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Abstract: The 2D/3D interaction systems consisting of the incompressible Navier-Stokes equations in
a bounded domain and the classical full von Kdrmén shallow shell equation were investigated in this
paper, where the fluid and the shell were coupled via both the transverse and longitudinal displacements.
The global existence of weak solutions in 2D/3D was proved by using a special choice of basis functions
for the related elliptic equations, which allows one to tackle the delicate estimates for the interaction
between the fluid and the shell. Moreover, the uniqueness of the weak solution in 2D was also established
via a localization technique.
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1. Introduction

In fluid-structure interaction (FSI) problems consisting of the Navier-Stokes equations and hyperbolic
systems (such as wave, elastic, viscoelastic, or beam equations), significant developments have been
made. Coutand and Shkoller [1-3] proposed the Lagrangian coordinate transformation method, which
converts the moving boundary problem into a more tractable mathematical form via coordinate transfor-
mation, thereby achieving optimal hyperbolic regularity and establishing the existence and uniqueness
of weak solutions. In [4,5], Chueshov systematically investigated two typical linear fluid-structure
interaction models, and his work not only established the global existence of weak solutions for these
two classes of models but also employed the quasi-stability method to further prove the existence of
their global attractors. Desjardins [6] proved interaction results between a fluid and an elastic structure
with finitely many deformation modes, while [7] treated the case of finitely many rigid structures
embedded in a fluid. Cani¢ [8] provided a comprehensive presentation of a benchmark problem in
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fluid-multilayer-structure interaction and established the corresponding numerical simulation scheme.
For more research results, refer to [9—-13]. Although there are fruitful results on fluid-structure interface
problems, few developments have been achieved for the fluid-shell interaction model, which describes
the interactions between an incompressible fluid (governed by 2D/3D Navier-Stokes equations in a
container) and the deformations of a thin elastic shell. The shell is located on a part of the fluid boundary
and modeled via the full von Kdrmén shallow shell system, see [14—19]. This model is rather general as
it describes both longitudinal and transverse oscillations of the shell. To the best of our knowledge, few
studies for fluid-structure interface problems consider the influence of the convection term in the fluid
equations and the longitudinal displacements of the thin structure, see [5,20,21] and the related references.

Motivated by the recent developments in [22], which considered a fluid flow with a convection
term and a thin structure boundary undergoing displacements only in the transverse direction, our
main interest in this paper is to study the fluid-shell interaction model described by the Navier-Stokes
equations coupled with the shell equation accounting for both transverse and longitudinal displacements,
which is formulated in the following two- and three-dimensional modes:

e 3D case

Let Q c R? be a bounded domain with a sufficiently smooth boundary as Q = [p, UT,, where [y
and I'; are nonempty and ToNT; =0,T,is rigid, and I'; is flat and flexible.

Assume that a thin elastic plate of thickness 4 is placed on I'y, so that the mid-plane of the plate
coincides with x3 = 0 in the equilibrium state. In accordance with the configuration of the plate’s
motion, we consider both the transverse and longitudinal displacements of the plate surface. To ensure
that the container’s shape is preserved during deformation, i.e., to allow mild changes in the plate’s
shape due to deformations and shearing by the fluid, without altering the fluid domain, it is assumed
that the plate has a narrow bellow-like rim attached to its edges. This rim is expandable or compressible
as required to preserve the configuration [21].

The classical 3D Navier-Stokes equations in € for the fluid velocity field u and the pressure p are
written as:

u,—vAu+ (u-Vyu+ Vp = Gy, (1.1)
V-u=0, (1.2)
where v > 0 is the viscosity and Gy is a body force. The boundary condition on the rigid part of €2 and

the data for (1.1) and (1.2) are given by
u=0 on Fo

and
u(0) = uy in Q.

The full von Karman model is described by

phiy = YAy, + A0 = (N1, + (Niam),

(1.3)
+ (Nampy), + (Ni2ny), = Niky = Noky = (Tg)s + G,

1 +pu 2
1 0, = [((kim)x + Nuxtpy + p(kom) + ummy]
- K l—u

= Nty — Ny — (T + Gy,

v,l, - AV —
(1.4)
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1 +u 2
7 Hy = iy [(k277)y + yhy + ,Ll(k] n)y + /lnxynx]

(1.5
= NxyNx — MyNxx — (Tf)2 + G2-

Here, Ny, N,, Ny, are the longitudinal stresses and &, &;, &1, denote the deformations of the middle

surface and read

Ni = Eh(1 = i) '(&1 + per), (1.6)
N> = Eh(1 — 1)\ (&2 + pey), (1.7)
1

N = EEh(l +p) e, (1.8)
1

g =vi+kn+ E(nx)2’ (1.9)
1

& =V} +kon + E(ny){ (1.10)

Epp = v;, +vi+nx77y, (1.11)

6=+ (1.12)

The quantities v! and v? denote longitudinal point displacements on the middle surface of the shell, 7 is
the analogous transverse displacement, £ and u are Young’s modulus and Poisson’s ratio, respectively,
h is the thickness of the shell, y is a constant proportional to 4, k; and k, are the curvatures of the shell
(which is assumed to be sufficiently smooth), G, G,, and Gj3 are the given body forces on the shell, and
(T¢)1,(Ty)2, and (Ty); are the corresponding component influence of fluid on the shell. Furthermore the
surface force Ty exerted by the fluid on the plate is defined by

1 1 1 r
Tr(u) = (v(u)lc3 + uil) - §u1u3,v(ui3 + uiz) - §u2u3, 2v(ui3) -p- E(u3)2) (1.13)

which satisfies

f T, 7dS = f(ZvD(u) = pn— %(u - n)u)-udS, (1.14)
Iy I

1
where D(u) = E(Vu + (Vuw)T) is the strain tensor, and n = (0,0, 1)7 denotes the outer unit normal to

Iy, and ¥(z, x,y) = (v,1 (t, x,y), v,z(t, x,y), n,(t, x,y))!. It is further assumed that the mass density and the
linear sizes are measured in units such that

ph=1, 20(1 + WE™"' =1, (1.15)

where p is the mass density of the shell, with these identities already being taken into account in
(1.3)—(1.5). Without loss of generality, we assume that y = 1.
Clamped boundary conditions are imposed on the shell:

0
Viar, = Vlor, = lar, = 51 =0 (1.16)
nlar,
and the initial conditions read
v'(0) = vor, V(0) = v, 1(0) =, (L.17)
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vi(0) =vi, vi0)=vi, 17(0)=n. (1.18)
The following compatibility condition at the interface is based on physical assumptions:
u(t, x,y) = (v, (t, x,y), v (t, x,y),m,(t, x,y)", onT}. (1.19)
e 2D case

Let Q c R?. The key difference from the 3D case lies in the 1D version of the dynamical von Kérman
system, which is formulated as follows:

Nir + Naxxx — Moxer = (f(V, n))x - g(V’ 77) - (Tf)l + Gl’ (120)
2 1,
Va = et S+l = (T + Go, (1.21)
—u 2
where ) |
f,p) = ———n,(v, + =1> + ki) (1.22)
1 —pu 2
and ok |
gvm) = 5 A 3 (1.23)

Without loss of generality, the quantities n = n(x, f) and v = v(x, f) represent, respectively, the longitudi-
nal and transverse displacements of the beam at the point x at time 7. Here yu is a constant satisfying
0 < u < 1, and k; denotes the curvature of the beam. G| and G, are given body forces. Additionally,
(T¢), and (T s), are the corresponding components of the fluid’s influence on the beam, and the definition
of T will be specified precisely in (1.28).

We consider clamped boundary conditions and initial data on I'; = [0, L] as follows:

v(0,1) =v(L,1) =0, (1.24)
10,1 = n(L, 1) = 1nx(0,1) = n.(L, 1) = 0, (1.25)
(1(0), 17:(0), v(0), v(0)) = (170, 71, vo, V1) (1.26)

As in (1.14)—(1.19), the following hypotheses are imposed:

u(t, x) = (v,(t, x),n,(t, x))", on [0, L], (1.27)
1 2 1 1.2 2 1 252 g
Tr = (v, + 1) = Su'a, 2v() = p = 56eF) | (1.28)
f T, 7dS = f (ZVD(u) R n)u)-udS, (1.29)
I I 2

1
where D(u) = E(Vu + (Vu)") is the strain tensor, n = (0, 1)7 denotes the outer unit normal to [0, L], and
‘_}(t’ -x) = (vtl (ta X), nt(t7 x))T'

Remark 1.1. We consider the particular case of the plate that undergoes only infinitesimal elastic
displacements but whose velocity is large enough to make the fluid and structure remain fully coupled,
which means that the tiny perturbation of the fluid boundary can be neglected compared to the large
scale of the bulk region, see [23].
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Remark 1.2. The condition in (1.19), together with the incompressibility of the fluid, implies that

f nds =0, (1.30)
Iy

which states that the global volume of the container is preserved.

Remark 1.3. To simplify the following a priori estimates, (1.4) and (1.5) for the in-plane displacement
can be rewritten as follows:
Vi = (N2 + (Ni2)y = (T + G, (131)
Vi = (N1)x + (N2)y = (Tp)2 + G (1.32)

Equations (1.3)—(1.5) can also be rewritten in vector form:
(1 = YAy + Ny + r{KA (v, )} = diviN(, )} = (Tp)3 + G3 (1.33)

and

(1.34)

v = diVIN, 7)) + (G1 - (Tf)l),

Gy —(Ty)
where K = diag(k;, k»), v = (v!',v*)7, and

Ny Ny,

N,n) = (le N,

) =Cle(v) + nK + f(Vn)].

Denote the linear plane strain tensor as e(u) = %(Vu + VTu). Let f : R*> — S be defined by
f(s) = %s ® s, where S denotes the set of all fourth-order symmetric tensors on R2. Define C € £(S) by

Cle]l =

[uCtre)ls + (1 —w)el, Vees,
(I -

where I is the identity of S.

Our aim is to establish the existence of weak solutions for the problem in both 2D and 3D cases, as
well as the uniqueness of weak solutions in the 2D case, which involves the following challenges and
key features:

(a) Weuse (- Vv),w) — %((u - n)v, w) to replace the classical trilinear operator ((« - Vv), w). Actually,
the (not necessarily small) fluid term %(u -n)u on I'; arises because the interface is stationary. This
term is essential for deriving a priori estimates on the energy-level weak solutions.

(b) Due to the elastic shell placed on the boundary, the singular nature of the surface force (7' r(u)),
the complex nonlinearity of the fluid flow equations (e.g., (((u - Vv),w) — %((u -n)v,w))), and the
supercritical vector nonlinearity arising in the shell component (e.g., ((v;, + v+ nu,)n,),), the
semigroup method cannot be used directly. By choosing special approximations, see [24], to
handle the coupled system, the Galerkin technique is employed to prove the well-posedness of
Problem (1.1)—(1.14).
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(c) If the fluid-structure interaction model involves large deflections of the structure—these deflec-
tions that exert significant effects on the fluid (i.e., the structural displacement is sufficiently
large)—substantial variations in the fluid domain are induced. Therefore, the assumption of a
fixed fluid domain is invalid, and a time-dependent domain is required to describe the coupled
fluid-structure interface problem (see, e.g., [12, 13,24]). Little attention has been paid to Problem
(1.1)—(1.14) defined on a bounded domain with a time-dependent boundary.

The paper is organized as follows. The global well-posedness of weak solutions in the 2D and 3D
cases are stated in Section 2, while the corresponding proofs are given in Sections 3 and 4, respectively.

2. Main results

2.1. Preliminaries

The space (Cy’ (Q))%(d = 2,3) endowed with the topology of locally uniform convergence is denoted
by D(Q), with dual space 2 (Q). For simplicity, the functional spaces (H*(Q))?, (L*(Q))* are denoted
by H*(Q), L*(Q), respectively, and (H*(I'))?, (L*(I'))*> by H*(T'), L*(I), respectively. The homogeneous
spaces with zero average of L*(Q) are defined by L2(Q) = {u € L*(Q) : fQ udx = 0} and H*(Q) =
H Q)N ﬁz(Q) for s > 0 and are endowed with the standard H*-norm.

Let H be the closure of E; := {u € D(Q) : divu = 0,u-n = 0 on Iy} in the L?>(Q) topology and V
be the closure of {u € D(Q) : divu = 0,u = 0 on Iy} in the H'(Q) topology. We have the embeddings
V <— H = H* — V*, where H* and V" are the dual spaces of H and V, respectively, the injections
being dense and continuous.

The bilinear operator B(:,-) : V X V — V™ is defined by

(B(u,v),w) = f((u -V -w)dx — % ((u-n)v-w)ds,
Q

I

and the trilinear operator b(u, v, w) is defined as follows:
1
b(u,v,w) = (B(u,v),w) = f((u -Vv-w)dx — 3 f ((u-n)y-w)ds.
0 r

We have the following properties, using |ul,, [uly to denote the H*, L? norms, respectively.

Lemma 2.1. [25] For everyu € V, v,w € H\(Q) in the d-dimensional space, the trilinear operator
b(-,-,-) satisfies the following estimates:
(1) The term ((u - V)v, w)q can be controlled as

(G - Vv, w)al < Cluls, [V]s41 W15

where s1,5,,53 >0, 51+ 5, + 53 > %’ if s; # %foralliz 1,2,3, or s; + 50 + 83 > % ifs; = %’forsome
i=1,2,3.
(2) The estimate on ((u - n)v, w)r can be given by

(G - v, wir| < Cluls, v, Wy,

where s, Z%,Sz,S3> % andsl+s2+S32‘§’+l.
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(3) The trilinear operator b(-, -, -) satisfies
Ib(u, v, w)| < CiluliplvhiIwh 2 + Caoluli2vizalwlse forn =2
and
[b(u, v, w)| < Ciluliplvhilwli + Calulsjalvliiwlzs - forn = 3.
In addition, the antisymmetry property
b(u,v,w) = =b(u, w,v) 2.1

still holds owing to the equality b(u, ¢, ¢) = 0 holding for arbitrary ¢ € H'(Q).

Remark 2.2. In fact, the trilinear operator b(u, v, w) can be rewritten as

b(u,v,w) = % f((u -Vv) - w)dx — % f((u -Vw) - v)dx.
Q Q

Lemma 2.3. (See [26]) Let Q be a bounded domain in R, X R,, and g and g, be measurable functions in
Li(Q) for 1 < g < oo. IflIgulliaoy < C, gu — & is almost everywhere in Q, then g, — g weakly in L1(Q).
2.2. Weak formulation

Now, a weak solution of the problem is defined as follows.

Let o € HX(Ty),m € HY(T)),vo € HL(T)),vi € LAT)), up € LA(Q) be such that

e diviy =0inQ, up-n=0onTy,
o y(up) = (vi1,via,m)’ -nonTy.

A pair of function u and (v!,v?, )T is said to be a weak solution to Problem (1.1)—(1.14) on [0, T] if

ue LX0,T; V)N L0, T; H),

n € Wh2(0,T; Hy(T)) N L0, T; Hy(T),

v, v2 e L2(0, T; HY(T))), v}, v2 € L0, T; LX),

yw) = (v, v, )7, for a.e. time ¢,

for all ¢ € L2(0,T;V),¢, € L}(0,T) x Q), b; € L*0,T; H\(T))), bl € L*((0,T) xT), d €
LX0,T; HXT))), d, € L*(0,T; H\(T))), such that ¢(t, x,y)Ir, = (b1, b, d)” and

! ! 1 !
fu-¢dx—ffu-¢,dxds+vffVu:V¢dxds+—ff(u-Vu)-cﬁdxds
Q 0 Ja 0 Jo 2 Jo Ja
1 ! [
- = f f(u - V@) - udxds + f (1 —yA)n,ddS — f f (1 —yA)nddSds
2 Jo Ja r 0 Jr,
! ! ! !
+ f f AnAddSds + f v, bdS — f f v, b,dSds + f a(v,b)ds + f P(v,n,b,d)ds
0 Iy Iy 0 I 0 0
! !
= f fo - ¢pdxds + f f G - bdxds + f uy ¢(0)dx + f (1 —yA)n, d0)dS + f v1 b(0)dS
0 Ja 0o Jn Q Iy I

(2.2)
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holds, where b = (b, bz)T, Vo = (V01,V02)T, V1 = (V11,V12)T, G= (Gl,Gz)T, and
2
. 1
a(v,b) = Zf Vv - VbdS + ﬁ div v div bdS, 2.3)
- r 1 —MJr
i=1 1 1
P(v,n,b,d) = f(k1N1 + ko N,)ddS
I
o [ @ Nn s + | o Nan s
I

I

1
r— (((nxf T () Hbre + () +,U(77x)2)bzy)d5 2.4)
— M Jrn

2
+f n:ny(b1y + by, )dS + 1—f n(kibyy + kabyy)dS
I — MK Jr,
= f(klNl + ko N,)ddS +f CLf(Vnp)]VbdS
I I
+f Cle(v) + nK + f(Vn)]VnVdds.
I

2.3. Global well-posedness in 2D/3D

Our main results are given in the following theorems.
Theorem 2.4. In the 3D case, assume Gy € L*((0,T)x Q),G; € LX((0,T)xT), i = 1,2,3. There exist
T* € (0, T) and a pair of weak solution u and (v',v?, )" of Problem (1.1)—(1.14) on [0, T satisfying

llutl | 20,7120 + IVUllz20,7:0200)) + ||77z||L°o(o,T;H(1)<r1)) + ||77||Lw(o,T;H§(r,)) 2.5)
+ Villes 7.2y + IVl 7.2,y < C, '

where C depends on T, the initial data ug, no, 11, vo, V1, and the given forces G¢,G;,i=1,2,3.

Proof. See Section 3 for details. |

Theorem 2.5. In the 2D case, under the assumption that Gy € L*((0, T)xQ), G; € L*((0, T)x [0, L]), i =
1,2, there exist T* € (0, T) and a unique weak solution u, (v,)" on [0, T), satisfying the corresponding
energy estimates for all T.

Proof. The detailed proof is given in Section 4. m|
3. Proof of Theorem 2.4

3.1. A priori estimates

Multiply both sides of Eq (1.1) by u and integrate over € and by parts. Then, the combination with
(1.2) results in

1d (e 2 f V- _lf -
2dtf§;|u| dx+2L|D(u)| dx + Q((u Vu - u)dx > rl((u mu - u)dS

1 (3.1)
+f(pn—2D(u)-n+—(u-n)u)-udS =fo-udx.
I 2 Q
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Multiply the shell Eqgs (1.3)—(1. 5) by n;, v}, v?, respectively, and integrate over I';. This yields

f In,*d + == IV JdS + ——f |AnPdS + | Nimy, (n:,)dS
I

+f Nian., (1,)dS +f NikindS +szk27hdS +f(Tf)377tdS (3.2)
r, r, I I

= f G3)7tdS9
I

1d

—— | WPAS + | Ni(vy)dS + | Ny )dS + | (TpivdS = f G,v,dS, (3.3)
2dt I I I I I

1d

—— | v[dS + f Nip()dS + | No(v)dS + | (Tp)ovdS = f G,vidS, (3.4)
2dr Jr, I ) r I

by using the equivalent forms of in-plane displacement Eqs (1.31) and (1.32).
From (1.19), (1 14), and (2.1), summing of (3. 1)—(3 4) implies the energy equality

f|u| +——f|t| +—— 1ol +——f|An|dS

+ Ed_ v *dS + ——Q(v ) + 2v f |D(u)*dx (3.5)

:fo~udx+fG~vldS+fG3n,dS,
Q I I

(le FN2 = 2uN N, +2(1 + ,u)lez)dS

where

Q(v,m) = 0+
2
1 —H Jr
Hence, using Cauchy-Schwarz’s and Young’s inequalities in (3.6) results in

2dtf| |2dx+——f|n, s+——f|vn, S+——f|An|2dS

—— f lv,|*dS +——Q(v,17)+2v f |D(u)|*dx 3.7)
2ds o

| (3.6)
(sf + &5+ 2ue 18 + 5(1 —,u)sfz)dS.

1 Lo, 1 -
EHGf”LZ(Q) ||G3”L2(r1) ||G||L2(F1) §||u||L2(Q) + Ellnt”LZ(rl) + Ellvt”LZ(rl)’

which implies

f |u|2dx+ InJ*ds + £ f |V, [*dS + = f |AnPdS + = f IARGRY
I

IVv[dS + 2v f f |D(w)*dxds
r, (3.8)

1
t
<e (5””0”[}(9) ”771||L2(F1) ||V]71||L2(r1) ”AnO”LZ(rl) ”vl”LZ(r ) ”VVOHLZ(FI)
1 [ )
+ fo exp(t = 9161y + Gl + Gl )
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by virtue of the Gronwall lemma [27] and an inequality involving Q(v, n7) given by
||v1||$_1(1)(1—~1) + ||v2||f_1(lJ(1—~l) S C(Q(V, 77) + ||n”iZ(rl) + ”77”113/2(1—1))

for every v € Hy(I'y), 7 € H3(T'y) (see Proposition 3.4 in [5]).
Suppose that Gy € L*(0, T; L*(Q)), G € L*(0,T; L*(T'y)), G € L*(0, T; L*(I';)) and iy € H3(I'y), 1 €
H\(T1),vo € H\T)), vy € LA(T'}), up € H. Then, this yields

ue L0, T;H)NL*0,T;V), (3.9)
n: € LOO(O, T7 FI(I)(FI))a n € LOO(O, T7 H(Z)(Fl))’ (310)
ve L¥0,T; H)T))), v, € L0, T; L*(T))). (3.11)

Remark 3.1. We claim that u € L*(0, T; L*(Q)) in 2D and u € L*(0, T; L*(Q)) in the 3D case.

Proof. By Sobolev embedding and interpolation, we get

L0, T; LX) 0 LX(0, T3 H'(Q) — L0, T; H*(Q)) < L*0,T: L#1(Q)), d = 2,3.

3.2. Galerkin scheme and compactness argument

Step 1. The local in time approximated solution
Let {1};}ici be an orthonormal basis of the space {u € H'(Q),divu = 0 in Q} constructed with the
eigenfunctions of the Stokes problem:

—Alﬁl‘ + Vp, = /,ll*w, in Q, div l//l' =0 in Q, (ﬂ,‘ =0 on GQ,

where 0 < uj < uj < --- are the corresponding eigenvalues.
Define {&;};cn as the basis in H(Z)(Fl) which consists of the eigenfunctions for the corresponding
eigenvalues 0 < i; <7, < --- for the following problem:

(A&, Auw)r, = T;((1 — yA)éi, w)r,, Yu € Hé(Fl),

where ((1 — yA)é;, Ejr, = 6ij.
Let {7;};er be the unit basis in Hy(I';) x Hy(I';) satisfying

a(ti,u) = ii(t, wyr,, Yue HyT,)x HyT)

with eigenvalues 0 <7; <7, < ---.
The functions {@;};a satisfy div é; = 0, @ilr, = (0,0, &))", and we solve the following Stokes-like problem:

~Ad; +Vp;i=0 inQ,

divg; =0 inQ,
- 0 onIy,
1 0,0,&)" onTy.
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Similarly, the functions {¢;};ar solve the following problem:

—A(%i + Vpl =0 in Q,
divg; =0 inQ,
< _ 0 onlIy,
i = (t;,0)" onTjy.

Define the special basis ¢;, m; as

- ¢; fori=1,---,n, o (t;,007 fori=1,---,n,
¢i = ¢; fori=n+1,---,2n,

Hence, our aim is to find

m 2n
w" =3 o+ ) By,
I=1 k=1
2n
W) = > BulOm+ (v, m0),
k=1
satisfying the approximated problems

1 1
f u" - Ydx +v f Vu™" - Vidx + = f @™" - Vyu™" - ydx — = f @™ - V), - u™"dx
Q Q Q 2

2

Q
:fo-t//idx, Vi<i<m
Q

and

1
f u"" - ¢;dx + f Vu™" - Ve dx + = f(um’" -V)u™" - ¢dx
Q Q 2 Ja

1
- = f(um’” V) - u™"dx + f (1 = yA)nym;dS
2 Ja ry
+f An'Ar;dS +f v m;dS +a(V', ;) + PO, 0", 7))
I I

:fo¢JdX+fG7T]dS, VY1 S]SQJ’Z,
Q I

respectively, where G = (G, G», G3)".

For our purpose, the approximated problems of (3.14) and (3.15) can be constructed as

m

m 2n 2n
Z (1) f Ypidx + ZBk(t) f dryidx + Z Z gi(ai(0), Bi(D) = fo Yidx
=1 Q k=1 Q Ik Q

and

m

m 2n 2n 2n
D) fg vigdx+ ) B fr BupydS + " B0 + > > gl B )
=1 k=1 1 k=1 1 k

:fo-¢jdx+fG_-ﬂde
Q I

0,0,&)! fori=n+1,---,2n.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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with Lipschitz continuous functions g; and g, and initial data
u™"(0) = ug™, Bi(0) =0, 7/(0) = 17y, v;(0) = v,

where ug””, 17}, and V| denote the projections of ug, 771, and v; onto the finite-dimensional spaces

span(¥;, @) 1<i<m,1<j<2n and span(r;)i<j<on.
For symmetric matrix M(¢) with non-negative smooth functions and symmetric positive semi-definite

matrix N, denote f f
|| ywpidx | drpidx) (0 O
o+ = (Pl o) (o )

withl <i<m, 1<j<2n 1<k<2n 1<1<m Then, the problems (3.16) and (3.17) can be
rewritten as the following abstract ordinary differential equation:

M@ + NS (;”(’)

dz 'k(t)) + g(ai(0), (1), Bi(1)) = F(t)

for some locally Lipschitz function g : R"*#" + R™*2" and F € L*(0, T;R"*?"). By the Cauchy-Peano
theorem, the local in time approximated solutions of (3.14) and (3.15) exist on [0, T}, ] for some
T,,, > 0. Our goal in the sequel is to prove that 7,,,, can be an arbitrary time in R*.

Step 2. Energy estimates and a compact argument
Multiply (3.14) by a; and sum over i = 1---m, multiply (3.15) by 3, and sum over j = 1---2n, add
resulting equations. Then, this yields

f u"" - u™"dx + vf u™ - Vu™"dx + f (1 —yMnin'dS
Q Q I

+ f An"An/dS + f vividS + a0V, v + PO, " v )
I

I

:fo-um’"dx+fG3 n?dS+fG-v§’dS.
Q I I

From the definition of a(v,n) in (2.3) and P(v,n, b, d) in (2.4), using the same technique as in Section
3.1 results in

o™ 0. 7:020) + VU™ 1207202000 + 117 107202000y + AT 0,102

. . (3.18)
+ V=0, 7:220)) + IVV =0, 722200,y < G,

where the constant C depends on the given body forces and initial data but is independent on the index
m,n. Thus T,,, = T.

Next, the compact argument is given for the limiting procedure in the sequel.

From the Banach-Alaoglu theorem, a standard diagonal argument for choosing the subsequence of
u™" v n" (relabeled to avoid confusion) is given. Hence, for every time 7' > 0, the convergences

U™t sy weakly- = in  L*(0,T; H), (3.19)
u™ — u weakly in L*(0,T; V), (3.20)
7' —n weakly-x in L0, T; HXT)), (3.21)
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n; R n, weakly-* in L%(0, T;PI&(Fl)), (3.22)
V' = v weakly- % in L0, T; H)(T))), (3.23)
A = v, weakly-* in L0, T;L*(T))) (3.24)
hold.
The application of the Aubin-Lions lemma results in
V' — v strongly in - C(0,T; Hy “(T'), (3.25)
n' —n stronglyin C(0,T;H; “(T'))) (3.26)

for every € > 0.
Choose the test function € V with {|r, = 0. Then, system (2.2) is decoupled and the classical result
u, € L*3(0, T; V*) can be obtained (see [28] for more details).
The combination of the above convergences and the Aubin-Lions lemma implies the following strong
convergence:
u™ — u strongly in L*(0, T; H). (3.27)

Remark 3.2. Owing to the compact embedding H'(Q) << H'~¢(Q), using the trace theorem, we see
that u™"|r, — ulr, strongly in L*(0, T; L*(T'})).

Step 3. Passage to the limit to the limit
Let ¢ and @ be two smooth functions on [0, T'] with (T) = 0, @(T) = 0. Multiply (3.14) and (3.15)
by ¢(¢) and @(¢), respectively, and integrate by parts. Then, this procedure leads to

f f e d)m"dxdt+f fVu’””'Vq)m"dxdt+ f f(um” Vu™" - O™ dxdt
——f f(u’"” o . m"dxdt—f (l—yA)nf‘I’”det+f fAn"A‘I’”det
0 Jr
T r
f f ”‘P”dxdt+f a(V", ‘I‘")dt+f PO, ", P")dt (3.28)
0
f fo ®m”dxdt+f fG‘I’”det+fum"®m”(O)dx
I

+ f (1 = yA)njP"(0)dS + f VIP"(0)dS.
I T

m on 2n
= 00w+ Y wOd, ¥ = @bm,
=1 k=1 k=1

m 2n 2n
"(0) = > ip(0) + ) g (0), ¥'(0) = ) ma(0).
=1 k=1 k=1

Then, concerning the nonlinear term b(u™", u™",¥""), the conditions in (3.20) and (3.27) imply

mmn_. mmn : ’
w;u; = uu in D'(Q).
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According to Remark 3.1, u""u"" are bounded in L*(0,T; L¥*(Q)). Thus, Lemma 2.3 implies that

W u" — wu; weakly in L0, T; L¥*(Q)).

l J

Similarly, the convergence of (¢™" - n)u™" can be deduced from Remark 3.2.

The passage to the limit for P(v", ", '¥"") can be done by using the same technique. For simplicity, we
only consider the term nﬁ(n;’)z here, and other terms can be dealt with similarly. In fact, the convergences
in (3.21) and (3.26) imply that 17}(77}) is bounded in L*(0, T'; L*(T';)) and

M)’ — ni(my)* in D'(Q).
Using of Lemma 2.3 leads to
m)® — n.(ny)® weakly-* in L0, T; L*(T'y)).

Passing to the limit as m,n — oo for u™", 7", V", we conclude that

T T 1 T
—f fu-cl)’,"’”dxdt+f fVu:Vd)m’"dxdt+—f f(u-V)u-dDm’”dxdt
o Jo o Jo 2Jo Ja
1 (T T T
_ = f f (- V)™ - udxdr — f f (1 — yA)p,¥"dS dr + f f ARAP"dS dr
o Jr
T T 1
f fvt‘l’"det+f a(v, ‘I’”)dl+f P(v,n,¥")dt (3.29)
0
f fG (D'""dxdt+f fG‘P”det+fu0(Dm”(0)dxdt
I

+ f (1 — yA)ym P"(0)dS dr + f VvIP(0)dS dt
I

I

holds for test functions ®”",¥" composed by finite linear combinations of ¢, ¢y, and 7.
The continuity argument implies that @ — ¢ holds true in (3.29), which results in our desired

conclusion:
T T 1 (T
—f fu ¢,dxdt+f fVu V¢dxdt+2f f(u Vu - ¢dxdt
——f f(u Vo - udxdt—f f(l—yA)n,dtdet+f fAnAddet
f fv,dedt+f a(v, b)dt+f P(v,n,b,d)dt (3.30)
f fG,c ¢dxdt+f bedet+fuo¢)(O)dxdt

+ f (1 — yA)n, d(0)dS dr + f v1 b(0)dS dt,
I

I

where ¢, b, d satisfy the corresponding conditions in (2.2). This finishes the proof.
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Remark 3.3. The test function of (2.2) can also be chosen as

p q q
6= ol + Y 0I0d;+ . 90,

i=1 j=1 j=1

where p <m, g < n, and ¢' (i = 1,2, 3) are scalar absolutely continuous functions on [0, 7] with time
derivatives in L*([0, T']), which can be used for the construction of approximated solutions ™", V", i"
also. Moreover, the procedure in the above proof still holds true.

4. Proof of Theorem 2.5

The proof of the global existence of weak solutions for the 3D case in Section 3 remains valid for the
2D Navier-Stokes equations coupled with (1.20)—(1.29). For simplicity, we omit the details and only
present the proof of the uniqueness of the weak solution in this section.

Let (i1, 77, V) and (&1, 77, V) be two weak solutions to our problem with the same data, satisfying the
following weak forms:

fu :,bdx+f (1 -0.)n,8 dx+f vt,Bzdx
:—vf fVu Vt//dxdt——f f(u Vit) - ydxdt + = ff(it-Vt//)-ﬁdxdt “4.1)
Q
L L
_f f ﬁxx(ﬂl)xdedt_f P(ﬁ"7518)dt_fowdx_f Glﬁld.x—f G2ﬁ2d.x
0o Jo 0 Q 0 0

L L
f i ydx + f (1 - 0,78 dx + f 7,87 dx
Q 0 0
-y f f Vi : Vydxdr — f f (@~ ViR) - yxdr + — f f (it - Vi) - fadxdt 4.2)

0 Q 2 0 Q 2 0 Q
X L X} L L

- f f ﬁxx(ﬁl)xdedt - f P(ﬁ, \_/',ﬁ)dt - fo : lﬁdx - f Glﬁldx — f Gzﬁzdx
0 0 0 Q 0 0

for every s € [0, T], respectively, where € V, ' € H2(0, L), 8* € H\(0, L) satisfy w(t, 0)lr, = (8',8%)"
and

and

1 1
S+ kB! + G+ ki n)(ﬁz)x)dx

2 L 1
P(na V,ﬁ) =T f (nx(vx + —77)% + kl n)(ﬁl)x + kl (vx +
1—u J, 2 2

SetU =ii—u, H=n-n,V =79-7, which satisfy

U e X0, T;V)N L0, T; H), 4.3)
H e L=(0,T; HX0, L)), H, € L0, T; H)(O, L)), (4.4)
Ve L¥(0,T; Hy(0, L)), V, € L(0,T; L*(0, L)) 4.5)
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and

L L
f U - ydx + f (1 =0 )H,B dx + f VB dx
Q 0 0
s X X L
=y f f VU : Vipdxdt — f b(U, @i, )dt — f f H (B dxdt (4.6)
0 Q 0 0 0

- fs P, v,p)dr + fs P, v,p)dz.
0 0

Take ¢ = fos U(o)do with ylr, = B = (H, V)T for each s € [0, T] in (4.6) for fixed s and integrate
from O to ¢ over s. Then, this yields

dx+f(7—(2+(7-{x) )dx+f (Vzdx+—ff((Vx) dx
dxds+2ff 71 it, f ﬂ(‘l’)d’l’ dO'dS

+2vf

4.7
+2 f f f (ﬂxx)zdxdrds
0o Jo Jo
= 2]{: L (P(ﬁ’ f}’ﬁ) - P(ﬁ’ V,ﬁ))d‘rds,
which implies
2 Pln, v, do |- P|n,v, do||d
fo( (nvfoﬂm ) (nvfoﬁ«r)a))s
4 l{ L 5 s 1 L 5 ) s
= — f (k)" H f H(o)dodx + = f k(@ + 7.0)H, f H(o)dodx
0o Jo 0 2 Jo 0
L s L s
+ f VoH, f H (o)dodx + f ki@ H + 7, H,) f H (o)dodx

1 L S
+3 j(; ((7)° + Tisile + (7)1 H, j(; H(o)dodx

L s s
+ f (kl(vx f H(o)do + kH, f (VX(O')dO')dx
0 0 0
L s 1 L s
+ f Ve f 7—(x(0')d0'dx+§ f (7 + 70)H, f "Vx(O')dO'dx}ds.
0 0 0 0

By a similar technique and Fubini’s theorem, the left-hand side of (4.7) can be expressed as

X 2 ! S S
v f U(o)dor| dxds +2 f b( f U(r)dr. i, f W(T)d‘l’)ds, (4.9)
0 0 0 0

2 L L f 2
dx + f (H? + (H,)P)dx + f f Hxx(a)da) dx

2
f V2dx + (Vx(a)dd) dx.

E() +2v

where

&) =

(4.10)
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Integrating by parts, we can write the sixth and seventh terms in the right-hand side of (4.8) with V,

as
f f kY f 7{(0')d0'dx
“4.11)
:f(f KV, d(ff?‘((o')dO' fffkfv do'7-(dx
0o \Jo
and
t L N
f ( f iV, f (}{X(O')dO'dx)dS
0 \Jo 0 (4.12)

= I) L( I) t 7V, do f(; t 7‘(x(0')do')dx - f(; t( fo " ‘fo S f)x(deoﬂ‘(xdx)ds.

Substituting (4.12) and (4.11) into (4.8), and applying Holder’s, Sobolev’s, and Young’s inequalities,

we obtain
fo I(P(ﬁ, 7, fo S ,B(O')da') - P(f], 7, fo S ,B(O')dcr))ds < %8(0 +C fo &, (4.13)

Using Lemma 2.1, the following estimate:

‘b( fo U(rdr, fo S W(T)dr)

S 2 S
Sclf U(t)dr |12|1+czf U(T)dr |it]3/4 4.14)
1/2 1/2 3/4
f U(T)dr f U(T)dr f 7/[(‘[')(1‘1’ f ‘L[(T)dT
holds.

Integrating (4.14) from O to ¢, by Holder’s and Young’s inequalities and considering (4.3)—(4.5), we derive

b( f Ui f S ﬂ(T)dT) ds
0 0

f S U(T)dr

3/4

1/4,~,3/4
< ¢ |u|1 + ey |u| Ml

s ) ) s 5 (4.15)
< cs f U(o)do| dxds + = \Y f U(o)do| dxds.
alJo 8 0
It is worth pointing out that the above constants ¢; > 0, i = 1,2,3,4,5, do not depend on ¢.
The combination of (4.7), (4.13), and (4.15) results in
S 2 t
E) <&@ +Cy \Y f U(o)do| dxds < C, f &E(t)dr, (4.16)
0 0

which implies that &(r) = 0 for all ¢ € [0, T'], owing to the Gronwall lemma. This finishes the proof of
uniqueness of the weak solution. O
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