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Abstract: In this paper, we consider the Dirichlet problem of three-dimensional inhomogeneous
incompressible micropolar equations with density-dependent viscosity. Under the assumption that the
coeflicients are power functions of the density, we establish the global existence of strong solutions
as long as the initial density is linearly equivalent to a large constant state. There is no restriction on
the size of the initial velocity and micro-rotational velocity. As a byproduct, we prove the exponential
decay for the solution.
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1. Introduction

Let Q c R? be a bounded domain with smooth boundary. In this paper, we are concerned with an
initial boundary-value problem of three-dimensional (3D for short) inhomogeneous micropolar fluid
equations with density-dependent viscosity in Q X R,:

o; + div(pu) = 0,

(pu), + div(pu @ u) + VP — 2div((u(p) + £(0)D(u)) = 2£(p)V X w,

(ow), + div(pu ® w) + 4&(p)w — div 2n(p)D(w)) — V(A(p)divw) = 2£€(p)V X u,
divu = 0,

(1.1)

where t > 0 and x = (x|, x5, x3) € Q are time and space variables, respectively. p, u = (u',u?, u?),
w = (w!,w?,w?), and P represent the density, velocity, micro-rotational velocity, and the pressure of
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the fluid, respectively.
1 1
D(u) = 3 Vu+(Vw)"), Dw)= 3 (Vw + (VYw)7), (1.2)

is the deformation tensor relying on u and w. u(p) stands for the viscosity and is a function of the
density, satisfying
u(p) = pp®, g >0, @ > 0. (1.3)

The coefficients &£(p), n(p), and A(p) are assumed to satisfy

n(p) = ip", Ap) = ", Ep) =&, £>0, 7>0, 27+3120,8>0. (1.4)

In this paper, we study the initial boundary value problem to the system (1.1)—(1.4) with the
following initial data and Dirichlet boundary condition:

(p, u, w)(x,0) = (po(x), up(x), wo(x)), 1in €,

(1.5)
u(x,t) =0, wix, 1) =0, on 0Q x [0, T].

The micropolar equations were first proposed by Eringen [1] in 1966, which can describe many
phenomena that appear in a large number of complex fluids such as suspensions, animal blood, and
liquid crystals. For more background on micropolar fluids, we refer to [2—4] and the references
therein. Because of their physical applications and mathematical significance, the well-posedness
problem of the micropolar equations has attracted considerable attention in recent years. In 2019,
Zhang and Zhu [5] considered the 3D Cauchy problem with constant viscosity, and proved the global
well-posedness of strong and classical solutions under the condition that jz is large enough or the
initial data is sufficiently small. In 2023, Qian et al. [6] studied the global existence of weak and
strong solutions. When initial velocities are sufficiently small in the critical Besov space and the
initial density has positive lower and upper bounds, global Fujita-Kato-type solutions are obtained.
When the viscosity depends on the density, Qian and Qu [7] studied the 3D Cauchy problem. By the
assumption of the smallness of initial velocity in the critical Besov space, the authors obtained the
local and global well-posedness of the system. Zhong [8] studied the 3D initial-boundary-value
problem, and established the global well-posedness of strong solutions when the initial energy is
sufficiently small. Moreover, the velocity and the micro-rotational velocity converge exponentially to
zero in H? as time goes to infinity. Zhou and Tang [9] proved the global well-posedness of strong
solutions to the 3D Cauchy problem, provided that the initial mass is sufficiently small. Moreover, the
gradients of velocity and micro-rotational velocity converge exponentially to zero in H' as time goes
to infinity. For more related results in the two-dimensional case, we refer to [10-14].

If there is no microstructure (¢ = 0 and w = 0), system (1.1) reduces to inhomogeneous
incompressible Navier—Stokes equations. When the viscosity is constant, Choe and Kim [15] proved
the well-posedness of local strong solutions to the Cauchy problem or the initial boundary value
problem. In 2008, Germain [16] proved weak-strong uniqueness to the Cauchy problem. In 2013,
Craig et al. [17] established the global well-posedness of strong solutions for initial data with small
Hz-norm. In 2016, Chen et al. [18] proved the global well-posedness of solution under the condition
that the initial density is bounded and bounded away from zero, and the initial velocity is small
enough in H* for some s > 1/2. In 2021, Guo et al. [19] established global strong axisymmetric
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solutions in the exterior of a cylinder subject to the Dirichlet boundary conditions, where the vacuum
is allowed. When the viscosity depends on the density, Huang and Wang [20] studied the 2D initial
boundary value problem in bounded domains, and proved that strong solutions exist globally when
[[Vu(poo)llLr 1s sufficiently small, even in the presence of vacuum. In 2015, Liang [21] established the
local well-posedness of strong solution for the 2D Cauchy problem, Huang and Wang [22] and
Zhang [23] proved that the 3D initial boundary value problem admits unique strong solutions
provided that ||[Vuy||; is sufficiently small. For more related results in critical Besov spaces, we refer
to [24-28] and the references therein.

Recently, Huang et al. [29] studied the Dirichlet problem of 3D inhomogeneous Navier-Stokes
equations with density-dependent viscosity, and proved that the system admits a unique global strong
solution as long as the initial density is sufficiently large. This is the first result concerning the
existence of large strong solutions for the inhomogeneous Navier-Stokes equations in three
dimensions. Motivated by [29], we consider the global well-posedness problem of the inhomogeneous
incompressible micropolar equations with density-dependent viscosity and large initial data.

Before stating the main results, we explain the notation and conventions used throughout this paper.
For a given function f(x) or f(x,t), we denote

ffdx:fgfdx,

For a positive integer k and p > 1, we denote the standard Lebesgue and Sobolev spaces as follows:

WAl = 1A lr)s Wfllwer = N llwer)s Nl = fTTwea),
Cor = {f € CP(Q) 1 divf = 0}, Hy = C7,

Hj, = Cg_, closure in the norm of H'.

0,0
Our main result can be stated as follows.

Theorem 1.1. Let Q be a bounded smooth domain in R3. Assume that
1
a1, O<,8sa; . (1.6)

Given the constants p > 1 and Cy > 1, suppose that the initial data (py, uy, wo) satisfies

p<po<Cop, poeW", 3<q<6, uycHy, NH, wyeH;NH" (1.7)
Then, there exists a positive constant M depending only on Cy, i, &, 1, A, &, ||V pollze, luollg2, IWollz2, and

Q such that if
p 2> M(Q’ Co,ﬁ’ fa fl’ /17 a, ”VPOHUI, ”uOHHz, ”WO”HZ), (18)
then the problem (1.1)—(1.5) admits a unique global strong solution (p, u, w, P) in Q X (0, co) satisfying
p € C([O’ 00)7 Wl’q)a pt € C([O’ OO)’ Lq)’

Vu, P € C([0, 00); H') N L((0, 00); W'9),  Vw € C([0, 00); H'), (1.9)
(g, wr) € L=(0, 003 L7) N L*(0, 00; Hy).

Moreover; there exist a positive constant k(p) depending on p, Co, ii, & 7, A, @, |[Voollze lluollz2,
Iwollz2, and Q such that
lull2, + IWllZ, < Ce " (1.10)
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Remark 1.1. As was pointed out by [29], Theorem 1.1 implies that the flow is globally stable when
the initial Reynolds number is sufficiently small.

Remark 1.2. Theorem 1.1 can also be applied to the periodic case. Moreover, after slight
modifications, we can also treat the case a > 1 and 3 = 0.

Let us briefly sketch the proof. To extend the local solution to a global one, we need to establish
uniform a priori estimates on solutions in suitable higher-order norms, where some basic ideas are
borrowed from [29]. However, due to the strong coupling between the velocity # and the micro-
rotational velocity w, the proof of Theorem 1.1 is much more complicated. Compared with the case of
Navier-Stokes equations, the main difficulty is caused by the extra terms &(p)V X w and £(p)V X u on
the right-hand side of (1.1), and (1.1)3, there are extra linear terms 5~%||Vu||z, and pP~2||V X w||z¢ in
the high-order estimates of u and w (see Lemma 3.3), which makes it impossible for us to follow the
idea of [29] to prove the time-weighted estimates (3.18)—(3.19). Inspired by [8], we find that in the L*-
estimates of u and w, all the terms on the right-hand side can be absorbed into the left-hand side with
the help of Poincaré inequality. This leads to the exponential decay of ||(u, w)||;2 and the integrability of
e"’(lqulliz + ||Vw||iz) on [0, T'] for some «(p) > 0, with an order of p'~* (see (3.9)). With (3.9) at hand,
we are able to derive a e“’-weighted estimate of Vu and Vw, which leads to the H'-exponential decay
of u and w. The time-weighted estimates are essential in establishing the uniform bound of ||Vull.1 s,
while the control of ||[Vu|| L leads to uniform estimates for other higher-order norms. As a result, we
are able to extend the local strong solutions by a standard bootstrap argument.

The rest of the paper is organized as follows. In Section 2, we collect some elementary facts and
inequalities which will be needed in later analysis. Section 3 is devoted to the proof of Theorem 1.1.

2. Preliminaries

First, the following local existence theory, where the initial density is strictly away from vacuum,
can be shown by similar arguments as in Cho and Kim [30].

Lemma 2.1. Assume that the initial data (pg, ug, wo) satisfies the regularity condition (1.7). Then,
there exists a small time T,y and a unique strong solution (p, u, P) to the initial boundary value problem
(1.1)—(1.5) such that

p € C([0, Tol; W), p, € C([0, Tol; LY),
Vu, P € C([0, Tol; H') N L*(0, To; W™9),  Vw € C([0, To]; HY), (2.1)
( \/l_)uh \/ﬁwt) € LOO(O’ TO’ LZ)’ (uh Wl‘) € LZ(O’ TO; Hé)

Furthermore, if T* is the maximal existence time of the local strong solution (p, u), then either T* =

o0 or

sup (IVpllee + IVullrz + [[Vwl|z2) = oo. (2.2)

0<t<T*

In this paper, we will employ Bovosgii’s theory which can be found in [31].

Lemma 2.2. Let Q be a bounded domain with Lipschitz boundary, 1 < p < oo, and b(x) € LP(Q) with
fQ b(x)dx = 0. Then, there exists v(x) € Wé’p (Q) satisfying:

divv = b, in Q,
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and
IVl < C(PIIDI e (2.3)

Also, the well-known Gagliardo-Nirenberg inequality [32] will be frequently used in this paper.

Lemma 2.3. Assume that Q is a bounded Lipschitz domain in R?. Let 1 < g < oo be a positive extended
real quantity. Let j and m be non-negative integers such that j < m. Furthermore, let 1 < r < oo be a
positive extended real quantity, p > 1 be real and 6 € [0, 1] such that the relations

1 (1 1-6 '
—:1+9(——T)+—, Lcg<i 2.4)
p n ron q m
hold. Then,
IVl < CIN™ st + Cllllzscay 25)

where u € L1(Q) such that V"u € L"(Q). Moreover, if g > 1 and r > 3,

(r=3)/Greq(r=3) g, 13r/Gr+a(r-3)
lulley < Cllaly "NVl + Collullp. (2.6)

where u € L1(Q) such that Vu € L'(Q). In any case, the constant C > 0 depends on the parameters
J» m, n, q, r, and 0 on the domain C, but not on u. In addition, if u - nlsga = 0 or fQ udx = 0, we can
choose C1 = C, = 0.

High-order a priori estimates rely on the following regularity results for density-dependent Stokes
equations. The proof can be found in [29].

Lemma 2.4. Assume thatp € W, a > 1,3 <qg<6,andp < p < Cop. Let (u, P) € Hé’a x L? be the
unique weak solution to the boundary value problem

—div(2fip"D(u)) + VP = F,
divu =0, (2.7)
[ Fdx=0.

Then, we have the following regularity results:
(1)IfF € L?, then (u, P) € H> x H' and

P e 4
el + HP—H < CE™ + TSIl Iz 2.8)
Hl
(2) If F € L9 for some q € (3,6), then (u, P) € W4 x W' and

5¢q—6

P I = 2q—3)
llllwza + o [l <SCE ™ +p " I Vpll NFle, (2.9)
wla

where the constant C in (2.8) and (2.9) depends on €, q.
Proof. The proof of (2.8) can be found in [29]. Below, we prove (2.9). Similarly, rewrite (2.7); as

P F P
—uAu +V (—) = — +2uap'Vp-d+ap'Vp (—) .
P p” p*
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The LP-estimate yields that

IVl + HV(;%)

La
] 2¢—6 5 2g-6 P 52736
< Cp°lIFlls + €5~ IVpllzs (nwn,iffHV " + I P e ) )
pr/iL
L o - 346 3= P

< 7Vl + HV H + CplIF Il + Cp R IVl ( IVl + | 2l

Moreover, from (2.8), we have
5¢g—6
||M||W2,q + ’ p_“ Wi < C(p_rx +p —a— 2(q 3)||Vp”2(q 3>)||F||Lq.

This completes the proof. O

3. A priori estimates

For any fixed time 7" > 0, (p, u, w, P) is the unique local strong solution to (1.1)—(1.5) on Q X (0, T']
with initial data (p, uy, wo) satisfying (1.7), which is guaranteed by Lemma 2.1. Define

Ep(T) := sup [|Vpllzs, (3.1
t€[0,T]
T
Ew(T) :=p* sup [[Vwll7, + f | viowill.dt, (3.2)
te[0,T]
Eu(T) :=p* sup |[Vull}, + f Il Viou[2.dz. (3.3)
t€[0,T]

We have the following key proposition.

Proposition 3.1. Let « > 1 and 0 < B < "T“ Under the conditions of Theorem 1.1, there exists

positive constants K and M depending on Cy, i1, &, 1, A, @, B, [[Voollze, [uollg2, [Wollg2, and Q such that if
(o, u, w, P) is a smooth solution to the problem (1.1)—(1.5) on Q % (0, T'] satisfying

E)T) <38,(0), EUT)+E(T) <3Kp", (3.4)
then the following estimates hold:
E)T) <28,(0), EUT)+E(T) <2Kp", (3.5

provided
p = M(Q, Co, i1,&,17, A, @, B, [[Vpolls, luoll 2, lIwollgr2).- (3.6)

First, since the density satisfies the transport equation (1.1);, and using (1.1)4, one has the
following lemma.

Lemma 3.1. Under the conditions of Proposition 3.1, it holds that

p<p<Cop, (x,£)eQx[0,T]. (3.7)
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Next, we establish the basic energy inequality of (1.1).

Lemma 3.2. Under the conditions of Proposition 3.1, there exists a positive constant M such that

T
sup 4 ([lul}: + Iwil7:) + 5" f (IVally: + 11V, ) dr < Cp, (3.8)
0<t<T 0
and ,
sup pe? (||u||iz + lIwil,) +5° f P (IVull?, + 19wil?, ) dt < Cp, (3.9)
<t<T 0
provided p > M\(Q, Co, 1,€, 77, 4, @, B, Vpollo, 1ol [Iwollz2), where k(p) = &p* for some constant
k independent of p.

Proof. Making the L-inner product of (1.1),—(1.1)3 by (u, w)T, we obtain after integration by parts that
5% (II Voull, + |l x/ﬁwlliz) + f (" + &P D) dx
+ 27 f P IDW)[dx + 4 f AlwlPdx + 2 f P (divw)*dx
= 2§f(p5w-(V><u)+w-V><(pBu))dx
< 7 (Il + Tl s 11 = 1Vl )

< CPP(IIVul, + IVwiE.) (3.10)

where we have used (3.4), Poincaré’s inequality, and the fact ;qu €(2,3).
Integrating the above inequality over (0, 7] and taking M large enough, such that

4CﬁB(IIVulliz+IIVWII <ﬁﬁ“f|1)(u)|2dX+2"“f|1)(W)|2dx,

we obtain

T
sup f (|ull?, + wi.) + 5° f (IIVull2, + 1IVwIE.) df < Cp (lluoll22 + Iwoll2.) < Cp. (3.1
0

0<t<T

Multiplying (3.10) by ¢ and using Poincaré’s inequality, we obtain

1d
2dt( ”’(le/_ullL2 + ||«/‘w||L2 +e“’ f(,up + &P D(u)Pdx

+ 2ije f P DW)Pdx + 4&e f PLlwPdx + e f P (divw)>dx
—B Kk K Ki
< Cpe” (IVully; + IVwiiE.) + S (Il vpullz: + 1l Vowl:)
C
< G (IVulll, + Vi) + =57 e (IVal}, + 19w (3.12)

Integrating the above inequality over (0, 7] and taking k sufficiently small, such that

4Col'<ﬁ“(||Vulliz+llVW|l < pp* f D)l dx + 27p" f 1D(w)dx,

we complete the proof of Lemma 3.2. O
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Next, we have the following high-order estimate of the velocities, which will be used frequently.

Lemma 3.3. Under the conditions of Proposition 3.1, it holds that
il < C (7"l Vpudlze + 522 IVullyy + 77~V x wilz2)

—1_ ~2-2 2 —B—
Wllg2 < C(p2 N vowille: + p° 2 IVull VWl + 7 “IIVulle),
6(q D

lllyzs < C(ENoulle + 51 IVull,,” + 21V X wilzs ).
and
wllwes < C(pllowlls + 5~ “)*nwu 9wl + 5 IVl ).

(3.13)

(3.14)

(3.15)

(3.16)

Proof. Let F = —pu,—p(u-V)u+2£(0)VxXw in Lemma 2.4. Then, the proof of (3.15) is similar to that of
(3.29) in [29], and we sketch it here for completeness. From (2.9), (3.4), and the Gagliardo-Nirenberg

inequality, we have

5q—6 5¢-6
lullwzg < CE™ + 5" 25E,(0) %09 ) (lpugllzs + lloGu - Vyullzs + 126(0)V X wllzs)

6(g-1) 44-6
< C(p + 5505 ) (oo + plVull 57 IVullns + 21V X wiiiza)

6(1] 1)

< —IIVuIIqu + Cp " lpuglls + CpT IIVull + CPP|V X w0,

provided p > 1. Next, we rewrite (1.1); as

AAW + (1 + D)Vdivw = =2f1p"'Vp - D(w) — Ao~ Vo(divw) + pw; + p(u - VIw + 4&(p)w — 2E(p)V X u.

The standard L”-estimate and (3.4) yield that

IWllw2e < Cp~*(lowills + lloGu - VIWllze + 1126(0)V X wllz0)
49-6
< Cp~(llowilles + pIIVullellVWIISq - IIVWII€;’IZ + /'?HIIV X Wllze)

—||VW||W1q + Cplowllzs + Cp0

IA

‘ IIVull ”VW”L2+CpB NVulla.

The proof of (3.13) and (3.14) are similar to those of (3.15) and (3.16), respectively, and thus omitted.

Thus, the proof is complete.

We are now ready to derive the estimates of &,(T") and &,,(T).

O

Lemma 3.4. Under the conditions of Proposition 3.1, there exists a positive constant M, such that

Eu(T) + E,(T) < 2Kp°,

T
sup 5"t (IVull}, + IVwi.) + f (I Vol + 1l Vowilz. ) d < Cp,
0

t€[0,T]

T
sup 5 (|[Vull?, + IVwli7,) + f 2 (Il voull}. + l vowll,) dt < Cp,
0

t€[0,T]
and ,
2 2 0 2 2 —
sup p°e 7" (||Vu||Lz +[IVwl.) + f P (IIvpuliz, + 1Vpwilz,) de < Cp”,
t€[0,T] 0

provided p = M>(Q, Co, i1, &, 71, A, @, B, [[Vpolle. [[uoll 2 ol 2)-

(3.17)

(3.18)

(3.19)

(3.20)
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Proof. Making the L*-inner product of (1.1),—(1.1); with (u,, w;)™ and integrating by parts, we have

T ( [ (@ + @) para 2 [ priowrarsa [ p"(divw)zdx)

2 dt

_d
+2§a fpﬁIWIZdX+ f}O(Iutl2 + [w,[*)dx
= —fpu-Vu-utdx—fpu-Vw-w,dx+2§pr(ut-wa+w,-qu)dx
l @1 & p-1 2 T_I_a/ a-1 2
+3 | ™+ pEd pdD@Pdx + == | p" ol Dl dx

pi _
+ 7“ f 0 p,(divw)*dx + 2£8 f A pdwl*dx

7
= Z I (3.21)
j=1
It follows from the Holder and Sobolev inequalities that

L+1= —fpu-Vu-u,dx—fpwVw-w,dx

_1
< Cp?lullzs (Il Vieudl 2 (IVulls + [ Vowl 2 (VWi 3)

_1 32 1 1 1 1
< Co2llVoullAIVull L IIVully, + Cozll VowdllVull IV wll LIVl

< CpHI Rl IVl (54 Bulee + 579l + 719wz
1
_1 2 (=i-a ~2-2a —B—a 2
+ CRH VoWl IVl VW, (Pl Vpwillz + B2 IVul 19wl + PP 1Vl 2)’
1 =3-2a ~ —a
< —(||\fu,||iz + I Vowill22) + €A77 (IIVullSs + IIVullf-IVWIE. ) + CB = IVl IV wil 2

< (lefutlle + I Vpwillz2) + € (772 + 5~ IVull2, (322)

where we have also used (3.13), (3.14), and p > 1. Next, we have

L= ZSfpﬁ(u,-VXW+Wt-VXu)dx

CAP2 (I P2 IVwllze + 1| Vpwl 1Vl 2)

1

¢ (Dl + lIvpwiliz) + Co ! (I1Vully; + IV wi.) (3.23)

IA

IA

Using (1.1)y, (3.13), and the Holder and Sobolev inequalities, we get

1 _ - A
L= - f (@™ + BES Y - VplD(w)dx
< Gl s IVl IVl
—al z 2 %
< Cp IVull IVl
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1

3
< Cp“ NVl (051 Voudliz + 5> IVl + 57 Vwilzz)

< —|| NP, + Cp~ VU, + 5> 1Vull, + Co¥ 5 IVull, Vw2,
< gll Voull, + Cp* > (IVullz, + Cﬁfﬁ_"lIIVu||22||VWI|L2- (3.24)
Similarly, it follows from (1.1); and (3.14) that
Is+ 1 = % f P2 o | DW)Pdx + %“ f 0% o (divw)*dx
< Cﬁo‘_lllullmz_%IIVplquIIVWIIi4
< Cp" VWL IVPwl,
< o IV, (Pl vpwill: + 5 IV Ul Vw2 +fﬁ‘“||Vu||Lz)%
< lII\/_thliz + Cp VW, + 572Vl Vw7, + Cp¥s- IIVMIIZZIIVWII,%Z
< —|| Vw7, + Cp* 2 IVwll7, + Cﬁfﬁ_g_lIIVMIIEZIIVWIlzz- (3.25)
Next, it follows from (1.1); and Poincaré’s inequality that
I; < Cp™ 1||u|| 2, IVollalwllzs < Cp* 1IIWIIZIIVWIIi o™ IVl (3.26)

Substituting (3.22)—(3.25) into (3.21), we obtain
1d

— ( f (0" + &) |D()Pdx + 27 f 0 Dw)Pdx + 2 f pa(divw)zdx)

2dr
_d 1
+ Zfd_t fp5|w|2dx + = fp(|uz|2 + Iwil*)dx
< C(pB—Za +plh- oz) ||Vu|| + CpP! (||Vu||2 + ||Vw||2 ) + Cp2‘2"||Vu||iz

1
+ Cp¥S NIVl IV, + sz 2|Vl + C¥ 4 IVl IVwilZ, + Cp Vw2,
< C(E 2 4" 4 o 4 5 ) IVl + 19wl ). (3.27)

Integrating (3.27) with respect to ¢ over (0, T'], we obtain from (3.7) and (3.8) that

T
sup p° (IVull}, + IVwi.) + f (I1Voul, + I Vw3, ) de
0

1€[0,T]
< Gt +C(F 2 + P+ g 4 ) fo (9l + 19w
< Cip*+C, (/34—3a +p2+ﬁ 2a+p2ﬁ @ 1).

Taking K > C, and M, sufficiently large, such that

My2 M, and Cy(p*7" + 572" + 5% + 1) < C\p", (3.28)
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we complete the proof of (3.17).
For simplicity, we denote

&) := f (0" + &) |ID)Pdx + 27 f P DW)Pdx + A f 0% (divw)*dx + 4& f Pwldx.  (3.29)
It is easy to see that there exists a positive constant C independent of p, such that
C™'p" (IVully + 19wl ) < &@) < CB" (IVull?, + IVwi2.). (3.30)
and (3.27) can be rewritten as
Lo+ (IIVpwli2. + lIVpwiR,) < € (52 + "7 + % 4+ 57 ) (IVully, + VW) . (3.3D)
dr Pth plLZ— P P P P 12 2] .
Multiplying (3.31) by # for k = 1,2, we obtain
d
S (EW) + 1 (Il Vpuilg: + 11 Vowe:)

C + (P2 + 7 4+ p%7 4+ o) (IVully, + IVwil},)
C(* + 70 (IVuly, + VWi, ). (332)

IA

IA

Integrating (3.32) with respect to ¢ over (0, 7] and using (3.9), we obtain (3.18) and (3.19).
On the other hand, multiplying (3.31) by ¢“?", we get

d . _
— (e9"&(®) + &P (| Voully, + Il vowilZ.)

dr
< Cek(ﬁ)t(l +I—<pa—1)(p3—2a +pl+ﬁ—a +ﬁ2ﬁ—l +pa—1)
< Ce P (p7 4 + 7% 4 g (IVully, + IV, ). (3.33)

Integrating (3.33) with respect to ¢ over (0, T'] and using (3.9), we obtain (3.20). This completes the
proof of Lemma 3.4. O

Remark 3.1. When we complete the proof of Proposition 3.1, all the a priori estimates, including (3.9)
and (3.20), hold when t € R,. This leads to the exponentially stability (1.10).

In order to close the estimate of &,, we need the following time-weight estimates.

Lemma 3.5. Under the conditions of Proposition 3.1, there exists a positive constant M3 such that

T
sup £(IIprll; + 1Ivowil:) + 5" f t(IVul, + Vw2, ) de < Cp°, (3.34)
<t<T 0
and ,
sup £ (Il Pl + [l Vowiz) + 7 f 2 (V2. + IVwill3.) d < Cp. (3.35)
<t<T 0

Provided p > M3(Q, Co, 1, €, 77, A, @, B, IVpolla, lluollz lwoll2)-
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Proof. Taking the t-derivative of (1.1),—(1.1); and multiply the resulting equation by (fu,, tw,)", after
integration by parts, we obtain

td

S | POl + wiPyda+ 20 f (70" + &) 1D () Pdx

+ 4t f APlw,[*dx + 27t f P D(wy)lPdx + At f P (divw,)*dx
= tfu . Vp(lutl2 + w,P)dx — tfput -Vu - u,dx — tfput -Vw - wdx
+1 f (u-Vp)u-Vu-u)dx +t f (u-Vp)u - Vw - w)dx + 4B&t f 7w - Voyw - wdx
+ 21 f (@™ + BEP™) (u- Vo)D) : Vu,dx
+ 2aijt f P - Vo)D(w) : Vw,dx + adt f P (u - Vp)divwdivw,dx

—Zﬁétfpﬁ_l(u-Vp)(u,-(V><w)+w,-(VXM))dx+2§tfpﬁ(u,-(wa,)+wt-(V><u,))dx
11

=: Ji, (3.36)

i=1

where the terms J; (i = 1,---, 11) can be estimated as follows.

Ji < thIVp'ul(luzIZHWzlz)dx

2 2
< CIVpllalial 2o, Cladllzs + [will)

q3

3 1 3 1 3
< Cip# |IVpllllul, 3 11Vl (II\/,T?uzIIZZIIVMzII2 +||\/_Wz||22||VWt||2)

i 3a-
< Etp NVull7, + —l‘p “NVwill7, + Cip™ 1IIV;OIIMIIVMII (”\/_utlle + Il vowil7.)
< TOIPQIIVMIII ) + Etp“IIVWzII 2+ Ctp>” ]IIVMIIZZ(II Voullz + IVowill7), (3.37)

S+ J3< Ct f(lqullu,P + loVwllu|[widx

_1
Ctp2 || Vioull 2 (I Vul 3wl s + 11V 3[1will )
_1 1 1 1 1
Ct/ﬂlI Voudl(Vull LIVl [IVudlzz + IVwIL TV W IV wll2)

AN IA

IA

10 07 IV 7 +%tp“IIthII + C1p' | N7 UVl 2NV el + 119w 21Vl 1)

3 2a 3 =3-3a
< Etp UNVulZ, + Etﬁ“nwtniz + Ctp>(\Vull2ll vioud L, + Ctp* > (IVull} || oud 2.
+ Ctp" P2Vl VWl 21| Vol + Crp 22 Vw2l Vo Pl w2
+ C1p* [V ul 2 IV wIZ N| Viousll2, (3.38)
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where we have used (3.13) and (3.14). Similarly, we have
Jo+Js < Ct f IVpllul*(Vullug] + [Vwllw,)dx

2
< CHIVpllzallul 6(||Vu|| a2 lallzs + 1w ﬁ||wt||m)
L4732 L2

n 6(g=1) 6
< mtpalqutll 2+ %tﬁ"IIszllzz + CtpIIVplIZ|IVull " 11Vully,

_6 6
+ C1p I VplIz, 1 Vull; 2||VW|| NIVl
6(g-1)

l—oﬁalqutll +Etﬁ"||sz|| ,+ Crp ™G “||Vull II\/ﬁuzll
6(q D 6

+ Crp @2~ “>q||vu|| g +Ctp‘“+ §6- ”)lqull Ivwll?,

IA

+ Cop S Tul IV  ywill

— _\6 4+g __ 6(p_ 4+§ 2_§
+ Cip~**2! ‘”qnwny IV, + Cop a0Vl VW,

IA

/’l (04 = == a (0% (04
0P IVl o’p Vw2, + Ce (57205 + 5ot a) v,

——a+8(l - 4+-5,
+ € S (I VBl + 1 3Bwil) + IVl (Vs + 19w ).

J6+J7+J3+J9+J1()

IA

Crp™! flullvpl (IWlwil + IVWIIVwi| + [Vul Vi | + [VWllu] + [Vl [wi]) dx

< Cp"IVpluellul o, IVulzol Vel + IVWIlVwillz + Vel llwilz + 19122 o)
< 10 N +Erp VWi, + Cp Vol IVull, qnwnql(nwn +1IVwil7)
< Etp“nwtn *E”) Vw2, + Crp 36 ")qllvulleqII«F u,an + Crp 28|V,

—2
+ CrpP Ol f'||Vw|| "+Crp G “”IIVMIILJII\/_ u,nz RV
+ CrpP Bl q||Vw||

Next, taking M3 large enough, such that

1
My > M, and Cpf< To Mint 1P,
we have

Jii £ CtRP(ludl2lIVwillzz + Wil 2 Vel 2)
< CtpP||IVull IV will 2
Ctﬁﬁ(llvuzll2 + IIth||22)

IA

IA

Otp“IIVutII ) + —tp“||Vw,||

1 10

(3.39)

(3.40)

(3.41)
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Substituting (3.37)—(3.41) into (3.36), then using (3.4) and (3.8), we deduce

d o [~ _
= (VP +11vpwil:)) + 16" (AlVul i, + 7l wil7:)
3

3 0q  ——3i(l_g)b
< INpud, + I NpwilZ, + Ct (p7 727 + 52724 (19udll2 + [9wll22) (Il Voud + | vowill.)
=3a = —2a ~—a+8(L-a
+ Ct (P + p" P2 4 5 N (Va2 + IVWIE.) (Il Vw2 + [1Vowi2.)
+ € (p I 4 pret i g o g D) (190l + V). (3.42)

due to g € (3,6) and (3.4). Thus, Gronwall’s inequality yields

T
sup ¢ (Il voully, + Il vowdl3.) + 5° f t(IVall3, + 9wl )
0<t<T 0
T
< Cf (t(p—(HZ(l—a)g +p—a+§(ﬁ—cx) +p—a+§(%—a)+pﬁ—2+(,8—a)§)(”vu”iz +||VW||22)
0
+ VBl + 1 yBwil: e
_3 92q _—34(l_g)t r
cexpd (5272 + 57 E4) [ (IVullz + IVWllz2) (I Vpudlzz + 1 Vpwilz2) dr
0

et b(l g r
- exp {(p3—3a +p1+ﬁ—2@ +p at (3 ))f (”VM”ZZ + ||VW||iz)dt} (343)
0

Now we estimate the terms on the right-hand side of (3.43). By (3.4), (3.8), and (3.18), we have

T T
f t(IVulll, + VWil ) dr < sup (Vs + [19wI2.) f (IVallZ, + VWi )dr < CF170. (3.44)
0 ] 0

t€[0,T

Next, Holder’s inequality yields

T
f (IVullzz + IVwllz2) (I Vioudlz2 + Il Vowll2) dt
0

1
2

T i T
< ( f (||Vu||iz+||Vw||iz)dr) ( f (||@ut||§2+||@w,||iz)dr) < Cpe.
0 0

=

(3.45)

Inserting (3.44)—(3.45) into (3.43), one gets

T
sup (Il voully, + 1lvowil3.) +5° f t(IVull}, + IVwl}.) dr < Cp*exp(Cp™) < Cp*. (3.46)
0

0<t<T

For some constant A > 0. This completes the proof of (3.34).
On the other hand, multiplying (3.42) by ¢, one has

% (7 (1vPudlF + 1 yowil7.)) + 26% (AlIValiz, + AlIVwill.)

30q  ——3+(l_g)t
< CrllVpull, + 1 Npwil}) + C2 (5272 + o4 (1Vull2 + IVwili2) (Il Voully + Il vowdly.)
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= = —2a ~—a+8(1-a
+CP (p*7 4+ pM P2 4 5 i) (IIVully, + IV, ) (Il Vol + Il vowillZ.)
- —a)8 ——a+8(pB-a ——a+8(l-a —f3— —a) 8
LR (ﬁ 2-@f | prarib-a) | srariie | 620 >[,)(||Vu||i2 +||Vw||‘£2), (3.47)

Applying Gronwall’s inequality yields

T
sup £ (Il voull? + | vowil22) + 5° f 2 (Va2 + IVwil2.) dr
0

0<1<T

T
6 6 6.1 6
Cf (t2 <p—(z+2(1—a)q +p—a+;(ﬁ—a) +/3—a+5(§—a) +ﬁﬁ_2+(ﬂ_")5)<|lvu||iz + ||Vw||iz)
0

IA

1l VpulPs + | @w,niz))dr cexp ()

< Cp-exp(p™)
< Cp, (3.48)

which completes the proof of (3.35). O

Finally, we are in a position to close the a priori assumption of &,, the key observation is that
IVullp1 e 1s uniformly bounded with respect to time 7.

Lemma 3.6. Under the conditions of Proposition 3.1, there exists a positive constant M, such that
E(T) <£28,(0), (3.49)

provided p > My(Q, Co, 1, €7, 4, @, B, IV pollza, lutoll ., [Iwoll ).

Proof. Applying the operator V to (1.1);, we get
Vo, +u-Vp+Vu-Vp=0. (3.50)

Making the L*-inner product of (3.50) with |Vp|?~2Vp and then integrating by parts, we have

1d -
qd—tllvplliq = —fVP - Vu - Vp|Vpl"?dx < ClIVull=[IVpll],.- (3.51)

It follows from Gronwall’s inequality that

T
I9pllza < I¥polls - exp {C f IVl ). (352)
0

Therefore, if we can prove the estimate

T
f \Vul|~dt < Cp~5, (3.53)
0

for some constant B > 0, then by taking M, sufficiently large such that M, > M3 and Cp2 < 1n2, we
complete the proof of Lemma 3.6.
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Adding (3.15) and (3.16) together, we get
lellwa + lIwllwze < C ("(’(Ilpuzllm + llowllze) + “)7||Vu|| (||Vu||L2 +[[Vwllz2) | (3.54)
It follows from (3.8), (3.17), and (3.54) that

T T
f ||Vu||Loodt§Cf V| yrqdt

"{f(mwm+mmw»m+qﬂm\f|ww (IVull2 + VW]l 2)de

IA

IA

Cﬁ{f(mmm+mwmam+qwﬂi\f|ww;m

IA

""f (loudlzs + llowdlzo) de + Cp 1=, (3.55)

Using the Gagliardo-Nirenberg inequality, (3.34), and (3.35), we have

T 546 3(q 2) 3(q 2)
f (loudlrs + llowillre) dt < Cp ™ (le/ﬁutll IVudl . + 11V wtll IIthII )
0

6—q

_54=6 5 L\
< Cp sup 1l Vioudl}»dr

0<t<min{1,T}

. 3(q-2) . 4q+6
min{1,7} 4q min{1,7} 2 iq
( f t||Vut||izdt) ( f t‘q+6dt)
0 0
6-q
_546 ) 2 o\
+Cph | sup Allypultde
min{1,T}<t<T
T 3(3;2) T w“ ‘14:;16
. (f t2||vut”i2dt) (f t q+6d[)
min{1,7} min{1,7'}
6-q

_546 2 o\

+ Cp 4 ( sup 1| \/ﬁwtlledt)
0<t<min{1,T}

3(g-2 q+6

min{1,) S pmintn) L\
( f t||Vw,||§2dt) ( f t—mdz)
0 0

6—q

4q

_ 546 2 2
+CpE (| sup Al ypwilade

min{1,T}<t<T

T 3(?‘;2) T 4q %
( f t2||th||§2dt) ( f fmd:)
min{1,T} min{1,T’}
< Cpsszmﬁ‘*qq + Cpszq6+64qq+(l_ )3(?&;2)
346, 564
< Cpw . (3.56)
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Combining (3.55) and (3.56), we obtain

6(q

T — | — —
f IVall-dt < Cp 5 5= 4 cp™ 7 0= < P, (3.57)
0

where

D= min{Sq S84, _ 1)}.
4q q

Thus, we complete the proof. O

At last, combining Lemmata 3.4 and 3.6 then taking M = M,, we have proved Proposition 3.1. With
the help of Lemmata 3.1-3.6, Theorem 1.1 can be established through a standard bootstrap argument
(see [29]). We omiit it here.
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