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Abstract: In this paper, we propose a new formulation of the artificial-viscosity penalty finite element
methods for solving the mathematical model of non-Newtonian blood flow, treating blood as a pseudo-
plastic fluid obeying the power-law Navier-Stokes equations. The proposed schemes are based on the
artificial-viscosity mixed finite element method in the spatial direction, combined with a backward-Euler
scheme and penalty-projection scheme for temporal discretization. It is rigorously derived the stability
and error estimates for the fully discrete schemes. Numerical examples are presented to validate the
theoretical ideas and to demonstrate the effectiveness of our proposed strategies. The comparison
shows that the artificial viscosity penalty-projection scheme demands less central processing unit time,
as well as a slightly higher-order precision. Finally, the penalty-projection finite element scheme is
successfully applied to study the influence of blood viscosity on hemodynamics in aortic aneurysms.
Moreover, numerical investigations for flow patterns based on patient-specific geometric models of
cerebral aneurysms through segmentation of magnetic resonance imaging have been performed. The
present study clearly illustrates the importance of taking the non-Newtonian properties of blood flow
within aneurysms into account when studying the risk of aneurysm rupture.

Keywords: power-law Navier-Stokes equations; artificial viscosity method; penalty-projection scheme;
finite element method; aneurysmal disease

1. Introduction

Aneurysmal disease involes vessel enlargement and, in some cases, rupture, such as a cerebral
aneurysm, which is an abnormal vascular dilation with a high risk of rupture. Aneurysmal ruptures can
cause life-threatening intracranial hemorrhages and even death. It is very hard to find the aneurysms
before they rupture because either there are no symptoms or the symptoms are non-specific and
can be linked to other, more common conditions. Therefore, mathematical models incorporating
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experimental observations can help us better understand the blood hemodynamics, arterial geometry and
biomechanics, and the vessel environment in the onset, evolution, and rupture of aneurysms. Moreover,
the computational fluid dynamic (CFD) model of blood flow plays an important role in the pathogenesis
and treatment of aneurysmal disease. In this way, a great deal of research work has been done on
arteries, treating blood as an incompressible Newtonian fluid; see [1-5] and the references cited therein.
Likewise, many existing modeling studies of aneurysmal disease are based on the Newtonian fluid
assumption [6-9]. The primary rationale for assuming Newtonian behavior is that the shear rates in
large arteries are sufficiently high, a condition under which blood viscosity becomes approximately
constant [10]. However, human blood is highly complex, as its viscosity depends on the shear rate.
Blood viscosity is shear-thinning because of the disaggregation of the rouleaux (stacks of red blood
cells) and the orientation of individual red blood cells. Experimental evidence has also shown that
blood, under certain conditions, behaves as a nonlinear viscoelastic fluid, resulting from the elastic
membranes of its constituents [11]. However, in steady-state flow conditions, especially when the
flow reverses direction or stops, there are periods of time and spatial regions where low shear rates are
encountered. Moreover, the blood flow may be affected by non-Newtonian behavior in pathologically
altered configurations such as aneurysms and stenoses, where red blood cells and platelets can aggregate
and thus change the bloods viscosity. Consequently, it is reasonable to infer that the non-Newtonian
flow behavior could become important and thus cannot be neglected.

Indeed, many of the computational studies found in the literature on blood rheology gives a strong
indication that, the non-Newtonian effects of blood flow cannot be neglected in a variety of geometries
(see [12—16]). Even though some researchers have already investigated the effect of blood viscosity on
the flow field inside the aneurysm by using different non-Newtonian models (for examples, see [16-21]
and the references therein), most of the existing studies use highly simplified geometries (a simple
curved tube or bifurcation), laminar flow only, steady-state flow only, or simplified turbulence models.
Furthermore, the mathematical foundation and numerical analysis of the proposed methods have not
been exhibited in these works. Nevertheless, the numerical algorithm and the corresponding theoretical
analysis of the resulting problem is particularly important. Hence, the main emphasis of the present
work is to highlight the numerical analysis of the proposed methods and to study the influence of blood
viscosity on the hemodynamics in aneurysms. Moreover, numerical studies of flow patterns based on
patient-specific geometric models of cerebral aneurysms through segmentation of medical images have
been performed, which could help vascular surgeons in selecting the best surgical procedure for a patient.

Recent advances in non-Newtonian hemodynamic simulations have significantly improved our
understanding of complex cardiovascular flows through innovative numerical approaches. Katz et
al. [22] pioneered the integration of non-Newtonian models with high-resolution turbulence simula-
tions, enabling accurate predictions of wall shear stress distributions in aortic coarctations and offering
critical insights into the mechanisms of post-surgical restenosis. Complementing this work, [23]
introduced physics-informed neural networks (PINNs) for real-time four-dimensional (4D) hemody-
namic modeling. By embedding non-Newtonian constitutive relations into deep learning frameworks,
their approach dramatically enhances computational efficiency, making it more suitable for clinical
applications. Meanwhile, [24] developed a multiscale finite element method (FEM)-based model that
integrates fluid-structure interaction (FSI) and microcirculation effects, allowing precise simulation
of atherosclerotic blood flow dynamics under physiological conditions. Collectively, these studies
represent a paradigm shift in hemodynamic modeling, transitioning from traditional CFD methods
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to data-driven and multiphysics approaches and bridging the gap between theoretical research and
clinical practice.

Although the power-law model is widely used to describe blood’s shear-thinning behavior in aneurys-
mal flows, it introduces three key numerical and physical challenges that our work addresses by
overcoming the limitations of existing methods. First, the power-law term exhibits severe nonlinearity
at low shear rates, where the viscosity component becomes highly sensitive to small velocity gradients,
often leading to numerical oscillations or divergence in a standard mixed FEM. Second, the tight
coupling between the incompressibility constraint and power-law viscosity results in an ill-conditioned
system for time-dependent pulsatile flows when traditional projection schemes are employed. Third,
the power-law model’s reduced solution regularity limits the accuracy of low-order FEMs or simplified
turbulence models in capturing sharp shear gradients at aneurysm necks. Existing approaches often
rely on simplified geometries [16] or omit convergence analyses [19], highlighting the need for a
method that balances stability, accuracy, and patient-specific applicability. These challenges motivate
our artificial viscosity penalty-projection finite element scheme, which mitigates oscillations, enforces
incompressibility, and ensures rigorous stability and error bounds.

In the present study, the generalized power-law model has been adopted to investigate the shear-thinning
behavior of blood flow in the diseased vessels. We consider the finite element approximation of non-
Newtonian blood flows governed by the following incompressible power-law Navier-Stokes equations:

plu,+ @ -Vul =V - (vo|Vu|>Vu) + Vp =f, x € Q,t> 0,
V-u=0, xeQ,t>0, (L.1)

ux,0) =uy, x € Q,

where Q is the flow region, a bounded domain in R with d = 2 or 3, and 0Q its regular boundary.
p > 0 is the density of blood and u = (u;(x),--- ,u(x)) is the velocity of a fluid particle located at
x=(x1,-,x9);V-u= Zf@u,- /0x; is the divergence of u; Vp is the gradient of the blood pressure; and
f represents the external body forces. The parameter vy > 0 is a constant and we assume 1 < r < 2,
which is obeys the power law for a pseudo-plastic. Noting that the choice r = 2 in (1.1) leads to the
Laplacian operator, the system is just the classical Navier-Stokes equations.

Up to the present, many researchers have proposed the mixed FEM for studying the steady-state
power-law Stokes flow, which lack the terms of time-derivatives and convective in (1.1), such as the
works of Barrett and Liu [25, 26], Baranger et al. [27], and Lefton and Wei [28], just to mention a
few. However, it should be mentioned that no numerical experiments are exhibited in these works.
In addition, a penalty finite element approximation of the stationary power-law Stokes problem was
established in a series of papers [29-31]. It should be noted that the governing equations in (1.1) are
highly nonlinear because of the nonlinear function of the shear rate and he convective term. Due to the
presence of severe nonlinearity combined with the pressure and the incompressibility condition, it is
clear that finding the analytical solution of (1.1) is extremely complicated. As far as is known, there is
very little research devoted to he numerical analysis of (1.1) in the literature; moreover, these are the first
results based on the artificial viscosity penalty finite element framework dealing with the non-stationary
power-law Navier-Stokes equations. The main ideas of this algorithm are given below. We analyze,
mathematically and numerically, an artificial viscosity penalty method for (1.1) to approximate the
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solution (u, p) with (u®, p®), which corresponds to the following penalty system:
pluf + E(us, u®)] — a(e)Au? — divQevoldw?®)|"2d(u®)) + Vp® = f,
divu® + ep® =0, (1.2)
u®(x,0) = uo,

where B(u,v) = (u - V)v + %(divu)v is the modified bilinear term and € > 0 is a small penalty parameter
and d(u) = %(Vu + Vu™) denotes the deformation rate tensor. The coefficient a(€) should be regarded as
artificial viscosity such that

0<a(e) < 1and lirré a(e) = 0. (1.3)

The introduction of the coercive term a(e)Au® in (1.2) provides the stability and smoothness of the
system. Note that the synergy between a(e)Au® and the penalty method is not merely a technical
convenience but is an essential coupling for robust non-Newtonian aneurysmal flow simulations. The
penalty method effectively manages incompressibility constraints, while the artificial viscosity sup-
presses the nonlinear instabilities inherent in shear-thinning models. Together, they enable rigorous
mathematical analysis and support clinically viable computations by balancing accuracy, efficiency, and
numerical robustness. The idea of adding the artificial viscosity originated from the vanishing viscosity
method, which has been used to study the existence and uniqueness of partial differential equations [32].
Noting that the “extra diffusion” added in (1.2) makes it easy to carry out the convergence analysis,
the numerical simulations of (1.2) might produce more smoothness and better results than solutions
obtained by (1.1). On the other hand, it should be observed that p® in (1.2) can be only eliminated
to obtain a penalty solution #®, which is much easier to solve than the original equations (1.1). The
reasons for adopting this approach are well known, namely that it brings computational efficiency and
simplification to the problem. The reader can check in many references [33—38] to see the power of the
penalty method. Howevwr, the natural question arising from the penalty system is the following: Can
the solution (#?, p®) of (1.2) converge to the solution (u, p) of (1.1) as ¢ tends to zero? We claim that
this 1s indeed the case and, just to be clear, as far as the authors are aware, it is the first time that such a
technique is used in this context.

The main advantages of our proposed schemes are that: (i) overcome the difficulties caused by
the incompressibility constraint divu = 0, (ii) it saves central processing unit (CPU) time effectively
and has a relatively higher-order precision, and (iii) it guarantees the stability and smoothness of the
nonlinear system, easily allowing the consideration of convergence analysis. Unfortunately, to the
authors’ knowledge, rigorous theoretical justifications for these schemes are not yet available. Therefore,
our second task is to provide precise convergence error estimates for the fully discrete forms. The third
contribution of this work is to study the flow patterns based on patient-specific geometric models of
cerebral aneurysms through segmentation of medical images.

The rest of the paper is organized as follows. In the next section, we recall or prove some notations,
present the preliminary results, and introduce the penalized weak formulation. In Section 3, we propose
the fully discrete finite element schemes for solving the power-law Navier-Stokes equations. Section 4
we mainly focus on the stability analysis and error estimates for our proposed schemes. In Section 5,
numerical examples are performed to confirm the effectiveness of the proposed schemes, and to study
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the influence of blood viscosity on hemodynamics in aneurysms. Section 6 is devoted to concluding
remarks and a discussion of the ongoing applications.

2. Notations and mathematical preliminaries

We first introduce some notations. For 1 < r < oo, we denote by the Lebesgue space as the usual
L’(Q) endowed with the norm || - ||+ (except for the L*(Q)-norm, which is denoted || - ||). For any
non-negative integer m and real number r > 1, the classical Sobolev space W™ (Q) is defined by

W (Q) ={¥Yve L (Q),0% e L'(Q) for all |a| < m},

is equipped with the semi-norm
s = (Y, [ iororan™ .
lal=m Q

and the norm
My = O 101 )" (2.2)
=0

When r = 2, W™(Q) is the Hilbert space H™(Q), for m = 0, the space W™(Q) is usually Lebesgue
space L*(Q). W, (€2) consists of the functions of W™(Q) that vanish on dQ. Let W (Q) be the
topological dual space of W' (Q), and || - |-~ 1s its norm, where 7’ is the conjugate of r satisfying
1/r+1/r =1, ie., ' = r/(r=1). (-, -) denotes the duality pairing between W (Q) and W"" (Q) as well
as between L' (Q) and L” (Q). The boldface characters W™ (Q) := [W™"(Q)]¢ and L' (Q) := [L"(Q)]¢
denote the vector quantities. During the course of this study, the following Poincaré-Fredrichs’s
inequality is needed, which implies that a constant ¢ > 0 exist such that

f v|"dx < cf |Vv|"dx for all v € W (Q), (2.3)
Q Q

which implies that the semi-norm defined in (2.1) is equivalent to the norm (2.2). Also of importance
here is Korn’s inequality, which statesna constant ¢ > 0 exists such that

f |Vy|'dx < cf [d(v)|"dx for all v € W™ (Q). 2.4)
Q Q

For convenience, let us introduce the following space to deal with the pressure:

Ly(Q) :={qge L'(QY): fg;qu = 0},

where the zero mean-value condition is added because the pressure is only defined by (1.1). In addition,
since divu is an element of L'(Q), it follows that the trial function ¢ must be in L” (Q), and then the
pressure must belong to L (Q). Moreover, the shear tensor term in (1.1) implies that the velocity u and
the test function v must belong to W""(Q). Thus, we introduce the following spaces:

X =W (QNLXQ), Q:=Lj(Q),
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and the two spaces frequently used in the theory of generalized Navier-Stokes equations are given by
Vi={veX:diw=0}, M:= Ly Q) N L),

where M is associated with the penalized system, and one observes that the pressure p and the trial
function ¢ must be in M because of (1.2).

We now define and introduce some operators associated with the power-law Navier-Stokes equations
and their approximations

Bu,v) =@ -V, §(u,v) = -Vy+ %(divu)v, bu,v,w) = (B(u,v),w),
b(u,v,w) = (B,v),w), (A),v) = (d@) " d(w),d(»)).
It is an easy to verify that
bu,v,w) = —-bu,w,v), b(u,v,v) =0.
Therefore, one can readily check that
b(u,v,w) = %{b(u,v,w) —b(u,w,v)},
and
b(u,v,w) = —b(u,w,v), bu,v,v) = 0. (2.5)

Moreover, with the help of integration by parts, Holder’s inequality, and Sobolev inequalities, the
following results can be proved, which will be used repeatedly in the sequel [36].

|b(u, v, w)|
~ < cllu y wl|li2, Yu,v,w € X, 2.6
{ Bl vy <l alwl (2.6)
and
clleelli 21vll22lwll,
- cllu y wl|,

cllell2lmllliwlli 2,
cllelliviiz2liwlli 2,

where c is a general positive constant depending only on Q.

With the notations above, the mixed weak formulation of the power-law Navier-Stokes equations
(1.1) and the penalized system (1.2) are defined, respectively, as follows. Find (u, p) € (X, Q) such that
for all (v, q) € (X, Q), we have

{ o(u;,v) + pb(u,u,v) + 2vo{Am),v) — (divv, p) = (f,v),
(2.8)

(divu, q) = 0,
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and find (u?, p®) € (X, M) such that for all (v, g) € (X, M):

{ pu?,v) + pg(ug, u®,v) + a(e)(Vu®, Vv) + 2vo{AW®), v) — (divy, p®) = (f,v),
2.9

(divu?®, q) + e(p®,q) =0,

with the initial conditions u(0) = u, and u®(0) = u,, respectively. By eliminating the pressure p,, we
can get the equivalence formulation of (2.9), which reads as follows: Find u® € V such that

€

p(%, V) + pb(®, u®,v) + a(€)(Vut, Vv) + 2vo(AW®), v) + é(divus, divv) = (f,v). (2.10)

We next state some classical results that will be used to performing the error estimates throughout
this work.

Lemma 2.1. (See [26,30]) For all r € (1,2] and u,v € X, are two constants n = n(r,d) > 0 and
B = B(r,d) > 0 such that

(Aw) — AW),u —v) > nllu - VII%J(IIth,r + vl
and
| A@) — AW)l|-1,» < Bllu — vl

Lemma 2.2. (See [32]) Suppose r € (1,0) and Q ¢ R? with d > 1. Then W"(Q) c L*(Q) is
compact for (2d/(d + 2), o). Moreover, for every r € [2d/(d + 2), 00), the following holds:

Kl < [l

for all v € X and « > 0 is a generic constant depending on €,d, and r.
Lemma 2.3. For any r € (1, 00) and Q c R? that is a bounded domain. Then, there exists a constant
v > 0 such that

divy,
O<y£infsup—( 9 )
q€0 yex ”q”O,r/”v”l,r

noting that the above inequality is known as the Ladyzhenskaya-Babuska-Brezzi (LBB) condition [29].
Lemma 2.4. (Gronwall’s lemma, see [36] ) Let y(¢), h(t), g(¢), f() be non-negative functions satisfying

y(t) + f h(s)ds < y(0) + f [g(s)y(s) + f($)lds, VO<t<T.
0 0
We then have

! T t
() + f h(s)ds < exp( f g($)ds)[y(0) + f f(s)ds].
0 0 0

Lemma 2.5. (Discrete Gronwall’s lemma, see [36,39] ) Let a,, b,, d,, h, be a non-negative series
such that

ay, + Ati b, < Atidnan + Atihn + M,
n=0 n=0 n=0
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forall m > 1 and M > 0. Assume that Aztd, < 1 for all n > 0, in which case
ap + ALY by < exp(Ar Y (1 = Atd,) ™ d,)(AL )" hy + M).
n=0 n=0 n=1

Throughout this paper, we need a further assumption on € and the prescribed data for the given
problem (1.1).

(A1). (see [39,40]) If we assume that Q is smooth and g € L"(€), then there is a unique weak
solution (v, g) € (X, Q) to the following steady Stokes system:

—Av+Vg=g, divwv=0inQ, v = 0 on 0Q.
Moreover, there is a constant ¢ > 0 depending on € such that
Wil + llglh,r < cllgller, 1 <r<d,

where 2 < d* < 6.
(A2). (Data regularity). We assume that the generalized Navier-Stokes system (1.1) admits a unique
solution (u, p). Moreover, assume the regularity on the data satisfying

||u||Loo(17wk+l,2(Q)) + ||ut||L2(1;Wk+l,r(Q)) + ||un||L2(1’L2(Q)) + ||u||L2(l’Wk+l,r(Q))
+ “p”L"O(l;kaZ(Q)) + ||pt||L2(I;Wk~’(Q)) + ”ptt”Lz(l;W’”(Q)) + ||P||L2(1;kar(g)) <K,

withI = (0,7),1 <r<oo,andk =0,1,---,n, where K > 0 is a constant. The initial values u, and the
body force f are often assumed to satisfy

eeoll2 + WFOlz=:rr @y + WOl @) + WaOllzgr @) < Ko-

Next, we study the existence and uniqueness of solution to the associated penalized system. Indeed,
we can rewrite the penalized formulation (1.2) as an inhomogeneous elliptic system in a divergence

form as follows:
—a(€)Au? — divQvyldw?)| 2 du?)) + Vp® =g,

divu® + gp® = 01in Q, (2.11)

u® = 0 on 0Q,

where we should write g = f — p[u? + (u® - V)u®] in (1.2). The mixed weak formulation of (2.11) ia as
follows: Find (#?, p®) € X X M such that

a(e)(Vu®,Vv) + 2vo(AW?®),v) — (p®,divw) = (g,v), Vv € X,

(2.12)
(divu®,q) + e(p®,q) =0, ¥V g € M.
Following what we did earlier, we need to find #® € V such that
1
a(e)(Vu®, Vv) + 2vo{AW®), v) + —(divu®, divy) = (g,v), (2.13)
£
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for V v € V. It turns out that (2.13) can be restated as a minimization problem; to be more precise, we
define the functional J, : V — R given by

a(e)
2

2V()

Je(W) = IVwl|? +

7

1
ldow)Il;, + 2—8||divw||2 —(g,w), Y'weV. (2.14)

For V t € [0,1] and u,v € V, it is a straightforward calculation to check that J, is Gateaux differentiable
on V, that is

ummw:ggikw+m
= ltl_l%l L[a(e)V(u +tv) - Vv + 2vpld(u + tv)lr_zd(u + ) -d(v)
+ édiv(u + ) - divw — g - v]dx
= ‘[Q[a(e)Vu -Vy + 2v0|d(u)|’_2d(u) -d(v) + é(divu) - (divw) — g - v]dx
= (Ne(u),v) — (g,v), (2.15)

where (N.(u),v) = a(e)(Vu, Vv) + 2vo{Au), v) + é(divu, divv). One readily observes that the solution
of the variational formulation (2.12) is equivalent to the following optimization problem

Find u € V such that
(2.16)

J.(u) < J.(v)forallv e V.,

Firstly, observing that |(g, v)| < |lgllo.~I[V|lo. < cillgllo.-V]l1.; together with (2.4), we have

ale) 2c¢ 1y, . 1 .
Jo) = —=(IVvIl* + OIIVVIIOJ + —Ildivvll* = ciligllo.- IVl
2 2e
It is easy to check that
I ||lim To) = oo,
V[|1,r—00

which implies that J.(-) is coercive on V.
Secondly, by Lemma 2.1 and (2.15), we have

(Jo(w) = J.(v),u —v)
= (N;(m) = N:(v),u —v)

=ale)(Vu —v),Vu —v)) + 2vo{Am) — AW),u —v) + i—:(div(u —v),div(u —v))

1 .
> (@(e) + divi = »)IF + 2vondlul, + W) IV @ =G,

> C(ldiv(u =) + V(@ = »i5,),

which implies that J,.(-) is strictly convex. The existence and uniqueness of the solution to the optimiza-
tion problem (2.16) easily follows. Consequently, the problem (2.12) has a unique weak solution. Since
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the existence of p? is simple to check, we are now in the position to prove the uniqueness of p®. We
know that & is unique, we assume that (u®, p?) and (u®, p5) are two solutions satisfying (2.12), in which
case we have

e(p} - p5,divw) = 0. (2.17)

By picking g = p7 — p5 in the inf-sup condition, one obtains

(divv, p7 — p5)
sup ———

2 Yllpt = Pallo.- (2.18)
vew(l)>'(g) ||V|| 1,r

Thus, (2.17) and (2.18) imply that y|[p{ — p5llo,» < 0, which leads to the uniqueness of p®. Therefore,
we have proved that there is a unique solution (#?, p®) to the mixed weak formulation of the steady
penalized problem (2.12).

Finally, under some suitable conditions associated with g as similarly shown in (A2), we can obtain
the existence and uniqueness of solution to the penalized system (1.2).

3. Artificial viscosity penalty finite element method

In this section, we consider the fully discrete finite element approximation of (1.1) based on the
penalized system (1.2). The main purpose for introducing the artificial viscosity penalized system (1.2)
is to alleviate some difficulties related to the numerical solution of (1.1). Before going to the numerical
investigations, we start by proving the strong convergence of (u°, p®) to (u,p) ase& — 0 and € — 0,
which is essential for the rest of the paper. To simplify the presentation, we need more regularity results
on the solution of the penalized system (1.2) as shown in Hypothesis (A1) and (A2).

Theorem 3.1. Let the assumptions (A1) and (A2) be valid. Let (u, p) solve (1.1) and (u®, p®) solve
(1.2). We then have

t
pllu — ul* + f {(elIV@ — ud)I* + vollu — u’ll;, + &llp — p°IP}ds < C(e + a(e)),
0

where C > 0 is some constant that is independent of &.
Proof. Let the penalty errors be e = u — u® and ¢ = p — p®, then by subtracting (2.8) from (2.9),
we obtain

p(e;,v) + plb(u,u,v) — Z(ug, u®,v)] — a(e)(Vu?®,Vv)
+ 2vo(Au) — A?®),v) — (divy, ¢) = 0, (3.1

(dive, g) + &(¢, q) = &(p. q).
Setting v = e and ¢ = ¢ in (3.1), and putting together the results, we get

d
gEIIeIIZ + 2vo(Am) — AW®), e) + llgll* + a(e)||Vell*
=é&(p,¢) + a(e)(Vu,Ve) — plb(u,u,e) — Z(us, ut,e)l. (3.2)

According to Lemma 2.1 and (A2), we have

5 A
2vo(Aw) — Aw®), e) = 2vonllelly, (laellr - + Il )~ = gllellf,,, (3.3)
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where we choose Ay = 2"vonK"2 > 0. Making use of Young’s inequality, we obtain

£(p.§) < gnpnz + §||¢||2, (3.4)

and

a(e)(Vu,Ve) < a(e )||Ve|| + a(e)||Vul*. (3.5)

Through application of the properties of the form » and Young’s inequality, we have

lb(u,u,e) — b, u’,e)| = |b(u,u — u®,e) + b(u — u’,u’, e)|
< c||Vell(|Aul| + | Au?])]lell

a(e) C 5
< —||Vel* + 2a(e)llell . (3.6)

Combining the estimates (3.2)—(3.6) with (3.1) yields

/\

d 1
a,—llell2 + =[a(e)IVell* + vollell , + llpl*]
t p

I cf 2a(e)
< =lipl* + =llel* + —=[IVul*. (3.7)
Y Y Y

Integrating the inequality (3.7) from O to ¢, since e(0) = 0, we obtain

1 t
le)I + ~ f{a(e)llVe(S)ll +volle(), + ellp()I}ds

<—f IIP(S)IIZdS+—fIIe(S)IlzdS+ ()f IVa(s)|Pds.

Using Lemma 2.4 and assumptions (A1) and (A2), provided that p is contained in L*(/; L*(€2)) and u in
L2(I; W12(Q))), we deduce the following result:

l t
e — u®|* + 5 f {(elIV@ — ud)I + vollu — w’ll;, + &llp — p°IP}ds < C(e + a(e)).
0

Remark 3.1. Note that the convergence order with respect to & for the pressure term in Theorem 3.1
is not optimal, but we can prove that the convergence order of p is equal to 1/2 about &. Due to the page
limit, we omit the proof here, but the interested readers can refer to [36,37].

We now discretize the penalized system (1.2) instead of the original problem (1.1). Let 7 be a
family of triangulations of Q and let 7, be a refinement of 7. We assume that X, c X and Q, Cc Q
are two conforming finite element spaces defined on a fine mesh 77,. Let hx denote the diameter of a
cell K € 7. The mesh size h € (0, 1) denotes the maximum diameter of all cells K on 7. We also
introduce a coarse or large-scale space M), defined on a regular mesh 77, with the maximum element
diameter H. The choice of M,, which we will use, is defined on the same grids as (X},, Q;), but use the
lower degree polynomials.

We state some useful approximation results [41]. For any integers n,m > 1 and r € [1, c0), the
following inequalities hold.
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(B1) Let I1, : X — X}, be a linear operator, such that fork =0,1,--- ,n
v = Twllo, + Aly = Twlly,y < CH Wl Y9 € W' (Q) 0 WH(Q), (3.8)
and we also assume that
(u —ILu,v) =0, Vv € X, 3.9
(B2) Let g, : L'(©2) — Q,, be a linear operator, such that for k =0, 1,--- ,m
llg = onglir < Ch¥ligllr, Yg € WE(Q). (3.10)

where C is a positive constant that is independent of /.
(B3) The spaces X, and Q), satisfy the discrete LBB inf-sup condition. There is a constant y > 0
independent of / such that

) divy
0 <y < inf sup M
9n€0h y,eX,), lgnllo,~ vl -

(3.11)

(B4) For Vv, € X, the inverse inequality holds
Vvl < ch™'[will, (3.12)

where ¢ > 0 is a constant that does not depend on 4.
(B5) Let the projection Py : L*(©) — M, be defined by

W = Puy,¢n) = 0, You € M,. (3.13)
Then, the approximation on coarse mesh space M, is given by
I = Pl < CH Wl 20 Vb € WEH2(Q), (3.14)

where C > 0 is a constant that is independent of H.

Let N € N be a positive integer and define the uniform mesh size T = T/N with t, = nt for
n=0,1,---,N. We then look for an approximation to (u(z), p(?)) at each time level ", and let (u}, p})
denote the corresponding finite dimensional functions. To start with, a simple and common fully discrete
FEM is used to solve (1.1) directly.

Algorithm 3.1. Find (u}, p}) € X;, X Q) such that for all (v, g;) € X}, X Oy, we have

un_unfl .
{ (===, v) + pbuy, uy, vi) + 2vo{Auy), vi) — (., divey) = (f1"), va), (3.15)

(divuy, gp) = 0.

We notice that the prior estimate of this scheme is hard to obtain directly, and the proofs of stability and
convergence are also difficult because of the strong nonlinearity and the viscosity loses regularity close
to shocks and sharp discontinuities. Therefore, the numerical analysis of the scheme (3.15) will not be
addressed in this paper.
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Next, we consider the time discretization of (1.1) based on the penalized system (1.2). The backward
Euler scheme and penalty projection scheme are proposed for the temporal approximation. Then the
fully discrete versions of (1.2) are given as follows.

Algorithm 3.2. Find (uh ,ph ,S%) € X, X O X My such that for all (v, gp, du) € Xi X Op X My,
then following hold:

ut" &n—1

S vy + pbE" U V) + 2vo A", vi) — (", divey)

+ (VU + ST, Vvy) = ("), i), (3.16)

(S" = Vu" " py) =0

(divu;”, qi) + &(p;". qn) = 0

where the user-selected artificial viscosity parameter a(€) is proposed as the O(h?) constant. From
the last two equations in (3.16), one can write S, = PHVu‘Z’”_1 and p;" = —idivui’”, and then the
equivalence formulation of (3.16) can also be rewritten as

en gn—1
u, —-u, —
p(— Vi) + pb@" us" vy + 2volAWE™), vy + (d1vu ,divy,)
+ @(V Sy, + Q(PHV =n=1 Wy, = (), vp). (3.17)
Algorithm 3.3. Assume that u}" = NEO = uy. Find (u;", p;", S%,) € Xj, X Qi X My such that for all

Vs Gns 1) € X5 X Qp X My, then followmg hold:
e Penalization.

(i ) + P, T, vy) + 2vo(A@E™), vi) — (B, divw),)
+ (Ve vn) + S2(Va" + ST, V) = (1), v),
¢ h H h (f h (318)
(S =" du) =
(divftZ’", qn) + (B, qn) = 0
Given (@;", p;"), find (u;", p;”") such that
e Projection.
p( u, vh) +5(V(¢Zn _¢Zn 1) vh) —
(3.19)
(divu;™, gp) =
In addition, the discrete pressure p}” can be computed via
Pt =By 4"+ 0" = 6", (3.20)

where 6 > 1 can be any constant.
Remark 3.2. Both the pressure correction projection method and classical projection schemes (e.g.,
Chorin Temam) use a fractional-step strategy to solve incompressible flow problems. While classical

Electronic Research Archive Volume 33, Issue 11, 6885-6921.



6898

methods decompose the solution into simpler substeps, they often suffer from numerical artifacts such
as spurious boundary layers and challenges in enforcing pressure boundary conditions. The pressure-
correction projection method preserves this stepwise framework but introduces a key innovation: An
iterative pressure correction term. This enhancement not only improves the temporal accuracy but also
enhances numerical stability, effectively overcoming the limitations of classical approaches. Therefore,
it can be regarded as a refined extension of traditional projection methods.

In the next section, we focus on the numerical analysis of the fully discrete scheme (3.16) and penalty
projection scheme (3.18)—(3.20) for the penalized system (1.2).

4. Stability analysis and error estimates

In this section, let us concentrate our attention on the stability and convergence analysis of
Algorithms 3.2 and 3.3 presented in the previous section. Under some suitable assumptions on the data,
we are now in a position to state the main results.

4.1. Numerical analysis of Algorithm 3.2

Theorem 4.1. Assume that (A1) and (A2) hold. Then, the solution (u;", p;"") to the fully discrete
formulation (3.16) is unconditionally stable. More precisely, we have

N
em Q(G)T em2 en 5n 1 4V0 r
ma (| ==V )+ D g -+ = an( "My,

1<m<N
n=1

+—Z||chvu "IP < CQlu "I + I1Va ") +Zuf<t P, @.1)

2
‘”Zup "I < COlu”) + 11Va | +Zmr P, 42)

where C > 0 is a generic constant.
Proof. To start the proof, we set v, = u;" in (3.16), and g, = diva;" in (3.16)3, adding the results,
and vanishing the skew-symmetric trilinear term to obtain

oy vl + v P + O e
= . ue - s, V. 3)
Using the algebraic identity
2(a-b)a=a*-b*+(a-b)> (4.4)

for the first term on the left-hand side of (4.3), we obtain
P gny2 gn—1,12 P en en—112 ENNT 1 : enp2
2_T(||uh I” = llee,™ " 1I7) + ;Iluh =, 7+ 2volld(u, g, + glldlvuh [
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a(e) () us).

—IIV NP = (), u — 8wV (4.5)

The application of the Cauchy-Schwarz inequality and Young’s inequality on the right-hand terms of
Eq (4.5) gives

en— &,n sn r 1
—(Ilu "7 = Ny 1||)+£|Iu’ P+ 2volld ™Iy, + IIdlvu "II?

qu P _lef(t")ll s + QHSHH qu "1, 4.6)

Noting that by choosing ¢y = S7% in (3.16),, using the Cauchy-Schwarz inequality and Young’s
inequality, we have

E,n— n E,n— n 1 E,n— l n
ISHIP = (Va" ™', S5 < IVa" IS 31l < EIIVuh’ 1P+ EIISHIIZ-
Therefore, one obtains
ISHIP < Ve |I%. 4.7)

We then arrive at the following result by inserting (4.7) into the inequality (4.6):

1 4vot 2T )
12+l — ™ P+ —IId( Dllo.- + ||d1vu gl

1
lee}, "I — lleey, "

&(uv IR = Va1 = SR + S ||2. 4.8)

Summing of (4.8) for n from 1 tom,m=1,2,--- , N, we get

m m
)2 : n-112 CY(E)T 2 V07' :
[l +Z||u;"—u;" P+ ———(IVus" P + an(uz")ng,,

+—Z||dwu P < ) + () ——IVu I + = Zuf(mn = Znu

Taking the maximum of the inequality above over 1 < m < N, by virtue of the discrete Gronwall lemma
and dropping a non-negative term, we obtain the desired bound (4.1).

Next, choosing ¢, = p}” in (3.16)3, combined with the Cauchy-Schwarz inequality and Young’s
inequality, leads to

1 £
2 - enp2 2
ellpy"II” = =(diva;”, pi™) < —zgllleuf’,"ll + Ellpf,"ll :

Therefore, we find that
ellp"I < —IIdlvu " 4.9)

Summing (4.9) through n from 1 to N, a direct consequence of (4.2) follows (4.1). This completes
the proof.
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Theorem 4.2. Assume that (A1) and (A2) hold. Let (u®, p®) be the solution of (2.9) and let (u;" P ph ™)
be the solution of (3.16). Then, there is a generic constant C > 0, which is independent of 4 and &,
such that

ale)T N

DIV - uph|?
n=1

max |lué@™) — u®™ 2
max lut(r") - u,™]|

N
V T T . s en
= Z (@) = w1, + 2 D v ) - I
n=1
<C(*+ h2<k+1> + B L B2y a(e)h® + a(e)H?), (4.10)

and

ET u

7 2P @) = PP < C@ + e + D 4 b+ e + a()H™). (4.11)
P n=1

Proof. Assume e" = u®(t") — uZ’". Subtracting (3.17) from (2.10) at ¢ = ¢* with v = v;,, we obtain the
following error equation:

e"—e"! T (4 grm T &0 &N ()
P(f,vh) +plb™(1"), u”(1"), vy) — b(w,”, uw,”, vy)} + —(V » Vv)

1
+ 2vp( AW (1")) — Aw;™), vy) + —(dive", divyy)

ate )(V (") - PpVu;"™', Vvy) = p(R" @), v), (4.12)

where we can formulate the truncation error term as the integral residual of the Taylor series as follows:

e\ _ yE(n—1 1 2..&
ut(t") — us(t )—%ug(t"):l (t”—t)au

T m-1 (92‘2

Rn(ué‘) -

dt. (4.13)

We decompose the velocity error in the usual way
= @*(1") - ILus(t") + ALu (") —u;") = 5" + &, (4.14)

where I[1,u® denotes the finite element interpolation of #® in X,,. Applying the error decomposition and
taking v, = &, by adding and subtracting A(II,u*(¢")), we get

ale)

ﬁ<||§"||2—||§"-1||2>+ﬁnfz— P+ SV

—||d1V§ P + 2vod A (") — A", €,

_ nn ’]n 1
= —p(f ) —p b(u ), u*("), &) — b(”h AN )
- @(Vn VEN — 2vp{ AW (1")) — ATLuc(t")), £
- —(dlvn divgy) — Q(V (") - PyVu" VED + p(R' W), £}). (4.15)
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The application of Lemma 2.1 and (A2) yields

2vo( AMLu® (1)) = Awy™), € = 2vonllE4I AL @Ol + "l )2
> g, (4.16)

where we use the fact that |[|[IT,u®(")||;, < Cllu®(f")||;, and set 1y = 2von(CK + K)"~2. Moreover, by
virtue of Lemma 2.1, (3.8), and Young’s inequality, it turns out that
=2vo( AW (1") = AL ("), &) < 2voll AW (") = AALuE @)1 11E,111.-
< 2voBllu” (") — W (I €

< C(lle® (Ml RV + Ellf’/illir- (4.17)

After using the Cauchy-Schwarz inequality, the fundamental theorem of calculus, Poincaré-Friedrichs
inequality, Young’s inequality, and (3.8), we get

no_ aan—1 n
L k. SpPPIL ik TP
T
6 (1) a/(e)
= ||"—||2dz+ 5 IvEr
T tnl
Ch2k+D) ou® a(e)
< f 155 1 2dt + S IVEGIP: (4.18)
T ln—l 4

By adding and subtracting terms for the convective terms, and applying the properties (2.5), we rearrange
the nonlinear terms as follows:

— plb@e ("), ut ("), £)) — bs",ut", £1))
= —p{b(@® ("), u*(1"), £)) — bALu® ("), Ius ("), £1)
+ DAL (), TLus ("), £)) — b, ut", 1))

= —pb@*("), 0", €}) — pb(", TLus("), £) — pb(£}, us", £)). (4.19)

We proceed to bound the convective terms by making use of the properties of » and Young’s inequality,
which leads to

—pb@*(?"), ", €}) < pclVus (V" IIIVE]
By n CZ(G) n
< ClIVus(@IPIVY'| + T”thllz

a(e
< C(llu® ()l 20 110 (@ Wlar DR + %HW’?ZHQ (4.20)

and

—ob(p", TLu® (1), €) < pel T @)1V IIVE
. o ale)
< Cllu® (@)L IVy"IIP + Enmuz
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< C( ()10 1 (Yl D + %uvgznz,
and
—pb(& us", €D < pellVEIu" 2l
< Cll "B e + S e

Thanks again to the Cauchy-Schwarz inequality, Young’s inequality, and (3.8), we arrive at

a(e)

~CE 0, € < @IV IINE < CA ()l ™ + “(E)

”V§h|l2

and

1 1 n s n 1 n : n En 1 s n
- (divyy", divgy) < Z[[Varlildivell < C(llu(2 i1 2)h* + 2—8||d1th||2,

4.21)

(4.22)

(4.23)

(4.24)

where we use the div-grad relation ||divv|| < ||[Vy|| for all v € X. Next, we make an attempt to bound
the coarse mesh projection term. By adding and subtracting P, Vu®(t*"!) and Vu®(#""!) to and from
the coarse mesh projection term, making use of the error decomposition, Cauchy-Schwarz inequality,

Young’s inequality, inverse estimation, and (3.12)—(3.14) and (3.8), one obtains

“(G)W (") — PyVut"" VED)

_ “(E)(PHV"1+(1 Pi)Vu(¢"™) + (Vu'(") - Vu(t'™), V&)

< Ca(E)(IIPHV'I" NP2+ 1PuVEIP) + Cale)lld = Py)Vus (" HI

+ CalOIVu (") - Vur (P + @nveznz

< C(lluf (@ Mllks1 2) (@) + () H*) + Ct

+ Caton g + “(E)quhn

(4.25)

where we use the fact that ||Pyv|| < |[v||. Finally, we bound the local truncation error term as follows.

Using the Cauchy-Schwarz inequality, Young’s inequality, and Holder’s inequality, we obtain

2 &

(R"(u)fh—( nl(t_t) >-dt, &)

o 2 us
<= (t —t) dtllllé"hll
T tnl
pT 32u 2 n|2
dt + .
<t | 15l T||§,,||

Collecting all estimates (4.16)—(4.26) and rearranging the terms in (4.15), we get

a/(e)T

2 12 -2 AT 2 T 2
IR = 1€ 1P + 1165 — €57 1P + —=—IIV&IIP + ||§Z||1,r+p—8||le§Z|l

(4.26)
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< CR*D + Co(B Y + B + a(e)h™ + a(e)H™) + C(1* + 1°)
+ CUIEN? + a(eh™2lIEP). 4.27)
Noting the choice of a(e) = O(h?), summing (4.27) from 1 tom, m = 1,2,--- , N, applying the discrete

Gronwall lemma, taking the maximum of the result from 1 to V, and dropping some non-negative terms
leads to

N N N
ale)T ,  AoT ) T ) 5
max [I€]]1* + IVEI + — ) &N, +— ) ldivEll
1<m<N ' H 20 ; h 0 HZ:; e ™ ; h
< C(T? + KD 4 2D 26 4 o(e)h® + a(e) H). (4.28)

Thus, the required bound (4.10) can be proved by applying the triangle inequality to the error decomposition.
For the pressure term, subtracting (3.16); from (2.9), with ¢ = g, at t = ¢, yields

(div@®(?") —u;™), gn) + e(p°(t") — p;", q1) = 0. (4.29)

Letting p*(t") — p;" = (p°(t") — onp®(t") + (0hp°(t") — ;") := ¢" + ¥}, and setting g;, = ¢/ in (4.29),
one obtains

el = —(div@ (") — u;"), y) — e(@", ¥).
Using the Cauchy-Schwarz inequality, Young’s inequality, and (3.10), we have
ellyhll® < | = (div@® (") — u; "), yil + | = e, Y

: g en € n & n
< —ldiv@® (") — up "I + é—llltﬁhll2 + elle"II? + é—llltﬁhll2

—_— | =

: E 4N en & n & n
< —|ldiv@* (") — u; "I + Elllﬂhll2 + C(llp*(ll2)eh™,

M

and hence
et T 3 Er4n &n
S AP < —Iidiva (") - up"IP + Ceh™, (4.30)
P pe

By summing (4.30) through n from 1 to N, with the help of (4.10), and by applying the triangle inequality
to the error decomposition, we prove (4.11).

Corollary 4.1. Assume that (A1) and (A2) hold. Let (u, p) be the solution of (2.8) and let (u;", p;")
be the solution of (3.16). Let the coarse mesh size H = O( Vh) and the artificial viscosity parameter be
a(e) = O(h?*). We then have

max [lu(") = wp"|? < O + h*070 + &), (4.31)
and
eT &2 2, p2k(—1) 2k
55 2P0 = p"IF < CG + h +eh™ + ). (4.32)
P n=1

Proof. The combination of Theorems 3.1 and 4.2 immediately yields Corollary 4.1. We omit the
proofs here.
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4.2. Numerical analysis of Algorithm 2.2

Theorem 4.3. Assume that (A1) and (A2) hold. Then, the solution (u;", p;"") to the fully discrete
formulation (3.18)—(3.20) is unconditionally stable. More precisely, we have

2 ( ) ~ ~&n sn 1
max (Il + — =V, | +—||V¢ "Iy +Z||
§-1+
&n ~an 2 ~ ~ 2
+2—6;nuh PP+ an( "My, + anwu gl
< C(llup I+ 11Vu, I + 19°1 + Z IFEIP), (4.33)
n=1
2eT al
anz"n < C(llf 1P + Va1 + IV + D IFEIP), (4.34)
n=1

where C > 0 is a generic constant.
Proof. We first set v, = @t;" and g, = divii;” in (3.18), putting together the results and using the
orthogonal property of b to get

~&n en—1

uh h ~sn ~en g,n—1 ~sn
p(—T ) + 2volld (@, "), + ||011V 1P+ (Ve
a\ € ~en al€ n ~EN ~E,Nn
+ ywagne + W sy varn = . i,

Thanks to the algebraic identity (4.4), we have

P ~e, 1 . n-1112 e, -
E(H"Z"ll — [l )+ || ;" — w1+ 2volld(@; ), + ||le o

a(e) CY(E)

+ (V¢8n 1, ~&.n ”V~sn” — (f( n) ~sn (Sn’ ~sn ) (435)

On the other hand, we derive from (3.19), that
W;", V) = 0. (4.36)
On the basis of (4.4) and (4.36), we set v;, = 57 in (3.19), and obtain

e )<|| P

1P+ Nl — ;") = (4.37)
Moreover, we can derive
65" 11> = Ny + llee” — ;"1 (4.38)
Taking v;, = a(”h +@;") in (3.19); and by (4.36), we have
(V" - V¢Z,n—l’ i) = —(Vg" — V¢Z,n—l’ U+ i)
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,0 En ~&n en ~&n
:E(uh —u,,u, ")

= £ Q1P = 1P, (4.39)

Setting v;, = —;T)(Vqﬁ‘;’” + ngZ’"_l) in (3.19), and using (4.36), we obtain

(Voo + V"L ") = —(V¢o" + Vo' ul" — it

67- E,n E,Nn— E,n E,n—
= (V4" + Ve LV - Ve
6T E,n E,Nn—
= ;(IIV%’ 12 = VeI (4.40)
Hence, adding (4.39) to (4.40), we arrive at
E,Nn— ~E,n en ~E,n 5T E,n E,n—
(V"' ag") = 2%T(Iluh’ 1P = ;") + Z(IIV%’ 17 = IV I1P). (4.41)
Similar to the derivation of (4.7), by setting ¢y = S, in (3.18),, we have

ISHIF < IVas""|I%. (4.42)

Therefore, the first term on the right-hand side of (4.35) can be estimated by the Cauchy-Schwarz
inequality, Young’s inequality, and the identity (4.38), given as

n\ ~En ~£n n (5_1) ~£n
(fa, @™ < "l < CIFEHIP + £ 15 ;">
n p((s_ 1) en ,0(6— 1) en ~en
< Clfe"I + 15 "> + 15 e — a1 (4.43)

Similarly, by virtue of (4.42), we can derive

@(€) o oeny _ UE o €)oo
_T(S ,va,”) < THSHH2 + Tllvuh’ &
a(e) ~&n— (1(6) ~en
< —\vae" P+ —(IVas" . (4.44)
4 4
Collecting (4.37), (4.41), (4.43), and (4.44) into (4.35), we get
P en2 en—1(12 P ~en en—1(12 p(6 - 1) &en ~e.n)2
E(”uh I1° = fle,™ 7 117) + leuh 7 W”“h -,
~EnN||F L. ~en ot &n &,n—
+ 2volld @, o, + glldlvuh’ I” + Z(HV%’ I =11V
a(e) ~&n ~&n— n (6 B 1) en
+ T(llvuh’ I = IV "I1») < ClifeIP + £ 15 o "I (4.45)

Taking the summation of (4.45) for n from 1 to m, making use of the discrete Gronwall lemma, and
taking the maximum of the result from 1 to N, the proof of (4.33) is complete.
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We now treat the pressure term in similar way to the proof of (4.9), the following inequality can be
arrived at:

—|I~8"|I < p—lldlvu "I, (4.46)
From (3.20), using the Poincaré-Friedrlchs inequality (2.3), we can obtain
oy < S0P + oI + S - o7
c(l+ 25)87'

max [|V¢,"|1>.

< —IIdlvu "I +
pE 1<m<N

Summing the inequality above from n = 1 to n = N, by means of (4.33) and (4.46), we can obtain (4.34).

Theorem 4.4. Let (u®, p°) be the solution of (2.9) and let (u}", p;") be the solution of (3.18)—(3.20),
respectively. Then a generic constant C > 0 independent of / and ¢ exists, such that

max ||u (") —uy 1+ (E)TZHV(M ") - ~sn)”

1<

N
T M Ern ~8 n & ~8 n
+ s 2 v @) —aiP +—Z||u ) — @I,
n=1
< C@ + WD 4 2 4 2D a(e)th + a(e)H™), (4.47)

and
N
eT £ £,n12 2 2k 2k(r—1) 2k 2k 2k
- DI = PP < Cle + 7+ eh™ + K7D 1 12+ a(@h™ + (e H™). (4.48)
P =1

Proof. To begin with, we rewrite (3.18) as

~&n en—1
" - uf 1
(L V) + pb(u” ;" ,vy) + 2vo(A@;"), vi) + —(divﬁz’", divyy,)
a 6 ~E.Nn a 6 ~E,N— E,Nn— n
+ X9, Ty + ST T + (0 v = (). (4.49)

Define the errors e” = u®(¢") —u;" and " = u®(t") — @t;". Subtracting (4.49) from (3.17) at t = ¢" with
v = vy, in light of (4.12), we obtaln the following error equatlon

sn _ ,n—1 ~
P ) + Bl ), (1), m) = B ) + S Ve, )

+ 2v( AW (1)) — A@,™), va) + i(div Ldivey) = (Vo2 )
ot )(V () = PuViEs" ™ Vyy,) = p(R (W), vy), (4.50)

where

g\ _ yyE(—1 1"
R'ue) = LD —wC )—%ug(t”) - % f - 4.51)

T

Electronic Research Archive Volume 33, Issue 11, 6885-6921.



6907

On the other hand, we derive the following from the projection system (3.19):

n >n

V) + 0V — 67", v) = 0

and
(dive",qy) = 0
Before we embark on the error analysis, we decompose the errors as follows:
e" = (") = (") + (") —u") == " + &,
&' = (") - (") + (L") — ;") == " + &,

W= (") = onp™ () + (np°(t") = ") = ¢ + ),
Now, we rewrite the Eqs (4.50) and (4.52) as

p(gh_‘fz ,h>+—(V§",Vvh>+ (dlvéﬁ,dlvvh)
+ 2uo( A (") — A", vh>—<V<z>“1 )

= p(L ) ol (). vp) ~ B )
- DUl AWE )~ AT (), 1)~ ST, T < @iy divwy)
a()

—— (Ve (") = PyVia;" ™", Vvy) + p(R" @), vy),

and

ki 1 1) — V" — 6w = 0

Notice that from (3.9) and (4.53), it follows that
(&> Vo) = (", Vn) — (", V) = 0
Let us take v, = %fﬁ in (4.55), in which case

p(5

D g - 181° + g, - €)1 = 0
Choosing v, = 1(&} + &,) in (4.55) yields

LI - 181D - (Vg = 97 8 = 0
From (4.55), we have

Pk 0 &,n &,n—
A A

Electronic Research Archive Volume 33, Issue 11,
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(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

6885-6921.



6908

Therefore, we can obtain

- 0
V(g + ;") &) = —;T(IIWTZ’"II V8,11,

(4.60)

Now we take v, = EZ in (4.54); combine it with (4.57), (4.58), and (4.60); and arrange the results.

We derive
n n— y: n— (6 & a(e)
L e - e + L1z - & ‘||2+p Digr—zp + —=IVEI
2T 2T
1 . %n ot £n— e/ n ~eny gl
+—||d1v§h||2+2—<||V¢ "B - (Ve 1||>+2vO<ﬂ<Hhu (") — AGE"), E)
n-n

L&) — plb@s ("), us("), E,) — b@", at", &)}
X, V) - L(divi, divE)

= —p(———

— o AWE (") — AU (1), &,) -
0‘(6) CE Vur () - Py VE) + p(R W), E}).

We proceed exactly as in the proofs of (4.16)—(4.18), (4.23), and (4.24), and thus

2v( AMLue (")) — A@S"), &) > LI

—2vo( AW (")) — AL (), €,) < CUu® (|1, )0 + ||§h||1 ,

no_ an—1 ChZ(k+1) au ( )
—p(" T_ &)< f NI adt + SIVEE,
fila

T VE < s+ ELIVENR,

| O . |
—g(dlvn ,divé,) < Clu® ()l 2)h> + %Ildwé*"hllz-
Note that from (4.57), one gets

€N = €N + 1€ — &I

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

Then the convective terms can be estimated by the same techniques as in (4.19)—(4.21), and by using

(4.67), we obtain

— plb@® ("), ut ("), &) — b@:", ", &)}

a/(e) -
< CI* + ——|IVEII* + Clli2 llz,zllfhll2
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= Ch** + ||V§h|| + Cliag" |3, (1€ + 1€, = &4, (4.68)
By similar computations as in (4.25), we have
- X sy~ Py VE
< C(nuS(t"—‘>||k+1,2><a<e)h2’< + a()H™) + Ca(e)rznw%w
+ Catol I8 P+ S IVE P
= C(le (" k1 2)(@(e)n™ + a(e)H™) + Ca(e)rﬂw(a—’fnﬁ

+ Cato (g 1P + 16 8717 + S IVE P (4.69)

Applying the Cauchy-Schwarz inequality, Young’s inequality, and Holder inequality, we arrive at

1" 2

P(R"@®), &) < |< NG an,E)
p(ST i 2 P(
- 3(5_ 1) Ju I o2 I"dt + ||'fh||
= péT 62 2 P( 0 P2
" 36-1) f S Idt + PO D gnie + gy - Ey1P). (4.70)
_ ,0(6 1)

We can choose ¢ and € such that yy =
(4.62)—(4.70) into (4.61), we obtain

—Cllas "||2 ,—Ca(e)h? > 0. By combining these inequalities

~n 2 -
€L = 1P + 1€ - ;:-1||2+%<ufh EIP-le -8+ (E)Tanhn

T . o AoT | ot? e
+ —[divE, I + =&}, + —-(IVeE"IP = IVg2"" I
pE P P
< C@ + 7))+ CREY 4 Cr(? ™V + B + a(e)h™ + a(e)H™)
+ CUIENP + a(e)n e P). (4.71)

Summing (4.71) for n = 1 to n = m and using Lemma 2.5 gives

m 2 n— ZMOT m M Q(E)T N I
€71 + an;i B Tt A ;nmnz

+ — Z IdivE] P + 2 Z R, + v
< C@* + h2<’<+“ + hKD 4 h2k + a(e)h2’< + a(e)H™).

Taking the maximum of the result from 1 to N, applying the triangle inequality to the error decomposition,
and dropping some positive terms, one obtains the desired result (4.47).
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Finally, subtracting (3.18)3 from (2.9), with g = ¢, att = ¢, leads to

(div(@®(e") —@;"), qn) + e(p°(t") = p,", qn) = 0. 4.72)
We take g, = p°(t") — p;" in (4.72), similar to the proof of (4.9), and obtain

2 ~&,Nn T : Ern ~8}’L
—lp*) = py"IP < —Ildiv@®(") — ™I, (4.73)
p pe
Making use of (3.20), (4.73), and the Poincaré-Friedrichs inequality, we get
~€I’l eT E,n 8T6 £,n E,n—
—Ilp‘g(t") pyIP < —Ilp @) = p" I + ||¢,; ||2+—p ;" = 7" IP

ec(l + 25)7’ em
———— max |[V¢"|I%. (4.74)

< |divit (") - i, "I +
pE 1< <N
Summing up (4.74) fromn = 1 to n = N, and using (4.33) and (4.47), we can obtain (4.48). The proof
is finished.
Corollary 4.2. Assume that (A1) and (A2) hold. Let (u, p) be the solution of (2.8) and let (u;", p;")
be the solution of (3.18)—(3.20). Let the coarse mesh size be H = O( Vh) and the artificial viscosity

parameter be a(e) = O(h?). We then have

max (™) — ul"|? < C* + 7D + ), 4.75)
and
ET N
5o D IP@) = piIP < €@+ A 4 i ). (4.76)
p n=1

Proof. We omit the proofs of (4.75) and (4.76), since the proofs are straightforward.
5. Numerical experiments

The objective of this section is to perform a comparison between the proposed schemes presented
here, and we also elucidate certain properties of the non-Newtonian flow studied. Moreover, the artificial
viscosity penalty projection finite element method is widely used in the study of aneurysmal disease.
Several numerical tests are presented for validating the support of the derived theoretical results and
to underline the efficiency of the schemes. First of all, the numerical iterations solve for the following
power-law term that is of importance to us:

(A@),v) = (d@)*d(w),d)), (5.1)
which is solved iteratively by introducing the dependent variable
1 j=1,
M;:= (5.2)
YMj o + (1 =pldupl= j>1,

where j € N is, of course, the iteration index. The value of y affects the convergence properties of
the solution process. In the example, vy is chosen to be 0.1, which seems to work for 1.2 < r < 2 but
becomes less stable for 1 < r < 1.2. For r < 1.2, it seems to need a y that converges (slowly enough) to
one. Note that y = 0 seems to be unstable or at least oscillatory for all values ofr.
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5.1. The convergence and validity of algorithms.

In this first set of numerical simulations, we would like to test the convergence and validity of the
algorithms obtained in previous sections. The performance of the proposed schemes are investigated
with the penalty parameter £ = 107® (which goes to zero), we choose the artificial viscosity parameter
a(e) = 0.01h% (which as tends to zero) and the coarse mesh size H = vVh. We note that in each
computation, the fine mesh is a square refinement of the coarse mesh.

As a first benchmark for the proposed methods, we use the standard benchmark of a lid-driven cavity
flow problem for assessing the performance of the algorithms. The chosen computational domain is
Q = [0, 1]?, and we assume the exterior force to be unity. The density is set to o = 1.06 and the viscosity
to 7o = 0.012. The velocity and pressure will be approximated by P, — P; finite elements on a uniform
mesh. Since we do not have the exact solution of the given problem, we compute the error using the
difference of the solution obtained for & = ML/Z and h* = ﬁ where M + 1 is the number of grid points
of [O,1]and M* +1 =2(M + 1) — 1.

We only address the accuracy of the spatial discretization with a small time increment 7 = 1072
(the accuracy of the temporal discretization is usually first-order, so we omit it here). The errors and
convergence rates for the non-Newtonian cases with the power-law index r = 1.5 and r = 1.8 at the
time ¢ = 0.1 are reported in Tables 1 and 2, where Uj, represents u] or u;”, and P} stands for p} or p;”
respectively. From Tables 1 and 2, we can see that the convergence order of Algorithms 3.2 and 3.3 are
slightly higher than that of Algorithm 3.1. The numerical results show that the convergence orders of
the errors for the velocity field # and the pressure p are close to O(h*"~D), which are consistent with the
theory established in Section 4.

Table 1. Numerical errors and convergence orders for the velocity field u and the pressure p
in spatial direction with 7 = 107 and r = 1.5.

Method h e (") — Ul Rate lip(t") — P} Rate

1/16 8.4562e-02 - 9.3865e-01 -

1/32 1.5868e-02 0.98 1.7439e-01 0.99
1/64 7.6231e-03 1.02  8.6327e-02 1.00
1/128  3.9277e-03 099  4.2734e-02 1.01
1/16 4.8749¢e-02 - 8.9783e-01 -

1/32 8.4446e-03 1.06 1.6026e-01 1.03
1/64 4.1387e-03 1.08  8.0938e-02 1.02
1/128  2.0285e-03 1.10  4.0066e-02 1.03
1/16 3.0140e-02 - 8.5561e-01 -

1/32 5.0667e-03 1.09 1.4821e-01 1.06
1/64 2.4832e-03 1.11 7.5659¢e-02 1.04
1/128  1.2292e-03 1.12  3.7426e-02 1.05

Algorithm 3.1

Algorithm 3.2

Algorithm 3.3

We now compare the efficiency of the three schemes proposed in this work. The numerical solutions
are carried out on the same hardware platform. The comparison results for the three methods are
described in Tables 1-3 with the fine mesh i = 1/256. The accuracy of the velocity u with the L>-norm
are measured at the same fixed time, and the requisite CPU time for the three schemes is also listed.
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It can be seen that Algorithm 3.1 (the common fully discrete finite element method) cannot achieve
the error level O(107*) for the non-Newtonian cases r = 1.5 and r = 1.8. Moreover, the efficiency of
Algorithm 3.3 (the artificial viscosity penalty projection FEM) can be seen, in addition to the reduced
computing time compared with the other two methods for both Newtonian and non-Newtonian blood
flows. In short, the artificial viscosity penalty finite element scheme has a relatively higher convergence
order in space and demands less CPU time for solving the power-law Navier-Stokes equations.

Table 2. Numerical errors and convergence orders for the velocity field u and the pressure p
in spatial direction with 7 = 107 and r = 1.8.

Method h lu(®) - U,ll  Rate ||p(#") - P}l  Rate

1/16 8.1179e-02 - 9.2354e-01 -

1/32 8.3604¢e-03 1.58  9.9241e-02 1.60
1/64 4.1387e-03 1.59  4.7084e-02 1.59
1/128  2.0487e-03 1.60  2.3308e-02 1.60
1/16 4.6892e-02 - 8.7650e-01 -

1/32 4.6399¢-03 1.62  8.5866e-02 1.63
1/64 2.2514e-03 1.65  4.3364e-02 1.62
1/128  1.1484e-03 1.63  2.1682e-02 1.62
1/16 2.9566¢-02 - 8.4897e-01 -

1/32 2.7551e-03 1.68  8.2341e-02 1.64
1/64 1.3909¢-03 1.67  4.2002e-02 1.62
1/128  6.8194e-04 1.69  2.0792e-02 1.63

Algorithm 3.1

Algorithm 3.2

Algorithm 3.3

Table 3. Comparison of CPUtime for Algorithms 3.1-3.3 with different values of r.

r Accuracy Algorithm 3.1 Algorithm 3.2 Algorithm 3.3
o0 29.87 s 16.44 s 8.16 s
F= 15 0(107?%) 213.20 s 128.73 s 83.31s
’ 0(1073) 684.36 s 282.90 s 19542 s
o107 %% % 495.35 s 319.89 s
o(10™h 25.66 s 14.78 s 7.47s
r= 18 0(107?) 196.87 s 122.29 s 79.95 s
’ O0(1073%) 674.12 s 279.53 s 187.80 s
O(107%) % % % 484.21 s 308.43 s
o(10™h 16.85 s 8.69 s 4.08 s
=20 o0(107?) 120.49 s 94.32 s 50.16 s
’ 0(1073%) 548.53 s 210.48 s 140.28 s
O(107™) 873.68 s 420.70 s 284.75 s
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5.2. Blood flow in aortic aneurysms

In this set of numerical examples, we utilize a previously employed artificial viscosity penalty
projection finite element code to perform a number of simulations for both non-Newtonian (» = 1.8)
and Newtonian (r = 2.0) blood flow behavior in aortic aneurysms. Figures 1 and 2 show the geometric
models and the computational grids for a fusiform aneurism and saccular aneurism, respectively. Figure 3
gives a comparison of the magnitude of velocity between the Newtonian and non-Newtonian behavior
of blood flow in the case of a fusiform aneurism. The flow suggests that the Newtonian model predicts
more complex flow structures downstream of the fusiform aneurysm than the non-Newtonian model.
Moreover, the Newtonian model exhibits a recirculation vortex in the aneurysm region that is found
significant compared with the non-Newtonian model. Moreover, the non-Newtonian model displays
the lower values of velocity at Location A (shown in Figure 4) than the non-Newtonian case due to
the shear-thinning characteristics of non-Newtonian blood viscosity. Similarly, in Figures 5 and 6, it
is noticeable that the differences between the magnitude of Newtonian and non-Newtonian velocity
become more observable in the saccular aneurism region. Our findings indicate that the turbulent
velocity fields are significantly for Newtonian properties in pathologically altered configurations. In
addition, the non-Newtonian fluid is found to have a lower velocity than the Newtonian fluid at Location
B. From a flow mechanics standpoint, one can predict that the geometry of an aneurysm will alter the
blood flow patterns and hemodynamic stresses within the aneurysm. Furthermore, substances such as
proteins, lipoproteins, platelets, red blood cells, lymphocytes, monocytes, and neutrophils in human
blood will be aggregated due to the lower velocity and the weaker recirculation vortex within aortic
aneurysms. The assumption that the Newtonian blood viscosity model might be overestimating the
fluid velocity at the risk of rupture in intracranial aneurysms. Therefore, these findings highlight the
importance of considering the non-Newtonian properties of blood flow within aneurysms when studying
the risk of aneurysm rupture.

(a)
Figure 1. Geometry model of aortic aneurisms. (a) Fusiform aneurism; (b) computational
grids in a two-dimensional (2D) profile model of a fusiform aneurism.

(a) (®)

Figure 2. Geometry model of an aortic aneurism. (a) Saccular aneurism; (b) computational
grids in a two-dimensional (2D) profile model of a saccular aneurism.
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5.3.

Electronic Research Archive

Figure 3. Comparison of the magnitude of velocity between the non-Newtonian (left column)
and Newtonian (right column) behavior of blood flow in the case of fusiform aneurism at time
t = 0.1s,0.4s, and 0.8s. The graphs are arranged column-wise.
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Figure 4. Comparison of the magnitude of velocity between the Newtonian and non-
Newtonian behavior of blood flow at Location A shown in Figure 1(a).

Patient-specific cerebral aneurysms

Clinical methods for diagnosing diseased cerebral arteries can only measure elementary blood
velocity. At the same time, to understand the causes of these occurrences, it is necessary to obtain
information about the amount of pressure possible through computational models. The endovascular
treatment of diseased arteries demands the implementation of platinum coil embolization and flow
diversion devices. There is a compelling demand to figure out the essential characteristics associated
with the various normal and disturbed flow conditions in order to detect the afflicted areas in the coronary
artery with variation in the accumulated plaque. Moreover, the doctors diagnosing the patient with a
blockage in the artery should know the cardiovascular pathologies. For this, understanding blood’s
rheology is crucial, which can be performed by considering computational fluid dynamic models.
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0 005 010 015 020 025 030 035 ms

Figure 5. Comparison of the magnitude of velocity between the (a) non-Newtonian and (b)
Newtonian behavior of blood flow in case of a saccular aneurism at time ¢ = 0.1s, 0.4s, and
0.8s. The graphs are arranged column-wise.
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Figure 6. Comparison of the magnitude of velocity between the Newtonian and non-
Newtonian behavior of blood flow at Location B shown in Figure 4(a).

In practice, patient-specific simulations of aneurysms can be constructed by using computational fluid
dynamic techniques and images based vascular models through segmentation of magnetic resonance
imaging (MRI) or computed tomography angiography (CTA). In this test, two patient-specific cerebral
aneurysms from MRI and the corresponding computational domains are shown in Figures 7(a),(b)
and 8(a),(b). Figures 7(c) and 8(c) exhibit the geometric models and the computational grids for a
fusiform aneurism and saccular aneurism, respectively. We also use the artificial viscosity penalty
projection finite element code to simulate the blood flows for patient-specific cerebral aneurysms. In the
case of the non-Newtonian flow, the blood viscosity, density, and power-law index are assumed to be
1o = 0.012171Pa - s, p = 1.06g/cm?, and r = 1.7991, respectively. These input parameters are based
on theoretical studies and by fitting the parameters to experimental blood viscosity data obtained at
certain shear rates (see [42,43]). We are interested in plotting the magnitude of velocity and pressure
distributions for the cases of fusiform and saccular aneurism, which are shown in Figures 9 and 10,
respectively. We find that the region located near the center of the cross-sectional of cerebral blood
vessels, which are characterized by high velocity, followed by the low values in the region of cerebral
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aneurysms, as well as the weaker recirculation vortex, usually appears in these low-velocity regions
within fusiform aneurisms or saccular aneurisms. The substance might be aggregated at a lower velocity
within aneurism regions. It also can be seen that the pressure distributions at the curved part of the
vessels change dramatically, but not distinctly in the regions of the fusiform aneurism or the saccular
aneurism. This information can be of importance in the investigation of cerebrovascular diseases, and
could be used as a hematological factor to assess the risk of rupture of the aneurysm. It should be
pointed out that the simulation results have been provided to vascular surgeons for selecting the best
surgical procedure for the patients.

(a) (b)
Figure 7. Basic model of a fusiform cerebral aneurysm. (a) Patient’s medical imaging.
(b) Computational domain associated with the red square inside Image (a). (c) Geometric
structure and computational grids of a realistic aneurysm reconstructed from Image (b).

(a) (b)
Figure 8. Basic model of a saccular cerebral aneurysm. (a) Patient’s medical imaging. (b)
Computational domain associated with the red square inside Image (a). (c) Geometric structure
and computational grids of realistic aneurysm reconstructed from Image (b).
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Figure 9. Snapshots of the (a) velocity and (b) pressure distributions for the case of a fusiform
cerebral aneurysm.

[1} a1 0z 03 mis a 2 4 5 8 kPa

Figure 10. Snapshots of the (a) velocity and (b) pressure distributions for the cases of a
saccular cerebral aneurysm.
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6. Conclusion remarks

In this paper, we propose and develop new artificial viscosity penalty projection finite element meth-
ods for solving the power-law Navier-Stokes equations. The mathematical foundation and numerical
analysis of the proposed schemes are also rigorously established. The numerical results also show of
the proposed method can achieve the desired computational efficiency in the sense that a slightly higher
convergence order and less CPU time. Another main goal of this work is to assess the difference between
Newtonian and non-Newtonian viscosity models of blood flow in aortic aneurysms. This work suggests
that the use of a non-Newtonian viscosity models may be attractive for solving blood flows, since it
can provide simulation results that are presumably physically more realistic with at least comparable
computational effort for a given level of accuracy. In addition, two patient-specific simulations of
cerebral aneurysms have been performed, which could help vascular surgeons in diagnosing the diseased
cerebral arteries, assessing the risk of rupture of the aneurysm, and selecting the best surgical procedure
for the patients. Other aspects of our ongoing work, including a study of the predictive value of risk
factors for aneurysm rupture in viscoelastic vessels, aim to evaluate the clinical value of intervention in
the diagnosis and treatment of aneurysms.
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