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Abstract: In this paper, we study the following quasilinear Schrödinger equation with a parameter:
−ε2∆u+V(x)u−ε2κβ∆(|u|2β)|u|2β−2u = |u|q−2u+|u|(2β)2∗−2u inRN , where N > 3, β > 1

2 , 4β < q < (2β)2∗, κ
is a constant, and V : RN → R satisfies the classical global assumption. By using a change of variable,
we obtain the existence, multiplicity, and concentration behavior. We will see that the existence of
solutions depends heavily on the parameter β.
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1. Introduction

In this paper, we are concerned with the existence, multiplicity and concentration behavior for the
quasilinear Schrödinger equations as follows:

− ε2∆u + V(x)u − ε2κβ∆(|u|2β) |u|2β−2 u = g(x, u) in RN , (1.1)

where V(x) is a given potential, ε > 0 is a real parameter, κ is a real constant, g(x, u) is a nonlinearity
enjoying various hypotheses, β > 0 is a constant, and 2∗ := 2N/(N−2) is the critical Sobolev exponent.
The solutions associated with problem (1.1) have a close connection with the standing wave solutions
of certain quasilinear Schrödinger equations. These equations frequently emerge in diverse physical
phenomena, such as the theory of superfluid films within the realm of plasma physics (see [1–3]).

In recent decades, the existence and qualitative properties of solutions for the quasilinear
Schrödinger equation (1.1) has been widely investigated, especially for the case ε = 1. In [4], by
employing a change of variable, Liu et al. transformed the equation into a semilinear form, and hence
the existence of solutions was established through variational methods under various types of potentials
V(x). This method has proven to be crucial and has been widely adopted in the study of these types
of problems. In [5], Liu et al. have obtained the existence of positive ground states of Eq (1.1)
as g(x, u) = |u|p−2u. In [6], the existence of standing wave solutions was proved by combining the
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concentration-compactness principle of Lions with the classical arguments of Brézis and Nirenberg
(see [7]). In particular, we recall the concentration behavior of positive ground state solutions, which
was first established by Rabinowitz in [8] and Wang [9] when κ = 0. More precisely, they proved that
the positive ground state solutions must concentrate at the global minima of V as ε → 0. By using
the penalization method developed by del Pino and Felmer in [10], Wang and Zou [11] studied the
existence and concentration of positive bound states to (1.1) under the assumptions of local potential.
For the global potential case, He et al. [12] dealt with the existence, multiplicity and concentration
behavior of the ground states to (1.1) when g(x, u) = u22∗−1 + h(u). We also refer interested readers
to [11, 13–16] and the references therein.

On the other hand, there are some works that focus on the existence of solutions to (1.1) for general
β. We also remark that most of them mainly dealt with the case for β > 1

2 . In [3], when g(x, u) = λ|u|q−2u
with 2 < q + 1 < 2∗(2β), Liu and Wang proved the existence of solution by using the approach of
Lagrange multiplier. In [17], by employing the fibering method, Moameni proved (1.1) has at least a
standing wave solution when g(x, u) = µg(x)|u|q−2u. In [18], Li and Zhang proved the existence of a
positive spike solution of Eq (1.1) when g(x, u) = |u|q−2u + |u|(2β)2∗−2u, where 4β 6 q 6 (2β)2∗. In [19],
the second author, Tang, and Zhang proved that (1.1) has at least a positive ground state solution when
g(x, u) = |u|q−2u + |u|(2β)2∗−2u. We also cite [20, 21] and the references therein for more details. As far
as we know, there is only one work related to (1.1) with β ∈ (0, 1

2 ): Li [18] proved the existence of
positive solutions for Eq (1.1) when g(x, u) = |u|q−2u + |u|2

∗−2u with 2 6 q 6 2∗.
However, to our knowledge, there are no works which focus on the multiplicity and concentration

behavior of (1.1) when β , 0, 1. In [19], the authors proved that there is a sharp gap between the
two cases 1

2 < β < 1 and β > 1. Inspired by the above-mentioned works, especially by [12, 19], we
are concerned with the semi-classical solutions for the quasilinear Schrödinger equations with critical
growth in this paper:−ε2∆u + V(x)u − ε2κβ∆(|u|2β) |u|2β−2 u = |u|q−2 u + |u|(2β)2∗−2 u in RN ,

u(x) > 0 in RN ,
(Qε)

where 2∗ := 2N/(N − 2), N > 3, β > 1
2 , 4β < q < (2β)2∗, κ is a positive constant, and V : RN → R

satisfies the global assumption as follows:

(V) 0 < V0 = inf
x∈RN

V(x) < lim inf
|x|→∞

V(x) = V∞ < ∞.

To state our main result, we introduce several notations. Let

M = {x ∈ RN : V(x) = V0}

and
Mδ = {x ∈ RN : dist(x,M) 6 δ} for δ > 0.

catMδ
(M) denotes Ljusternik-Schnirelmann category of the sets M and Mδ. For β > 1, denote

QN,β =

 4βN−2N+4
N−2 , N < [4β + 2],

4β, N > [4β + 2].
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For 1
2 < β < 1, denote

QN,β =

 8β
N−2 + 2, N 6 [4 + 2

2β−1 ],

4β, N > [4 + 2
2β−1 ],

where
[
x
]

:= sup{n ∈ Z|n 6 x}. Our main result in this paper is given as follows.

Theorem 1.1. Suppose that (V) and QN,β < q < (2β)2∗ are satisfied. Then, for any given δ > 0, there
exists ε∗ = ε∗(δ) > 0 such that equation (Qε) has at least catMδ

(M) positive solutions for all ε ∈ (0, ε∗).
Moreover, each solution decays to zero at infinity. If uε represents one of these positive solutions, and
we denote its global maximum point by ηε, then

lim
ε→0

V(ηε) = V0.

Remark 1.2. Clearly, our result partly generalizes the one in [12]. The hypothesis (V) was originally
introduced by Rabinowitz in [8], and in this work, we only focus on the case for V∞ < ∞. In [12],
He et al. dealt with both V∞ < ∞ and V∞ = ∞ for the case β = 1. However, under the assumption
of V∞ = ∞, one can not verify the boundness of (PS ) sequence for modified functional if we choose
the workspace as H1(RN). On the other hand, the Orlicz space given by [12] is not even a linearly
normed space if β , 1. Thus, it is an interesting question whether similar results in Theorem 1.1 can
be obtained when β , 1 and V∞ = ∞.

The organization of this paper is as follows. In Section 2, we prove the existence of a positive
ground state for (Qε). In Section 3, we focus on the multiplicity and concentration of solutions to (Qε),
and we give the proof of Theorem 1.1.

Notation. Throughout this paper, → and ⇀ denote the strong convergence and the weak
convergence, respectively. ‖ · ‖ denotes the norm in H1

(
RN

)
. ‖ · ‖p denotes the norm in Lp

(
RN

)
for 1 6 p 6 ∞. C0,C,Ci denote various positive constants whose value may change from line to line
but are not essential to the analysis of the proof.

2. Existence of a positive ground state

2.1. Variational framework and Mountain pass geometry

In order to simplify the notation, we denote α := 2β and κβ = 1. By making a variable change
εz = x, (Qε) is equivalent to (Q∗ε) as follows:−∆u + V(εx)u − κβ∆(|u|2β) |u|2β−2 u = |u|q−2 u + |u|(2β)2∗−2 u in RN ,

u ∈ H1(RN), u(x) > 0 in RN .
(Q∗ε)

To find the positive solutions to (Qε), it is natural to consider the following functional:

J(u) =
1
2

∫
RN

(1 + α|u|2(α−1))|∇u|2 +
1
2

∫
RN

V(εx)u2 −
1
q

∫
RN
|u+|q −

1
2∗α

∫
RN
|u+|2

∗α,
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which is not well-defined in the usual Sobolev space H1(RN). To overcome this difficulty, inspired
by [13], we make a change of variables v = g−1(u), where g is defined by


g(0) = 0,

g′(t) =
(
1 + α|g(t)|2(α−1)

)− 1
2
, ∀t > 0,

−g(t) = g(−t), ∀t < 0.

(2.1)

After the change of variables, we focus on the functional

Jε(v) =
1
2

∫
RN

(
|∇v|2 + V(εx)g2(v)

)
−

1
q

∫
RN
|g(v+)|q −

1
2∗α

∫
RN
|g(v+)|2

∗α

and the following semilinear problem:

−∆v + V(εx)g(v)g′(v) = |g(v+)|q−1g′(v) + |g(v+)|2
∗α−1g′(v).

Observe that v(x) is a critical point of Jε if and only if g(v(εx)) solves equation (Qε). Moreover, by
Lemma 2.1 below, we have Jε ∈ C1(H1(RN),R).

Lemma 2.1. The function g satisfies the following properties:
(a) g ∈ C∞(R,R) is a uniquely defined function and invertible.
(b) |g′(t)| 6 1 for all t ∈ R.
(c) |g(t)| 6 |t| for all t ∈ R.
(d) lim

t→0

g(t)
t = 1.

(e) lim
t→∞

|g(t)|α

|t| =
√
α.

(f) 1
α
g(t) 6 tg′(t) 6 g(t) for all t > 0.

(g) |g(t)| 6 (α)
1

2α |t|
1
α for all t ∈ R.

(h) there exists a positive constant C such that

g(t) >

C|t|, if |t| 6 1,
C|t|

1
α , if |t| > 1.

(i) |g(t)|α−1g′(t) 6 1
√
α

for all t ∈ R.
(j) the function g(t)g′(t)t−1 is decreasing for t > 0.
(k) the function gp(t)g′(t)t−1 is increasing for p > 2α − 1 and t > 0.
(l) the function G(t) := 1

2gα2∗−1(t)g′(t)t − 1
α2∗g

α2∗(t) is increasing for t > 0.
(m) the function 1

2gq−1(t)g′(t)t − 1
qgq(t) is increasing for t > 0.

Proof. (a)–(i) can be found in [13, 19]. For ( j) and (k), we refer to [11, 22]. Here, we only prove (l),
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because (m) is similar. By (f) and (i), we get

G′(t) :=
α2∗ − 1

2
gα2∗−2(t)g′(t)2t +

1
2

gα2∗−1(t)g′′(t)t +
1
2

gα2∗−1(t)g′(t) − gα2∗−1(t)g′(t)

=
α2∗ − 1

2
gα2∗−2(t)g′(t)2t −

1
2

gα2∗−1(t)(α(α − 1)g′(t)4g(t)2α−3)t −
1
2

gα2∗−1(t)g′(t)

= gα2∗−2(t)g′(t)
[
α2∗ − 1

2
g′(t)t −

(α(α − 1))
2

g′(t)3g2(α−1)(t)t −
1
2

g(t)
]

> gα2∗−2(t)g′(t)
[
α2∗ − 1

2
g′(t)t −

α − 1
2

g′(t)t −
1
2

g(t)
]

= gα2∗−2(t)g′(t)
[
α(2∗ − 1)

2
g′(t)t −

1
2

g(t)
]

> gα2∗−2(t)g′(t)
[
2∗ − 1

2
g(t) −

1
2

g(t)
]

= gα2∗−1(t)g′(t)
[
2∗ − 2

2

]
> 0.

Lemma 2.2. Assume (V) and QN,β < q < (2β)2∗ hold. Then
(i) there exist α0 > 0 and ρ0 > 0 such that Jε(v) > α0 for all ‖v‖ = α0.
(ii) there exists a v ∈ H1(RN) with ‖v‖ > ρ0 such that Jε(v) < 0.

Proof. For any ρ > 0, by Claim 2 of Lemma 2.2 in [19] and the boundedness of V , there exists Cρ > 0
such that ∫

RN

(
|∇v|2 + V(εx)g2(v)

)
> Cρ‖v‖2,∀ v ∈ Σρ, (2.2)

where Σρ = {v ∈ H1(RN)|
∫
RN

(
|∇v|2 + g2(v)

)
6 ρ}. We may assume that 0 < ρ0 < 1. From Lemma 2.1

and the Sobolev embedding theorem, we get

Jε(v) =
1
2

∫
RN

(
|∇v|2 + V(εx)g2(v)

)
−

1
q

∫
RN
|g(v+)|q −

1
2∗α

∫
RN
|g(v+)|2

∗α

> C1‖v‖2 −
α

q
2α

q

∫
RN
|v|

q
α −

α
2∗
2

2∗α

∫
RN
|v|2

∗

> C1‖v‖2 −C2‖v‖
q
α −C3‖v‖2

∗

.

Since 2α < q < 2∗α, (i) is satisfied if we choose ρ0 small enough.
Next, we prove (ii). Choose a non-negative function ϕ ∈ C∞0 (RN) with ϕ > 0. By Lemma 2.1-(h),

we have

Jε(tϕ)6 t2
(
1
2

∫
RN

(
|∇ϕ|2 +

V(εx)g2(tϕ)
t2

)
−

1
α2∗

∫
RN

gα2∗(tϕ)
t2

)
6 t2

(
C1‖v‖2 −C2t2∗−2

∫
{tϕ(x)>1}

ϕ2∗
)
.

Hence, Jε(tϕ)→ −∞ as t → ∞. By choosing a large t∗ > 0 and taking v = t∗ϕ, (ii) holds.

Electronic Research Archive Volume 33, Issue 11, 7103–7125.



7108

By applying Lemma 2.2 with the mountain pass theorem without the (C)c condition in [23], there
exists a (PS )c sequence {vn} ⊂ H1(RN) such that Jε(vn) → c and J′ε(vn) → 0 in H1(RN)∗ with the
minimax level

cε = inf
γ∈Γ

sup
t∈[0,1]

Jε(γ(t)) > 0,

where Γ = {γ ∈ C1([0, 1],H1(RN)) : γ(0) = 0, Jε(γ(1)) < 0}. Now, we introduce the Nehari manifold
method associated with Jε defined by

Nε =

{
v ∈ H1(RN)\{0} :

∫
RN

(
|∇v|2 + V(εx)g(v)g′(v)v

)
−

∣∣∣g(v+)
∣∣∣q−1

g′(v+)v+ −
∣∣∣g(v+)

∣∣∣α2∗−1
g′(v+)v+ = 0

}
.

Lemma 2.3. For every v ∈ H1(RN) \ {0}, there exists a unique t(v) > 0 such that t(v)v ∈ Nε. Moreover,
Jε(t(v)v) = maxt>0 Jε(tv).

Proof. For fixed u ∈ H1(RN) \ {0} , we define the function f (t) , Jε(tv) for t > 0. We observe that
f ′(t) = 〈J′ε(tv), v〉 = 0 if and only if tυ ∈ Nε . Since f ′(t) = 0 is equivalent to

∫
RN
|∇v|2 =

∫
RN

(
|g(tv+)|q−1g′(tv+)v+

t
+
|g(tv+)|α2∗−1g′(tv+)v+

t
−

V(εx)g(tv)g′(tv)v
t

)
=

∫
{v(x)>0}

|g(tv+)|q−1g′(tv+)v2

tv
+

∫
{v(x)>0}

|g(tv)|α2∗−1g′(tv)v2

tv

−

∫
{v(x),0}

V(εx)g(t|v|)g′(t|v|)v2

t|v|
.

(2.3)

According to Lemma 2.1-(l), the right-hand side of Eq (2.3) is an increasing function with respect to t.
On the other hand, it is clear that f (t) > 0 for t > 0 small and f (t) < 0 for t > 0 large. Thus, there is a
unique t(v) > 0 such that f ′(t(v)) = 0, i.e., t(v)v ∈ Nε. Moreover, Jε(t(v)v) = maxt>0 Jε(tv).

Define

c∗ε = inf
v∈Nε

Jε(v), c∗∗ε = inf
v∈H1(RN )\{0}

max
t>0

Jε(tv). (2.4)

Lemma 2.4. cε = c∗ε = c∗∗ε .

Proof. From Lemma 2.3, we conclude that c∗ε = c∗∗ε . Observe that for any v ∈ H1(RN)\{0}, there exists
t0 > 0 such that Jε(t0v) < 0. Define a path γ : [0, 1]→ H1(RN) by γ(t) = tt0v. It is clear that γ ∈ Γ, and
we conclude that cε 6 c∗∗ε = c∗ε. Now, it is sufficient to prove cε > c∗ε. Clearly, Jε(v) > 0 for 0 6 t 6 t (v).
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Using Lemma 2.1, we have

f ′(t) = 〈J′ε(tv), v〉

= t
{∫
RN
|∇v|2 +

∫
RN

(
V(εx)g(tv)g′(tv)v

t
−
|g(tv+)|q−1g′(tv+)v+

t
−
|g(tv+)|α2∗−1g′(tv+)v+

t

)}
= t

{∫
RN
|∇v|2 +

∫
{v(x),0}

V(εx)g(tv)g′(tv)v2

tv
−

∫
{v(x)>0}

|g(tv+)|q−1g′(tv+)v2

tv

−

∫
{v(x)>0}

|g(tv+)|α2∗−1g′(tv+)v2

tv

}
> t

{∫
RN
|∇v|2 +

∫
{v(x),0}

V(εx)g(t (v) v)g′(t (v) v)v2

t (v) v

−

∫
{v(x)>0}

|g(t(v)v)|α2∗−1g′(t(v)v)v2

t(v)v
−

∫
{v(x)>0}

|g(t(v)v)|q−1g′(t(v)v)v2

t(v)v

}
=

t
t (v)2 〈J

′
ε(t (v) v, t (v) v〉 = 0.

Consequently, all paths of Γ cross Nε and cε > c∗ε. This finishes the proof.

2.2. The Palais-Smale condition

Lemma 2.5. Let {vn} be a (C)c sequence of Jε. Then, {vn} is bounded in H1(RN).

Proof. Consider a (C)c sequence for Jε, i.e., Jε(vn) = c + on(1), (1 + ‖vn‖)J′ε(vn) → 0 in H1(RN)∗. By
Lemma 2.1-(f), we have

c + on(1) = Jε(vn) −
α

q
〈J′ε(vn), vn〉

>

(
1
2
−
α

q

) ∫
RN
|∇vn|

2 +

(
1
2
−

1
q

) ∫
RN

V(εx)g2(vn)

+

(
1
q
−

1
α2∗

) ∫
RN

gα2∗(v+
n )

>
q − 2α

2q

∫
RN

(
|∇vn|

2 + V(εx)g2(vn)
)
.

By (2.2), {vn} is bounded in H1(RN).

Lemma 2.6. There exists r∗ > 0 such that ||v|| > r∗ > 0 for all v ∈ Nε.

Proof. Let v ∈ Nε. Without loss of generality, we may assume that v ∈ Σ1. Using Lemma 2.1-(f)
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and (2.2), we get

0=

∫
RN

(
|∇v|2 + V(εx)g(v)g′(v)v

)
−

∫
RN
|g(v+)|α2∗−1g′(v+)v+ −

∫
RN
|g(v+)|q−1g′(v+)v+

>
1
α

∫
RN

(
|∇v|2 + V(εx)g2(v)

)
−

∫
RN

∣∣∣g(v+)
∣∣∣α2∗
−

∫
RN

∣∣∣g(v+)
∣∣∣q

> C1‖v‖2 −
α

q
2α

q

∫
RN
|v|

q
α −

α
2∗
2

2∗α

∫
RN
|v|2

∗

= C1‖v‖2 −C2‖v‖
q
α −C3‖v‖2

∗

.

By 2 < q
α
< 2∗, we have

‖v‖ > r∗ > 0. (2.5)

The proof is completed.

To prove Jε satisfies the (C)c conditions, we introduce the following problem:−∆v + µg(v)g′(v) = gα2∗−1(v)g′(v) + gq−1(v)g′(v) in RN ,

v ∈ H1(RN), v(x) > 0 in RN ,
(Qµ)

where µ ∈ R+. The weak solutions of (Qµ) correspond to the critical points of the functional

Eµ(v) =
1
2

∫
RN

(
|∇v|2 + µg2(v)

)
−

1
α2∗

∫
RN
|g(v+)|α2∗ −

1
q

∫
RN
|g(v+)|q.

Let
mµ = inf

v∈Nµ

Eµ(v),

whereNµ is the Nehari manifold associated with problem (Qµ). Clearly, mµ andNµ possess properties
similar to those of cε and Nε.

Lemma 2.7. Consider whether one of the following cases occurs:

(a) α > 2, 2αN−2N+4
N−2 < q < 2∗α, and N 6 [2α + 2].

(b) α > 2, 2α < q < 2∗α and N > [2α + 2].

(c) 1 < α < 2, 4α
N−2 + 2 < q < 2∗α,and N 6 [4 + 2

α−1 ].

(d) 1 < α < 2, 2α < q < 2∗α,and N > [4 + 2
α−1 ].

Then, for any µ > 0, there exists some v ∈ H1(RN)\{0} such that

max
t>0
Eµ(tv) <

1
αN

S
N
2 .

In particular, mµ <
1
αN S

N
2 .
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Proof. The proof can be found in [19].

Lemma 2.8. Let {vn} ⊂ H1(RN) be a (C)c sequence for Jε with c < 1
αN S

N
2 and vn ⇀ 0 in H1(RN). Then,

one of the following conclusions holds.
(a) vn → 0 in H1(RN).
(b) There exists R, δ > 0 and a sequence {yn} ⊂ R

N such that

lim inf
n→∞

∫
BR(yn)

v2
n > δ > 0.

Proof. Assume that (b) does not occur. Then, for any R > 0,

lim
n→∞

sup
y∈RN

∫
BR(y)

v2 = 0.

Note that {vn} is bounded in H1(RN). By Lemma 1.3 of [24], we have

vn → 0 in Lr(RN) for r ∈ [2, 2∗).

Since 2α < q < 2∗α, by Lemma 2.1-(c), (g) and the interpolation inequality, we get∫
RN
|g(vn)|q = on(1). (2.6)

Since
{

g(vn)
g′(vn)

}
is bounded in H1(RN), it follows from (2.6) that∫

RN

1 + α2|g(vn)|2(α−1)

1 + α|g(vn)|2(α−1) |∇vn|
2 +

∫
RN

V(εx)|g(vn)|2

=

∫
RN
|g(vn)|q +

∫
RN
|g(vn)|2

∗α + on(1)

=

∫
RN
|g(vn)|2

∗α + on(1).

Up to a subsequence, we may assume that there exists l > 0 such that∫
RN

1 + α2|g(vn)|2(α−1)

1 + α|g(vn)|2(α−1) |∇vn|
2 +

∫
RN

V(εx)|g(vn)|2 → l,
∫
RN
|g(vn)|2

∗α → l.

Suppose that l > 0. Then,

S 6

∫
RN |∇gα(v+

n )|2(∫
RN |gα(v+

n )|2∗
)2/2∗

6

∫
RN

1+α2 |g(vn)|2(α−1)

1+α|g(vn)|2(α−1) |∇vn|
2 +

∫
RN V(εx)|g(vn)|2(∫

RN |g(v+
n )|α2∗

)2/2∗

→ l1−2/2∗

Electronic Research Archive Volume 33, Issue 11, 7103–7125.



7112

as n→ ∞. Thus, l > S
N
2 . From (2.6), we can deduce that

c = lim
n→∞

(
1
2

∫
RN

(
|∇v|2 + V(εx)g2(vn)

)
−

1
2∗α

∫
RN
|g(vn)|2

∗α

)
>

1
2α

lim
n→∞

(∫
RN

1 + α2|g(vn)|2(α−1)

1 + α|g(vn)|2(α−1) |∇vn|
2 +

∫
RN

V(εx)g2(vn)
)

−
1

2∗α
lim
n→∞

∫
RN
|g(vn)|2

∗α

=
1
αN

l

>
1
αN

S
N
2 .

This contradicts with c < 1
αN S

N
2 , and hence l = 0. By (2.2), vn → 0 in H1(RN).

Lemma 2.9. Suppose that {vn} is a (C)c sequence for the functional Jε with c < 1
αN S

N
2 and vn ⇀ 0 in

H1(RN). If ||vn||9 0, then c > mV∞ .

Proof. Suppose that {tn} ⊂ (0,∞) such that {tnvn} ⊂ NV∞ . First, we assert that lim supn→∞ tn 6 1. We
argue by contradiction that there exists δ > 0 and a subsequence of {tn} (still denoted by {tn}) such that

tn > 1 + δ for all n ∈ N.

By Lemma 2.5, we can conclude that {vn} is bounded in H1(RN). Moreover, we may assume vn > 0 for
all n ∈ N. Observe that

on(1) = 〈J′ε(vn), vn〉 =

∫
RN

(
|∇vn|

2 + V(εx)g(vn)g′(vn)vn

)
−

∫
RN

gα2∗−1(vn)g′(vn)vn

−

∫
RN

gq−1(vn)g′(vn)vn.

(2.7)

In view of tnvn ∈ NV∞ , we have∫
RN

t2
n|∇vn|

2 +

∫
RN

V∞g(tnvn)g′(tnvn)tnvn =

∫
RN

gα2∗−1(tnvn)g′(tnvn)tnvn

+

∫
RN

gq−1(tnvn)g′(tnvn)tnvn.

(2.8)

By (2.7) and (2.8), we get∫
RN

V∞g(tnvn)g′(tnvn)tnvn

t2
n

−

∫
RN

V(εx)g(vn)g′(vn)vn

=

∫
RN

(
|g(tnvn)|α2∗−1g′(tnvn)tnvn

t2
n

− |g(vn)|α2∗−1g′(vn)vn

)
+

∫
RN

(
|g(tnvn)|q−1g′(tnvn)tnvn

t2
n

− |g(vn)|q−1g′(vn)vn

)
+ on(1),
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or ∫
RN

[V∞ − V(εx)]g(vn)g′(vn)vn +

∫
RN

V∞

[
g(tnvn)g′(tnvn)

tnvn
−

g(vn)g′(vn)
vn

]
v2

n

=

∫
RN

[
|g(tnvn)|α2∗−1g′(tnvn)

tnvn
−
|g(vn)|α2∗−1g′(vn)

vn

]
v2

n

+

∫
RN

[
|g(tnvn)|q−1g′(tnvn)

tnvn
−
|g(vn)|q−1g′(vn)

vn

]
v2

n + on(1).

By (V), for any ζ > 0, there exists R = R(ζ) > 0 such that

V(εx) > V∞ − ζ for any |εx| > R. (2.9)

By Lemma 2.1-(j) and vn ⇀ 0 in H1(RN), we conclude that∫
RN

[
|g(tnvn)|q−1g′(tnvn)

tnvn
−
|g(vn)|q−1g′(vn)

vn

]
v2

n 6 ζC + on(1). (2.10)

If ||vn||ε 9 0, by Lemma 2.8, there exist {yn} ⊂ R
N and R∗, δ > 0 such that∫

BR∗ (yn)
v2

n > δ. (2.11)

Define ṽn(x) = vn(x + yn). Going to a subsequence if necessary, we may assume

ṽn ⇀ ṽ in H1(RN),
ṽn ⇀ ṽ in Ls

BR∗ (0)(R
N) for s ∈ [1, 2∗),

ṽn → ṽ a.e. x ∈ RN .

Furthermore, by (2.11), there is a subset Ω ⊂ BR∗(0) with positive measure such that υ̃ > 0 a.e. in Ω. It
follows from (2.10) and tn > 1 + δ that∫

RN

[
|g(1 + δ)ṽn|

q−1g′(1 + δ)ṽn

(1 + δ)ṽn
−
|g(ṽn)|q−1g′(ṽn)

ṽn

]
ṽn

2 6 ζC + on(1),

for any ζ > 0. Applying Fatou’s lemma, we have for any ζ > 0,

0 <
∫

Ω

[
|g((1 + δ)̃v)|q−1g′((1 + δ)̃v)

(1 + δ)̃v
−
|g(̃v)|q−1g′(̃v)

ṽ

]
ṽ2 6 ζC,

which is a contradiction. Next, we analyze the following two cases:
Case 1. lim supn→∞ tn = 1. In this case, we can find a subsequence, still denoted by {tn}, such that
tn → 1 as n→ ∞. Hence,

c + on(1) = Jε(vn) > mV∞ + Jε(vn) − EV∞(tnvn). (2.12)

Based on condition (V), (2.9), and vn ⇀ 0 in H1(RN), we get

Jε(vn) − EV∞(tnvn) >
1 − t2

n

2

∫
RN
|∇vn|

2 +
V∞
2

∫
RN

(
g2(vn) − g2(tnvn)

)
− ζC + on(1)

+
1
q

∫
RN

(|g(tnvn)|q − |g(vn)|q) +
1
α2∗

∫
RN

(
|g(tnvn)|α2∗ − |g(vn)|α2∗

)
.

(2.13)
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Using the mean value theorem, it is easy to see that∫
RN

(
g2(vn) − g2(tnvn)

)
= on(1),

∫
RN

(|g(tnvn)|q − |g(vn)|q) = on(1),∫
RN

(
|g(tnvn)|α2∗ − |g(vn)|α2∗

)
= on(1).

(2.14)

From (2.12)–(2.14), we have
c > mV∞ − ζC + on(1).

Since ζ is arbitrary, we have c > mV∞ .
Case 2. lim supn→∞ tn = t0 < 1. Without loss of generality, we suppose that tn < 1 for all n ∈ N. In
view of Lemma 2.1 and (2.9), we have

mV∞ 6 EV∞(tnvn) −
1
2
〈E′V∞(tnvn), tnvn〉

=
1
2

∫
RN

V∞[g2(tnvn) − g(tnvn)g′(tnvn)tnvn]

+

∫
RN

[
1
2
|g(tnvn)|q−1g′(tnvn)tnvn −

1
q
|g(tnvn)|q

]
+

∫
RN

[
1
2
|g(tnvn)|α2∗−1g′(tnvn)tnvn −

1
α2∗
|g(tnvn)|α2∗

]
6

1
2

∫
{|εx|>R}

(V(εx) + ζ)[g2(vn) − g(vn)g′(vn)vn]

+
1
2

∫
{|εx|6R}

V∞[g2(vn) − g(vn)g′(vn)vn] +

∫
RN

[
1
2
|g(tnvn)|q−1g′(tnvn)tnvn −

1
q
|g(tnvn)|q

]
+

∫
RN

[
1
2
|g(vn)|α2∗−1g′(vn)vn −

1
α2∗
|g(vn)|α2∗

]
6

1
2

∫
RN

V(εx)[g2(vn) − g(vn)g′(vn)vn] +

∫
RN

[
1
2
|g(tnvn)|q−1g′(tnvn)tnvn −

1
q
|g(tnvn)|q

]
+

∫
RN

[
1
2
|g(vn)|α2∗−1g′(vn)vn −

1
α2∗
|g(vn)|α2∗

]
+ ζC + on(1)

= Jε(vn) −
1
2
〈J′ε(vn), vn〉 + ζC + on(1)

6 c + ζC + on(1).

Let ζ → 0 and n→ ∞. We infer that c > mV∞ .

Proposition 2.10. Let QN,β < q < (2β)2∗ hold. Then, Jε satisfies the (C)c conditions at any level
c < mV∞ .

Proof. Let {vn} ⊂ H1(RN) be a (C)c sequence of Jε, i.e., Jε(vn) → c and J′ε(vn) → 0. By Lemma 2.5,
we conclude that {vn} is bounded in H1(RN), and there exists v ∈ H1(RN) such that

vn ⇀ v in H1(RN),
vn ⇀ v in Ls

BR∗ (0)(R
N) for s ∈ [1, 2∗),

vn → v a.e. x ∈ RN .
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Clearly, J′ε(v) = 0. Let wn = vn − v. By Lemma 2.4 in [12], we obtain

Jε(wn) = Jε(vn) − Jε(v) + on(1) = c − Jε(v) + on(1) := d + on(1),

and
J′ε(wn) = J′ε(vn) − J′ε(v) + on(1) = on(1).

By Lemma 2.1, we derive that

Jε(v) = Jε(v) −
1
2
〈J′ε(v), v〉

=
1
2

∫
RN

V(εx)
[
g2(v) − g(v)g′(v)v

]
+

∫
RN

1
2
|g(v+)|q−1g′(v+)v+ −

∫
RN

1
q
|g(v+)|q

+

∫
RN

1
2
|g(v+)|α2∗−1g′(v+)v+ −

∫
RN

1
α2∗
|g(v+)|α2∗

> 0.

Consequently, {wn} ⊂ H1(RN) is a (C)d sequence for Jε with d < mV∞ <
1
αN S

N
2 . By Lemma 2.9, wn → 0

in H1(RN).

2.3. The proof of existence of a positive ground state

Theorem 2.11. Suppose that conditions (V) and QN,β < q < (2β)2∗ hold. Then, there exists ε∗ > 0
such that for any ε ∈ (0, ε∗), problem (Q∗ε) has a ground state solution.

Proof. According to Lemma 2.2, the functional Jε possesses the mountain pass geometry. Then, by
utilizing a version of the mountain pass theorem without (PS ) condition (e.g., [23]), there exists {vn}

in H1(RN) such that
Jε(vn)→ cε and J′ε(vn)→ 0.

Without loss of generality, we assume that V0 = V(0) = infx∈RN V(x). Taking µ ∈ R such that V0 < µ <

V∞, by the result in [19], one can check that mV0 < mµ < mV∞ . Furthermore, there exists a non-negative
function w ∈ H1(RN) with compact support such that Eµ(w) = maxt>0 Eµ(tw) and Eµ(w) < mV∞ . From
condition (V), there exists some ε∗ > 0 such that

V(εx) 6 µ for any ε ∈ (0, ε∗) and x ∈ supp w.

Then,
Jε(tw) 6 Eµ(tw) for any ε ∈ (0, ε∗) and t > 0

and hence
max

t>0
Jε(tw) 6 max

t>0
Eµ(tw) = Eµ(w) < mV∞ for any ε ∈ (0, ε∗).

Then, c < mV∞ for ε ∈ (0, ε∗). By Proposition 2.10, there exists v ∈ H1(RN) \ {0} such that J′ε(v) = 0
and Jε(v) = cε. Using standard arguments similar to those in [25,26], we conclude that v ∈ L∞(RN) and
v ∈ C1,γ

loc (RN) with 0 < γ < 1. By Lemma 2.1, we get∥∥∥g(v−)
∥∥∥2
6 α

∫
RN

(∣∣∣∇υ−∣∣∣2 + g(v)g′(v)v−
)

6 C
(∫
RN
|g(v+)|q−1g′(v+)v− +

∫
RN
|g(v+)|2

∗α−1g′(v+)v−
)

= 0,
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which implies that g(v−) = 0, and hence v > 0. By applying the maximum principle, v > 0.

3. Multiplicity and concentration of solutions to (Q∗ε)

In this section, we focus on the multiplicity of solutions and analyze the behavior of their
maximum points.

3.1. Preliminary results

Lemma 3.1. The critical points of the functional Jε on Nε are critical points of Jε in H1(RN).

Proof. Assuming v ∈ Nε is a critical point of Jε on Nε, then υ , 0. By Theorem 8.5 in [23], there
exists λ ∈ R such that

J′ε(v) = λE′ε(v),

where Eε(v) = 〈J′ε(v), v〉. Notice that

〈E′ε(v), v〉 =

∫
RN

(
2|∇vn|

2 + V(εx)|g′(v)|2v2 + V(x)g(v)g′′(v)v2 + V(εx)g(v)g′(v)v
)

− (q − 1)
∫
RN
|g(v)|q−2|g′(v)|2v2

n −

∫
RN
|g(v)|q−2g(vn)g′′(v)v2

−

∫
RN
|g(v)|q−2g(v)g′(v)v − (2∗α − 1)

∫
RN
|g(v)|2

∗α−2|g′(v)|2v2

−

∫
RN
|g(v)|2

∗α−2g(v)g′(v)v −
∫
RN
|g(v)|2

∗α−2g(v)g′′(v)v2

=

∫
RN

V(εx)
(
|g′(v)|2v2 + g(v)g′′(v)v2 − g(v)g′(v)v

)
− (q − 1)

∫
RN
|g(v)|q−2|g′(v)|2v2 −

∫
RN
|g(v)|q−2g(v)g′′(v)v2

+

∫
RN
|g(v)|q−2g(v)g′(v)v − (2∗α − 1)

∫
RN
|g(v)|2

∗α|g′(v)|2v2

+

∫
RN
|g(v)|2

∗α−2g(v)g′(v)v −
∫
RN
|g(v)|2

∗α−2g(v)g′′(v)v2

6

∫
RN
|g(v)|2

∗α−2g(v)g′(v)v −
∫
RN
|g(vn)|2

∗α−2g(v)g′′(v)v2

− (2∗α − 1)
∫
RN
|g(v)|2

∗α−2|g′(v)|2v2

6 α

∫
RN
|g(v)|2

∗α−2|g′(v)|2v2 + (α − 1)
∫
RN
|g(v)|2

∗α−2|g′(vn)|2v2

− (2∗α − 1)
∫
RN
|g(v)|2

∗α−2|g′(v)|2v2

= −
4α

N − 2

∫
RN
|g(v)|2

∗α−2|g′(v)|2v2

6 −
4

(N − 2)α

∫
RN
|g(v)|2

∗α.
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Thus, λ = 0 and J′ε(v) = 0.

Take δ > 0 fixed, and let w be a ground state solution of problem (QV0). Let η be defined on [0,∞)
such that η(s) = 1 if 0 6 s 6 δ/2 and η(s) = 0 if s > δ. For any y ∈ M, we define

Ψε,y(x) = η(|εx − y|)w
(
εx − y
ε

)
.

Let tε > 0 be such that
max

t>0
Jε(tΨε,y) = Jε(tεΨε,y).

Define Φε : M → Nε by
Φε(y) = tεΨε,y.

Clearly, the function Φε(y) has compact support for any y ∈ M.

Lemma 3.2.
lim
ε→0

Jε(Φε(y)) = mV0 uniformly in y ∈ M.

Proof. We argue by contradiction that there exists δ0 > 0, {yn} ⊂ M, and εn → 0 such that

|Jε(Φεn(yn)) − mV0 | > δ0. (3.1)

Next, we denote tn, Ψn, and Φn by tεn , Ψεn,yn , and Φεn for notational simplicity. We claim that
limn→∞ tn = 1. From the definition of tn and Lemma 2.6, we get

r∗

α
6

∫
RN

(
|∇(tnΨn)|2 + V(εnx)g(tnΨn)g′(tnΨn)tnΨn

)
=

∫
RN
|g(tnΨn)|q−1g′(tnΨn)tnΨn +

∫
RN
|g(tnΨn)|α2∗−1g′(tnΨn)tnΨn.

(3.2)

It is clear that tn > t0 > 0 for some t0 > 0. If tn → ∞, by Lemma 2.1-(e), (f) and the boundedness of
{Ψn}, we have

C >

∫
RN

(
|∇Ψn|

2 + V(εnx)
g(tnΨn)g′(tnΨn)tnΨn

t2
n

)
=

∫
RN

|g(tnΨn)|q−1 g′(tnΨn)tnΨn

t2
n

+

∫
RN

|g(tnΨn)|α2∗−1 g′(tnΨn)tnΨn

t2
n

>
1
α

∫
RN

|g(tnη(εnz)w(z))|α2∗

t2
n

>
1
α

∫
Bδ/2εn (0)

|g(tnw)|α2∗

t2
n

→ α
2∗−2

2 t2∗−2
n

∫
Bδ/2εn (0)

w2∗

→ ∞,
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a contradiction. Therefore, we may assume that tn → T > 0. Next, we claim that T = 1. By applying
Lebesgue’s theorem, one can check that

lim
n→∞

∫
RN

(
|∇Ψn|

2 + V(εnx)g(Ψn)g′(Ψn)Ψn

)
=

∫
RN

(
|∇w|2 + V0g(w)g′(w)w

)
;

lim
n→∞

∫
RN
|g(Ψn)|α2∗−1g′(Ψn)Ψn =

∫
RN
|g(w)|α2∗−1g′(w)w;

lim
n→∞

∫
RN
|g(Ψn)|q−1g′(Ψn)Ψn =

∫
RN
|g(w)|q−1g′(w)w.

From (3.2), we have∫
RN

(
|∇(Tw)|2 + V0g(Tw)g′(Tw)Tw

)
=

∫
RN
|g(Tw)|q−1g′(Tw)Tw

+

∫
RN
|g(Tw)|α2∗−1g′(Tw)Tw.

Consequently,

−

∫
RN

V0
g(w)g′(w)

w
w2 +

∫
RN

|g(w)|q−1g′(w)
w

w2 +

∫
RN

|g(w)|α2∗−1g′(w)
Tw

w2

=

∫
RN
|∇w|2

= −

∫
RN

V0
g(Tw)g′(Tw)Tw

T 2 +

∫
RN

|g(Tw)|q−1 g′(Tw)Tw
T 2 +

∫
RN

|g(Tw)|α2∗−1 g′(Tw)Tw
T 2

= −

∫
RN

V0
g(Tw)g′(Tw)

Tw
w2 +

∫
RN

|g(Tw)|q−1g′(Tw)
Tw

w2 +

∫
RN

|g(Tw)|α2∗−1g′(Tw)
Tw

w2.

(3.3)

From Lemma 2.1, the right-hand side of the last equality is increasing with respect to T > 0, and hence
T = 1. This leads to

Jεn(Φn(yn)) =
1
2

∫
RN

(
|∇(tnη(|εnz|)w)|2 + V(εnz + yn)g2(tnη(|εnz|)w)

)
−

1
q

∫
RN
|g(tnη(|εnz|)w)|q −

1
α2∗

∫
RN
|g(tnη(|εnz|)w)|α2∗

→
1
2

∫
RN

(
|∇w|2 + V0g2(w)

)
−

1
q

∫
RN
|g(w)|q −

1
α2∗

∫
RN
|g(w)|α2∗

= mV0 ,

which contradicts (3.1).

For any δ > 0, let ρ = ρ(δ) > 0 be such that Mδ ⊂ Bρ(0). Define χ : RN → RN as χ(x) = x for
|x| 6 ρ and χ(x) = ρx/|x| for |x| > ρ. Finally, we consider the map βε : Nε → R

N given by

βε(υ) =

∫
RN χ(εx)v2∫
RN v2

. (3.4)

By [27], we have
lim
ε→0

βε(Φε(y)) = y uniformly for y ∈ M.
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Lemma 3.3. Let {vn} ⊂ Nµ be a sequence satisfying Eµ(vn)→ mµ. Then, one of (a) and (b) hold:
(a) {vn} has a strongly convergent subsequence in H1(RN).
(b) there exists {ỹn} ⊂ R

N such that ṽn(x) = vn(x + ỹn) converges strongly in H1(RN).

Proof. By Ekeland’s variational principle (Theorem 8.5 in [23]), we may assume that {vn} is a (C)mµ

sequence for Eµ. It is easy to see that {vn} is bounded in H1(RN). Up to a subsequence, we have

vn ⇀ v in H1(RN),
vn ⇀ v in Lp

loc(R
N) for p ∈ [1, 2∗),

vn → v a.e. x ∈ RN .

By a standard argument, we have E′µ(v) = 0. To conclude our proof, we analyze two cases.
Case 1. Consider v , 0. We assert that∫

RN
|∇v|2 = lim inf

n→∞

∫
RN
|∇vn|

2. (3.5)

Otherwise, it follows from Fatou’s lemma that

mµ 6 Eµ(v) = Eµ(v) −
α

q
〈E′µ(v), v〉

=

(
1
2
−
α

q

) ∫
RN
|∇v|2 +

∫
RN

(
1
2
µg2(v) −

α

q
µg(v)g′(v)v

)
+

∫
RN

(
α

q
|g(v+)|q−1g′(v+)v+ −

1
q
|g(v+)|q

)
+

∫
RN

(
α

q
|g(v+)|α2∗−1g′(v+)v+ −

1
α2∗
|g(v+)|α2∗

)
< lim inf

n→∞

{(
1
2
−
α

q

) ∫
RN
|∇vn|

2 +

∫
RN

(
1
2
µg2(vn) −

α

q
µg(vn)g′(vn)vn

)
+

∫
RN

(
α

q
gq−1(vn)g′(vn)vn −

1
q

gq(vn)
)

+

∫
RN

(
α

q
gα2∗−1(vn)g′(vn)vn −

1
α2∗

gα2∗(vn)
)}

= lim inf
n→∞

(
Eµ(vn) −

α

q
〈E′µ(vn), vn〉

)
= mµ,

(3.6)

a contradiction. Hence,

lim
n→∞

∫
RN
|∇vn|

2 =

∫
RN
|∇v|2. (3.7)

From the proof of (3.6), we also have

lim
n→∞

∫
RN

(
1
2
µg2(vn) −

α

q
µg(vn)g′(vn)vn

)
=

∫
RN

(
1
2
µg2(v) −

α

q
µg(v)g′(v)v

)
. (3.8)
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As a result, there is a function h ∈ L1(RN) satisfying(
q − 2α

2q

)
µg (vn)2 6

1
2
µg2(vn) −

α

q
µg (vn) g′(vn)vn 6 h a.e. in RN .

By Lebesgue’s theorem, we deduce that

lim
n→∞

∫
RN
µg2(vn) =

∫
RN
µg2(v).

By (3.7) and (3.8), vn → v in H1(RN).
Case 2. v ≡ 0. We claim that there exist R, r > 0 and ỹn ∈ R

N such that

lim inf
n→∞

∫
BR(ỹn)

v2
n > r. (3.9)

If this claim is not true, up to a subsequence, we obtain

lim
n→∞

sup
y∈RN

∫
B1(y)

v2
n = 0.

As the proof of Lemma 2.8, we deduce that
∫
RN |∇vn|

2 +µg(vn)2 → 0 as n→ ∞. Then, by (2.2), we have
vn → 0 in H1(RN). Consequently, Eµ(vn) → 0 as n → ∞, which contradicts with Eµ(vn) → mµ > 0.
Let wn(x) = vn(x + ỹn). Then, {wn} is also a (C)mµ

sequence of Eµ. Moreover, by (3.9), there exists
w ∈ H1(RN) \ {0} such that wn ⇀ w in H1(RN). Consequently, the proof is completed by employing
similar arguments as for case 1.

Lemma 3.4. Let εn → 0 and {vn} ⊂ Nεn be such that Jεn(vn) → mV0 . Then, there exists a sequence
{ỹn} ⊂ R

N such that vn(x) = vn(x + ỹn) has a convergent subsequence in H1(RN). Moreover, up to a
subsequence, yn := εnỹn → y ∈ M.

Proof. Let tn > 0 be chosen such that wn := tnvn ∈ NV0 . Since vn ∈ Nεn , we can infer that

mV0 6 EV0(wn)

6
1
2

∫
RN

[
|∇wn|

2 + V(εn(x))g2(wn)
]
−

1
α2∗

∫
RN
|g(w+

n )|α2∗ −
1
q

∫
RN
|g(w+

n )|q

=
1
2

∫
RN

[
|∇(tnvn)|2 + V(εn(x + yn))g2(tnvn)

]
−

1
α2∗

∫
RN
|g(tnvn

+)|α2∗ −
1
q

∫
RN
|g(tnvn

+)|q

= Jεn(tnvn)
6 Jεn(vn)
= mV0 + on(1).

Therefore, limn→∞ EV0(wn) = mV0 . Next, we claim that, up to a subsequence, tn → t∗ > 0. Indeed, by
Lemma 2.6, there exists some δ > 0 such that 0 < δ 6 ||vn||. Therefore,

0 6 tnδ 6 ||tnvn|| = ‖wn‖ 6 C||wn|| 6 C.
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Thus, we may assume that tn → t∗ > 0. If t∗ = 0, then EV0(wn) → 0, which contradicts the fact that
mV0 > 0. By Lemma 3.3, there exist {ỹn} ⊂ R

N and w ∈ H1(RN)\{0} such that wn(x+ỹn)→ w in H1(RN).
Since tn → t∗ > 0, vn(x + ỹn)→ 1

t∗w in H1(RN). If {yn} is not bounded, then

mV0 = EV0(w)
< EV∞(w)

6 lim
n→∞

(1
2

∫
RN

[
|∇wn(x + ỹn)|2 + V(εn(x + ỹn))g2(wn(x + ỹn))

]
−

1
α2∗

∫
RN
|g(w+

n (x + ỹn))|α2∗ −
1
q

∫
RN
|g(w+

n (x + ỹn))|q
)

= lim
n→∞

(1
2

∫
RN

[
|∇(tnvn(x + ỹn))|2 + V(εn(x + yn))g2(tnvn(x + ỹn))

]
−

1
α2∗

∫
RN
|g(tnvn(x + ỹn)+)|α2∗ −

1
q

∫
RN
|g(tnvn(x + ỹn)+)|q

)
= Jεn(tnvn)
6 Jεn(vn)
= mV0 + on(1),

(3.10)

a contradiction. As a result, {yn} is bounded and up to a subsequence, yn → y in RN . If y < M, then
V(y) > V0, and we can obtain a contradiction through a similar argument to (3.10). So, y ∈ M, and the
proof is completed.

Let h(ε) = |Jε(Φε(y)) − mV0 |. By Lemma 3.2, h(ε)→ 0+ as ε→ 0+. Let

Ñε = {u ∈ Nε : Jε(u) 6 mV0 + h(ε)}.

For a fixed y ∈ M, Φε(y) ∈ Ñε and Ñε , ∅ for any ε > 0.

Lemma 3.5. For any δ > 0, there holds that

lim
ε→0

sup
v∈Ñε

dist(βε(v),Mδ) = 0.

Proof. Let {εn} ⊂ R
+ with εn → 0 and vn ∈ Ñεn such that

dist(βεn(vn),Mδ) = sup
v∈Ñεn

dist(βεn(v),Mδ) + on(1).

Since {vn} ⊂ Ñεn ⊂ Nεn ,

mV0 6 cεn 6 Jεn(vn) 6 mV0 + h(εn),

which implies that Jεn(vn) → mv0 . By applying Proposition 3.4, there exists a sequence {ỹn} ⊂ R
N

such that vn(x) = vn(x + ỹn) has a convergent subsequence in H1(RN), and yn = εnỹn ⊂ Mδ for n large
enough. Note that

βεn(vn) = yn +

∫
RN (χ(εnz + yn) − yn)ṽn

2(z)∫
RN ṽn

2(z)
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where ṽn(x) = vn(x + ỹn). By the Lebesgue dominated convergence theorem, one can check that
βεn(vn) = yn + on(1), and hence

dist(βcεn(vn),Mδ) 6 |βεn(vn) − yn| = on(1).

The proof is completed.

3.2. Multiplicity and concentration of solutions to (Q∗ε)

Theorem 3.6. Suppose that conditions (V) hold. Then, for any δ > 0, there exists ε(δ) > 0 such that
for any ε ∈ (0, ε(δ)), problem (Q∗ε) has at least catMδ

(M) positive solutions. Moreover, if vε is one of
these positive solutions and zε ∈ RN its global maximum, then

lim
ε→0

V(εzε) = V0.

Proof. For any δ > 0 , by Lemmas 3.2 and 3.5, there exists ε(δ) > 0 such that for any ε ∈ (0, ε(δ)), the
map βε ◦ Φε is homotopically equivalent to the inclusion map Id : M → Mδ. By Lemmas 3.2 and 3.3
in [25], we have

cat
Ñε

(Ñε) > catMδ
(M).

Due to the (C)c condition is satisfied for Jε if c ∈ (mV0 ,mV0 + h(ε)). In view of the Ljusternik-
Schnirelmann theory in [23], Jε admits at least catMδ

(M) critical points on Nε. By Lemma 3.1, Jε
has at least catMδ

(M) positive critical points in H1(RN).
Let uεn be a positive solution of (Q∗εn

). Then, vn(x) = g−1(uεn(x + ỹn)) is a solution of the problem−∆vn + Vn(x)g(vn)g′(vn) = gq−1(vn)g′(vn) + gα2∗−1(vn)g′(vn) in RN ,

vn ∈ H1(RN), vn > 0 in RN ,

where Vn(x) = V(εnx + εnỹn) and {ỹn} ⊂ R
N is obtain by Lemma 3.4. Passing to a subsequence if

necessary, we may assume that ṽn → v in H1(RN) and yn → y in M with yn = εnỹn. We assert that there
exists δ > 0 such that ||vn||∞ > δ, for all n ∈ N. We argue by contradiction that ||vn||∞ → 0. It follows
the interpolation inequality and Lemma 2.1-(f) that

1
2

∫
RN

(
|∇vn|

2 + V0v2
n

)
6

∫
RN

(
|∇vn|

2 + Vng(vn)g′(vn)vn

)
=

∫
RN

gq−1(vn)g′(vn)vn +

∫
RN

gα2∗−1(vn)g′(vn)vn

6

∫
RN

gq(vn) +

∫
RN

gα2∗(vn)

6
V0

4

∫
RN
|g(vn)|2 + C

∫
RN
|g(vn)|α2∗

6
V0

4

∫
RN

v2
n + C||vn||

2∗−2
L∞

∫
RN

v2
n,

which implies that vn → 0 in H1(RN), a contradiction. By an iterative technique in Lemma 4.6 of [12],
‖vn‖∞ 6 C for all n ∈ N and

lim
|x|→∞

vn(x) = 0 uniformly for all n.
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Let pn and zεn be the global maximums of vn and uεn, respectively. Then,

εnzεn = εn pn + εnỹn = εn pn + yn.

Since pn ∈ BR(0) for some R > 0, εnzεn → y, and hence

lim
n→∞

V(εnzεn) = V0.

3.3. Proof of Theorem 1.1

Suppose that uε is a positive solution of (Q∗ε). Then, wε(x) = uε( x
ε
) is a positive solution of (Qε). Let

ηε and zε be the maximum points of wε and uε, respectively. Hence, ηε = εzε, and hence

lim
ε→0

V(ηε) = lim
n→∞

V(εnzεn) = V0.

Consequently, Theorem 1.1 can be derived from Theorems 2.11 and 3.6.
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