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Abstract: In this paper, we study the following quasilinear Schrodinger equation with a parameter:
—E2Au+V(xX)u—2kBA(ulP)u*2u = |u|72u+ul®> 2uin RN, where N > 3,8 > 1,48 < g < (2B)2", k
is a constant, and V : R¥ — R satisfies the classical global assumption. By using a change of variable,
we obtain the existence, multiplicity, and concentration behavior. We will see that the existence of
solutions depends heavily on the parameter £.
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1. Introduction

In this paper, we are concerned with the existence, multiplicity and concentration behavior for the
quasilinear Schrodinger equations as follows:

— &Au+ V(u — 2 kBA(ul*) u**u = g(x,u) inRY, (1.1)

where V(x) is a given potential, € > 0 is a real parameter, « is a real constant, g(x, #) is a nonlinearity
enjoying various hypotheses, 8 > 0 is a constant, and 2* := 2N /(N —2) is the critical Sobolev exponent.
The solutions associated with problem (1.1) have a close connection with the standing wave solutions
of certain quasilinear Schrodinger equations. These equations frequently emerge in diverse physical
phenomena, such as the theory of superfluid films within the realm of plasma physics (see [1-3]).

In recent decades, the existence and qualitative properties of solutions for the quasilinear
Schrédinger equation (1.1) has been widely investigated, especially for the case € = 1. In [4], by
employing a change of variable, Liu et al. transformed the equation into a semilinear form, and hence
the existence of solutions was established through variational methods under various types of potentials
V(x). This method has proven to be crucial and has been widely adopted in the study of these types
of problems. In [5], Liu et al. have obtained the existence of positive ground states of Eq (1.1)
as g(x,u) = |u/""%u. In [6], the existence of standing wave solutions was proved by combining the
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concentration-compactness principle of Lions with the classical arguments of Brézis and Nirenberg
(see [7]). In particular, we recall the concentration behavior of positive ground state solutions, which
was first established by Rabinowitz in [8] and Wang [9] when « = 0. More precisely, they proved that
the positive ground state solutions must concentrate at the global minima of V as ¢ — 0. By using
the penalization method developed by del Pino and Felmer in [10], Wang and Zou [11] studied the
existence and concentration of positive bound states to (1.1) under the assumptions of local potential.
For the global potential case, He et al. [12] dealt with the existence, multiplicity and concentration
behavior of the ground states to (1.1) when g(x,u) = u?* ' + h(u). We also refer interested readers
to [11,13-16] and the references therein.

On the other hand, there are some works that focus on the existence of solutions to (1.1) for general
B. We also remark that most of them mainly dealt with the case for 8 > % In [3], when g(x, ) = AJu|*"%u
with 2 < g + 1 < 2%(2B), Liu and Wang proved the existence of solution by using the approach of
Lagrange multiplier. In [17], by employing the fibering method, Moameni proved (1.1) has at least a
standing wave solution when g(x, u) = ug(x)|u|?>u. In [18], Li and Zhang proved the existence of a
positive spike solution of Eq (1.1) when g(x, u) = [ul9"2u + |[u|®®? ~2u, where 48 < g < (28)2*. In [19],
the second author, Tang, and Zhang proved that (1.1) has at least a positive ground state solution when
g(x, u) = [ul""%u + |u|®®* ~2u. We also cite [20,21] and the references therein for more details. As far
as we know, there is only one work related to (1.1) with 8 € (0, %): Li [18] proved the existence of
positive solutions for Eq (1.1) when g(x, u) = |u|?%u + |ul* ~2u with 2 < g < 2*.

However, to our knowledge, there are no works which focus on the multiplicity and concentration
behavior of (1.1) when 8 # 0,1. In [19], the authors proved that there is a sharp gap between the
two cases % < B < 1and B > 1. Inspired by the above-mentioned works, especially by [12, 19], we
are concerned with the semi-classical solutions for the quasilinear Schrodinger equations with critical
growth in this paper:

(Qs)

—&2Au + V(x)u — 2BA(ulP) [ u = [l u+ u/®P* 2y inRY,
u(x) >0 inRY,

where 2* := 2N/(N -2), N > 3,8 > 1 4B < g < (2)2*, k is a positive constant, and V : RY — R
satisfies the global assumption as follows:

V) 0<Vy= ian V(ix) < hlrln inf V(x) = V, < 0.
x€eR Xx|— 00
To state our main result, we introduce several notations. Let
M={xeR":V(x) =V

and
M; = {x e RY : dist(x, M) < 6} fors > 0.

caty, (M) denotes Ljusternik-Schnirelmann category of the sets M and M;. For g > 1, denote

Oy = BRI, N<[48+2],
M 4, N > [48 +2].
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For 1 <8 <1, denote

5 +2 N<[H+z5],
Ong = 5
4ﬁ, N>[4+__]a

where [x] := sup{n € Z|n < x}. Our main result in this paper is given as follows.

Theorem 1.1. Suppose that (V) and Qngp < q < (28)2" are satisfied. Then, for any given 6 > 0, there
exists € = £°(6) > 0 such that equation (Q,) has at least caty,(M) positive solutions for all € € (0, g").
Moreover, each solution decays to zero at infinity. If u, represents one of these positive solutions, and
we denote its global maximum point by n,, then

lim V(11,) = V.

Remark 1.2. Clearly, our result partly generalizes the one in [12]. The hypothesis (V) was originally
introduced by Rabinowitz in [8], and in this work, we only focus on the case for V,, < co. In [12],
He et al. dealt with both V., < o and V., = o for the case B = 1. However, under the assumption
of Voo = o0, one can not verify the boundness of (PS) sequence for modified functional if we choose
the workspace as H'(RY). On the other hand, the Orlicz space given by [12] is not even a linearly
normed space if B # 1. Thus, it is an interesting question whether similar results in Theorem 1.1 can
be obtained when  # 1 and V, = oo.

The organization of this paper is as follows. In Section 2, we prove the existence of a positive
ground state for (Q,). In Section 3, we focus on the multiplicity and concentration of solutions to (Q,),
and we give the proof of Theorem 1.1.

Notation. Throughout this paper, — and — denote the strong convergence and the weak
convergence, respectively. || - || denotes the norm in H' (RN ) I - |l, denotes the norm in L? (RN )
for 1 < p < o0. Cy, C, C; denote various positive constants whose value may change from line to line
but are not essential to the analysis of the proof.

2. Existence of a positive ground state

2.1. Variational framework and Mountain pass geometry

In order to simplify the notation, we denote « := 26 and «8 = 1. By making a variable change
&z = x, (Q;) 1s equivalent to (Q}) as follows:

(Q7)

—Au + V(ex)u — kBAul®) [ u = [ u + |ul®*?u  inRY,
ue H'®RY),u(x)>0 inR".

To find the positive solutions to (Qy), it is natural to consider the following functional:

1 1 1 1 .
J(u) = —f (1 + aul V)| Vul® + —f V(exu® - —f ™| — f e,
2 RN 2 RN q JrN 2%« RN
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which is not well-defined in the usual Sobolev space H'(RY). To overcome this difficulty, inspired
by [13], we make a change of variables v = g~!(u), where g is defined by

g(0) =0,
g =(1+alg®P D) *, V>0, (2.1)
—g(1) = g(-1), Yt < 0.

After the change of variables, we focus on the functional

1 1 1 .
J) = 5 fR (9 + Vieng o) - - fR 180N - fR gP

and the following semilinear problem:

—Av + V(ex)g()g' () = [g0)" g’ v) + 1gvHIF g ().

Observe that v(x) is a critical point of J, if and only if g(v(ex)) solves equation (Q.). Moreover, by
Lemma 2.1 below, we have J, € C'(H'(RY),R).

Lemma 2.1. The function g satisfies the following properties:
(a) g € C*(R,R) is a uniquely defined function and invertible.
(b) g < 1forallteR.

(c)lg®| < |t forall t € R.

(d) lim &2 = 1,

-0 ! .
(e) lim EOC = /.
t—00
() Le(r) < 1g'(1) < g(v) for all t > 0,
() 18| < (@)= |t|= forall 1 € R.
(h) there exists a positive constant C such that

Cle, il <1,
g() > 1 .
Clel=, iflel > 1.

(i) 1gI*"'g' (1) < < forall t € R.

(j) the function g(t)g'(H)t™" is decreasing for t > 0.

(k) the function gP(t)g’ ()t™! is increasing for p > 2a — 1 and t > 0.

(1) the function G(t) := 1g"* ~!(1)g' ()t — —-g°% (1) is increasing for t > 0.
(m) the function % g (g (Ot - (ll g4(¢) is increasing for t > 0.

Proof. (a)—(i) can be found in [13, 19]. For (j) and (k), we refer to [11,22]. Here, we only prove (1),
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because (m) is similar. By (f) and (i), we get

’ az*_la*— ’ 1(1/*— ’” laf*— ’ a2t — ’
G'(0):= —5—¢ g (0 + 58 g (0t + 58 g () - g g (1)
a2t

-1 1 o I o
= —5—¢" g0’ - 3 ((ela = D' g () = 387 (g (1)

=g (g () :%g'a)t - W(Cl/z__l))g'(tfg%“_l)(t)t - %g(r)]
> g7 g (1) :“2*2_ Lot - O‘T_lg’(m - %g(r)]

=g (g (1) :Qg'(m - %g(r)]

> ¢ 20 (0] 2 e - %g(t)]

= ¢ (g () :2*2_ 2]

> 0.

Lemma 2.2. Assume (V) and Qngp < q < (2)2" hold. Then
(i) there exist ay > 0 and py > 0 such that J,(v) > aq for all ||v|]| = ay.
(ii) there exists av € H'(RN) with |v|| > po such that J,(v) < 0.

Proof. For any p > 0, by Claim 2 of Lemma 2.2 in [19] and the boundedness of V, there exists C, > 0
such that

f (IV9P + V(ex)g*(») > C,IMP. ¥ v € 5, (22)
RN

where 2, = {v € H'(R")) fRN (IVvI2 + gz(v)) < p}. We may assume that 0 < py < 1. From Lemma 2.1
and the Sobolev embedding theorem, we get

1 1 1 .
L) =3 f (VF + Viengw) - - f 8O = 5= f g
RN RN RN

z
2

49
2 Q 2« q o o
> CyVP - — f - Iv]
q RN 2(1 RN

2 4 2
= Ci|lI” = Co|vll* = Cs|vIl” .

Since 2a < g < 2*a, (i) is satisfied if we choose py small enough.
Next, we prove (if). Choose a non-negative function ¢ € Cy°(RY) with ¢ > 0. By Lemma 2.1-(h),

we have ) N
1 V(ex)g“(tp) 1 f g™ (tp)
J.(to)< | = Vol + ——2 77|
(te) (2 fRN (l ol 1 a2 Jpv 1

<P (C1||v||2 — G2 f 902*).
{rp(x)>1}

Hence, J () — —o0 as t — oo. By choosing a large * > 0 and taking v = t*¢, (ii) holds.
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By applying Lemma 2.2 with the mountain pass theorem without the (C), condition in [23], there
exists a (PS), sequence {v,} ¢ H'(R") such that J,(v,) — ¢ and J.(v,) — 0 in H'(RY)" with the
minimax level

c. = inf sup J.(y(¢)) > 0,
Y€l re10,1]

where I = {y € C'([0, 1], H'(RM)) : v(0) = 0, J.(y(1)) < 0}. Now, we introduce the Nehari manifold
method associated with J, defined by

N, = {v e H'®RM\(0} : fR (199 + Vg 0w) - s g 0w = g0 g = 0}.

Lemma 2.3. For every v € H'(RV) \ {0}, there exists a unique t(v) > 0 such that t(v)v € N,. Moreover,
J(t(v)v) = maxeqg J(1v).

Proof. For fixed u € H'(RM) \ {0} , we define the function f(t) = J.(tv) for t > 0. We observe that
f(t) = (J.(tv),v) = 01if and only if rv € N, . Since f’(¢) = 0 is equivalent to

f Vo = f (Ig(tv+)lq‘‘g’(tv+)v+ L le@II g vyt Viex)gtv)g (v
RN RN

t t t
Lol (1t W2 N2 Lo’ (112
:f lg@v " g'(tv*)v +f lgE)I*™ ' (v)v 2.3)
(v(0)>0) tv v(0)>0) tv
) f V(Eng(ih)g ()2
{v(x)%0} fv]

According to Lemma 2.1-(1), the right-hand side of Eq (2.3) is an increasing function with respect to .
On the other hand, it is clear that f(¢) > O for r > 0 small and f(¢) < O for ¢t > 0 large. Thus, there is a
unique #(v) > 0 such that f'(#(v)) = 0, i.e., #(v)v € N,. Moreover, J.(t(v)v) = max,;g J-(tv).

Define

¢t = inf J.(v), = inf  max J.(¢v).
s = 00 =(v) L (1v) 2.4)

ok k%
Lemma 2.4. ¢, = ¢} =c}".

Proof. From Lemma 2.3, we conclude that ¢ = ¢;*. Observe that for any v € H HRM)\{0}, there exists
to > 0 such that J,(tyv) < 0. Define a path y : [0, 1] — H'(RY) by y(¢) = ttyv. It is clear that y € T, and
we conclude that ¢, < ¢ c;. Now, it is sufficient to prove ¢, > c;. Clearly, J.(v) > 0for 0 <t < t(v).

K __
. =

Electronic Research Archive Volume 33, Issue 11, 7103-7125.
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Using Lemma 2.1, we have

(@) = (JL1tv),v)
= t{f |Vv|2 +f (V(sx)g(t\/)g/(tv)v B |g(tv+)|q—lgl(tv+)v+ ~ |g(tv+)|az*_1g'(l‘v+)v+ )}
RN RN

t t t

=1 f Vv + f V(ex)g(tv)g' (m)v” f lg(tvH)Ie" g (tv)v?
RY [v(x)#0} tv b0l =
f Ig(tv+)|a2*—1gr(l,v+)v2}
{v(x)>0} tv

- { f VP 4 f V(ex)g(t (v) v)g'(t (v) v)v?
RV {v(x)£0} t(v)v

_ f lg(r()V)[** g’ (t(v)v)v? B f |g(t(v)v)|‘1‘1g’(t(v)v)v2}
(x>0} t(v)v (x>0} t(v)v

! 2(];(1‘ W v, t(v)v) =0.
t(v)

Consequently, all paths of I" cross N, and ¢, > c}. This finishes the proof.
2.2. The Palais-Smale condition

Lemma 2.5. Let {v,} be a (C). sequence of J,.. Then, {v,} is bounded in H'(RM).

Proof. Consider a (C), sequence for J,, i.e., J.(v,) = ¢ + 0,(1), (1 + |[v,|DJ.(v,) = 0in H'(RY)". By
Lemma 2.1-(f), we have

¢+ 0,(1) = Jo(v,) — gug(vn), V)

> (l - g) Vv, + (l - l)f V(ex)g*(vy)
2 q) gy 2 q)Jry

1 1 .
q a2*) Jrwn

q—2a

>, fR IVl + Vengim).

By (2.2), {v,} is bounded in H'(R").

Lemma 2.6. There exists r* > 0 such that ||v|| > r* > 0 for all v € N,.

Proof. Let v € N,. Without loss of generality, we may assume that v € 2. Using Lemma 2.1-(f)

Electronic Research Archive Volume 33, Issue 11, 7103-7125.
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and (2.2), we get

= f (IVv + V(ex)g()g 0w) - f g g (v — f g g v

1 .
>~ f Vo + V(Eng ) - f g™ - f HO'¥
> vl ——f Ivl“—z* N

2 2"
= Ci|MI? = Calvlle = C3lvI .

By2< C—‘i < 2*, we have
vl = r* > 0. (2.5)

The proof is completed.

To prove J, satisfies the (C). conditions, we introduce the following problem:

—Av +ug(g'(v) = g1 (g' (V) + g (Mg’ (v)  inRY,
(Qu)

ve H'®RY), v(x)>0 inRY,

where u € R*. The weak solutions of (Q,) correspond to the critical points of the functional

f O™ - f lg(vOI”.
RN

m, = inf &,(v),

veN,

1
&) = 3 f (19 + g’ ) -
RN

Let

where N, is the Nehari manifold associated with problem (Q,). Clearly, m, and N, possess properties
similar to those of ¢, and N,.

Lemma 2.7. Consider whether one of the following cases occurs:

2 Za/N 2N+4

(a) a > <q<2a and N < [2a + 2].

b)a>2,2a<qg<2'aand N > [2a + 2].

Ol<a<2,2 412<g<2aandN < [4+—]

’N2

d1l<a<22a<qg<2aand N >[4 + ﬁ].
Then, for any u > 0, there exists some v € H'(RV)\{0} such that

1w
Eu(tv) < —S§72.
max u(1V) N

. 1 N
In particular, m, < =957

Electronic Research Archive Volume 33, Issue 11, 7103-7125.
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Proof. The proof can be found in [19].

Lemma 2.8. Let {v,} € H'(RN) be a (C), sequence for J, with ¢ < jvS % and v, = 0in H'(RY). Then,

one of the following conclusions holds.
(a) v, = 0in H'RN).
(b) There exists R, 6 > 0 and a sequence {y,} C R" such that

liminff V26> 0.
n—eo BR(yn)

Proof. Assume that (b) does not occur. Then, for any R > 0,

lim sup f v = 0.
"% yerN JBr(y)
Note that {v,} is bounded in H'(R"). By Lemma 1.3 of [24], we have
v, = 0 in L'(RY) forre[2,2°).

Since 2a < g < 2*a, by Lemma 2.1-(¢c), (g) and the interpolation inequality, we get

f I8l = 04(1).
RN

Since { £0m) } is bounded in H'(RY), it follows from (2.6) that

"(n)
1+ 2 ; 2(a-1)
f U g ey f V(enlg()P
R

v 1+ algvy)P@b RV
= f lgva)l? + f lgv)IF ™ + 0,(1)
RN RN
=f lg)I*® + 0,(1).
RN

Up to a subsequence, we may assume that there exists / > 0 such that

L+a2gvP ™ O ) f ) f >
Vv, |~ + Viex)gv)l” = L, vol- ¢ — 1
\[RN 1 + alg(v,)[2eD Vvl - (£0)1g(vn)l o lg(wa)l

Suppose that [ > 0. Then,
S Vg P
= N\2/2
(v ls@pP)
2|g(vn 2(a-1)
fRN Ll 19w, + [y V(Ex)Ig(v)P

(fulgopie)"

— ll—2/2*

(2.6)

Electronic Research Archive Volume 33, Issue 11, 7103-7125.
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asn — oo. Thus, [ > S % . From (2.6), we can deduce that

(1 1 :
¢ = lim (5 fR ) (19 + V(ex)g* () - o fR lenl (,)

1 . 1+ a’zlg(vrz)lz(a_l) 2 2
> -~ l V n + V n
2a ni%(LN [+ alg(rypen 1 fR (ex)g"va)

2*a

> Lt
aN

This contradicts with ¢ < ﬁS %, and hence [ = 0. By (2.2), v, — 0in H'(R").

Lemma 2.9. Suppose that {v,} is a (C). sequence for the functional J, with ¢ < ﬁS > and v, — 0in
H'@®RM). If vl - 0, then ¢ > my,_.

Proof. Suppose that {z,} C (0, o) such that {z,v,} C Ny_. First, we assert that limsup,_, 7, < 1. We
argue by contradiction that there exists 6 > 0 and a subsequence of {z,} (still denoted by {¢,}) such that

t,>1+6 forallneN.

By Lemma 2.5, we can conclude that {v,} is bounded in H'(R"). Moreover, we may assume v, > 0 for
all n € N. Observe that

on(1) = (Jo(v), V) = f (19l + V(Ex)g()g wa)va) = f P W)E v
R &Y (2.7)

- f gq_l(vn)g/(vn)vn'
RN

In view of ¢,v, € Ny_, we have

f £V, + f Veo8(tav)g (taV)t, vy = f )8 V)tV
RN RN RN

(2.8)
+f gt v)g vtV
RN

By (2.7) and (2.8), we get

f Veog(ty vn)g (aVn)tnVn f V(ex)g(vn)g (va)vn
RY .

N

a2*—1
fRN(|g(t V)l 8 vtV Ig(vn)laz*’lg’(Vn)V")

1,7
+ fRN (lg(t o g (t o Ig(vn)lq‘lg’(vn)Vn) Fonth

Electronic Research Archive Volume 33, Issue 11, 7103-7125.
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or
tn n ’ tn n n ! n
[ e - vienngogwam + [ v [g( D) ) _ $0n)g (v )] v
RN RN tnv,, Vi
_ f g™ " ) eI g )]
RN tnvn Vi "
tﬂ n q_l ! tn n n q_l ! n
+f gyl g tuvi) 18Vl g(v)]v§+on(1).
RV 1,V Vy
By (V), for any £ > 0, there exists R = R({) > 0 such that
Viex) 2 Vo — ¢ for any |ex| > R. (2.9)
By Lemma 2.1-(j) and v, — 0 in H'(RY), we conclude that
tl’l n q_l ’ tn n n q_l ’ n
f [lg( vl” g/ (Gava) 187 8" (Vi) V2 < £C + on(1). (2.10)
RN 13 Vn Vn

If ||[v,]l: = 0, by Lemma 2.8, there exist {y,} ¢ RY and R*,§ > 0 such that

f ) 2.11)
BR*(yn)

Define v,(x) = v,(x + y,). Going to a subsequence if necessary, we may assume
v, = vin H'(RY),
v, = Vin Ly o RY) for s € [1,2),
v, > vae. xR,

Furthermore, by (2.11), there is a subset Q C Bg-(0) with positive measure such that v > 0 a.e. in Q. It
follows from (2.10) and 7, > 1 + ¢ that

f [Ig(1+5)\7;|‘1‘1g’(1+5)17; lsI"" g’ (V)
RN

—~2
< n 2
1+ o), " lv" (e r o)

for any ¢ > 0. Applying Fatou’s lemma, we have for any > 0,

0< f [|g(<1 + MG (1+6)0) g g’ ®)
o (1+06)yv v

]72 < (C,

which is a contradiction. Next, we analyze the following two cases:
Case 1. limsup,_,t, = 1. In this case, we can find a subsequence, still denoted by {z,}, such that
t, — 1 as n — co. Hence,

c+ On(l) = Js(vn) = my, + Js(vn) - SVOQ(thn)- (212)
Based on condition (V), (2.9), and v, — 0 in H'(R"), we get

2
T =Byt > = [ wyp e L f (82v) = g(tava)) = £C + 04(1)
RN

2 Jav 2
fR (8wt = 1gl™).

Electronic Research Archive Volume 33, Issue 11, 7103-7125.
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Using the mean value theorem, it is easy to see that

f (gz(vn) - gz(tnvn)) = 0,(1), f (lg(tnvn)lq - |g(Vn)|q) = 0,(1),
R R (2.14)

f (8@t = 1gwI™) = 0u(1).

R
From (2.12)—(2.14), we have

c>my, —{C +o0,(1).
Since ( is arbitrary, we have ¢ > my,_.
Case 2. limsup,_, 1, = tp < 1. Without loss of generality, we suppose thatz, < 1 forall n € N. In
view of Lemma 2.1 and (2.9), we have

1
my, < ng(tnvn) - E(Sl oo(tnvn)’ [nVn)

1
= E f Voo[gz(tnvn) - g(tnvn)g/(tnvn)tnvn]

RN
2

[1

ny 1
_lg(tnvn)|q lg (tnvn)tnvn - 5|g(tnvn)|q]

-
RN
+f L™ g avn)tvn — ——lg(tav)|
RNzgnn gnnnn az*gnn
1
<3 f (V(ex) + OIg2(vn) — g(va)g (), ]
{lex|>R}

1 2 ’ 1 q-1,s 1 q
+ = Voo[g (vn) - g(vn)g (vn)vn] + _lg(tnvn)l g (tnvn)tnvn - _lg(tnvn)l
2 Jiexi<r) RV [2 q

1 * 1 *
+ f [§|g<vn>|“2 g Ve — ——lg(v)|? ]
RN Q’2

1
< = fN V(EX)[gZ(Vn) - g(vn)g/(vn)vn] + f

2 R RN

1 - 1
T f [Elg(vn)laz lg (Vn)vn -
RN a

a2*
> lg(v)l
= Js(Vn) - %(J‘;(Vn)’ Vn> + {C + On(l)
<c+LC+o,(1).

1 o, 1
Elg(tnvn)lq lg (tnvn)tnvn - _|g(tnvn)|q]
q

+ {C + 0,(1)

Let  — 0 and n — oco. We infer that ¢ > my,_.

Proposition 2.10. Let Qyp < q < (28)2" hold. Then, J, satisfies the (C). conditions at any level
c<my,.

Proof. Let {v,} ¢ H'(RM) be a (C), sequence of J,, i.e., J,(v,) — ¢ and J.(vy) — 0. By Lemma 2.5,
we conclude that {v,} is bounded in H'(R"), and there exists v € H'(R") such that

v, = vin H'(RM),
va = vin Ly o ®RY) for s € [1,2°),

v, > vae. xR,
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Clearly, J/(v) = 0. Let w, = v, —v. By Lemma 2.4 in [12], we obtain
Jewy) = Jo(vy) = Je(v) + 0,(1) = ¢ = Jo(v) + 0,(1) := d+ 0,(1),

and
J;(Wn) = J;(Vn) - J;;(V) + On(l) = On(l)-

By Lemma 2.1, we derive that
1
Je(v) = Je(v) = 5{J0). )

1 1 1
= > f V(en) [£20) - g0)g 0] + f Sl g f Gk

2 R R R

1 .1, 1 o2
+f =g g (vt —f ~|g(v)|™?
RV 2 RN @2

> 0.

Consequently, {w,} ¢ H'(R") is a (C), sequence for J, with d < my,, < -1.S . By Lemma 2.9, w, — 0
in H'(RM).

2.3. The proof of existence of a positive ground state

Theorem 2.11. Suppose that conditions (V) and Qng < q < (28)2" hold. Then, there exists € > 0
such that for any € € (0, "), problem (Q}) has a ground state solution.
Proof. According to Lemma 2.2, the functional J, possesses the mountain pass geometry. Then, by
utilizing a version of the mountain pass theorem without (PS') condition (e.g., [23]), there exists {v,}
in H'(RY) such that

Je:(vy) > c. and J.(v,) — 0.
Without loss of generality, we assume that Vj, = V(0) = inf g~y V(x). Taking u € R such that Vy < u <
Ve, by the result in [19], one can check that my, < m, < my_. Furthermore, there exists a non-negative
function w € H'(R") with compact support such that Eu(w) = max;5o E,(tw) and E,(w) < my,_ . From
condition (V), there exists some &* > 0 such that

Vex)<u foranyee€ (0,&) and x € supp w.

Then,
Je(tw) < E,(tw) forany € € (0,") andr>0

and hence
max Jo(tw) < max E(tw) = E,(w) <my,_ forany € € (0, &").
1> t>

Then, ¢ < my,, for & € (0, &*). By Proposition 2.10, there exists v € H'(RY) \ {0} such that J/(v) = 0
and J,(v) = c,. Using standard arguments similar to those in [25,26], we conclude that v € L*(R") and
VE C;O’Z(RN) with 0 < y < 1. By Lemma 2.1, we get

el <a [ (e +sgom)

< C( f g g (v + f FCe iy A (Uslt
RN RV
=0,
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which implies that g(v™) = 0, and hence v > 0. By applying the maximum principle, v > 0.
3. Multiplicity and concentration of solutions to (Q;)

In this section, we focus on the multiplicity of solutions and analyze the behavior of their
maximum points.

3.1. Preliminary results

Lemma 3.1. The critical points of the functional J, on N, are critical points of J, in H'(R").

Proof. Assuming v € N, is a critical point of J, on N, then v # 0. By Theorem 8.5 in [23], there
exists A € R such that
J(v) = AEL(v),

where E.(v) = (J.(v),v). Notice that
wwmw=LQQWW+vwmwm%%wumwyw#+wﬂmwgwﬁ
%¢4KLMMWWMﬁﬂ:LMMMﬂm5Mﬁ
—l;wwwﬂgwgww—wfa—DJ;@wW”ﬂwaﬂ
- fR ng(V)IZ*"‘zg(V)g’(V)v - fR NIg(V)Iz*"‘zg(V)g”(V)vz
:L;WMNM®HM@WMﬁWAgMgMﬂ
—-(g-1 fR NLg’(V)Iq‘ZIg’(V)Fv2 - fR NIg(V)I‘f‘zg,’(V)g"(V)v2
+k£uﬂWV4ﬂwg@W—(Ta—1{£Jﬂwﬁﬂgwﬁﬁ
6020 0w = [ O g0

+
<
N

L.
\ﬁ|ng””gwm%wv—J;mowFWngg%w#
—QW—DlQﬂM“”MWWf

<a fR WP WV + (@ = 1) fR NIg(V)Iz*‘)“zIg’(vn)lzv2
—QW—DlQmM“”me#

4 *
=—N§31Qﬂm“”me#

<_Lf| |2*a
S TN = 2a S8V

Electronic Research Archive Volume 33, Issue 11, 7103-7125.



7117

Thus, A =0 and J (v) =

Take ¢ > 0 fixed, and let w be a ground state solution of problem (Qy,). Let 1 be defined on [0, o)
such thatn(s) = 11f0 < s <d/2 and n(s) = 0if s > 6. For any y € M, we define

¥,,(x) = n(lex - y)w (‘”“8_ Y ) .

Let ¢, > 0 be such that
m%x J(t¥,y) = Jo(1.Ys ).
1>

Define ®, : M — N, by
(Ds(y) = ts\Pz-:,y-

Clearly, the function ®.(y) has compact support for any y € M.

Lemma 3.2.
lir% Jo(®y(y)) = my, uniformlyiny € M.

Proof. We argue by contradiction that there exists 6o > 0, {y,} € M, and &, — 0 such that

[ Je(Ds, (¥n)) = my,| = . (3.1)

Next, we denote f,, ¥,, and ®, by t,, ¥, ,,, and O, for notational simplicity. We claim that

lim,_, t, = 1. From the definition of 7, and Lemma 2.6, we get
- f (V&P + Viex)gt, Vg ¥ ,)
a RN

(3.2)
gt Y g (1, ¥ )1, Y, + f R By (A TR

RN

It is clear that 7, > t, > O for some #, > 0. If t, — oo, by Lemma 2.1-(e), (f) and the boundedness of
{¥,}, we have

t,¥Y,)e t,¥Y)t, ¥,
C> f (|V\1'n|2 + V(g S T8 G H) )
RN t
gt ¥ g, P )1, P, f lg(t, ¥, ! '(l Y)Y,
RN t%
lg(t.n(e,2)W(2))7*
RN B

1 |lg(t,w)|**
> — —
a Bb-/zg 0) I,

N a r=2 t2 -2 f w2
Bs26,(0)

— 0

b
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a contradiction. Therefore, we may assume that t, — 7 > 0. Next, we claim that 7 = 1. By applying
Lebesgue’s theorem, one can check that

lim [ (VP + V(ex)g(¥)g (F)P,) = f (1YW + Vog(wig (wpw)

n—o00 RN R
lim | |g(P)I"* g’ (P, = f lgw)** ' g’ (w)w;
n—oo RN RN

lim f ST g (W)W, = f SO g (.
n—,oo RN RN
From (3.2), we have

f (IV(Tw)P + Vog(Tw)g (Tw)Tw) = f g(Tw)l"™ g/ (Tw)Tw
RN RN
+ f g(Tw)|"> g (Tw)Tw.
RN

Consequently,
|aZ*—1

3 f Vog(W)g’(W)w2+ f Ig(W)Iq‘lg’(W)WzJr f lg(w) g’(W)Wz
RY w RN w RN Tw

= f IVw[?
R (3.3)

__ f v 8T (TwTw | f g g (Tw)Tw | f lg(Tw)™* ' g (Tw)Tw
RN 0 T2 RN T2 RN T2

B VLT W L
RN Tw RN Tw BN Tw

From Lemma 2.1, the right-hand side of the last equality is increasing with respect to 7 > 0, and hence
T = 1. This leads to

1
Jo(@u3)) = 5 fR (VGmts,dbw)l + Ve + 38 Gnllencw)

1 1 .
- —f lgtm(lenzDw)|* — — f lg(tum(l&nzlw)l
q JrN a? RN

1 1 1 .
= = f (1YW + Vog?w)) - = f gl — — f lg(w)|">
2 RN q JrN (12 RN

= My,,

which contradicts (3.1).
For any 6 > 0, let p = p(6) > 0 be such that M; C B,(0). Define y : RV — RY as y(x) = x for
|x| < p and y(x) = px/|x| for |x| > p. Finally, we consider the map S, : N, — R" given by

_ Juxtexy 34

By [27], we have
lir% B:(D.(y)) =y uniformly fory € M.
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Lemma 3.3. Let {v,} C N, be a sequence satisfying E,(v,) — my. Then, one of (a) and (b) hold:
(a) {v,} has a strongly convergent subsequence in H'(RV).
(b) there exists {y,} C RN such that v,(x) = v,(x + ¥,) converges strongly in H'(RM).

Proof. By Ekeland’s variational principle (Theorem 8.5 in [23]), we may assume that {v,} is a (C),,
sequence for &,. It is easy to see that {v,} is bounded in H'(R"). Up to a subsequence, we have

v, = vin H'(RY),
—vin L? (RY) for p € [1,2%),

loc
N
vn—>va.e.xeR .

By a standard argument, we have &, (v) = 0. To conclude our proof, we analyze two cases.
Case 1. Consider v # 0. We assert that

Vv = lim inf f Vv, . (3.5)
RN

RN n—oo

Otherwise, it follows from Fatou’s lemma that

<@m:&m%9®mmw

(———)f IVv? +f ( SHE (v)—g,ug(v)g (V)V)

(@wnwgw»» |aww)

L.
L.

1 *
( gV g (vt - 2*Ig(v+)|“2)

< lim inf {(l - g) Vvl + f (lﬂgz(vn) - gug(vn)g’(vn)vn) (3.6)
2 RN RN 2 q

n—oo q

‘f( q%mmowm—lymﬂ
RN q

a2"—1 ’ _ 1 a2”
L( OMﬂmmlaTg(m%

= lim inf (ay(vn) —~ g<8,;(vn), vn>)

=my,

a contradiction. Hence,

lim | Vv, = f IVv2. (3.7)
n—oo JpN RN
From the proof of (3.6), we also have
: 1 2 a ’ 1 2 o ’
lim SHE (Vi) = —pg(v)g' (Va)vn | = FHE (V) = —ug()g' vv). (3.8)
oo Jpy \2 q AV q
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7120

As a result, there is a function 2 € L'(RY) satisfying

q-2a 2<l
( 2 )ug(vn) <3

By Lebesgue’s theorem, we deduce that

lim f ug (vy) = f ug ).
n—eo Jpn RN

By (3.7) and (3.8), v, — vin H'(R").
Case 2. v = 0. We claim that there exist R, 7 > 0 and y,, € R" such that

lim inf f Vi >
n—-oo BR()Tn)

If this claim is not true, up to a subsequence, we obtain

lim sup f v =0.
n—00 yERN Bl(y)

ug (vy) — gﬂg V)& Wa)vy <h ae. inRY.
q

(3.9)

As the proof of Lemma 2.8, we deduce that ﬁ;@v IVv,|* +ug(v,)* — 0 as n — co. Then, by (2.2), we have
v, — 0in H'(R"). Consequently, &Eu(vy) — 0 as n — oo, which contradicts with &,(v,,) — m, > 0.
Let w,(x) = v,(x + y,). Then, {w,} is also a (C)m, sequence of &,. Moreover, by (3.9), there exists
w € H'(RY) \ {0} such that w, — w in H'(R"). Consequently, the proof is completed by employing

similar arguments as for case 1.

Lemma 3.4. Let &, — 0 and {v,} C N,, be such that J, (v,) — my,. Then, there exists a sequence
.} € RY such that v,(x) = v,(x + y,) has a convergent subsequence in H'(R"). Moreover, up to a

subsequence, y, := €,y, >y € M.

Proof. Lett, > 0 be chosen such that w, := 1,v, € Ny,. Since v, € N,,, we can infer that

mV() < 8V0 (Wﬂ)

<; fR 1wl + Viestog? (W]—L2 f 8wl = 2 f 0wl

1
=3 f IV + Ve (x + ya)g )| - f gt I ~ f 18ty I
RN

= Jen(tnvn)
< Je, (Vi)
= my, + 0,(1).

Therefore, lim,_,, Ey,(w,) = my,. Next, we claim that, up to a subsequence, t, — t* > 0. Indeed, by

Lemma 2.6, there exists some ¢ > 0 such that O < § < ||v,||. Therefore,

0 < 1,0 < |ltgvall = llwall < Cliwall < C

Electronic Research Archive
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Thus, we may assume that z, — * > 0. If r* = 0, then &y, (w,) — 0, which contradicts the fact that
my, > 0. By Lemma 3.3, there exist {y,} ¢ RY and w € H'(R")\{0} such that w,(x+y,) — w in H'(RY).
Since #, — > 0, v,(x + ¥,) = +win H'(RY). If {y,} is not bounded, then

my, = Ey,(w)
< (va(W)

1 — — -
<tim (5 [ [V TR + Vieaa-+ g+ )
RN

n—oo

alz* fR ) lgw* (x + I - 61] fR ) lg(w (x + y;,))ri)

1 — —
= lim (5 f (Vv + TP + V(Ea(x + 3 tavax + 7))
RN

n—oo

1

a2*

= Jo,(tavy)
< Je, (V)

= mV() + On(l)’

(3.10)

~—\+tyja2* 1 —\t+
f 1 + 5N = = | lglaalx +77) )I")
RN q

RN

a contradiction. As a result, {y,} is bounded and up to a subsequence, y, — y in RY. If y ¢ M, then
V(y) > Vy, and we can obtain a contradiction through a similar argument to (3.10). So, y € M, and the
proof is completed.

Let h(e) = |Jo(D.(y)) — my,|. By Lemma 3.2, h(e) — 0" as € — 0. Let
Ny ={ue N, : Js(u) < my, + h(s)).
Forafixedy e M, ®.(y) € )T/g and ]\78 # () for any € > 0.
Lemma 3.5. For any 6 > 0, there holds that

lir% sup dist(B.(v), M) = 0.
e velp\l

Proof. Let {e,} Cc R* withg, > Oand v, € /ij such that

dist(B,, (va). My) = sup dist(Bs, (v), M) + 0,(1).

veNe,

Since {v,} € N, C Ng,,

My, < Cg, < Jg,(Vy) < my, + h(gy),

which implies that J, (v,) — m,,. By applying Proposition 3.4, there exists a sequence {y,} c R
such that v,(x) = v,(x + y,) has a convergent subsequence in H'(R"), and y, = &,y, C M; for n large
enough. Note that

J]‘RN (X(gnz + yn) - yn){}:zz(z)
Jor 0@

ﬁs,,(vn) =Yn t
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where v,(x) = v,(x +¥,). By the Lebesgue dominated convergence theorem, one can check that
Be, (Vi) = ¥, + 0,(1), and hence

diSt(ﬁcsn(Vn)a Mﬁ) < wgn(vn) - ynl = On(l)

The proof is completed.

3.2. Multiplicity and concentration of solutions to (Q3)

Theorem 3.6. Suppose that conditions (V) hold. Then, for any 6 > 0, there exists £(6) > 0 such that
for any € € (0,&(0)), problem (Q}) has at least caty,(M) positive solutions. Moreover, if v, is one of
these positive solutions and z, € RY its global maximum, then

lir% V(ez,) = Vp.

Proof. For any 6 > 0, by Lemmas 3.2 and 3.5, there exists £(6) > 0 such that for any € € (0, £(9)), the
map S, o O, is homotopically equivalent to the inclusion map Id : M — M;. By Lemmas 3.2 and 3.3
in [25], we have

catAz(E) > caty, (M).

Due to the (C). condition is satisfied for J,; if ¢ € (my,,my, + h(g)). In view of the Ljusternik-
Schnirelmann theory in [23], J. admits at least caty, (M) critical points on N,. By Lemma 3.1, J,
has at least caty;, (M) positive critical points in H'(R").

Let u,, be a positive solution of (Q; ). Then, v,(x) = g‘l(ugn (x + y,)) is a solution of the problem

—Av, + V(0)gv)g ) = g7 )’ (v,) + g2 T (v)g'(ve)  inRY,
v, € H'@RM),v, >0 in RV,

where V,(x) = V(g,x + &,y,) and {y,} C R" is obtain by Lemma 3.4. Passing to a subsequence if
necessary, we may assume that v, — vin H'(R") and y, — yin M with y, = &,y,. We assert that there
exists 0 > 0 such that ||v,|| > 9, for all n € N. We argue by contradiction that ||v,||.c — 0. It follows
the interpolation inequality and Lemma 2.1-(f) that

% LN (Ianl2 + Vovﬁ) < fRN (len|2 + Vng(Vn)g'(vn)v,,)

= f g (V)8 V)V + f 21 ()8 (V)
RN RN
f g7(v,) + f g% (vy)
Yo f GOP +C f gl

<— V24 Clvall2e fv?,,
4 RN RN

which implies that v, — 0 in H'(RY), a contradiction. By an iterative technique in Lemma 4.6 of [12],
[[Vallo < C for all n € N and
lim v,(x) =0 uniformly for all n.

|x]—00
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Let p, and z,, be the global maximums of v, and u,,, respectively. Then,
EnZe, = EnPn + EnYn = EnPn + Y.
Since p, € Bg(0) for some R > 0, ,z., — y, and hence
}1_)11; V(enzs,) = Vo.

3.3. Proof of Theorem 1.1

Suppose that u, is a positive solution of (Q;). Then, w.(x) = u.(3) is a positive solution of (Q,). Let
1. and z, be the maximum points of w, and u,, respectively. Hence, 1. = £z,, and hence

lim V(7,) = lim V(e,2,,) = Vo.
Consequently, Theorem 1.1 can be derived from Theorems 2.11 and 3.6.
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