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Abstract: Goursat’s lemma gives a good method to describe subgroups of the direct product of two
groups G, G, and to determine whether subgroups of G X G, are direct products. However, the usual
symmetric version of Goursat’s lemma is difficult to describe subgroups of a direct product of a finite
number of groups. Fortunately, the asymmetric version of Goursat’s lemma provide a new method to
solve the difficulty. In this paper, we used additional conditions 7;(H) = G;, the injectivity p;, and
Hp, = Hjjp N Hpy for 1 < i < 3 to give some related results about groups (resp. R-modules, R-algebras
(rings as corollary)), and then we gave the answer on whether a R-submodule M of M; X --- X M, has
the form M = N x N, and M = Ny X --- X N,. Further, we extended similar conclusions to R-algebras
(rings as corollary).
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1. Introduction

Let G, and G, be two groups. Goursat’s lemma for groups first appeared in 1889 [1], which
describes subgroups of the direct product of two groups Gy, G,, and involves isomorphisms among
quotient groups of subgroups of G; and G,. To6th [2] obtained a simple representation and the
invariant factor decompositions of the subgroups of the group Z, X Z, by Goursat’s lemma for
groups. Petrillo [3] used Goursat’s lemma as the main tool to solve the problem of the total number of
subgroups of the group Z, X Z,, for all positive integers m and n and used Goursat’s lemma to
calculate the number of subgroups of the direct product of two finite cyclic groups.

The subgroup (resp. subring) of the form H; X H, (resp. T; X T>) is called a subproduct of G| X G,
(resp. Ry X Ry), where G and G, (resp. R; and R,) are groups (resp. rings). Anderson and Camillo [4]
extended Goursat’s lemma from groups to rings; that is, a ring version of Goursat’s lemma, giving the
subrings and ideals of a direct product of two rings, and they consider a question: Whether every
subgroup (resp. subring) of G; X G, (resp. R; X R,) is a subproduct of G; X G, (resp. R; X R,)?
The answer is clearly not, and the authors [4] provide a counterexample: Z, X Z, with normal
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subgroup {(0,0), (1, 1)}. The authors in [4] stated Goursat’s lemma for R-modules without proof (also
see [5,6]). Meng and Guo [7] provided a proof of Goursat’s lemma for R-modules, and extended
Goursat’s lemma to R-algebras, which characterizes subalgebras of the direct product of two
R-algebras. The generalization of Goursat’s lemma to the direct products of n groups (n > 2) leads to
a very complicated situation, and the asymmetric version of Goursat’s lemma [8] provides a good
method to solve this complicated problem.

If A and B are groups, then the direct product of A and B is a group. Since AX BXC ~ (AX B) X C,
we can give the asymmetric version of Goursat’s lemma for A X Bx C by giving the asymmetric version
of Goursat’s lemma of A X B first and then give the asymmetric version of Goursat’s lemma of AX BxC
by putting A X B as a whole. Using the same method, we can give the asymmetric version of Goursat’s
lemma for n groups. Please see the generalization of subgroups of a direct product of a finite number
of groups, which involves homomorphisms between subgroups and quotient groups [8]. Consequently,
Mbarga [9] generalized Goursat’s lemma to submodules of a direct product of a finite number of R-
modules, which contains homomorphisms between modules and quotient R-modules. In [8, Section 4],
the authors stated that the subgroup H < G| X - - - X G, has the form H = H, X --- X H,, if and only if
6; 1s trivial for 1 < i < n — 1. The motivation of this article is the question: Whether all R-submodules
M of a direct product M; X --- X M, of a finite number of R-modules M, ..., M, can be written as
N x N, and N; X - -- X N,,, where N is a R-submodule of M | XX M,_1? The answer is obviously not,
but how do we know that the R-submodule M of a direct product M; X --- X M, of a finite number of
R-moudles M,, ..., M, can be written as N x N, and N| X --- X N, is our primary aim. In Theorem 3.9
and Corollary 3.10, we give the answer to this question. We also solve a similar problem for R-algebras
by the asymmetric version of Goursat’s lemma (rings as corollary), which we give in Theorem 3.20
and Corollary 3.21 (Corollaries 3.25 and 3.26 for rings), respectively.

This paper is organized as follows. In Section 2, we introduce the symmetric and asymmetric
version of Goursat’s lemma for groups, and use additional conditions 7;(H) = G;, the injectivity p;,
and Hp, = H;;p N Hpy for 1 < i < 3 to give some related results for groups. In Section 3, we use
similar additional conditions as in Section 2 to give some related results for R-modules and R-algebras
(rings as corollary). Further, we also discuss whether submodules of R-modules and subalgebras of
R-algebras (rings as corollary) can be expressed as a direct product of a finite number of R-submodules
and R-subalgebras, respectively.

2. Goursat’s lemma for groups

Anderson and Camillo [4] stated that every subgroup of G; X G, is of the form H; X H, (called
subproduct) if and only if g; € G;, g; has finite order o(g;) for i = 1,2 and gcd(o(g;),0(g2)) = 1,
where G| and G, are nontrivial groups. Furthermore, they stated that every subring of R; X R, with
identity (1, 1) is a subproduct of R; X R, if and only if each R; has nonzero characteristic charR; and
gcd(charR,, charR,) = 1. In this section, we first introduce the symmetric versions of Goursat’s lemma
for groups, and use additional conditions m;(H) = G;, the injectivity p;, and Hp, = H;j N Hp; for
1 < i < 3 to obtain some related results, and then we use the asymmetric version of Goursat’s lemma of
groups to state that the subgroup H of G X - -XG, can be expressed as H = HxH, and H = H,x- - -xH,,
where H is a subgroup of G; X -+ - X G,_;.
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2.1. Symmetric version of Goursat’s lemma for groups

Let G, and G, be groups, and H be a subgroup of G| X G,. The identity element of each group G,

€9

with slight abuse of notation, is written as “e”. Let

Hy; = {a € Gil(a,e) € H},
Hi;, ={a € Gy|(a,b) € H for some b € G,},
Hy = {b € Gy|(e,b) € H},
Hy, ={b € G»|(a,b) € H for some a € G}

Theorem 2.1 (Symmetric version of Goursat’s lemma for 2 groups, [4, Theorem 4]). Let Gy, G, be
groups.
1) Let H be a subgroup of G| X G,, then H;;, Hj, are subgroups of G; with H;y <Hj, fori = 1,2, and
the map
Ju i Hio/Hyy — Hy/Hy,aHy = bH,,
is an isomorphism, where (a,b) € H. Moreover, if H < G| X G, then Hy,H;; < G; and Hp/H;; C
C(G;/H;), the center of G;/H;,.
2) Let H;y, Hy be subgroups of G; with Hy < Hp fori = 1,2 and let f : Hy/H, — H /Hy be an
isomorphism. Then
H ={(a,b) € Hi» X Hy|f(aH},) = DHy}

is a subgroup of G| X G,. Furthermore, suppose H;1, H, < G; and Hp/H; € C(G;/Hy) fori = 1,2,
then H < G| X G».
3) The constructions given in 1) and 2) are inverses to each other.

Similarly, Bauer et al. [8] used Goursat quintuples to express Theorem 2.1 in a simpler form, which
is given as follows.

Lemma 2.2 (Symmetric version of Goursat’s lemma for 2 groups, [8, Theorem 2.1]). There is a
bijective correspondence between subgroups H of G, X G, and quintuples {Hy, H\,, Hy1, Hy,, 6},
where Hy < Hp < G, fori = 1,2, and the map 6 : H\,/H,; — Hy,/H,, given by aH,, — bH,, for
(a,b) € H is an isomorphism.

Subsequently, for the case G| X G, X G3, H < G| X G, X G3, we should consider 12 subgroups of
G1,G,,Gs as follows:

Hii1 ={a € Gy|(a,b,c) € H for some b € G,, c € Gz},
Hy; ={a € Gy|(a, b, e) € H for some b € G,},

Hy ={a € Gy|(a,e,c) € H for some ¢ € G5},

Hi» ={a € Gil(a,e,e) € HY;

Hy ={b € Gy|(a,b,c) € H for some a € Gy, c € Gz},
H>1» ={b € Gs|(a, b, e) € H for some a € G},

Hy ={b € G,|(e, b, ¢) € H for some ¢ € Gs},

Hyn =1{b € G|(e, b, e) € H};
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Hs ={c € Gs|(a,b,c) € H for some a € G{,b € G,},
Hs, = {c € Gs|(a, e, c) € H for some a € G},

Hiy = {c € Gs|(e, b, c) € H for some b € G,},

Hsy, = {c € Gy(e,e,c) € H}.

Remark 2.3. Note that if G3 = {e}, then Hy1y = Hy1z, Hi21 = Hiz, Hyii = Hyio, Hoy = Hyx, H3py =
Hs1p, and H3py = Hin.

According to Theorem 2.1, we know that Goursat’s lemma for G| X G, has a clean and well-known
formulation. However, unlike the case G| X G,, the structure of a direct product G| X G, X G3 is more
complex and may not always provide a simple classification. As authors argued in [8, Section 5], a
symmetric version of Goursat’s lemma for the case G| X G, X G3 is most likely impossible. The reason
is that H» # Hi1p N Hypy, and similar for H>»,, Hss.

Let; : Gy X G, XG5 - G, be the standard projection onto the ith factor and H < G| X G, X G5 such
that m;(H) = G; for 1 < i < 3. This means that for any a € Gy, there exist b € G,,c € Gj3, such that
(a,b,c) € H. Define the homomorphism p; : H — G, X G3,(g1, g2, 83) — (g2, g3). Note that ker(p;) =
{(e,e,e)}). If p; : H— G, XGj is injective, then H = p;(H), and for any (a, b, ¢), (a@’, b, c) € H, we have
a = a'. Similar for the homomorphisms p, : H — G; X Gz and p3 : H — G| X G,. In the following,
we use the additional conditions m;(H) = G;, the injectivity p;, and Hp, = H;jj; N Hpy (1 <@ < 3)to
obtain some related results.

Theorem 2.4. Let H < G| X G, X G3 satisfying m;(H) = G; for 1 <i < 3. Then
H ={(a,b,c) € G\ X Gy X G3|(aH 22, bH», cH3y) € H/(H 2 X Hyo X H3p)).

Proof Let Q := {((l, b, C) € G XGy X G3|(CIH122,[7H222,CH322) S H/(H]gg X Hyyy X H322)} and N =
Hiy X Hyy X Hzyy. Since mi(H) = G;, we have Hi», < G;for 1 <i < 3. Also, since N C H,so N < H.

For any (hl, ]’lz, h3) € H, we have (h1H122, h2H222, ]’Z3H322) S H/N, thus (hl, ]’12, hg) e Q. COI’IVCI‘SGly,
for any (a,b,c) € Q, ie., (aH2,bHy»,cH3y) € HJN, there exists (hy,h},h}) € H such that
(Cllez, szzz, CH322) = (h’llez, h’szzz, héH322). This means that (Cl, b, C) = (hlll’l], h’znz, hgl’lg,) for some
(n1,ny,n3) € N. Since N < H, we have (a, b, ¢) € H. Therefore, H = Q.

Theorem 2.5. Let H < G| X G, X Gj satisfying m;,(H) = G;, and p; is injective for 1 <i < 3. Let

fiz i Hyip = Hypp,av— b,(a,b,e) € H,
fiz i Hipp = H3pp,a-c,(a,e,c) € H,
f23 : Hypi — Hyp, b c,(e,b,c) € H,

then

Si2lm oty @ Hito N Hizp — Happ N Hyy,
S|ty @ H2io N Hyyp — H3o N Hiy,
Sisltyanmy @ Hirg N Hypp — Hzpp N Hyyy,

are isomorphisms and f13|H112ﬁH121 = fZ3|H2120H221 o f12|H112ﬂH121'
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Proof. We show only that fi2|g,,nmp,, @ Hi12 N Hizit = Hiz N Hypy is an isomorphism. This is similar
for fi3lu, pnty > f23lHyanm,,, - Since m(H) = G; and p; is injective, SO fizlw,,,nH,,, 15 wWell-defined. In fact,
for any a € Hy1, N Hyy1, there exist unique b € H,15, ¢ € H3y, such that (a, b, e), (a, e, c) € H following
the injectivity p; and then fi,(a) = b, fi3(a) = c. Since (a,b,e) - (a,e,c)™! = (e,b,c”") € H, we have
be Hyi,c € H321. ThUS, be H>1» N Hyyy andc € H3]2 N H321.

Suppose that for any a;,a, € Hy1» N Hyay, fio(ay) = by, fia(az) = by, then (ay, by, e), (az, by, e) € H.
Since H < G; X G, X Gz, we have (aj, by, e) - (ar,br,e) = (ayaz,b1b2,e) € H. This means that
flz(alaz) = b]bz = flz(al) . flz(ag). It follows that lelanﬂHm isa hOI’IlOl’l’lOI'phiSI’n.

Suppose that fi,(a;) = fi2(ax) = b for any ay,a, € Hy1o N Hypy, then (ay, b, e),(ax,b,e) € H.
Since p; is injective, we have a; = a,. Thus, fia2ly, ,nm,,, 18 Injective. For any b € Hy;p N Hypy, we
have (a, b, e) € H for some a € H,j, and (e, b, c) € H for some ¢ € Hsy;. Thus, (a,b,e)e,b,c)™ =
(a,e,c™") € H, which means that a € H,,;, and then a € H,j» N Hj»; and fio(a) = b. It tells that
fi2la,,nH,,, 1 an isomorphism.

Suppose that fi;(a) = b and fi3(a) = ¢ for any a € Hy;; N Hyyy, then (a,b,e),(a,e,c) € H and
(a,b,e)(a,e,c)™ = (e,b,c”") € H. It follows that f>3(b) = ¢!. Additionally, following the definition
f3,if fo3(b) = c, then (e, b, ¢) € H. With the injectivity p;, we have ¢ = ¢™!. Thus, fi3(a) = f3(fi2(a))
for any a € Hy, N Hyyy. Therefore, fislu, ,nm, = f23lmpnmn © fialapnms, -

Theorem 2.6. Let H < G| X G, X G3, satisfying n;(H) = G; and p; is injective for 1 < i < 3. Suppose
Hi12 N H,'gl = Hi22f0r 1<i< 3, then

Sfi2 t Hini/Hio1 = Hay[Hy, g1H 121 = g2Hx1, (81, 82, 83) € H for some g3 € Gs,
Szt Hai/Hyo — Hizp/Hzio, 82Ho 1o = 83H312, (81, &2, 83) € H for some g; € Gy,
Si3 s Hini/Hie = Hzi/Hzi, g1Hin = g3H301, (81, 82, 83) € H for some g, € Gy,

are isomorphisms and

H =1{(g1,82,83) € HiinXHy 1 XH311|f12(81Hi21) = 82H21, 23(82H212) = 83H312, f13(81H112) = 83H321}.

Proof. Since HixNHp = Hy for 1 <i <3, we have Hp < Hyy and H;;» < Hy, for1 <i<3. We
prove only that fi, is an isomorphism. This is similar for f3, fi3. Suppose that g, Hyy; = g\Hj2; (i€,
g7'g) € Hix) for (g1, 82, 83), (8. 85 83) € H, then there exists (a,e,c) € H, such that g;'g} = a, i.e.,
g, = gia. Thus,

(81,82, 83)(a, e,0)(g}, 85 857 = (g1a(g}) ™", g2(gh) ™", g3c(gy) ™) = (e, 82(85) ", gac(gh) ™) € H.

It follows that g,H», = g,H»;, and then fi, is well-defined. Additionally, for any a,a’ € H;y; with
(a,b,c),(d’,b’,c’) € H, we have

le((aHIZI)(a,HIZI)) = le(aa,HIZI) = (bHx1)(b'Hyy)) = Sfiz(aH 2) - le(a,HIQI),

which means that f;, is a homomorphism.

For any bHy, € H,11/Hy:, there exists (a,b,c) € H by the fact m;(H) = G;. Thus, fi,(aHy) =
bHy, and then fi, is surjective. Consequently, suppose that fi,(giH21) = Hayy for (g1, 82,83) € H,
it suffices to prove g; € Hy,, for the injective fj,. Since g, € H,yy, we have (e, g2,¢’) € H. Thus,
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(81,82, 83)(e, g2,¢)" = (g1,e,83(c’)™") € H. This means that g, € Hy, by the injectivity p; and
H;;» N Hpy = Hpy. Therefore, fi, is an isomorphism.
Let

I' :={(g1, 82, 83) € Hi1iXHy11XH311|f12(81H121) = 82H1, f23(82H212) = 83H312, fi3(g1H112) = g3H301},

for any (g1, 82, 83) € H, we have f12(g1H121) = 82Ha1, f23(82H212) = 83H312, f13(81H112) = g3H3,, that
18, (g1, &2, &3) € I'. On the other hand, suppose (g}, g5,85) €T, i.e.,

fi2(g1Hi21) = g5Hm, f3(85Ha12) = 85Hz12, f13(81H112) = 85H301,

since m;(H) = G;, there exists (g}, b,c) € H such that bHsy = g, Hxn,cH3y = g4Hz3,1. Thus, by the
injectivity of p; and H;j; N Hp1 = Hppp, b = g, implies ¢ = g5. We obtain the assertion.

Remark 2.7. Note that the condition H;;, N Hpy = Hp, is necessary to guarantee that fi,, fi3, and fa3
are well-defined. For example, let

Gl = GZ = G3 = (ZZ9+) = {(_)91}

and H = {(0,0,0), (1,1,0), (1,0, 1), (0, 1, 1)}, which is a subgroup of G; X G, X G3. Then
Hyy = {0, 1}, Hiaz = {0}, Ha1y = {0, 1}, Happ = {0}, H31y = {0, 1}, Hax = {0},
Hypp = {0,1}, Hyay = {0, 1}, Hayp = {0, 1}, Hyy = {0, 1}, H312 = {0, 1}, H3p; = {0, 1}

We have H;1oNH121 # Hi2, Hy12NHay # Hyyo, and Hyy1/Hy21, Ha11/Haz1, which are trivial. According
to the definition fi,, we have fi>(aH2,) = bHy, for (a,b,c) € H. Whena = 0, (0,0,0) € H, we have
J120+ Hy21) = 0+ Hyy; whena =1, (1,1,0) € H, we have fi,(1 + Hyz1) = 1 + Hypy,(1,1,¢) € H.
Thus O + Hyp; = 1 + Hyp1, but O + Hayyy # 1 + Hyyy since 1 € Hyy; in this case. This means that fi,
is not well-defined. Furthermore, the conditions H;;» N Hyp; = Hj, and m;(H) = G; for 1 <i < 3 can
guarantee the exsitence of fi, fi3, and f>3.

2.2. Asymmetric version of Goursat’s lemma for groups

Similarly, for the case G; X - - - X G,,, we should consider n(n + 1) subgroups of G; (i = 1,2, ...,n).
The computations are huge and it is also most likely impossible to give a symmetric version of
Goursat’s lemma. Fortunately, Bauer-Sen-Zvengrowskithe [8] provided a new method, named
asymmetric version of Goursat’s lemma, to make it workable to give the subgroups of G| X - - - X G,,.

Lemma 2.8 (Asymmetric version of Goursat’s lemma for 2 groups, [8, Theorem 2.3]). There is a
bijective correspondence between subgroups H of G\ X G, and quadruples {H,, Hy|, Hy,, 0}, where
Hy < Gy, Hy < Hy; < Gy, and the map 0, : Hyy — Hy/Hy, is a surjective homomorphism.

To generalize the case G| X G, to the case G| X - - - X G,,, we need the following notations.

Definition 2.9 ( [8, Definition 3.1]). Let H be a subgroup of G| X --- X G,, where G; are groups for
1<i<n LetS ¢{1,2,...,n}=:[n],and i € [n]\S. Then

H(lS) == {xi € Gil(x1,...,x;,...,x,) € Hforsome x; € G;, 1 < j<n, j#1i, withx; =eif jeS}.
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Remark 2.10. If S ={2,3,...,n— 1}, then
H1|S) ={x; € Gi|(x1,e,...,e, x,) € H for some x, € G,}.
IfS ={2,3,...,n}, then
H|S) = {x; € Gi|(x1,e,...,e) € H}.

If S = @, then H1|D) = {x; € Gi|(x1,x2,...,x,) € H forsome x; € G,2 < k < n}. It is clear
that the definition of H(i|S) is the extension of H;;. In fact, if n = 2, then H(1|@) = Hy», H(1|{2}) =
H11,H(2|®) = sz,H(2|{1}) = Hy. Ifn= 3, then

H(1|@) = Hyy, HA{2}) = Hyp1, H({3}) = Hy12, H(11{2,3}) = H 2,

H(2|@) = Hy1, HQI{1}) = Hap1, HQ2I{3}) = Ha12, HQ2I{1,3}) = Hx»,

H(3|9) = H31, HGI{1}) = H3p1, HG[{2}) = H312, H3|{1,2}) = Hap.

Note that it is convenient to use H(i|S) to denote the subgroups of G; for 1 < i < n. For convenience,
we omit the brackets { } to denote “{---}” by “---” (similar as in Section 3), for example, we denote
H(Q2|{1,3}) by H2|1, 3).

Let H; := H(i|@) for all i € [n], i.e.,

H;:={x; € G|(x1,...,X,...,x,) € Hforsome x; € G;, 1 <j<n, j#il.

It is obvious that H(i|S) C H;. In [8], the authors defined G; = m;,(H), where 7; : G| X - -- X G,, » G, is
the standard projection onto the ith factor and H < G| X - - - X G,,. By the definition of H,, we also have
H; = 7;(H). Thus, H;=G,. Let [I;: Gy x---xXG, » Gy X--- X G, be the standard projection onto the
first i factors for 1 < i < n. Note that [ ], = idg,x-xg, -

Lemma 2.11 (Asymmetric version of Goursat’s lemma for n groups with n > 2, [8, Theorem 3.2]).
There is a bijective correspondence between subgroups H < G| X --- X G, and (3n — 2)-tuples

Qu(H) := {H\, Hy, HQI1), 61, H3, HB|1,2), 65,..., H,, H(1l1,...,n = 1),6,.4},

where H; < G, HG + 1|1,...,i) < Hiyy < G forl1 <i<n-1, and the map 6; : A\; - Hi/HG +
1[1,...,0) is a surjective homomorphism. Here A; < G1 X --- X G;, 1 <i < n—1, is defined recursively
by setting A\ := Hy and

Aps 1= Do (A Hit HG + 1L, D.6]) < (G X+ X G) X G,

with

o ({An Hi HG + 11, L 0).6) == p (G,
where p; : AXH; — AiX(EHl/H(i +11,..., i)) is the natural surjection and Gy, C A,-X(Hi+1/H(i+
111,...,10)) is the graph of 6..
Remark 2.12. In fact, we have Ay = Hy, 6 : Ay » Hy/HQI), p1 : Ay X Hy —> Ay X Hy/H(2|1).
Suppose that p, is defined by p,(a, b) = (a, bH(2|1)), then Gy, = {(a,0i(a))la € A1} € Ay X Hy/H(2|1).
Thus, p;'(Gs) = {(a,b) € Ay X Halpi(a,b) € Go} = {(a,b) € Hy X Ho[bH(2|1) = 6(a)}. Since
Ay = Tr ({A1 Hy HQI),61}) = pi'(Go,). we have Ay = {(a.b) € Hy x HolpH(2|1) = 6;(a)} and
A, C H, X H,. Following the proof of Theorem 3.2 in [8], we also have A, = [[,(H). Subsequently,
we have A, = [][,.i(H) CH{ X --- X H,_;.
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In [8, Section 4], the authors stated that the subgroup H < G X- - -XG, has the form H = H,X---xH,
if and only if 6; is the trivial homomorphism for 1 < i < n—1, where 6, : [[,(H) —» Ei+1/H(i+1|1, co ).
In fact, if H = H; X --- x H,, then [[;(H) = H; X ---x H;and H;;, = H(i + 1|1,...,i) = H;,,. Thus, 6;
is trivial homomorphism. Conversely, by induction, we can obtain the assertion.

Thsorem 2.13 ( [8]). The subgroup H of Gy X --- X G, has the form of H = H x H, if and only
if H = ker(6,-1) =_]_[n_1(H) and H, = H@n|l1,2,...,n — 1), where ker(6,-1) < G; X --- X G,_4,
H(n|l,...,n—1) < H,, and the map

0,1 : [1,.,(H) » H,/Hn|1,...,n—1)

is a surjective homomorphism, [{,_; : G1 X -+ X G, » G| X --- X G,_; is the standard projection.
Applying Theorem 2.13 and by induction, we can obtain the following Corollary.

Corollary 2.14 ( [8]). The subgroup H of G| X - - - X G, has the form of H = H, X - - - X H,, if and only
if [1;,(H) =ker(6;)) =H; xX---xXH;and H;,; = H@i+ 1|1,...,i), where the map

0;: TI.(H) » Hi /JHG+ 1]1,...,0)
is a surjective homomorphism for 1 <i<n-—1.
3. Goursat’s lemma for R-modules and R-algebras

A R-module M is also an Aabelian group. A R-algebra is not only a R-module but also satisfies a
scalar multiplication. In this section, we introduce the symmetry and asymmetric version of Goursat’s
lemma for R-modules and R-algebras, respectively. We also give the answer to the question: What
submodules (resp. subalgebras) of My X --- X M,, (resp. A; X --- X A,) can be written as N X N, (resp.
B x B,) and Ny X --- X N, (resp. By X --- X B,), which we give in Theorem 3.9 (resp. Theorem 3.20)
and Corollary 3.10 (resp. Corollary 3.21), respectively.

3.1. Symmetric and asymmetric version of Goursat’s lemma for R-modules

When the ring R is commutative with identity and M is a left R-module, we can make M into a right
R-module by defining mr = rm form € M and r € R.

Let R be commutative ring with identity, and M, and M, be submodules of R-modules M; and M,,
respectively. It is obvious that M, X M, is a submodule of M; X M,. However, the reverse is not
necessarily true. Let M; and M, be R-modules and M be a submodule of M; X M,. We write

My, = {a € Mi|(a,0) € M},
M, = {a € M,|(a,b) € M for some b € M,},
My, = {b € M»|(0,b) € M},
M>, = {b € M,|(a,b) € M for some a € M,}.

In [10], we know that every submodule N of an R-module M is ‘normal’ in the sense that we always
have the quotient module M/N.
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Theorem 3.1 (Symmetric version of Goursat’s lemma for 2 R-modules, [4]). Let R be a
commutative ring with identity, and M, M, are R-modules.
1) Let M ba a submodule of M| X M,, then M;; and My, are submodules of M; with M;; C My, for
i = 1,2, and the map
S Mia/Myy — My /Moy

given by fy(a + My,) = b+ M» is a R-module isomorphism, where (a,b) € M.
2) Suppose that M;; and M}, are submodules of M; with M;; C M, for i = 1,2, and the map

fiMp/My — My /M,
is a R-module isomorphism, then
M ={(a,b) € M\, X My|f(a+ M) = b+ My}

is a submodule of M| X M,.
3) The constructions given in 1) and 2) are inverse to each other.

Lemma 3.2 (Symmetric version of Goursat’s lemma for 2 R-modules, [7, Theorem 3]). Let R be a

commutative ring with identity. There is a bijective correspondence between submodule M of R-module
M, X M, and quintuples {My,, M2, M\, My, fu}, where M}y is a submodule of M;, M» is a submodule
of M;; for i = 1,2, respectively, and the map fy : Myy/Myy — My, /My, is a R-module isomorphism.

Subsequently, for the case M| X M, X M5, M is a submodule of M X M, x M3, we should consider 12
submodules of M, M,, M5 as follows:

My, ={a € My|(a,b,c) € M for some b € M,,c € M5},
M, ={a € M\|(a,b,0) € M for some b € M,},

My = {a € My|(a,0,c) € M for some ¢ € M},

My ={a € My|(a,0,0) € M};

My = {b € Ms|(a,b,c) € M for some a € M;,c € Mz},
M1, = {b € M>|(a, b,0) € M for some a € M},

My = {b € M,|(0,b,c) € M for some ¢ € M3},

My, = {b € M,|(0,b,0) € M},

M311 = {c € Ms|(a,b,c) € M for some a € M,,b € M,},
Ms1, = {c € M5|(a,0,c) € M for some a € M},

M3 = {c € M;5|(0,b,c) € M for some b € M,},

M3,, = {c € M3|(0,0,c) € M}.

Note that if M3 = {0}, then M1 = M2, M3y = M3, M1y = Maia, My = My, M3y = M3y, and
M3y = M3p,.

Similar as the case G| X G, X Gj, it is also most likely impossible to give a symmetric version of
Goursat’s lemma for M; X M, X M5. In the following, we use additional condition to obtain some
related results similar to those in Theorems 2.4-2.6.
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Let m; : My X M, X M3 - M, be the standard projection onto the ith factor and a R-submodule
M C M, X M, X M5 such that m;(M) = M; for 1 < i < 3. Define the homomorphism n; : M —

M,y X M5, (my, my, m3) — (my, m3). If n; : M — M, X Mj is injective, then for any (a, b, ¢), (a’, b,c) € M,
we have a = a@’. This is similar to homomorphisms 1, : M — M| X M3 and 3 : M — M| X M,.

Theorem 3.3. Let M C M| X M, X M3 be a R-submodule satisfying n;(M) = M; for 1 <i < 3. Then
M ={(a,b,c) € M\ X My X Ms|(a + Mi22,b + My, c + M3p) € M/(M2 X Myy X M)}

Proof. Let Qy :={(a,b,c) € My X My X Ms|(a+ Mi2,b + My, c+ Msy) € M/(Miay X Ma X M3z,)}
and Ny := M2 X My X Mzy,. Since (M) = M;, we have M}, is a submodule of M, for 1 <i < 3.
Also, since Ny, € M, so Ny, is a submodule of M.

For any (ml, my, m3) € M, we have (I’I’ll + M, my+ My, mz + M322) S M/NM Thus, (I’I’ll, my, m3) c
Q. Conversely, for any (a,b,c) € Qy, i.e., (a + My, b + My, c + M3n) € M/Ny, there exists
(a’,b',c") € M, such that (a + M1, b + My, c + M3y,) = (a@’ + My, b’ + My, ¢’ + M3y,). This means
that (a,b,c) = (@’ + x,b" + y,b" + ) for some (x,y,z) € Ny. Since Ny, is a submodule of M, we have
(x,y,2) € M and thus (a, b, c) € M. Therefore, M = Q,,.

Theorem 3.4. Let M C M, X M, X M3 be a R-submodule satisfying m(M) = M, and n; is injective for
1 <i<3. Let

fiz i Myia = Msp,a - b,(a,b,0) € M,
f13 1 Moy = Mip,a-c,(a,0,c) € M,
Szt My — M3p1,b - ¢,(0,b,c) € M,

then

Szl @ Mo N My — Moo N Moy,
F23lMianmn © Moo N Mopy — M3 N My,
Sislmpomy, @ Mio N My — M3 N M3y,

are iSOMOVphiSWLS andfl3|M1|20M|2| = f23|M21zﬂM221 © le|M1|2ﬁM|2|'

Proof. We show only that fi2u, 0 @ Mi12 N M2 — Ma1o N My, is an isomorphism. This is similar
tO f13la1, ,0Myar s J23| M0, - SinCe (M) = M; and 7; is injective, then fi2la,,nm,,, 18 Well-defined. In
fact, for any x € My, N My, there exist unique y € M,»,7 € M3y,, such that (x,y,0),(x,0,z) € M
following the injectivity i; and then fi,(x) =y, fi3(x) = z. Since (x,y,0) + (-x,0,-2) = (0,y,—2) € M,
we have y € M1,z € M3,. Thus, y € My1o N Moy and z € M3 N M3,

Suppose that for any xi, x, € M2 N M2y, fia(x1) = y1, fi2(x2) = y2, then (x1,y1,0), (x2,2,0) € M.
Since M is a submodule of M| X M, X M3, we have (x1, y1,0)+(x2,y2,0) = (x1 +x2,y1 +2,0) € M. This
means that fi>(x; + x2) = y1 +y2 = fia(x1) + fi2(x2). Additionally, for any r € R and x € M1, N M4,
fi2(x) =y, then (x,y,0) € M and r - (x,y,0) = (rx,ry,0) € M. Thus, fi2(rx) = ry = rfi2(x). It follows
that fi2|p,,,nm,,, 15 @ homomorphism.

Suppose that flz(xl) = flz(Xz) =y for any x, x; € Mo N Mo, then (xl,y, O), (Xz,y, O) € M. Since
1, is injective, we have x; = x,. Thus, fi2lu,,,nm,,, 1S injective. Further, for any y € My, N My, we
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have (x,y,0) € M for some x € M, and (0, y,z) € M for some z € M3,,. Thus, (x,y,0) + (0, -y, —2) =
(x,0,—-z) € M, which means that x € Mj,;, and then x € M;;, N My and fi,(x) = y. It tells that
fi2lmynmyy, 1S an isomorphism.

Suppose that fi,(x) = y and fi3(x) = z for any x € My, N My, then (x,y,0),(x,0,z) € M and
(x,y,0)+(=x,0,—-2) = (0,y,—z) € M. It follows that f>3(y) = —z. Additionally, following the definition
o3, if fr3(y) = z, then (0, y, z) € M. With the injectivity n;, we have z = —z. Thus, fi3(x) = f53(f12(x))
for any x € My» N Mi2;. Therefore, fi3lu,,nm = fo3lmmnnmm © fialmmnms, -

Theorem 3.5. Let M C M X M, X M5, satisfying m;(M) = M; and n; is injective for 1 < i < 3. Suppose
Mo " Mpy = M, for 1 <i <3, then

fiz i My /Mgy — My /Moy, my + My = my + Moy, (my, my, m3) € M for some m3 € M3,
ozt My [My1p — M3y /M3y, my + May = m3 + Mo, (my, my, m3) € M for some my € M|,

fiz : M /Mi1p = M3y /M3y, my + My = mz + M3y, (my,my, m3) € M for some m, € M,
are isomorphisms and

M ={(m),my, m3) € M1 X Mz X Mayy|fio(my + Mi21) = my + My,
Jfoz(my + Mayo) = m3 + Mz, fi3(my + My12) = m3 + M3}

Proof. Since M;1, N My = My, and (M) = M; for 1 <i < 3, we have M5, and M;;, are submodules
of M;;; for 1 < i < 3. We only prove that fi, is an isomorphism. Similar for f,3, fi3. Suppose that
my + My = m| + My (i.e., —my + m| € M) for (m;, my, m3), (m},m,,m}) € M, then there exists
(a,0,c) € M, such that —m; + m| = a, i.e., m; = m; + a. Thus,

(my,my, m3) + (a,e,c) + (—my, —ms, —m}) = (0,my —my, m3 + ¢ —mj) € M.

It follows that my My, = m, M, and then f;, is well-defined. Additionally, for any r € R and a,a’ €
My, with (a,b,c),(a’,b’,c’) € M, we have

fro((a+ M) + (@ + Min))) = (b + M) + (0 + Ma) = fiala+ Min) + fia(a@ + Myay),
fio(r(a+ Mi21)) = fio(ra+ Mip1) = rb + My = r(b + Mayy) = rfia(a + M),

which means that f;, is a homomorphism.

For any b + My, € Mj;/Mp,,, there exists (a,b,c) € M by the fact 7;(M) = M;. Thus, fi;(a +
M) = b + My, and then fi, is surjective. Consequently, suppose that fi,(m; + M) = My, for
(my,mp,m3) € M, it suffices to prove m; € M, for the injective fi,. Since m, € My, we have
(0,my, ") € M. Thus, (my,my,m3) + (0, —my, —c’) = (m,0,m3 — ¢’) € M. This means that m; € M,
by the injectivity n; and M;1, N M, = Mjp,. Therefore, fi, is an isomorphism.

Let Iy, := {(my,my,m3) € My X My X Mapilfio(my + Mip1) = mo + My, fo3(my + Moyo) =
mz + Msy, fis(my + Mi12) = ms + M3y}, For any (my,my,ms) € M, we have fio(my + Miy) =
my + My, fr3(my + My12) = m3 + Mz, fiz(my + M) = m3 + Mz, that is, (my,my,m3) € I'y.
On the other hand, suppose (m}, m},m}) € L'y, i.e., fio(m| + M) = m} + My, fo3(m), + M) =
my + Mz, fis(m) + My12) = m} + M3y, since m(M) = M,, there exists (m},b,c) € M, such that
b+ My, = m’z + My, c+ Mz = mé + M3y,. Thus, by the il’leCtiVity of n; and M;1» N My, = My,
b = m} implies ¢ = m}. We obtain the assertion.
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Lemma 3.6 (Asymmetric version of Goursat’s lemma for 2 R-modules, [9, Lemma 3.3]). Let R be a
commutative ring with identity. There is a bijective correspondence between submodule M of R-module
M X M, and quadruples {My,, M»\, My, fu}, where M, is a submodule of M; fori = 1,2, respectively,
My, is a submodule of My, and the map fy : My, — M, /My, is a surjective homomorphism.

Before we extend an asymmetric version of Goursat’s lemma for a finite numbers of R-modules, we
introduce some convenient notation for any submodule M of R-module M; X --- X M,,.

Definition 3.7 ( [9, Definition 3.9], [11]). Let R be a commutative ring with identity and M be a
submodule of M; X --- X M,, where M; is a R-module, 1 <i <n. LetS ¢ {1,2,...,n} =: [n], and
i € [n]\S. Then

M(@lS) = {x; € Mil(x1,...,%i,...,x,) € M forsomex; € M;, 1 < j<n, j#i,withx; =0if je S}

From [11_], we know that M(i|S) is a submodule of M; and M(i|S) is a submodule of M(i|T) if
TCS.LetM,; = M(i|9), i.e.,

M; = {x; € Mil(xy,...,x;,...,x,) € M forsome x; € M;, 1 < j<n, j#i}.
> 2, [9, Lemma

3.10]). Let R be a commutative ring with identity. There is a bijective correspondence between the
submodule M of R-module My X --- X M, and 3(n — 2)-tuples

Lemma 3.8 (Asymmetric version of Goursat’s lemma for n R-modules with n >

0,(M) := (M, My, MQ|1), A1, ..., M, M(n|1,...,n— 1), 2,1},
Khere M@+ 11,...,1) and M., are submodules of My with M(i + 1]1,...,i) C M., and A; : Q; —»
M /M@G+1|1,...,0)is a R-module homomﬂ’phism. Here Q; is a submodule of M| X - - - X M; is defined
recursively, 1 <i < n—1, by setting Q, := M, and
Qiy = Do({Qs My, MG+ 111, 0), A1)
is a submodule of (M X - -+ X M;) X My, with

To({Qi, Moy, MG+ 111, i), 4 = pi (),

where ¢y, € Qi X (M1 /M + 1]1,...,1)) is the graph of A; and p; : Q; X My — Q; X (M /M(i +
111,...,10)) is the natural surjection.

Theorem 3.9. Let R be a commutative ring with identity. The submodule M of My X --- X M,, can be
expressed as M = N X N, if and only zf]_[,, (M) = ker(4,_1) = N, Mm|l,...,n— 1) = N,, where
ker(A,-1) C [[,-i(M), M(n|1,...,n—1) C M, and the map:

2 [T (M) > My /M@, .. on = 1)

is a surjective homomorphism.
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Proof. Suppose that the sumodule M of M; X --- X M, can be expressed as M = N x N,, then N =
[I,-.i(M)and N, = M(n|1...,n—1). For any k, € M, there exist (ki,...,ky_1)) e My X---XM,_; such
that (ky,...,k.—1,k,) e M = N X N,, which implies that k,, € N,,. Thus, we have M, C N,. It follows
that M,,/M(n|1,...,n — 1) is trivial. Since A,_, is surjective, we have ker(4,-1) = [[,_;(M).

Conversely, suppose that [],_;(M) = ker(4,-;) = ﬁ, M(n|l,...,n—1) = N,, then for any (k,{) €
Mke M X--- XM, ,€ € M,, we have k € N following the fact [],_;(M) = N. Since A, 18
surjective, we have £ € N,,. Thus, M = N X N,.

Following Theorem 3.9, and by induction, we have the following corollary.

Corollary 3.10. The submodule M of M, X --- X M, can be expressed as M = Ny X --- X N, if and
only if [[.(M) = kir(/li) = Ny X--- X N;and M(i + 1|1,...,i) = N;, where ker(4;) C [[,(M),
M@+ 11,...,i) € M;,,, and the map

A TLM) = My /MG +11,...,0)

is a surjective homomorphism for 1 <i<n-1.

As the statement for groups in [8, Section 4], we can give that the submodule M € M| X --- X M,
has the form M = N; X --- X N, if and only if 4; is the trivial homomorphism for 1 <i <n — I, where
A [LiM) » M /M@ + 111, .. ,0).

3.2. Symmetric and asymmetric version of Goursat’s lemma for R-algebra

A R-algebra A has the ring structure and R-module structure concurrently, and the operations of
these two structures are compatible, that is, r(xy) = (rx)y = x(ry) for any x,y € A and r € R.

Definition 3.11 ( [12, Definition 7.1]). Let R be a commutative ring with identity. A R-algebra is a
ring A together with

1) (A, +) is a R-module,

2) r(ab) = (ra)b = a(rb) for all r e R, a, b € A.

From [12], we know that an algebra (left, right, two-side) ideal of R-algebra A is a (left, right, two-
side) ideal of the ring A that is also a submodule of A. If A is a R-algebra, an ideal of the ring A need
not be an algebra ideal of A. However, if A has an identity, every ideal is also an algebra ideal.

If A; and A, are R-algebras, and A, and A, are subalgebras of A, and A,, respectively, then A, X A,

is a subalgebra of A; X A,. However, the reverse is not necessarily true. Let A; and A, be R-algebras
and A be a subalgebra of A; X A,. We write

A ={a € Ala,0) € A},
A = {a € Ay|(a,b) € A for some b € A,},
Ay = 1{b € A5|(0,b) € A},
Ay =1{b € As|(a,b) € A for some a € A}.

Theorem 3.12 (Symmetric version of Goursat’s lemma for 2 R-algebras, [7]). Let R be a
commutative ring with identity and A, and A, be R-algebras.
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1) Let A be a subalgebra of A; X A,. Then A;; and A, are subalgebras of A; such that A;, is an
algebraic ideal of Ay, fori = 1,2, and the map

Ja 1 Ap/An = An/Ay,a+ A - b+ Ay

is a R-algebra isomorphism, where (a, b) € A.
2) Suppose that A;; and Ay are subalgebras of A; such that A;y is an algebraic ideal of Ay for
i=1,2,and f : A12/A11 = Axn /Ay is a R-algebra isomorphism, then

={(a,b) € A, X Ap|f(a+ A1) =b+ Ay}

is a subalgebra of Ay X A;.
3) The construction given in 1) and 2) is inverse to each other.

Lemma 3.13 (Symmetric version of Goursat’s lemma for 2 R-algebras [7, Corollary 1]). Let R be a
commutative ring with identity. There is a bijective correspondence between subalgebra A of R-algebra
A1 X Ay and quintuples {A11, A2, A1, Az, fa), where A;y, Ay are subalgebras of A;, such that A; is a
R-algebra ideal of Ay, fori = 1,2, and the map fy : A12/A11 — Axn/As is a R-algebra isomorphism.

Subsequently, for the case A;xA;XA3, A is a R-subalgebra of A; XA;XAj3, and we should consider 12
sualgebras of A;, A,, A3 as follows:

A ={a € A(a,b,c) € Aforsome b € A, c € As},
Aq12 = {a € Aql(a, b,0) € A for some b € A,},

Az = {a € Al(a,0,c) € A for some ¢ € As},

A = {a € Ai](a,0,0) € A};

Aryp = {b € Asl(a,b,c) e Aforsome a € Ay, c € As},
As1p = {b € As|(a,b,0) € A for some a € A},

Ay = {b € Ay|(0, b, c) € A for some ¢ € As},

Az = {b € Ay[(0,0,0) € A};

Az = {c € As|(a,b,c) € A for some a € Ay, b € A},
Azp = {c € A3|(a,0,c) € A for some a € A},

{
{

Az = {c € A5](0,b,c) € A for some b € A,}.

Az = {c € A3](0,0,¢) € A}.
Note that if A3 = {0}, then A;1;; = Aj12,A121 = A, Aoin = Aoin, Apr = Ao, Az = Az, and
Asp = Asp.

Similar as the case G; X G, X G3, it is also most likely impossible to give a symmetric version of
Goursat’s lemma for A; X A, X Az. In the following, we use additional conditions to obtain some related
results as those in Theorems 3.3-3.5.

Let m; : A X A, X A3 —-» A, be the standard projection onto the ith factor and a R-subalgebra
A C A; X Ay X Az, such that m;(A) = A; for 1 < i < 3. Define the homomorphism 7, : A —
Ay X Az, (ay,az,a3) — (az,a3). If 71 : A — A, X Aj is injective, then for any (a, b, ¢), (a’,b,c) € A, we
have a = a’. Similar for the homomorphisms 7, : A - A; X Ajand 73 : A — A; X A,. Similar as the
proofs of Theorems 3.3—-3.5, we can obtain the following results easily.
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Theorem 3.14. Let A C A X A, X Az be a R-subalgebra satisfying T,(A) = A; for 1 <i < 3. Then
A={(a,b,c) € Ay X Ay X Asz|(a + A12,b + Axpy, ¢ + A3pp) € A/(A12n X Apzp X Aspo)}.

Theorem 3.15. Let A C A} X Ay X Az be a R-subalgebra satisfying 7;,(A) = A;, and T1; is injective for
1<i<3. Let

fi2 1 A1ip = Asip,a— b, (a,b,e) €A,
fis 1Al = Asip,a c,(a,ec) €A,
f3 1 A1 = An, b c,(e,b,c) €A,

then

Si2laipnan s A2 N A = Azin N Ay,

F23larnna0, F A2i2 N A2 — Azp N Az,

S13la 04, P A2 N A2 = Az N Az,
are isomorphisms and f13|A1120A121 = f23|A212ﬁA221 o f12|A1120A121'
Theorem 3.16. Let A C Ay X A, X Aj satisfying 1,(A) = A; and 1; is injective for 1 < i < 3. Suppose
Ajn NApy = Aipp for 1 < i <3, then

fi2 i A /A = A /A, alAr = axAx, (a1, az, a3) € A for some a3 € As,
o3 1 A1 /Az12 = Az11/A312, a2A21 = azAzin, (a1, a4z, a3) € A for some a; € Ay,

fi3 1 A /A = Az /Ay, alAne B azAsgg, (ag, a, a3) € A for some a, € As,
are isomorphisms and

A ={(a1,az,a3) € A1 X Agj1 X Azpilfiz(a1Ar21) = axAni, [23(a2A212) = azAzia, fis(@1Ar12) = azAsp ).

Lemma 3.17 (Asymmetric version of Goursat’s lemma for 2 R-algebras, [11, Corollary 2]). Let
R be a commutative ring with identity. There is a bijective correspondence between subalgebra A
of R-algebra A, X A, and quadruples {A1,, Ay, Az, fa), where A, An are subalgebras of A; for
i = 1,2, respectively, A, is a R-algebra ideal of Ay, and the map fy : Ajx — Ax /Ay is a surjective
homomorphism.

In the following, we introduce some convenient notation for any subalgebra A of R-algebra A; X
e X An-

Definition 3.18. Let R be a commutative ring with identity. Let A be a subalgebra of A; X --- X A,
where A; is a R-algebra, 1 <i<n.LetS C{1,2,...,n} =[n],and i € [n]\S. Then

A(lS) :={x; € Ail(x1, ..., x;,...,x,) € Aforsome x; €A;, 1 < j<n, j#i,withx;=0if j€§}.

Fﬁom [13], we know that A(i|S) is a subalgebra of A; and A(i|S) is a subalgebra of A({|T)if T C S.
Let A; := A(i|D), i.e.,

Aii={x € Al(x1,..., Xi...,x,) EAforsome x; €A, 1 < j<n, j#i}
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Theorem 3.19 (Asymmetric version of Goursat’s lemma for n R-algebras with
n > 2, [11, Corallary 4]). Let R be a commutative ring with identity. There is a bijective
correspondence between the subalgebra A of R-algebra A, X --- X A, and (3n — 2)-tuples

Ou(A) = (A1, A2, AQIN), 61, ..., A AL, ... on = 1), 6,1},

where A(i|l,...,i—1) and A; are subalgebras of A;, A(i|l,...,i—1)is a R-algebra ideal oni, and the
map
0;:0; » A JAG+ 11, ...,0)

is a R-algebra epimorphism. Here ©; is an algebra ideal of A; X --- X A; is defined recursively,
1 <i<n-1, by setting ® := A, and

01 1= ({0, Ai, AG + 1[1,...,0),6:})
is a subalgebra of Ay X - - - X A; with
((0;, A, AG + 11, .., 0),6:) = p; ' (85)

where g5, C ©; X (A1 JAG + 1|1, ..., 1)) which is the graph of §; and p; : ©; X A1 — O; X (A1 JAG +
111,...,10)) is the natural surjection.

Using Theorem 3.9, we can easily obtain the following Theorem.

Theorem 3.20. Let R be a commutative ring with identity. The subalgebra A of Ay X --- X A, can be
expressed as A = BX B, if and only if [ [,-,(A) = ker(d,_1) = B, A(n|1,...,n—1) = B, where ker(6,_1)
and A(n|l,...,n— 1) are algebraic ideals of [ ],-,(A) and A,, respectively, and the map:

Ot t [1,.1(A) > A JAMIL,...,n—1)

is a surjective homomorphism.
Following Theorem 3.20, and by induction, we have the following corollary.

Corollary 3.21. The subalgebra A of A| X - -- X A, can be expressed as A = By X --- X B, if and only
if [1,(A) = ker(6;) = By X --- ><_B,-, AG+ 11,...,1) = By, where ker(6,_1) and A(n|1,...,n—1) are
algebra ideals of [],-,(A) and A,, respectively, and the map:

6i : TTi(A) » A JAG + 111, D),

is a surjective homomorphism for 1 <i<n-—1.

As the statement for groups in [8, Section 4], we can give that the subalgebra A C A; X --- X A,
has the form A = B; X --- X B, if and only if ¢; is the trivial homomorphism for 1 <i < n — 1, where
8t T1,(A) » At JAG + 1]1,..., D).

Since rings are the special case of R-algebras, we can obtain the following results about rings
according to Theorems 3.14-3.16, and Theorem 3.20 and Corollary 3.21. The notations 7T} are similar
as A;j in Section 3.2.
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Corollary 3.22. Let T C Ry X Ry X R3 be a subring satisfying n(T) = R; for 1 <i < 3. Then
T ={(a,b,c) € Ry X Ry X R3|(a + T122,b + Ty, ¢ + T3p2) € T/(T120 X Tapa X T3p2)}.

Corollary 3.23. Let T C Ry XRyXRj3 be a subring satisfying n(T) = R;, and n; is injective for 1 <i < 3.

Let
fi2 : T2 = Tapp,av- b,(a,b,0) €T,
Ji3: T = T3p,a- ¢,(a,0,c) €T,
f3:Top1 = T31,b = ¢,(0,b,0) €T,
then

Julrionrn @ Tz N Tiar = Tan N Ty,

J2311y00T, © T212 N Toa1 = T312 N T3,

Juslripnryy @ Tz N Tiar = T310 N T3y,
are isomorphisms and fi3|r, 01, = f23110070 © fi2lr00710-
Corollary 3.24. Let T C R; X Ry X R; satisfying n;(T) = R; and n; is injective for 1 < i < 3. Suppose
TioNTpy =Tip for1 <i <3, then

Si2 : T /Tior = Toni/Taor, 11 + Tigy v 1o+ Ty, (11,12, 13) € T for some r3 € T3,
fo3 : To11/Toa = T311/T312, 12 + Taro = 13+ T340, (11,72, 13) € T for some ry € Ty,

fi3 i Tut/Tia = T311/T301, 11 + Thia = 13 + T3py, (11,12, 173) € T for some r; € T,
are isomorphisms and

T ={(r1,r2,13) € T111 X Tor1 X T311lfi2(r1 + Th21) = 12 + Thoy,

Jo3(ry + Tarp) = r3 + T, fi3(r1 + Thi2) = r3 + T30}

Corollary 3.25. The subring T of Ry X --- X R, can be expressed as T = T xT, if and only if
[1,-:(T) = ke_r(f,,_l) =T, Tll,...,n—1) =T, where ker(f,_1) and T(n|l,...,n— 1) are ideals of
[1,-:(T) and T, respectively, and the map:

Soot # Tlaci(T) » T/ T, ... on = 1)

is a surjective homomorphism.

Corollary 3.26 ( [14]). The subring T of Ry X --- X R, can be expressed as T = Ty X --- X T, if and
only if [[(T) = ker(ﬁ) =T\ xX---xXT, TG+ 11,...,i) = T;y1, where ker(f;) and T(i + 1|1,...,i) are
ideals of [ [,(T) and T ;;1, respectively, and the map:

fit TI(T) » Tit /TG + 1L, 0)
is a surjective homomorphism for 1 <i<n-1.

As the statement for groups in [8, Section 4], we can give that the subring 7 € R; X --- X R, has
the form 7 = Ty X --- X T, if and only if f; is the trivial homomorphism for 1 < i < n — 1, where

fi T1AT) » T /TG + 1U1,...,0).
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4. Conclusions

The symmetric version of Goursat’s lemma is useful to deal with the expressions of subgroups of
the direct product G; X G, of two groups G, G, (even for rings, R-modules, R-algebras). However, it is
most likely impossible to give the symmetric version of Goursat’s lemma for G; X---XG, (n > 3), even
for rings, R-modules, R-algebras. With the help of the additional hypothesis given by [8, Section 5], we
use additional conditions to obtain some related results for groups (also R-modules, R-algebras (rings
as corollary)). We subsequently use the asymmetric version of Goursat’s lemma to give the subproduct
of a R-submodule of M| X --- X M, (n > 3), and R-algebras (rings as corollary).
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