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Abstract: This manuscript researches the optimal portfolio of the defined contribution (DC) pension
plan, comprising a stock index and cash within a dynamic model that incorporates uncertainty regarding
climate change. The global temperature is supposed to have an impact on the stock index price, with the
probability distribution of the global temperature considered uncertain. To address this uncertainty, we
apply Girsanov’s theorem for measure transformation. The optimal investment strategy under climate
uncertainty and stochastic interest rates is derived in closed form. We further demonstrate that climate
uncertainty can result in specific losses in returns. We discover through numerical analysis that the
investment in the stock index is especially sensitive to climate uncertainty.
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1. Introduction

With the increasing prominence of the aging population, risk management in pension funds has
become a growing concern. Among them, the DC pension plan serves as one avenue for pension
risk management, wherein participants bear the investment risks associated with uncertainties. The
optimization of the portfolio for the DC pension fund has garnered considerable attention in this field.
Furthermore, existing literature has demonstrated that climate change can impact the financial market
(see e.g., [1,2]). While the portfolio selection study has recently addressed and examined climate risk by
Engle et al. [3], its significance for investors in the DC pension plan has not been adequately explored.
Moreover, given the substantial uncertainty associated with climate change, the extent to which this
uncertainty influences investments remains unclear. Thus, we study the effect of climate uncertainty on
the DC pension plan’s optimal investment.

The optimal investment strategy problem is the primary topic of the majority of the literature in
the field of DC pension plan research. The typical objective is to maximize the expected utility of the
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terminal wealth, considering various market conditions and constraints. Vigna and Haberman [4] were
the first to examine the optimal portfolio issue for the DC pension, deriving the optimal investment
strategy in discrete time. Gerrard et al. [S] extended the previous portfolio issue to continuous time.
Given that the pension investment entails long-term commitments, and the interest rate undergoes
stochastic fluctuations over the investment horizon, investment decisions must account for interest rate
risk. The research on the DC pension under stochastic interest rates has been extensively discussed.
Boulier et al. [6] studied the DC pension with minimum guarantees, assuming the interest rate follows the
Vasicek model. They employed the martingale method to examine how interest rate factors affected the
optimum portfolio. By utilizing the martingale approach to further explore the DC pension’s optimum
asset allocation within a minimum guarantee under an affine rate model in [7]. They obtained explicit
solutions for the optimal investment strategy under the power utility function. Guan and Liang [8]
studied the optimal management of the DC pension plan in a framework of stochastic interest rate
and volatility under the power utility function. In [9], the explicit equilibrium investment strategy was
obtained by considering the mean-variance DC pension issue with stochastic interest and volatility. For
more research on stochastic interest rates (see e.g., [10—-12]).

In light of the substantial uncertainty inherent in climate change (see e.g., [13—15]). Weitzman [16]
focused on examining the losses incurred due to temperature changes, analyzing the economic aspects
of climate change, and exploring the consequences resulting from variations in temperature. However,
to our knowledge, no literature has yet examined the impact of climate risk on the optimal investment of
the DC pension. With the dynamic model of the temperature changes, we suppose that the investor is
uncertain. The pension fund management is specifically uncertain about the probability distribution of
changes in the global temperature and the probability distribution of all other variables impacted by
climate change. Indeed, due to market fluctuations, the veracity of the assumed probability measure
cannot be precisely determined. Given that the alternative probability measure merely approximates
the real measure, namely, fund managers aim to minimize significant deviations between the reference
measure and the alternative probability measure.

In this paper, we essentially include a total of three contributions. First, which has not been explored
before in the literature, we incorporate climate uncertainty into the portfolio issue in the DC pension. By
solving the corresponding HJB equation, we obtain a closed-form solution for the optimal investment
strategy. Subsequently, we account for the resulting loss in returns due to climate uncertainty, and the
explicit expression for the cost of climate uncertainty is derived. Secondly, we incorporate the stochastic
interest rate, establishing the rate model following the Ornstein—Uhlenbeck process. Additionally,
we construct a dynamic model for the global temperature, demonstrating the influence of the global
temperature variations on the stock index price. Finally, we show that climate uncertainty profoundly
affects the DC pension plan investment through numerical examples. In the increasingly volatile
financial market, disturbances of relevant internal parameters and the external environment will increase
the uncertainty of decision-making models. Therefore, considering issues related to model uncertainty
is of great significance in practice. This paper considers the effect of climate uncertainty on investment,
which is closely related to the returns of DC pension members and contributes to research on the optimal
investment of the DC pension.

The rest of this study is organized as follows. In Section 2, we establish the model for the financial
market under climate uncertainty. In Section 3, we obtain the optimal investment strategy and the cost
of climate uncertainty. In Section 4 delves into the analysis of the influence of climate uncertainty and
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other parameters on the optimal portfolio, and conclusions in Section 5.
2. The model

2.1. The financial market

We begin with a complete probability space (Q, .7, {-%}o<<r, P), equipped with a filtration {.Z,}o</<r
denotes the information flow at time t. This probability space defines all stochastic processes that are
discussed below. We take into consideration the investor with the capacity to trade the pension account
in cash and a stock index. The cash account B(t) is determined by:

dB(t) = r(t)B(t)dt, B(0) = by, (2.1)
where r(?) is the instantaneous interest rate, which follows the Ornstein—Uhlenbeck model:
dr(t) = a(b — r()dt — o,.dW.(1), r(0) = ry, 2.2)

where a, b, o, are positive constants and W,(r) is a standard Brownian motion on the probability space.

Climate risk has been shown to affect the stock index in [17] due to the prevalence of extreme weather
events and the ongoing increase in the global temperature in recent years. The global temperature will
be used as a proxy for climate risk in this work. This leads us to believe that there is a higher risk
of climate change on occasions with the rising temperature and a lower risk otherwise. The global
temperature change is modeled by (cf. [18]):

dy(r) = a(B = y(0)dt — o, dWy(1),  y(0) = o, (2.3)

where « is the speed of mean reversion, § is the long-run mean level, and o, is the volatility of the
global temperature. W,() is a standard Brownian motion that is independent of W,.(7).
The dynamic of the stock index price is given by
@ =(r(t) + py(1))dt + o (A dt + dW,(t)) + o2(Aadt + dW,(¢))
S(t) ' ’ (2.4)
+ o3(A3dt + dW(1)), S(0) = so,

where p, 0y, 0, 03 are positive constants. o, and o, are effects of the interest rate volatility and the
global temperature volatility on the stock index price, and o is the stock index volatility, which is
influenced by variables other than the interest rate and the global temperature. Consequently, the risky

asset volatility is /o7 + o5 + 03. W,(?) is a standard Brownian motion which is independent of W,(r)
and Wy(2).

The model (2.2)—-(2.4) assumes perfect certainty in the probability distribution of the underlying
processes concerning the interest rate, the temperature change, and the stock index price. Nevertheless,
it is generally acknowledged in the field of climate change studies that there is a great deal of uncertainty
about how the global temperature will evolve in the future (see e.g., [13, 19]). When choosing an
investment, the investor desires to take into account this uncertainty as well as several other practical
models that we will now discuss. Let P* denote the alternative measure corresponding to the reference
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measure P. According to [18], we designate the Radon—Nikodym derivative process as w(z), which is a
R-valued stochastic process:

v g &
é‘:t _E[ dP |Jt:|
:exp( ) fz (1 +m7 + m%) wz(u)du 2.5)
. 2

_ f w(u)(dWy(u)+m1dW,(u)+m2dWs(u))),
0

where m;, m, are parameters. Following Girsanov’s theorem, the process:

W, (1) ) wawdu + Wy (o)
W) | = | mi [; wodu + W,(z) (2.6)
Wi(®) my [ w()du + W,(1)

is a Brownian motion with respect to the probability measure P". Therefore, Eqs (2.2)—(2.4) are
rewritten as

dr(t) = (a(b - r(t)) + mio,w(t) dt — o, dW,(1), 2.7)

dy(t) = (@ (B = y(0) + oyw(t)) dt — o, dW, (D), (2.8)

CfS‘ST(t? = (r(t) + py(t) + oA —w(t)om)dt + ocdW(t), 2.9)

where define some vectors o = (01,02,03), 4 = (A, 1,0, m = (m,1,m)", dW@) =

(AW, (1), dW,(2), AW ()"

2.2. The defined contribution pension process

During the accumulation period [0, T'], the pension investor is generally required to make regular
premium contributions at a fixed percentage of the salary. Assuming a fixed contribution rate of ¢, with
the salary unit being 1. Let the wealth process at time 7 be X(¢), and the proportion invested in the stock
index price is n1(¢). The wealth process X(¢) of the pension investor is

dB(1) ds(t)
dX(t) =(1 - n(t))X(t)% + ()X (1) S0)
=(r(®)X(t) + c) dt + n(t)X(t) (oy(t) + oA — w(t)om) dt

+ 7()X(H)odW(2), X(0) = xo.

+ cdt

(2.10)

Definition 2.1. A control strategy (¢) is said to be an admissible strategy when it fulfills the following
constraints:
(i) Fort € [0, T], n(¢) is .Z,-progressively measurable;
(ii) For t € [0, T], E ( fOT Xz(l‘)ﬂz(t)O'O'le) < o0, where oo < oo and the wealth process 0 < X(¢) < oo;
(ii1) The equation (2.10) has a unique solution for any ().

The set of all admissible strategies is denoted by I1. In this paper, we assume that the pension
investor’s aim is to maximize the expected utility of the terminal wealth. The fact that most investors are
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risk averse in real-world investment decisions ensures the concavity of the utility function so that the
utility maximizing equilibrium exists. We therefore choose the constant relative risk aversion (CRRA)
utility function to describe the pension investor’s risk preferences:

1 w
O"(t, x,r,y,m) = ——E; . [(X(T))], 2.11)
-y
and the value function is
T . 2
V(t, x,r,y) = sup inf ((I)W(t x,ry,m) + B U v (u)du]), 2.12)
nell WE | t 277(”)

where y > 0 and y # 1 is the coefficient of risk aversion. As the alternative measure should not deviate

too far from the reference measure, a penalty term E]f”;’r’y [ f VZVUE”)) du] is introduced to constrain the

difference between the reference measure and the alternative measure. As in [18], for the sake of

analysis, we suppose that

0
() = A Vaxry) (2.13)

where 6 is the ambiguity aversion coefficient. A larger value of 8 implies more uncertainty for the
pension investor.

3. Optimal investment strategy under uncertainty

3.1. Optimal investment strategy

We utilize the stochastic dynamic programming principle to determine the optimal investment
strategy 7*(¢) that addresses the issue (2.12) mentioned in the preceding part. The HJB equation is

1 1
sup inf {Vt +ab -V, +aB-y)V,+(c+xr)V,+ 20‘ 2V, + 20'yVy)
nell weR

+mow)V, + o, w(HV, + n(t)x(py + oA — w(t)om)V, (3.1

? T 2n(t)

Theorem 3.1. The optimal investment strategy 7*(#) and the value function are given by

() =—F +od  y(d =yo, —bomm)o, i
yooT +6(om)?> (1 —y)(yooT + 6(om)?) (3.2)
Y((1 = y)op — Bom)o (i) + 2K(D)). '
T (A= pGoaT + oomp) g

x'r
V(t,x,r,y) = g(t,ry), (3.3)

-y

where the expression of g(z,r,y) is

g(t,r,y) = exp(h(t) + i()r + j(1)y + k(1)y?), (3.4)
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i) = 1a—y)’ (1 3 e‘“(T‘”),

T T
J(r) = e I dwd ( f 5(s)e4<">d“ds),
t

where {(¢) and 6(¢) are given by (3.22) and (3.23).

Libexp (- VA(T - 1) - Ll
A>0,
hexp (- VAT - 1) -
1
k=124 [ —— A=0

2uo \ 1 — uy(T = 1) ’ ’

_Atan arctan i B ;A(T -1 — ﬂ, A <O,
2M0 V-A 2 2140

T _ _
ho) :_f {(a/ﬁ— (1 =y)o, GUm)U/IUy)j(S)

yooT + 6(om)?
N (ab _ (1 =y)o1 = bomm)o Ao,
yooT + 6(om)?

)i(s)

2

Yor (5, (A =y = bomm)’y,
T2 —7)(1 Yt T  Bom)? ) ()
Y (o (= yor—bom) , 22
" 2(1 — )/)(1 o+ yooT + 6(om)? )] (5) + 0, k(s)
Y (m oo L=y —om)d — y)o - bomm,)
11—\ yooT + 6(om)?
l1-y/(c (oA)?
oy ()_c * yooT + 6(om)? )(T .

)i(s) j(s)}ds

(3.5)

(3.6)

(3.7

(3.8)

Proof. We search for a form (3.3) solution to the HIB equation (3.1) in this part. Following the first-order

condition for w, we get
w'=n (ﬂ(t)XO'mVx —o,V, - mlo-rVr) ,

plugging it into the HJB equation, then we rewrite it as

nmell

2 2,2 _ T
+ Eo'y Viy + =n“(Ox" 00 Vi — n(t)xo 0 Vy, — n(t)xo 02 Vyy — nimyo,o, V.V,

2

+ nr(t)xom(m, oV, + o, V)V, — g(m%Uerz + (T§Vy2) - gnz(t)xz(dm)zv)%} =0.

1
sup {V, +ab-r)V.,+aB-y)V,+ xr+ )V, +n(O)x(py + c)V, + EO’%VW

(3.9)
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Differentiating the function (3.3), we obtain:

Vi= 1)/ X' 77gg !, Ve=xTg,

-

Y - -1 Y - -1
Vy = T g, V= " 88",
Vyy = 1 xl_ygyygy_l - yxl—ygigy—Z,

-7
Vrr =

X e X e
-y
Vi = _'yx_y_lgy’ ny = ,yx—ygygy—l’ Vi = yx—ygrgy—l’

putting the above into (3.9) and eliminating the common factor %xl’ygy’1 gives:

1- 1 1-
supyg: +ab —r)g. + a(B-y)g, + 14 (r + E) g+ —Ufgr, - 7/712(t) (’)/O'O'T + 9(0‘1"1)2) g
nell Y X 2 2
1- 2 : 9 1 1-
i 4 ((ng—r + O'fg—y) __Y (myo,g, + Uygy)z— + —yn(t)(py +0l)g (3.10)
2 g g) 21—y g

1
+ Evﬁgyy —n(D)(1 = y)o1 — bommy)o,g, — n(0)(1 —y)oz — OUm)Gygy} =0,
according to the first-order maximum principle, we have:

wn . Ppyt+od Y((I = y)oy — Oommy)o, g,
(1) -

~ yooT + 6(om)? re

y((1 =)oy — om)oy, g,
(1 =y)yoo™ +6(om)?) g

(1 -Noa +6am?) g’ G1D

substituting 7*(¢) into (3.10), it simplifies to

-y ¢ L) 1, 1-y( .8 2g§
g +alb—r)g, +af-y)g, + 5 (r+;)g+—0rgrr+§aygyy— B G

2 g g
¥6 1 (A =y)(py+0)? (py + c)((1 = y)o| — bomm;)o,
- 2(1 - y)(mlo-rgr + O_ygy) -+ -

g 2y(yooT+ Q(O'm)z)g vooT + 6(om)? &r
(oy + V(1 = s — Gomyar,  ¥[(1 =Yt = bomm)e,g, + (1 = Yoz — brm)org, |
B yooT + 6(om)? &y (1 =Y (yooT + 8(om)?)g
=0.

(3.12)
Let g(t,r,y) = exp(h(t) + i(t)r + j(t)y + k(t)y?); differentiating g can have:
g =@+ O+ j Oy +K@®)y)e,
gr=1ing, & = (@) +2k()y)g,
g =208, &y = 2k()g + (j(1) + 2k(1)y)’g,
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then putting the above derivatives into (3.12), we have:

Y . I- Y v P((l - 7)0-2 - GO'm) .
r (z () —ai(t) + T) + y{] ) - (a + Yoo + Blom)? )](t)
(A =y)os = bam) 2y ofy o A=y —bom)y.
" 2(&,8 vyooT + 6(om)? )k(t) " 1- 703’(1 y-o+ yooT + 6(om)? )](t)k(t)
2 1- -6 1- -0 -
- {6 - =y j?,(i " Q(Y(),:)z TTT iokr
_ pd =)o = bomm)o, . (1 —y)poa o,
yooT + 6(om)? i+ y(yooT + 9(0‘m)2)} Y {k ®
1-yp> (a _p( = y)os — borm) )k(t)
2y(yooT + 8(om)?) vooT + 6(om)?

(1 —y)o, — om)?
yooT + 6(om)?

)i(t) + (a,B -

2y
+1Ty0'y(1—’y—9+

(I -y
VX

)kz(t)} FH () + 0K +

N (ab (A =y = bomm,)o,ol (A =y)o, - HO'm)O'yO'/l) "

yooT + 6(om)? vooT + 6(om)?

Y (1 =y)o1 = ommy)((1 — y)o, — Oom)\. . .
B m(mlo',ay o= yooT + 0(om)? )l(t)](t)
Y ofy o, (L =y = fomm) ,
" 2(1 —v) O-’(l Y - mif+ yooT + 0(om)? )l @
Y ofy o, W =y)o; - bom)*\ , (1-@)*
" 2(1 —y) Ty (1 y-o+ yooT + 6(om)? )J 0+ 2y(yooT + 0(om)?)

removing the dependence on variables r and y yields the following equations:

i'(t) — ai(t) + 1_Ty =0, (T)=0, (3.13)
, (1 =ypoa p((1 =y)or — om)) .
SO+ y(yooT + 8(om)?) - (cx yooT + 0(om)? )](t)

(1 =y)op — Oom)
yooT + 8(om)?

p((1 =y)o — Oomm,)o,
)k(t) B yooT + 0(om)? i)
%y (1 =y)oz = Oom)((1 — y)or| — Bomm,)o 0,
1-vy yooT + 6(om)?

_ _ 2
2y i _y— g+ U ZWT2 - bom) )ik =0, j=o,

1- yo-y vooT + 6(om)?

+ 2(a/ﬁ -
(3.14)

(mlo',a'yé —

)i(t)k(t)

+

k(1) +

1-yp> (a (1 = y)os = form)
2y(yooT + 8(om)?) vyooT + 6(om)?
2y (1 =)o, — borm)?

+ ——0|l-y-6+
l—yay ( Y vooT + 6(om)?

)k(t)
(3.15)

)kz(t) ~0. KT)=0,
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d-yc _ d - (o)’

W) + o2k (¢
O+ ok + VX 2y(yooT + 8(om)?)

(A =y, - 90'mm1)0',0'/l)‘ ( (A =y)o, — 90'm)0'y0'/l) ]
+ |ab — + - t
(a vooT + 6(om)? {0 +{ap vyooT + 6(om)? /)
4 (1 = y)oy — Bomm)(1 — y)oy — HGm)). .
- — 0,0 — t)(t .
l_ypmaxg e i(1),j(1) (3.16)
Y 2( 2, (L=y)o - 90mml)2).2
+ 1 —y-mj0+ t
2(1 - y)o-r yom yooT + 6(om)? £
Y (1 =y)oa = 9<Tm)2) 2
1—v—-0+ Hn=0, WT)=0
2(1 -%) ’( yooT + 6(om)? ;o T)
Next, we solve the Eqgs (3.13)—(3.15). By a simple calculation, we derive i(¢) as
1 —
i) = — (1), (3.17)
ay
For convenience of expression, we denote (3.15) as
K (t) = uok®(t) + uik(t) + u, k(T) =0, (3.18)
—y)o2—00m)? —y)or—fom —v)p?
where u = _O_ (9 I-y- ((ylaz)Tfe(gm); )’ up =2 (a - p(y((lm?wz(criy))’ U = _Zy(ya{cer):r)fl)O((rm)z)’

A= ul 414()142

CaseI: A >0

Equation (3.18) has two different roots: /;, = “‘ZM +VA . By integrating from ¢ to T, we obtain the
explicit form of k(¢) by transforming (3.18) into a solvable form, namely:

K'(1)
(k(2) = L)(k(1) — 1)
k(1) kK@
k-1, k(-1 va,
T K (s) Tk (3.19)
= I‘Mﬂ—h_l‘M@—b_v&T_&
libexp (- VA(T - 1) - 1l

liexp (— \/K(T - t)) -

= Uy,

= k(1) =

CaselIl: A=0
Equation (3.18) has only one root. Similar to the above method, we can get k(¢) by

k' (1)
T = o
(k(r) + )
1 1
- = - 2
MGr L k() + uo(T = 1), (3.20)
1
= k(t) = Z_M()(m — 1)
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CasellI: A< 0O

The right side of (3.18) is always greater than 0. We solve k(#) by the following method:

2
K (f) = g (k(t) 4 ) _ A

214() 4I/t() ’
ko,
2 - s
(k) + 55) — 5

0
42
K (1) = -A
= = U
4ué 4u% uy 2
Ek(t) + V—_A%

+1 0
r K(s)y A
:f B ds = [T ),
t +1

4u? 4u?
20 270 U1
[ k() + 3 2ug

_ M u \/Z u
= k@) = g tan {arctan( M) - T(T - t)} — o

Next, solve (3.14); we assume that:

(3.21)

yooT + 6(om)?

o= - (a L (=)0 - eo-m>)

, 1 . (3.22)
A T (S L)

: k(t),
11—y yooT + 0(om)? ) ©

_ _ (A =y)os = bom) p((1 —y)o, — ommy)o, .
o(1) = 2(aﬂ yooT + 0(om)? )k(t) " yooT + 0(om)? 0
(1 =y)oz = bom)((1 = y)o1 — bommy)o,0y\.
+ = (oo, - L Jicokeo (3.23)

A =ypca
y(yooT + 8(om)?)’

then (3.14) can be expressed as

J@0+L®j0) =61, jT)=0, (3.24)

by solving this ordinary differential equation, we obtain:

T T
j(t) = e~ b cudu ( f 5(s)eé“<">d"ds). (3.25)
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Finally, applying i(), j(¢), k(z) just obtained and integrating over the left and right sides of (3.16) yields:

T _ _
nt) = f {(aﬁ _ (1 =y)oy = bom)o Aoy )j(s)

vooT + 6(om)?

(1 =y)oy — omm,)o Ao,

- (ab B vooT + 6(om)? )i(s)

(1 =)oy = fomm,)*\ ,
vooT + 6(om)? ) ()

yo;
21-7)
Yoy (1 (1 =y)ers = om)’

2(1 =) A vooT + 6(om)? )jz(s) - 0'§k2(s)
Y

- m(mlo',O'yQ -
1 —y(c (oA)?

y \x " yooT + 6(om)? )(T 0.

+ (1—y—m%9+

(3.26)
+

((1 =y)o = om)((1 — y)or| — Bomm,)

vyooT + 6(om)?

)i(s) j(s)}ds

3.2. The cost of climate uncertainty

In this subsection, we discuss the process used for evaluating the influence of climate uncertainty
on investment return. We achieve this by making a comparison of the maximum expected utility the
investor would receive with and without climate change uncertainty. Define u as the cost of climate
uncertainty, representing the proportion of their maximized terminal expected wealth that the pension
investor in an ambiguity-free environment is willing to forgo in exchange for eliminating the climate
uncertainty they face. Supposing a degree 6 for the pension investor uncertain about the climate risk,
then we have: i

V&t x(1 = ), ry) = V&, x, 1 y), (3.27)

where 0 < u < 1.

Theorem 3.2. The cost related to uncertainty in climate is presented in the following:

p=1- exp(L[hezé(t) — 1z
l-y

(3.28)

+Q”m—f%mw@mm—WﬂMﬂ)

Proof.
(x(1 =)'
1 —
1-y

x >
=186y
-y

=V, x, 1, ),

V&t x(1 - ), 1 y) = g0, ry)

then we derive: .
ggzg(t’ r’ y)y

1—w'7 =
== sy
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from (3.4) yields:

~ v
(£
=20 ryy

=1 - exp(—l Y y [h”(r) — hP0 4 (%00 — #0n)) r

+ (0 - 20)y + (K@) - K=0) yZ]),

since i(?) is not related to 6, it follows that:
_1_ Y 0=8,, _ 1.6=0
u=1—exp T—v =) — (1)
-

+ () = @)y + (k) - k9:°(r))y2]).
O

Remark 3.3. In this paper, we assume that the pension investor is ambiguity averse; therefore, V%= >
V":é, and g > 0, then we have 0 < u < 1, which indicates the climate uncertainty is perceived as a source
of wealth loss and the cost required by the pension investor to eliminate this uncertainty. Furthermore,
if u < 0, this represents an uncertainty premium. This situation occurs in specific circumstances where
climate uncertainty is regarded as beneficial. For instance, when ambiguity is associated with upside
risks, the ambiguity-averse pension investor may demand additional wealth to give up the certainty of
the ambiguity-free world. In models with ambiguity preference, the pension investor may gain utility
from an uncertain environment and thus demand a premium in exchange for certainty.

4. Numerical analysis

In this section, we show some numerical cases to demonstrate the theoretical result of the previous
section. Unless specifically stated, the assumed values of the model parameters are as follows: a = 0.2,
b=002a=01=001,p=0015y=056=1,0, =02,0, =02,03 =04, 4, = 0.15,
A=02,13=02,0,=0.02,0,=02,m =02,m =03,y =0.2,r=0,T =40.

Figure 1 shows the effect of 8 on 7*(¢). It is evident that the stock index investment is significantly
impacted by climate uncertainty. When 6 increases, the demand for the stock decreases by about 25%.
Changes in the stock index as a result of heightened climate uncertainty play an essential part in shaping
investor perceptions and investment choices. From the perspective of market risk, climate uncertainty,
such as extreme weather events like droughts and floods, may significantly impact the daily operations
of relevant listed companies. This can result in a decline in the stock prices of these listed companies,
leading to a reduction in investment returns for stockholders and an increase in market risk.

Figure 2 suggests the impact of volatility in the global temperature on the investment strategy. We
can empirically observe a negative correlation between the increasing volatility of the global temperature
and the proportion of investments in the stock index. Increased global temperature volatility may lead
to heightened risks associated with climate-related events, such as extreme weather, affecting various
industries. Therefore, adapting pension fund investment approaches to the changing volatility of the global
temperature is crucial for managing risks and identifying sustainable long-term investment opportunities.
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Furthermore, this paper incorporates stochastic volatility into the analysis. As depicted in Figure 3, it
is evident that the optimal portfolio is impacted by interest rate volatility. In the initial stages of the
investment, the proportion allocated to the stock index tends to decrease with an increase in volatility.
However, in the mid-to-late stages, the allocation to the stock index tends to rise with escalating volatility.
Moreover, as retirement approaches, the investment tends to stabilize.

The impact of the risk aversion coefficient y on 7*(#) is seen in Figure 4. The graph illustrates that in
the initial five years, as the risk aversion coefficient increases, the pension fund managers cut back on
the investment in the stock index. However, over time, as assets in the pension accounts accumulate,
the pension fund manager increases the investment in the stock index to ensure the quality of life in
retirement. Similarly, the investment tends to stabilize as retirement approaches.

0.14 . : : . g == ===

[—— 05| -

—0— 1=1.5 ,/’;644_0_—-—-0———0———6-——-4
_ ]

0.12 [ =% 7=8 *

(1)

Figure 4. Effect of y on 77(¢).

From Figure 5, it is evident that the optimal investment strategy 7*(¢) is inversely proportional to
p. As p increases, indicating a greater influence of the global temperature on the stock market, the
pension fund manager would consequently reduce the stock investment to mitigate risks and safeguard
the post-retirement quality of life for the participant.

()

—— 9 —————— 0 —— — ——0-—— % — — —0— — —¢

I I I I I I I
0 5 10 15 20 25 30 35 40
T

Figure 5. Effect of p on 7%(¢).
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Figure 6 reflects the relationship between changes in the investment time 7" and the investment
strategy 7*(¢). Over time, pension fund managers will progressively decrease their investments.
Particularly, beyond the 20th year, investments tend to plateau, ensuring the post-retirement quality of
life for employees.

0.421

0.4205

0.42 |-

(1)

0.4195 |-
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0.4185
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Figure 6. Effect of 7 on 7*(¢).

Figure 7 indicates the impact of parameters associated with interest rate on investment. It is observed
that the stock investment remains unaffected by b. However, in a broader context, 7*(¢) decreases with
an increase in a. This phenomenon can be attributed to the heightened prudence of the pension fund
manager in response to a faster mean reversion speed. The anticipation of the interest rate reverting to
the mean more rapidly leads to a reduction in stock investment, reflecting a cautious approach among
the pension fund managers.
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Figure 8 illustrates the effect of parameters related to the global temperature on the investment.
Specifically, 7*(#) decreases with a reduction in @. A slower mean reversion speed implies prolonged
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uncertainty for climate-related industries, which may adversely affect the stock performance of these
sectors. Consequently, the pension fund manager is inclined to decrease investment in the stock. On
the other hand, an increase in 8 corresponds to a concurrent reduction in the stock investment. This
is because the long-term mean level of the global temperature may influence investor sentiment and
confidence. If the investor harbors concerns regarding the impact of climate change, it may prompt
risk-averse behavior, leading to a diminished allocation of investment in the stock.

-1.2 T T T T T T T 0.163
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Figure 8. Effect of @ and 8 on 77(%).

5. Conclusions

In this study, we examine the optimal portfolio selection problem for the DC pension plan explicitly
considering climate uncertainty. We obtain the closed-form solution for the optimum stock index-cash
portfolio strategy under the CRRA utility function, assuming the interest rate exhibits volatility following
an Ornstein—Uhlenbeck model. Through numerical analysis, we find that both climate uncertainty and
stochastic interest rates significantly impact the optimal portfolio. The research we conducted highlights
the substantial influence of climate uncertainty on the decision to invest. Additionally, we emphasize
that neglecting climate uncertainty in the investment decision can result in a significant loss of returns,
offering valuable information for investors.

In increasingly turbulent financial markets, perturbations from both internal parameters and external
environmental factors can exacerbate the uncertainty associated with decision models. Our research
underscores the importance of accounting for climate uncertainty when making the portfolio decision for
the DC pension fund, as it significantly affects the long-term sustainability and returns of the investment.
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