subsequent condition holds:

/1(#2 +p? = (U + p* + Aw)A +c) + 2 up = 0,

u ((,u2 + 0% + Ay — c) + 1% =0,
,u(,uz+2pz+/l,u—(,uz+p2 +/l,u)/10+c)—/lp2 =0,
p (k2 +p* = (12 + p* + Yo + c) + SAup = 0,
l(/lu—,uz — (W + p* + AWy +c) =0,

3(aop® = A%p) = 0,

—3(aopp + agdp) = 0,

—Lagp* = 0.

Since p # 0, we have a; = 0, which is a contradiction.

4.3. A perturbed Bott algebraic Schouten soliton of G

Lemma 3. The Ricci tensor pB~2 related to the connection V5 of (Gs, g) is presented as follows:

) -up 0 0
p*@.ép=[ 0 0 0
0 0 Au

The existence conditions for Schouten solitons in this part are consistent with those under the Bott
connection. For the sake of ensuring the completeness of the paper, the conclusion is provided herein
(refer to [13] for the specific proof process).

Theorem 10. If (Gs, g) constitutes an algebraic Schouten soliton concerning connection V3, then one
of the following cases holds:

i. l=u=p=0, forall c.

ii. A#0,u=p=0,c=0.

iii. A1=0,u#0,0=0,c=0.
v. A#0,u+0,0=0,c=Audy.
v.A=pu=0,0#0,c=0.

vi. A#0,u=0,0#0,c=0.

vii. 1=0,u#0,p0#0,c=—up+ upA.

4.4. A perturbed Bott algebraic Schouten soliton of G4

Lemma 4. The Ricci tensor pB~2 related to the connection V5 of (G4, 8) is presented as follows:

b [ w0
pre,é) = —3a0 0 54
0 A Au+1
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From this lemma, the subsequent theorem is deduced.

Theorem 11. (G4,g) is not an algebraic Schouten soliton associated with the perturbed Bott
connection V52,

Proof. According to [19], the expression for Ric? is derived as follows:

(&) (-0 —iay O (e
Rl.CB2 €~2 = —%(JQ 0 —%/l €~2 .
€~3 0 %/l —/1,u -1 €~3

The scalar curvature is 55 = —((u —n)* + Au + 1). Now, we can express D?: as follows:
DB~2€~1 = - ((,Ll — 0')2 + ng/l() + C) é — %doéz,
Dézez = —%aoe] — (Séz/lo + C) é) — %/153,
D326~3 = %/152 - (/l,u +1+ (SBNZ/lO + C)) es.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V32 exists on the
manifold (G4, g) if and only if the subsequent condition holds:

%a() = 0,
zap(d—p) =0,
=0 —((u—0)+Au+1)Ag+c— Ao —p) =0, “42)

Qo-wW((u-0)Y-Au—-1-((u-0)*+Au+1Adyg+c)+a1=0,
U= +Au+1—((u-0)?+Au+1DAy+c)—A1=0,
Ap+1=u—-0)Y?—((u—0)P?+Au+ DAy +c) =0.

By solving (4.2), we have ay = 0, which is a contradiction.

4.5. A perturbed Bott algebraic Schouten soliton of Gs

Lemma 5. The Ricci tensor pB~2 related to the connection V5 of (Gs, g) is presented as follows:

) 20 0
p®@.e)={0 0 —1aps
0 —%aoé —(up + A%)

From this lemma, the subsequent theorem is deduced.

Theorem 12. (Gs,g) is not an algebraic Schouten soliton associated with the perturbed Bott

connection V5.

Proof. According to [19], the expression for Ric?? is derived as follows:
(&) (¢ 0 0 é

Ric®”|é&|=10 0 lags || é|.
é3 0 —%aoé (/.lp + /12) é3
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The scalar curvature is s52 = (242 + up). Now, we can express D52 as follows:

D%éy = (22 = (5700 + 0)) 1,
DB~2 oy = — (ng/lo + C) é + %aoéég,

D¢y = ~Lagsey + (up + 2% = (s™29 + 0)) &5

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V32 exists on the
manifold (Gs, g) if and only if the subsequent condition holds:

App + A2 = (up +24%)Ay — ¢) = 0,

p(pp +22% = (up + 249 = ¢) = 0,

plup = (up +24%) 9 — ¢) = 0,

o(up + A% — (up + 2%y — ¢) = 0, (4.3)
Aup + 2% = (up +2%)Ag — ¢) = Lagr = 0,

u (#p + A2+ (up + 2% — c) - %aOHZ =0,

e (pp + 2% = 2up +2%) 0 - ¢) = Saouf = 0.

Recall that 4 + 8 # 0 and Ap — u6 = 0. Thus, we now analyze the system under different assumptions:
Assume first that 4 = 0. Then, the above system becomes:

p(up — ppdo — ) — 3a08 = 0,
p(up = 2pp Ao — ) — 3aoud = 0,
p(up — ppdo —¢) = 0,

O(up — ppdo — ¢) = 0.

We first analyze the third equation p(up —ppdo—c) = 0, which gives two cases: p = 0 or yp(1-1p)—c =
0, and then the fourth equation 6(up — updy — ¢) = 0 also has two cases: 6 = 0 or up — updy —c =0
(matching the second case of the third equation). Next, we discuss the value of u: When u = 0,
substituting into the first equation leads to —%aoa = 0, which is a contradiction. When u # 0, we get
6 = 0, which 1s a contradiction.

Assume that A # 0 and 6 = 0, from the third equations in (4.3), we get —%aopH =0and —%aOH =0,
which is a contradiction. When 6 # 0, from the first and third equations, we get A3 = 0, which is
a contradiction.

4.6. A perturbed Bott algebraic Schouten soliton of G
Lemma 6. The Ricci tensor pB~2 related to the connection V5 of (Ge, g) is presented as follows:

—(0* +pp) 1apd 0

P, é) = lapa 0 0.
0 0 @

From this lemma, the subsequent theorem is deduced.
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Theorem 13. If (Ge, g) constitutes an algebraic Schouten soliton associated with the perturbed Bott
connection V52, then one of the following cases holds:

. A#0,u=0=p=0,c=0.
ii. 1#0,u#0,0=p=0,c=0.

Proof. According to [19], the expression for Ric? is derived as follows:

(6} (- +up) za0d 0 \(é
RZ‘CB2 €2 = %ao/l 0 0 6~2 .
é 0 0 -6*)\&

The scalar curvature is 5% = —(26% + up). Now, we can express D as follows:

DBzél = —(92 + up + SB~2/1() + C)€~1 + %ao/le},
DBQENQ = %ao/le] - (SBz/l() + C)€~2,
DBZ€~3 = —((92 + SB2/1() + c)és.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V5 exists on the
manifold (G, g) if and only if the subsequent condition holds:

A& + pp — (267 + up)Ayg +¢) = 0,

u(up = 26% + pp)do + ¢) = 0,
P26* + pp — (26° + up) Ao + ¢) = 0,

0(6% + pup — (26% + up)Ay +¢) = 0, 4.4)
%ao/lz =0,
%aoxlp =0,
a6 = 0.

From (4.4), we get A # 0. Suppose 6 = 0, and from the equations in (4.4), we can derive that p = 0.
Then, we have ¢ = 0. Consequently, we have Case i and ii. If 6 # 0, which is a contradiction.

4.7. A perturbed Bott algebraic Schouten soliton of G,

Lemma 7. The Ricci tensor pg2 related to the connection V> of (G7, g) is presented as follows:

i 2 3(2uA8 — agu) —3u(0 = ) é
p"(é;,€) = | 32uio — agu) 0 —3(20* + up + 20 — ad) || & |.
O-2  126* + pup + A0 — agh) —12+ 22+ up é;

From this lemma, the subsequent theorem is deduced.

Theorem 14. If (G, g) constitutes an algebraic Schouten soliton associated with the perturbed Bott
connection V52, then one of the following cases holds:

. A=pu=p=0,0+#0,forallc.
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ii. A=u=0,p#0,0#0,c=-s51,.
iii. 1=0,u#0,0#0,c= 36— s54,.
. 1#0,p=u=0,c= —sB/10+%/l2.

Proof. According to [19], the expression for Ric? is derived as follows:

(é 2 3(2uA6 — agp) O -2 é
Ric™ | é | =|3(2uA0 — agu) 0 226 + up + 20 — agd) || & |.
&3 HO- 6%+ up + A0 — agh) pr— A% —pp é3

The scalar curvature is s52 = 242 — u? + up. Now, we can express D52 as follows:

DPé; = (2 = (™20 + 0))é1 + 326 — agp)és — 3u(6 — D)és,

DP2¢, = 1220 — agp)ér — (s%2 g + €)é; — 1(26° + 20 + pp — agh)és,

DBéy = %/1(0 —A)é; + %(202 + A6 + up — aph)é> + (1> — 2 + up — (s%2 2y + ¢))és.
Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V5 exists on the
manifold (G, g) if and only if the subsequent condition holds:

AsBA + ©) + 2u(u + p)(O — D) + 37 (240 — ag) — A% + A6* + pp — aph) = 0,

u(=A% - (sB2 + o)) + %/,16(9 -+ %/l,u(ZpG —ap) =0,

p(=2 + pp + 5B + ©) + (0 — ) — p(6* + A0 + pp — apb) = 0,

A+ pp — (i = sBg = ) + Spu(p — (220 — ag) — 120 — D) — 2A(26% + 20 + pp — agh) = 0,
U + pup — > — sB) —¢) + %,u(@ — D216 — ag) — u(26* + A0 + up — ayb) = 0,

p(A* = sBy — ¢) + 36226 — ag) + 34u(0 — 1) = 0,

p(—p + pp — sB29 — ¢) + 3(2 = 6)(220 — a) — 5u(1 - 6)* = 0,

O — 12 + pp — 80 — ¢) + 3uu — p)(2A0 — ag) + 3% (0 — ) — 3p(26% + A0 + pp — agh) = 0,
—0(sBAy+¢) + %/12(2/19 —ap) + %,u(/J +p)0—- Q)+ %,0(292 + A0 + up — apb) = 0.

4.5
Since 4+ p = 0 and 4 + 6 # 0, we analyze the system under different assumptions. )
First, if 1 = 0, u = 0,0 # 0, the last three expressions in Eq (4.5) can be transformed into:
p(=sB2y - ¢) = 0,
—0(s® 29 + ¢) — 30(26* — aph) = 0,
—0(s® 2o + ) + 10(26% — apb) = 0.
From the equations above, we have p # 0,c = —s81,. If u # 0, the first equations provide ,u(%@2 -

s81g —¢) = 0, we get ¢ = 367 — 55,
Second, if 4 # 0 and p = 0. The seventh equation gives rise to two possible subcases: u = 0,1 = 6.
Assume u = 0, we have:
A(sBAg + ¢) — 34267 + 20 — ayh) = 0,
A = 5B — ¢) = 2267 + A0 — ah) = 0,
O(—s51g — ©) + 22(26% + 20 — ah) = 0,
02 — 5829 — ¢) — 34267 + 20 — ayh) = 0.
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From the equations above, we have ¢ = —s81, + %/12. Next, we consider the subcase where A = 0, after
simple calculation, which leads to a contradiction.

5. An algebraic Schouten soliton concerning connection V5

In this section, we present the algebraic criterion that is necessary for a three-dimensional
Lorentzian Lie group to possess an algebraic Schouten soliton associated with the perturbed Bott
connection V5. Next, we introduce the perturbed Bott connection V5 for the second distribution.
The Bott connection V3 associated with distribution D; is defined as follows:

o, (VEY),  X,Y € T™(D3),
mp,([X,Y]), X eTI®(Ds;h), Y eI™(Dy),
mpr([X, YD), X eT®(D3), Y e I'°(Ds"),
Ao (VEY), X, Y e T™(D?),

VY =

where 7p, (resp. 7TD3L) is the projection on D3 (resp. Dy). Then, we consider the perturbed Bott
connection V5. Let é;" be the dual basis of e3, and define on G-, 7

VEy = VEY 1 0 (X)é " (Y)é),
where qg is a non-zero number. Then, foél = apé; and ijé, = ng é;, where (s,1) # (1, 1).

5.1. A perturbed Bott algebraic Schouten soliton of G,

Lemma 8. The Ricci tensor pB~3 related to the connection V> of (G, g) is presented as follows:

) 0 LA —apd) =1 - apd)
%, é7) = | 34— apd) —° 0
—3 (A — ap) 0 s

From this lemma, the subsequent theorem is deduced.

Theorem 15. (Gy,g) is not an algebraic Schouten soliton associated with the perturbed Bott
connection V5.

Proof. According to [19], the expression for Ric?: is derived as follows:

(& 0 HAu—apd)  H(Au — apd)\ (€
Ric™|é | =] 1 — ap) —u? 0 6.
é3 —3(Au — ap) 0 —u? é
The scalar curvature is s% = —2u%. Now, we can express D% as follows:

D¢ = —(s% 9 + 0)é + (A — apD)é; + L(u — apaés,
D¢, = L — ap)ér — (12 + 5B Ay + 0)ér,
DB~3€~3 = %(Clo/l — /lﬂ)él — (,u2 + SE3/10 + ¢)é3.
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Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V5 exists on the
manifold (G4, g) if and only if the subsequent condition holds:

A@? =212 + ¢) + Au? — agou = 0,
Ap—agd® =0,

O(=2u* Ay + ) — A + apA? = 0,
O(=2u* Ay + ¢) + A® — apA? = 0,
0Qu? — 2u*Ay+¢) = 0,

A@? =21 Ap + ¢) + Au® — apA®> = 0.

(5.1)

Since A # 0, we assume that u = 0, and from the second equations in (5.1), we get ay = 0, which is a
contradiction. If u # 0, after simple calculation, we have 2u(—2u*1 + ¢) = 0, which is a contradiction.

5.2. A perturbed Bott algebraic Schouten soliton of G,

Lemma 9. The Ricci tensor p§3 concerning connection Vs of (G, g) is given by:

) 0 0 0
PP, é) =10 —au -Ap|.
0 -1 Au

The existence conditions for Schouten solitons in this part are consistent with those under the Bott
connection. For the sake of ensuring the completeness of the paper, the conclusion is provided herein
(refer to [13] for the specific proof process).

Theorem 16. If (G,, g) constitutes an algebraic Schouten soliton concerning connection V55, then one
of the following cases holds:

i. 1=0,u=0,c=0.
ii. 1=0,u#0,c=0.

5.3. A perturbed Bott algebraic Schouten soliton of G

Lemma 10. The Ricci tensor ,og3 concerning connection V5 of (Gs, g) is given by:

00 O
PB3(€i,€j) =10 0 0O
0 0 Au

The existence conditions for Schouten solitons in this part are consistent with those under the Bott
connection. For the sake of ensuring the completeness of the paper, the conclusion is provided herein
(refer to [13] for the specific proof process).

Theorem 17. If (G3, g) constitutes an algebraic Schouten soliton concerning connection V5, then one
of the following cases holds:
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i. A=u=p=0,forallc.
ii. 1=p=0,u#0,c=0.
iii. 1#0,u=p=0,c=0.
v. 1#0,u#0,0=0,c=—-Au+ Aud,.
v.Ad=pu=0,0#0,c=0.

5.4. A perturbed Bott algebraic Schouten soliton of G,

Lemma 11. The Ricci tensor ,OB~3 concerning connection V5 of (Gy, 8) is given by:

] 0 0 0
phE,é) =0 Q20— A
0 A Au

The existence conditions for Schouten solitons in this part are consistent with those under the Bott
connection. For the sake of ensuring the completeness of the paper, the conclusion is provided herein
(refer to [13] for the specific proof process).

Theorem 18. If (G4, g) constitutes an algebraic Schouten soliton concerning connection V5, then one
of the following cases holds:

i. 1=0,c=0.
ii. A #0,u=0,c=0.

5.5. A perturbed Bott algebraic Schouten soliton of Gs

Lemma 12. The Ricci tensor /og3 related to the connection V> of (Gs, g) is presented as follows:

3 0 —%ao/l 0
pB3 (éi’ éj) = —%ao/l 02 0 .
0 0 —(up + 6)

From this lemma, the subsequent theorem is deduced.

Theorem 19. If (Gs, g) constitutes an algebraic Schouten soliton concerning connection V5, then one
of the following cases holds:

i A=u=p=0,0+0,c=6-26%.
ii. A #0,u=0=p=0,c=0.
iii. A#0,u#0,0=p=0,c=0.

v. A£0,u=p=0,0#0,c=6>-261.
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Proof. According to [19], the expression for Ric® is derived as follows:

} €~1 0 —%ao/l 0 €~1
Ric® & | =|-3a0 6 0 |le]
é; 0 0 /lp+92 é3

The scalar curvature is s = up + 26%. Now, we can express D? as follows:

DB3€~1 = —(SB3/1() + C)€~1 - %ao/léz,
DB3€~2 = —%ao/lé] - (92 + SB3/1() + ¢)é,,

Dg3é3 = (/Jp + 62— 553/10 —C)é3.

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V5 exists on the
manifold (Gs, g) if and only if the subsequent condition holds:

Alpp + 6% = (up +26%) A9 — ¢) + 3a0A(u — p) = 0,
p(pp — (up +26%) A — ¢) + 3a0A(A — 6) = 0,

plup + 26% = (up + 2619 — ) + 3a0A(@ — 1) = 0,
O(up + 6% — (up + 26*) Ay — ¢) + %ao/l(p —w) =0.

Assume first that 4 = 0, and then we have u = 0 and 6 # 0. In this case, we get:

p(26%> —26°1y — ¢) = 0,
0P —26° - ¢) = 0.

Therefore, we conclude that p = 0.
Second, we assume that 1 # 0. If 6 = p =0,thenc = 0. If p =0 and 8 # 0, then u = 0.

5.6. A perturbed Bott algebraic Schouten soliton of G
Lemma 13. The Ricci tensor p® concerning connection V% of (G, g) is given by:
0 00

pP@,e) =10 0 0].
000

The existence conditions for Schouten solitons in this part are consistent with those under the Bott
connection. For the sake of ensuring the completeness of the paper, the conclusion is provided herein
(refer to [13] for the specific proof process).

Theorem 20. If (G, g) constitutes an algebraic Schouten soliton concerning connection V5, then we
have ¢ = 0.
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5.7. A perturbed Bott algebraic Schouten soliton of G;
Lemma 14. The Ricci tensor ,og3 related to the connection V5 of (G7, ) is presented as follows:
0 %aoﬂ. 0

pP@,e) = |1ad  —up  —Lapa|.
0 —%aoxl —up

Theorem 21. If (G, g) constitutes an algebraic Schouten soliton concerning connection V5, then one
of the following cases holds:

. A=u=0,0#0,c=0.

ii. 1#0,0=0,c=0.

iii. 1=p=0,c=0.

Proof. According to [19], the expression for Ric? is derived as follows:

3 €~1 0 %ao/l 0 €~1
Ric® [& | =|1aol ~Hp tagd||é|.
€~3 0 —5(10/1 MO 6~3

By _

The scalar curvature is s 0. Now, we can express D5 as follows:

D>é = —(SB3/10 + C)6~1 + %aoéz,

D% oy = l(1()/l€~1 - (/Jp + SB3/1() + C)€~2 + %(lo/l@},

Consequently, in light of Eq (2.4), an algebraic Schouten soliton corresponding to V5 exists on the
manifold (G, g) if and only if the subsequent condition holds:

Alup + ¢) + ap* = 0,

uc + %ao/l(,u + 1) =0,

uCpp + ) + apdu =0,

Alpr = ¢) + 3a0dp = 0,

pe = 2p*r + 2agA(1 - 0) = 0,
uc + %ao/l(,u -6)=0,

pc =0,

O(—up +c) + %aoxlp =0,
O(ur + c) + %ao/w = 0.

Given that 4p = 0 and 1 + 6 # 0, we proceed to analyze the system under distinct suppositions.

First, when 4 = 0 and p # 0, under this premise, which leads to u = ¢ = 0. Second, if 4 # 0 and
p = 0, then we get ¢ = 0. Last, in the case where 4 = p = 0, it follows that 6 # 0, and then we get
c=0.
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6. Conclusions

We establish algebraic criteria for three-dimensional Lorentzian Lie groups to qualify as algebraic
Schouten solitons associated with the perturbed Bott connection, taking three distributions into
account. The key finding shows that G3,Gs,Gs, and G; have perturbed Bott algebraic Schouten
soliton under the first distribution. G3, G¢, and G; have such solitons under the second distribution.
Additionally, G,, G3, G4, G5, Gg, and G7 have such solitons under the third distribution. In the coming
time, we will investigate algebraic Schouten solitons in higher dimensions, similar to what is done
in [20,21].
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