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Abstract: Algebraic graph theory explores the relationship between abstract algebra and graph theory.
It uses algebraic concepts to define the structures of graphs and investigates how graph theory can
characterize algebraic properties. There has been considerable scholarly interest in the connection
between group-theoretic and graph-theoretic properties, especially concerning the role of symmetry in
linking these two areas. This research contributes to the ongoing development of equitable graphs by
introducing the concept of an equitable graph of Type II on finite groups which is defined on a group
G, where two vertices x and y with different orders are adjacent if their orders are differ by at most
the minimum of their orders (lo(x) — o(y)| < min{o(x), o(y)}) or if one of them is the identity element.
We investigate the properties of this graph for specific classes of groups, including cyclic, dihedral,
and dicyclic groups. Furthermore, we derive general formulas for some degree-based indices of the
equitable graph of Type II across various group families. Finally, we explore the relationship between
the isomorphism of equitable graphs and the associated groups.
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1. Introduction

Graphs and groups, two fundamental mathematical structures, exhibit a deep and intricate
relationship, particularly when considering the concept of symmetry. This interplay offers valuable
insights into the properties and applications of both. Cayley graphs provide a visual representation of
groups, where the vertices correspond to the group elements, and the edges are represented by the
group operation. Notably, the symmetries inherent in the Cayley graph directly reflect the underlying
group structure. Highly symmetric groups often yield highly symmetric Cayley graphs. Graph
automorphisms, permutations of vertices preserving the edge structure, encapsulate a graph’s
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symmetries. The automorphism group, a group-theoretic object, fully characterizes a graph’s
symmetry. Graphs with high degrees of symmetry, such as complete graphs or cycle graphs, possess
large automorphism groups.

The current scholarly research is concentrates on systematically exploring the connections
between group-theoretic algebraic structures and graph-theoretic invariants. This investigation aims to
uncover potential applications and synergies between these two areas of mathematics. Over the past
decade, there has been a significant increase in scholarly contributions dedicated to examining
graph-theoretic structures that are derived from group-theoretic algebraic systems. Cayley graphs are
the initial concept introduced by Cayley [1]. Various other graphs were constructed on groups, such
as the power graph [2, 3], the prime graph [4], the commuting graph [5], the intersection graph [6], the
order divisor graph [7], and the recently defined equitable graph Type I [8]. For further information in
this area, we refer to [9-11].

Investigating the parameters in graphs derived from groups such as domination, independence, and
chromatic number enhances the understanding of their structural connectivity and complexity. These
parameters are essential for classifying this type of graph, to explore their symmetries, and to optimize
network-related applications, such as communication networks and security systems. Moreover, these
parameters offer valuable insights into algebraic structures, aiding in solving problems associated with
group theory, mathematical modeling, and combinatorial optimization.

The increasing knowledge of the importance of graphs associated with groups, as well as their role
in classifying and characterizing both groups and graphs, has generated considerable academic interest
in this area of research. Consequently, we aim to modify the definition of the equitable graph of Type I
for groups [8], which is defined as a graph with a vertex set the set of elements of the group G in which
any two distinct elements of G, a and b, are adjacent if and only if

| o(a) — o(b) | < min{o(a), o(b)}.

Subsequently, we introduce and formalize the conceptual framework for a novel, secondary type of this
graph-theoretic construct namely, the equitable graph of Type II. In this new version, we have taken
different orders into account and discovered a method to make the graph connected, as the identity is
adjacent to all other vertices.

For the readers, we explain the conventions and notations which are used in this research.
Throughout this paper, G denotes a finite group and |G| denotes the order of this group. The identity
element is e and for any element a € G, o(a) denotes the order of a. For any prime number p, G is
called a p-group if every element of G has an order power of p, whereas an elementary Abelian
group (or elementary Abelian p-group) is an Abelian p-group in which each nonidentity elements has
the order p. The dihedral group D,, is a group of order 2n, defined by

(a,b:a" =b*=e,ab=ba™').

This group contains a cyclic subgroup (a) of order n, and all elements a’'b have order 2. The dicyclic
group is a group of order 4n, denoted Q4, and defined as

Qs ={a,b:a" =b* =e,a" =b*,ab = ba™").

This group contains a cyclic group {a) of order 2n, and all elements a’'b have order 4. If n is a power
of 2, then this group is called the generalized quaternion group.
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In a cyclic group G, if m | |G|, then at least one element x € G exists such that o(x) = m; and the
number of the elements of G having order j is equal to ¢(j), where ¢ is the Euler’s phi function, given
by ¢(j) = [{x < j : (x, j) = 1}|; and ¢ is a multiplicative function; that is ¢(ab) = ¢(a) - #(b), whenever
a and b are relatively prime.

Let I be a simple graph with the vertex set V and the edge set E, where a simple graph is a graph
having no loops or multiple edges. For any vertex v in V, d(v) denotes the degree of v, which is equal
to the number of edges incident to v, whereas the set of vertices adjacent to v is denoted by N(v).
Moreover, for any edge e € E, the degree d(e) of the edge e is the number of edges adjacent to e in
the graph; that is, d(e) = d(u) + d(v) — 2, where u and v are the endpoints of e. The notation A(I') and
o(I') denote the maximum and minimum degree of I', respectively. The distance d(u, v) between u and
v is the length of the shortest u, v-path. The maximum distance between two vertices in the graph is
called the diameter, diam(I'), and the radius of the graph, r(I'), is equal to the minimum eccentricity
of the graph, where the eccentricity of any vertex v € V is defined as e(v) = max{d(v,u) : u € V}. A
connected graph is a graph in which any two vertices are connected by a path. It is said to be complete
if and only if every pair of distinct vertices are adjacent. A complete graph of order n is denoted by K,,.
A clique is a complete subgraph of I', and the clique number of I', w(I), is the order of the maximum
clique. The girth of the graph, gr(I'), is defined as the length of the shortest cycle in the graph. The
domination number, y(I'), is the cardinality of the minimum dominating set (y-set) where the set S is
said to be a dominating set if each vertex v in V' \ § is adjacent to at least one vertex from S. The
chromatic number of I', denoted by y(I'), is defined to be the minimum number of colors required to
label all vertices such that any two adjacent vertices have distinct colors, and the graph is perfect if and
only if for each induced subgraph A of I', ¥(A) = w(A). A set of vertices T of a connected graph is
said to be a separating set (vertex cut) if ['(V — T') is disconnected, and the cardinality of the minimum
separating set (minimum vertex cut) is called the vertex connectivity of I' and is denoted by x(I'). An
independent set is a subset W of the vertex set V such that no two vertices in W are adjacent in I', and
the number of vertices in the maximum independent set is called the independence number, (). A
graph I is Eulerian if I" has a closed spanning trail, while the graph is Hamiltonian if it has a spanning
cycle. The graph is said to be planar if it can be drawn in a plane, such that its edges intersect only at
the endpoints. The complement graph I' of I is a graph with V(I') = V(I'), and any two vertices u and
v are adjacent in I') if and only if they are nonadjacent in I". For more details, we refer to [12—14].

Through this research, we deal with finite groups and simple graphs. This study begins by
formally introducing the definition of the second type of the equitable graph, denoted &,(G), and
subsequently provides a comprehensive characterization of the cases in which the graph & (G) is a
star, tree, complete, path, or bipartite graph. We then explore some theoretical properties for equitable
graphs of Type II and several classes of finite groups and find some relations between these
properties. Next, the general formulae for several degree-based graph indices are derived, including
the first and second entire indices, as well as the first and second Zagreb indices, for this graph of
several group classes. Finally, we rigorously analyze and study the conditions under which it can be
established that two arbitrary finite groups G and H are isomorphic if and only if their corresponding
equitable graphs of Type I or of Type II, are also isomorphic. This analysis is accompanied by the
presentation of relevant illustrative examples to substantiate the theoretical findings.
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2. Definitions and general properties

In this section, we present the definition of equitable graphs of Type II for any finite group G. In
our analysis, we provide a detailed characterization of the cases in which the graph &,(G) takes the
form of a star, tree, complete graph, path, or bipartite graph. We also investigate the theoretical
properties of the equitable graph of Type II for specific classes of finite groups, including the
chromatic number, independence number, and minimum degree. We establish connections among
these properties. Additionally, we examine the planarity, Eulerian, and Hamiltonian properties of this
graph for various classes of groups.

Definition 2.1. Let G be a finite group. Then the equitable graph of Type Il of G, denoted by E,(G), is
defined to be a graph with a vertex set is the group G and one in which any two distinct vertices a and
b are adjacent if and only if either o(a) # o(b) and |o(a) — o(b)| < min{o(a), o(b)} or one of them is the
identity element.

The fundamental difference between the two types of equitable graphs is that in the second type,
the vertices are assigned distinct orders and each vertex is connected to the identity element. By
ensuring connectivity, this construction makes the graph structurally richer and more suitable for
detailed investigation than the first type.

Example 2.1. Let G be the alternating group of degree 4, A4. Then G has one element of order 1, three
elements of order 2, and eight elements of order 3. The equitable graph of Type Il of G can be shown
in Figure 1. The description of the elements is as follows:

vy denotes the identity permutation, v, = (12)(34) vz = (13)(24), v4 = (14)(23), vs = (123), vg =
(132), v7 = (124), vg = (142), vg = (134), vio = (143), vy = (234), and vy, = (243).

Figure 1. The equitable graph of Type II of the alternating group Ay.

For a comparison with the equitable graph Type I, Figure 2 illustrates the structure of &,(A4) with
the same labeled vertices.
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Figure 2. The equitable graph Type I of the alternating group Aj.

Note that the two conditions in Definition 2.1 are distinct vertices, with one vertex being the identity
element to ensure connectivity while preserving the core combinatorial structure, as motivated by the
topological requirements in [15-17].

Theorem 2.1. Let G be a finite group. Then gr(E;(G)) = 3 or co.

Proof. Let G be any finite group and assume that &,(G) is not a star graph. Then, at least two adjacent
vertices u and v exist which differ from the identity. Hence, from the definition of the graph, v—u—e—v
is a cycle of length 3. O

Theorem 2.2. [13, Theorem 1.5.10] A graph is bipartite if and only if it contains no odd cycles.

Theorem 2.3. [13, Theorem 4.2.4] The number of edges in a tree on n vertices is n — 1. Conversely, a
connected graph on n vertices and n — 1 edges is a tree.

Observation 2.1. Let G be a finite group of order greater than 2. In this case
1) E,(G) is a connected graph.
2) A& (G) =n—-1.

3) diam(&E(G)) = 2, since |G| > 2 and it has at least two elements with the same order. As each vertex
in this graph is adjacent to the identity, the shortest path between any nonadjacent vertices, say u
and v, is u — e — v, which gives the maximum distance between all the vertices in the graph.

4) r(E(G)) = 1, where r(E,(G)) is equal to the eccentricity of the identity element.

5) y(E(G)) = 1 and {e} is a dominating set.

6) Consider |G| = n + 1. Then &,(G) is either of the form K, ,, or not bipartite.

7) The equitable graph of Type Il of G, where |G| = n > 3, is not a cycle graph . It is clear forn > 3

asd(e) =n—1> 2, and for n = 3, that G has two elements of order 3 which are not adjacent.
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8) &,(G) is a tree if and only if E,(G) is a star graph.
9) If E:(G) is a star graph, then 6(E,(G)) = 1 = k(E,(G)), and {e} is the minimum separating set.

Theorem 2.4. Let G be a finite group with more than two elements and let 1,(G) = {1,r1,r),..., 7}
be the orders of all nonidentity elements of G in increasing order (the spectrum of G). Then E,(G) is a
star graph if and only if |riy; — ri| > min{r;.,ri} forall 1 <i < s—1.

Proof. Let G be any finite group such that |G| > 2. The proof then follows, by the definition of the
graph, that &;(G) is a star graph if and only if the orders of all elements of G are equal or |r;y; — r;| >
min{ri. i, r;}. m]

Corollary 2.1. Let G be a finite group and assume that G is isomorphic to one of the following groups:
1) A p-group, where p > 2 is a prime number.

2) An elementary Abelian 2-group.

3) A dihedral group D,,, where n = 2 or n = p*, where p > 3 is a prime number and k > 1.

Then &,(G) is a star graph.

Definition 2.2. A connected graph T is called an equitable graph of of Type Il if and only if a finite
group exists G such that I = &,(G).

Proposition 2.1. Let G be a finite group of order n. The following then hold:

1) If T is an equitable graph of Type II, then A(I'(G)) =n — 1.

2) A complete graph of order n > 2 is an equitable graph of Type Il if and only if n = 2.

3) A path graph of order n > 2 is an equitable graph of Type 1l if and only if n = 2 or n = 3.
Proof. Let G be a finite group of order n. In this case,

1) This is evident.

2) According to the definition of the equitable graph of Type II we find that any complete graph is an
equitable graph of Type II if and only if every vertex is of full degree if and only if, for any order
d of the elements of the group, G has at most one element of order d. Therefore, G contains no
elements of order > 3. Thus, n < 2, and we get n = 2. On the other hand, it is clear that in n = 2,
I = 6:(Zy).

3) It is known that any path graph P, is an equitable graph of Type II of the group G if and only if
d(v) < 2 for each vertex v € G, so by the first point, we have n — 1 < 2; that is, n < 3. However,
n > 2, and we get the result. The other direction is obvious, since we have I' = &,(Z,) if n = 2, and
I'= &E(Z;) if n = 3.

O
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2.1. Minimum degree and vertex connectivity

In this subsection, we analyze the minimum degree of the equitable graph of Type II for certain
finite groups and examine its relation to the vertex connectivity of this graph.

Theorem 2.5. Let G be a cyclic group of order n. The following then hold:
1) If nis odd, then 5(E,(G)) = 1.

2) If n = 2m, m is odd, and 3 1 m, then 6(E>(G)) = 1.

3) Ifn=2-3-m, and m is odd, then 6(E,(G)) = 3.

4) Ifn=2>-m misodd, 31 m, 51 m and 71 m, then 5(E(G)) = 2.

5) Ifn=2%-m, mis odd, 3 ¥ m, and either 5|m or 7m, then §(E>(G)) = 3.

6) Ifn=2%*-3-mmisodd,3fm, 5+m, 7Ttm, 11 tm, 134 m, 17t m, 19 & m, and 23 ¥ m, then
0(&E:(G)) = 3.

7) If n = 2% -3 -m, and there is a prime p € {3,5,7,11,13,17,19, 23} so that p\m, then 6(&E,(G)) = 5.
8) Ifn =23 -mand 3t m, then 5(E(G)) = 3.

9) If n = 2%-3-m, then §(E,(G)) = 5.

Proof. Let G be a cyclic group of order n. In this case,

1) Suppose that n is odd and let x € G be such that o(x) = n. Suppose that the nonidentity element
y € G is adjacent to x. It follows that o(x) < 2 - o(y). Since we have o(y)|o(x), we obtain % < 2.
Now as o(x) is odd, we must have o(x) = o(y), which is a contradiction. It follows that d(x) = 1;
hence, the result is obtained.

2) Letn = 2m, mis odd, 3 ¥ m, and let x € G be such that o(x) = 2. Also let the nonidentity element
y € G is adjacent to x. It follows that o(y) < 2 - o(x) = 4. In our case, G has no element of
order 2 other than x and no elements of order 4, so we have a contradiction. Hence, d(x) = 1 and
0(E,(G)) = 1, as required.

3) Consider thatn = 2 -3 - m and m is odd. Let x € G have order 2. As in the previous point, we can
see that x is adjacent to all the elements of order 3, as well as e. Hence, d(x) = 3. Now suppose
that y € G has order 3. We can see that y is adjacent to all elements of order 2 and of order 6, and
also, to elements of order 5, if there are any. In any case, we have d(y) > 1 + 1 + 2 = 4. Now let
o(y) > 5 for some y € G. If o(y) is odd, then there is an element z € G with z> = y. It follows that
0(z) = 2 - o(y), and hence y is adjacent to z, and thus to all elements of G of order o(z). Therefore,
d(y) > 1+¢(20(y)) = 1+¢(o(y)). Hence, either o(y) 1s divisible by 9 or by some odd prime p, p > 5.
It follows that ¢(o(y)) > 4, and hence d(y) > 5. Suppose that o(y) = 2k with k being odd. Then,
y? is adjacent to y. As in the previous case, it follows that d(y) > 1 + ¢(k). Since k > 3, ¢(k) > 2.
Thus, d(y) > 3 and we have 6(E,(G)) = 3.
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4) Assume thatn = 2> -m, misodd, 3 ¥ m, 5t m, and 7 ¥ m. Suppose that y € G with o(y) = 2. As
before, we find that d(y) = 3, as y is adjacent to all the elements of order 4 and no other nonidentity
element. Let x € G be an element of order 4. Thus, we also see that d(x) = 1 +1 = 2. Now consider
that y € G with o(y) > 5. Arguing as in the previous case, we can find an element z € G such that z
is adjacent to y. Thus, d(y) > 2. Therefore, we get the desired outcome.

5) Suppose that n = 22.m, mis odd, 3 ¥ m, and either 5|m or 7|m. Also suppose that x € G has order 2.
As before, we get d(x) = 1 +2 = 3, as x is adjacent to the identity and all elements of order 4. Now,
let y € G have order 4. It follows that d(y) > 1+ 1+4 =6o0rd(y) > 1+ 1 + 6 = 8. Consider that
o(y) > 5. By a similar argument, if o(y) is odd, an element z € G exists such that z> = y. Then,
d(y) > 1+ ¢(o(y)) > 1 +2 = 3. Similarly, if o(y) is even, y and y* are adjacent, and o(y*) > 3 so
d(y) > 1 + ¢(o(y?)) > 3. It follows that 5(E-(G)) = 3, as required.

6) Let n = 2% -3 - m, mis odd, and none of the primes 3, 5, 7, 11, 13, 17, 19, or 23 divide m. First,
let y € G have order 2. We see that y is adjacent to the identity, all elements of order 3, and all
elements of order 4. Hence, d(y) = 1 +2 + 2 = 5. Now, if o(y) = 3, it is clear that y is adjacent
to the identity and, at least, to all elements of order 2, 4, and 6. Note that, in any case, we have
dy) > 1+1+2+2=6. Moreover, if o(y) = 4,thend(y) > 1+1+2+2 =6, and if o(y) = 6,
then d(y) > 1 + 2 + 2 + 4. Moreover, if o(y) = 12, then d(y) = 1 + 2 = 3, as the only nonidentity
elements adjacent to y are those that have order 6. Now consider that o(y) is odd. Hence, we can
assume that o(y) > 13. By a similar argument, there is an element z € G such that z> = y, and it
follows that d(y) > 1 + ¢(o(y)), which is at least 5. Otherwise, if y has an even order, then y and y?
are adjacent and d(y) > 1 + ¢(0(y?)). Observe that o(y*) > 7, and thus we find that d(y) > 5 and the
result is obtained.

7) Letn = 22 - 3 - m and assume that there is a prime p € {3,5,7, 11,13, 17, 19, 23} such that p|m. The
proof is similar to the previous point, except in the case in which o(y) = 12, where y is adjacent
to all elements of order 6 and 9 if p = 3, and to all elements of order p if p > 3. Thus, we get
dy)>1+2+6o0ordly)>21+2+p—-1=p+2>35. Therefore, by a similar argument, we get
0(&E(G)) = 5.

8) Suppose that n = 2° - m and 3 1 m. Let o(x) = 2 for some x € G. We then have d(x) = 3 as x is
adjacent only to the identity and the elements of order 4. Similarly, if there is an element y € G with
o(y) =4,thend(y) =1+ 1+4 = 6as yis adjacent to those elements of order 2 and 8. Moreover,
let o(y) > 5, if o(y) is odd, then there is z € G such that z> = y. Again, by a similar method, we
find that d(y) > 1 + ¢(o(y)) > 3. Otherwise, if o(y) is even, then y* is adjacent to y and we have
d(y) > 1+ ¢(o(y*)) > 3. We conclude that §(E,(G)) = 3.

9) Consider that n = 23 -3 - m and let x € G with o(x) = 2. It follows that d(x) = 1 + 2 +2 = 5, as x
is adjacent to the identity and all elements of order 3 and 4. It is clear that d(y) > 5 for any element
y € G with o(y) < 12. For instance, assume that o(y) = 12, in which case, y is adjacent to the
identity and all elements of order 6 and 8. Thus, d(y) > 1+2+4 = 7. Now, let o(y) > 13 be an odd
number. In this case, d(y) > 1+¢(o(y)) > 5. Otherwise, if o(y) is even, then d(y) > 1+ ¢(0(y?)) > 7.
Hence, we get 6(E,(G)) = 5.
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Theorem 2.6. Let G be the dihedral group D,,. The following then hold:
1) If n = 3, then 6(&E,(G)) = 3.

2) If nis odd, and n > 3, then 6(E,(G)) = 1.

3) If n = 2m, mis odd, and 3 1 m, then 6(E>(G)) = 1.

4) If n=2-3-m, and m is odd, then 6(E,(G)) = 3.

5) If n=2%-m, and 3 ¥ m, then 5(E,(G)) = 3.

6) If n =22 -3 - m, then 5(E,(G)) = 5.

Proof. Let G be the dihedral group D,,. In this case,

1) Assume that n = 3. G has elements of order 1, 2, and 3. We have d(e) = 5. Moreover, for
any element x of order 2 in G, then d(x) = 1 + 2 = 3, and for any element y € G of order 3,
d(y) = 1 + 3 = 4. Hence, we conclude that 6(&,(G)) = 3.

2) Let n be an odd number greater than 3, and let x € G be the element of order n. Suppose thaty € G
is a neighbor of x. If o(y) = 2, then n must be 3, which is a contradiction. Now o(x) < 20(y) and

hence Z(—(’y‘; < 2. Since n is odd, we get o(x) = o(y), which is a contradiction. It follows that d(x) = 1,
and thus we get the desired result.

3) Suppose that n = 2m, m is odd, and 3 ¥ m. Let x € G with o(x) = 2. Then d(x) = 1, since there are
no elements of order 3 or 4.

4) Letn = 2-3-m, and m be odd. Let x € G be of order 2. We then see that d(x) = 1+ 2 = 3.
Suppose that y € G is of order 3. Then d(y) > 1 + (n + 1), since in this case, g has n + 1 elements of
order 2. Now consider that o(y) > 5. If o(y) is odd, then z € G exists such that z> = y. Hence, y is
adjacent to elements that have an order o(z) = 20(y). Thus, d(y) > 1 + ¢(o(y)), which is at least 3,
as o(y) is odd. Otherwise, if o(y) = 2k, k > 3. Then y* has order k and is adjacent to y. We see that
d(y) > 1 + ¢(k) > 3. Therefore, 6(E,(G)) = 3.

5) Letn = 22 - m, and 3 ¥ m. Let o(x) = 2 for some x € G. Then d(x) = 1 + 2 = 3, as x is adjacent to
the identity and all elements of order 4. Suppose that y € G with o(y) > 5. Then, similarly to the
previous case, we get 6(E,(G)) = 3.

6) Letn = 2%2-3-m, and let x € G with o(x) = 2. Then d(x) = 1 +2 +2 = 5, as x is adjacent to the
identity and all elements of order 3 and 4. Let y € G with o(y) = 3 or 4. By a similar argument, we
getd(y) > 1+(n+1), as y is adjacent to elements of order 2. If o(y) is 6, 7, or 8, then d(y) > 1+2+2,
since y is adjacent to all elements of order 3 and 4 (or 4 and 6). Assuming that o(y) > 9, the result
follows as in the previous two cases. Therefore, 6(E,(G)) = 5.

Theorem 2.7. Let G be the generalized quaternion group of order 4n, n = 2* and k > 1. Then

2 ifk=1;
0(&E(G) =49 5 ifk=3;
6 otherwise.

Electronic Research Archive Volume 33, Issue 11, 6805—-6843.



6814

Proof. Let G be the generalized quaternion group of order 4n, n = 2%, and k > 1. Then for each
k > 1, G has 2n + 2 elements of order 4, a unique element of order 2, and ¢(2) elements of order 2!
foreach 3 <i <k + 1. Thus, if k = 1, as d(v(2)) = d(e), since the order of the elements of the group in
this case will be 1,2,4,4,4,4,4,4, which means that d(v)) = 4n — 1; hence, we get the result. Now,
since the elements of order 4 form the largest set of vertices, 6(E:2(G)) ¢ {d(vs)), d(v(2))} and according
to the adjacency method and the number of vertices, we get d(vu)) = 6 for each k > 2. If k = 3,
2% — 22| > min{2%,22}, and hence d(v+) = ¢(2°) + 1 = 5, which gives the result. Otherwise, for
k = 2, the minimum degree for the graph is obviously obtained. Moreover, for each k > 3, d(vi+1)) =
$(25) + 1 > 6, and ¢(2™*") + ¢(27!) + 1 > 6 for each 3 < i < k. Therefore, §(E(G)) = d(viay). o

Theorem 2.8. Let G be the dicyclic group of order 4n, n = p* where p > 3 is a prime number and

k> 1. Then
p ifp=5Sor7;
0(&E(G) =1 6 ifp=3;
2 otherwise.

Proof. Let G be the dicyclic group of order 4n, n = p*, where p > 3 is a prime number and k > 1. Then
the group G has 2n elements of order 4 and a cyclic group of order 2p*. The orders of the elements in
this group are arranged as follows:
1,2, p,2p, pz, 2p2, el pk, 2pk.

It is known that |p — 4| < min{p, 4} for each p € {3,5,7}, and [2p’ — p'*'| > min{2p’, p™*'} for each
p>3and 1 <i< k- 1. Consequently, 6(E:(G)) ¢ {d(v)), d(vyy) : p = 3,5 or 7}. Thus, regarding the
number of elements that have the same order and ¢(2p’) = ¢(p’) = p — 1, we get d(veop) = ¢(p) + 1,
which gives the minimum degree for the graph when p = 5 or 7. Now, for all primes greater than 7,
we have |[p — 4] > min{p, 4}, and hence the elements of order 4 are adjacent only to the identity
and the unique element of order 2. Presently, consider the latter case where p = 3. If k = 1, then
as |6 — 4] < min{6,4}, we conclude that 6(E,(G)) = d(vay) = ¢(6) + ¢(3) + 2 = 6. Otherwise, if
k > 1, then |2(3%) — 3"*!| < min{2(3/),3"*!} and |3 — 4| > min{3?,4}. Thus, as #(2(3")) = ¢(3) > 6 for
each2 <i <k, we get (5(82((;)) = d(V(4)) = 6. O

Theorem 2.9. Let G be a finite group of order at least 3. Then, one of the following is satisfied:

1) If all nonidentity elements form a connected component, then k(E,(G)) = 5(E(G)) and N(v) is a
minimum separating set of E;(G) where 6(E,(G)) = d(v) for some v € V(E,(G)).

2) Otherwise, k(E2(G)) = 1 and {e} is a minimum separating set.

Proof. Let G be a finite group. The second point is obvious. Now, assume that 6(E,(G)) = d(v) for
some vertex v in G. Since N(v) # G — v, as the graph is not complete, this means that there is at
least one element w of G with v — w ¢ E(E,(G)). Hence v and w are not connected with any path in
&E,(G — N(v)). Therefore, N(v) is a separating set. In a similar way, we see that for any nonidentity
element u € G, N(u) is a separating set of the graph &,(G). As all nonidentity elements form a
component, the neighborhoods of these elements are the only separating sets. Thus, we conclude that
N(v) is a minimum separating set and hence d(v) = [N(v)| = «(E2(G)) = 6(E(G)). O
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2.2. The chromatic number

Within the ensuing section, the chromatic number of the graph &,(G) will be ascertained for some
finite group G. Moreover, an investigation into the property of perfectness is conducted for this graph.

Theorem 2.10. Let G be any finite group. Then E;(G) is perfect.
To prove this theorem, we need some definitions and lemmas.
Definition 2.3. [18] Let I be a graph. The following then hold:
1) A hole of T is an induced subgraph of I which is a cycle of length at least 5.
2) An anti-hole of T is a hole of the complement graph T.
3) An odd hole (respectively anti hole) is a hole (respectively anti hole) of odd length.
4) A graph T is Berge if it has no odd hole nor odd anti-hole.
Theorem 2.11. [18] A graph is perfect if and only if it is Berge.

Lemma 2.1. Let G be a finite group, let x,y, and z be any distinct elements of G such that o(x) = o(y).
Then xz € E(E,(G)) if and only if yz € E(E(G)).

Lemma 2.2. Let G be a finite group, and let H be a hole or anti-hole of E(G). Then the orders of the
elements of H are all distinct.

Proof. Let G be a finite group, and let H be a hole or anti hole of &,(G). Assume for contradiction that
H has two elements x and y that have the same order. We then have the following cases.

Case 1. If x and y are adjacent in H (anti-hole case).

Let w be the other neighbor of x in H. Then, by Lemma 2.1, yw € E(&E,(G)) which is a cord in H,
which is a contradiction.

Case 2. If x and y are not adjacent in H.

Let w # u be the neighbors of x in H. Then, by Lemma 2.1, we see that y is also adjacent to w and u.
Therefore, H has a length 4, which is a contradiction. O

Lemma 2.3. Let G be a finite group, and let x,y, and z be distinct elements of G such that o(x) <
0(y) < 0(z) and xz € E(E(G)). Then xy € E(E,(G)) and yz € E(E(G)).

Lemma 2.4. Let G be a finite group. Then &E,(G) contains neither a hole nor an anti hole.

Proof. Let G be a finite group. Assume for contradiction that &,(G) has either a hole or an anti hole H.
Let z be the element of maximum order in H, and let x and y be its neighbors such that (without loss
of generality) o(x) < o(y); that is, o(x) < o(y) < o(z). We then have the following cases.

Case 1. H is a hole.

This is a contradiction by Lemma 2.3, as xy € E(&E,(G)), forming a cord in H.

Case 2. H is an anti hole.

Let w be the other neighbor of y in H. By Lemma 2.2, we have either o(w) < o(y) or o(w) > o(y).
Case 2-1. If o(w) < 0(y).

As H is an anti hole and z and w are not adjacent in H, wz € E(E,(G)) with o(w) < o(y) < 0(z). Thus,
according to Lemma 2.3, wy € E(E,(G)), which contradicts the assumption that w and y are adjacent
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in H.

Case 2-2. If o(w) > o(y).

By a similar argument, as x and w are not adjacent in H, xw € E(&E,(G)) with o(x) < o(y) < o(w).
Hence, by Lemma 2.3, wy € E(&E,(G)), which leads to the conclusion that w and y are not adjacent in
H, which is a contradiction. O

Proof of Theorem 2.10. The proof follows from Theorem 2.11and Lemma 2.4. |
Theorem 2.12. The chromatic number x(&) for any cyclic group of order 2%, where k > 1, equals 3.

Proof. Let G be any cyclic group of order 2%, where k > 1. Observe that the identity has a unique
color. Now, for each 1 < i < k— 1, we see that any element of order 2’ is adjacent only to each element
of order 2/*! and 2/~!'. Hence y(&>(G)) > 3. However, the elements that share the same order form an
independent set, so we conclude that y(&,(G)) < 3. Therefore, we get the equality. O

Proposition 2.2. Let G be a cyclic group of order n = pq, where p < q are distinct primes. Then
X(E(G)) = 3, except when p > 2 and |p — q| > min{p, q}, in which case x(E(G)) = 2.

Proof. Let G be a cyclic group of order n = pg, where p and ¢ are distinct primes. If |p —g| > min{p, g}
and 2 < p, then the graph is a star graph and hence y(E,(G)) = 2. Otherwise, if n is odd, each element
of order p is adjacent to the identity and all elements of order g. As there is no edge between elements
of the same order, we conclude the result. Moreover, if n is even, observe that there is no edge between
the element of order 2 and the elements of order n. Thus, the result is obtained. ]

Theorem 2.13. Let G be the dihedral group D,, and let H be a cyclic group of order n. Then

x(&E(H)) + 1 3 divides n and E(H) is a star graph;

X(&:(G)) = { Y(E(H)) otherwise.

Proof. Let G be the dihedral group D,, and let H be a cyclic group of order n. Then, the orders of
the elements belong to the set 7, = {1, 2, d : d|n d > 1}. Observe that as G \ B = H, we have
E)(G — B) = &,(H), where B = {b,ab,a’b,...,a" 'b}. Consider that n is divisible by 3 and &,(H) is
a star graph. Then the elements of order 2 are adjacent in &E,(G) to the elements of order 3 and the
identity. Thus, an additional color is required, resulting in the outcome. Now assume the second case.
There are then two possibilities: Either 3 divides n and &E,(H) is not a star graph or n is not divisible
by 3. In both cases, the elements of order 2 in G will not affect the chromatic number of &,(H). That
is, if n is even, then the elements of order 2 in G will be colored in a similar was as in H, while if n is
odd, then for such vertices, we can choose a color of any divisor d of n that is different from 1 and 3 (if
it divides n) since for all d > 3, we have |2 — d| > min{2, d}. |

Theorem 2.14. Let G be the generalized quaternion group. Then
Xx(&:(G)) = 3.

Proof. Let G be the generalized quaternion group. Then, the equitable graph of Type II of this group
is defined as

K, v (W(z) \Y W(4) V...V W(zk) \Y W(2k+l)),
where K| has a unique vertex, which is the vertex associated with the identity element, and W)V W4V
...V Wik V Wik denote the sequential joining of the subgraphs W), Wpy, . .., War), and W), such
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that Wiy V Wiia) for all 1 < i < k — 1, defined by adding an edge from each vertex in W(,;, to each
vertex in W1y Then proof is then similar to that of Theorem 2.12. |

Theorem 2.15. Let G be the dicyclic group of order 4n, n = p* where p > 3 is a prime number and
k> 1. Then

4 ifp=3;
3 otherwise.

X(&:(G)) = {

Proof. Consider that G = Q,, with n = p*, p > 3, and k > 1. First, assume that p = 3. According to
the adjacency method in this graph, we get y(E,(G)) > 4. However, for each 2 < i < k, [2(3)) — 37| <
min{2(3’), 37!} and |2(3') = 2(3"*")| > min{2(3/), 2(3"*")} forall 1 <i < k—1. Hence, & (G) contains the
induced subgraph K; V (W) V W2y V Wiasz)y V... V Wisky V Wia3k)) and this implies that y(E,(G)) < 4.
On the other hand, if p > 3, then |p — 2| > min{p, 2}, which implies |p'*! — 2p/| > min{p"*!, 2p'} for
each 1 <i < k—1. Thus, in this case, the equitable graph of Type Il of G contains the induced subgraphs
K1V (Wi V W) forall 1 < i < k and hence x(E,(G)) > 3. However, since |4 — 2p| > min{4, 2p},
we get y(E,(G)) < 3. O

2.3. Independence number

The independence number of any graph is the cardinality of the maximum independent set in that
graph. The objective of this subsection is to study the independence number of the equitable graph of
Type II of a certain finite group G.

Theorem 2.16. Let G be a cyclic group of order n = 25, where k > 1 is a positive integer. In this case,

if k is even,
a(E(G)) =
-l ifkis odd.

Proof. Let G be a cyclic group of order n = 2, where k > 1 is a positive integer and let W denote
the maximum independent set of &(G). As the identity e is adjacent to all other vertices, e cannot
be in any independent set. Now observe that each element of order 2’ is adjacent to all elements of
orders 2! and 2! for all 2 < i < k — 1, and each divisor of n corresponds to an independent set. Let
W(;, denote the independent set consisting of all elements of order j in G. The graph in this case is
defined as
KivV(WayVWay V...V Wor).

Thus, according to the fact that ¢(2%) > ¢(2¥') > ... > #(2) = 1 and because of the adjacency
method, we conclude that the independent set W’ = {W ), Wiaia), ..., Wi2)} € Wifkis even (or W =
{Wary, Wik, ..., W3y, W)} € Wif kis odd) therefore, W € W’. Now consider the even case of k and
let X be any maximal independent set and let X = {W i), Wipin2), . .., Wiais)} in increasing order. As X is
an independent set, for any i; < j < i;, X cannot contain an element of order 2/ or 2/*!. It follows that
s <% wealsohave i, —i,>2forall 1 <z<s Hence,i; <k, i;-i <k—-2,is0<k—-4, ..., 0i>2
by the choice of n, and since the difference between any two consecutive orders is at least 2°. Thus
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|X| < |W|. For the odd case, the proof will follow a similar argument. Thus, if k£ is even, we have

k k
2

21'_% 21—1_1§ i_l ' iy _ _14%“_1 _
2, 0@ =y 2 =2y A=Y 4) 1= () -
— 21.:1 2 2V 4-1

i=1 i=0
_ 1(41’1—4) _ 2]’1—2

2V 3 3
Similarly, if k is odd, we have
2
¢(221+1) — Z 221 — 41 —
=0 =0 i=0 4-1
2k—1+2 _ 1 2k+1 _ 1 2]’l _ 1
-3 T3 T3

Theorem 2.17. Let G be a cyclic group of order n = pq, where p < q are distinct primes. Then

q ifp=2;
a(E(G) =3 n—p ifp>2andl|p—ql<p;
n—1 otherwise.

Proof. Let G be a cyclic group of order n = pg, where p < ¢ are distinct primes. According to the
definition of the graph, the identity cannot be in any independent set. Consider that n is even. The
graph &,(G) is then defined as

Ky v (W VW VW),
where W) is defined as in Theorem 2.16. Hence, if |2 — g| < min{2, g} or |2 — g| > min{2, g} , then,
similarly to Theorem 2.16, and since |n — g| < min{n, g}, we find that W,, U W, is the maximum
independent set, since ¢(n) = ¢(2q) = ¢(2)d(q) = ¢(q).

Now assume that » is not even and |p — g| > min{p, g}. Hence, the graph will be a star graph and

the result is obvious. Alternatively, if |p — g| < min{p, g}, then &,(G) will be as follows:

Wiy V Wig) V K1 V W,
Therefore, since |¢g —n| > min{q, n} and p < g, according to our analysis, we have ¢(p) = p—1, ¢(q) =
g — 1 and ¢(n) = ¢(pq) = (p — 1)(g — 1), which implies that ¢(p) < ¢(g) < ¢(n). Hence, it can be
deduced that W,y U W(,, forms the maximum independent set for this graph. m]

Theorem 2.18. Let n be a positive integer, let G be the dihedral group D,,, and consider the cyclic
group of order n, say H, where n = 2k k > 1. In this case,

a(E(H)) +n—1 ifkiseven;

a(&E(G)) = { a(E(H)) + n ifk is odd.

Proof. Let G be the dihedral group D,, and let H be the cyclic group of order n, where n = 2%, k > 1.
The graph &,(G) is then defined as

K] \Y (W(2) \Y W(22) V...V W(zk)),
where W(;, denotes the independent set consisting of all the elements of order j in the group G. It is
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known that the group G = (a) U {b, ab, a®b, . . .,a* ~'b} and the number of involutions is equal to n + 1,
in this case, which forms an independent set with a large number of vertices, and hence W,) is a subset
of the maximum independent set, say W. By the same argument as in the proof of Theorem 2.16, we
get {Wiay, Wiy, Waray, ..., Wasy[orWp3) 1} € W where k is even [or odd].

Now, consider the even case, since the elements of orders 2 and 2* are adjacent and Wy C W.
Hence W2, cannot be in W. Moreover, any vertex of G \ W is adjacent to at least four vertices in W.
Hence, the equality holds in W. In comparison with &,(H) and considering that each set W, contains

k=1
2
$(2)) = 21! vertices, we see that if k is odd, then a(E,(G)) = n+1 +Z P25y = n+ 1+((E(H)) - 1).

i=1
k

2
While if k is even, we have a(&,(G)) = n + 1 + Z (2%) = n+ 1 + (a(E(H)) - 2). O

i=2
Theorem 2.19. Let G be the dihedral group D.,,, where n = 3* and k > 1. Then, a(E,(G)) = 2n — 3.

Proof. Let G be the dihedral group D,,, where n = 3% and k > 1. Then all the vertices are adjacent
only to the identity as |3*! — 3/| > min{3/*!,3/} for all 1 < i < k — 1, except the identity and the
elements of orders 2 and 3 which form an induced subgraph K; vV (W) V W(3)); that is, the elements
of order 2 are adjacent to all the elements of order 3. Consequently, W3 is a subset of the maximum
independent set W for all 2 < i < k and one of the two sets W(,, and W(3). Considering the number of

elements in each of them, we see that W,y C W as it has n vertices in this case. Therefore, W consists

k

of n+ > ¢(3) =n+(n-3) =2n-3 vertices. O
i=2

Theorem 2.20. Let G be the dihedral group D,, where n = pq with p and q are primes, such that

p < q. Let H be the cyclic group of order n. Then

2n -3 if p=3and|p — q| > min{p, g};
w(&:(G)) =
a(E(H)) +n  otherwise.

Proof. Let G be the dihedral group D,, and let H be the cyclic group of order n, where n = pg such
that p < g are distinct primes. Then the group G consists of a cyclic group (a) of order n and the set
{b,ab,a’b,...,d*b} of n involutions. Similar to the argument in the proof of Theorem 2.17, we can
discuss the situation in each case. First, if p = 2, then |n — g| < min{n, g} and |n — 2| > min{n, 2}.
Since Wy has n + 1 vertices, according to the adjacency, W) U W, is a subset of W, which is the
maximum independent set in &E,(G), since if X is any maximal independent set, then W, must be a
subset of X. Moreover, by adjacency, in this case, we see that W, or W, is a subset of X. However, as
o(q) = p(2q), |X| < |W|and a(E2(G)) = n+ 1+ ¢(n) = g +n. Now assume that n = pg, and |p — g| < p,
p > 2, and thus there are two cases.

Case 1. If p = 3, then |n — g| > min{n, g} and |q — 2| > min{g, 2}. Hence, W,, which contains n vertices
and W, are included in W. Moreover, since the elements of order g are adjacent only to the identity
and the two elements of order 3, and as p < g, we get W, C W.

Case 2. If p > 3, then |p — 2| > min{p, 2} and |n — g| > min{n, g}. This implies that W,y U W, C W.
According to the choice of n and the number of elements in each order, we find that W, is contained
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in W. Furthermore, observe that in both cases, neither W, nor the identity can be in W. Therefore,
a(E(G)) = n+¢(n) +¢d(q) = 2n— p. Otherwise, the graph E,(G) is a star graph except for p = 3. Then
there is an edge from each element of order 2 to all elements of order 3, and hence W3, is not included
in W by considering the number of vertices in each of these two sets. Therefore, W = {W(,), W(,), W, }
and a(&(G)) = n + ¢(g) + ¢(n). m

Theorem 2.21. Let G be the generalized quaternion group. Then a(&E,(G)) = 2(&(82(D2n))).

Proof. Consider that G = Qu,,n = 2¥, and k > 1. The proof of this theorem follows, since G has 2n + 2
elements of order 4, which must be included in the maximum independent set, say W, and a cyclic
group with 2n elements. Then, by a similar argument as in the proof of Theorem 2.18, and as ¢(2°) =
21 we find that if k is even,

a(E(G)) =2n+2+ Z p2¥ Ny =2(n+1+ Z #(22).
i=2 i=2

For the odd case of k, we have

Q(SQ(G)) =2n+2+ Z ¢(22i+2) — 2(1’1 +1+ Z ¢(22i+1)).
i=1 i=1
O

Theorem 2.22. Let G be the dicyclic group of order 4n, n = p* where p > 3 is a prime number, and
k > 1. Then a(E,(G)) = a(E(Dyy)) + n.

Proof. Let G = Qu,, and n = p* where p > 3,k > 1, and consider that p > 3. According to the
adjacency method mentioned for this group, since ¢(p’) = ¢(2p') for all 1 < i < k, we see that

B = {Wu), Wapy : 1 <1<k} € W, and no other vertex from G \ B can be added to W because of the
adjacency. Thus, W = B. Now, if any maximal independent set X exist, following the argument in the

k
proof of Theorem 2.20, we see that |X| < |W| and hence a(E,(G)) = 2n + Z qb(pi). Considering that
i=1
&E,(D»,) in this case is a star graph, we get the result. Now assume that p = 3, then |4 — 6| < min{4, 6},
which implies that B = {Wy), W5,y : 2 < i < k} © W. Moreover, each vertex in G \ B is adjacent
to at least one vertex in B, and this shows that B is maximum, since if Y is any maximal independent
set, then, again by similar criteria to those in the proof of Theorem 2.20, we get |Y| < |W/|. Therefore,

k
a(E(G)) =2n + Z #(p'), and a comparison with Theorem 2.19 leads to the announced result. O
i=2

Theorem 2.23. Let G be the dicyclic group of order 4n, n = 2p, and p > 3 is any prime. Then

2n+ 2 + ¢(4p) ifp<7;

a(E,(G)) = { 2n+ 2+ ¢(p) + ¢(4p) otherwise.

Proof. Let G be the dicyclic group of order 4n, n = 2p and p > 3 is any prime. Then G has 2n + 2
elements of order 4 and ¢(d) elements for each order d. The orders of the elements of this group will be
arranged as 1,2,4, p,2p,4p. If p <7, according to the adjacency criteria and the number of elements
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in each order, we find that W = (W), W, ). Hence, a(E:(G)) = 2n + 2 + ¢(2n). On the other hand,
Wiy 1s separated from W, for all orders d > 4 and there is no edge between the elements of order p
and order 2n. Hence, in this case, W = {W,, W(;,), W(2,}, which leads to the result. m]

Theorem 2.24. Let G be the dicyclic group of order 4n, n = pq, and 2 < p < q are prime
numbers. Then

2n + ¢(2n) + ¢(q) ifp=3o0or3<p<8andq<2p;

w(&:(G)) = { 2n + ¢(2n) + d(p) + #(q) otherwise.

Proof. Let G be the dicyclic group of order 4n, n = pq, and let p, g be primes with 2 < p < g. Then the
elements of this group have the order 1,2,4, p,2p, q,2q, pq,2pq. Itis clear that |2n—2g| > min{2n, 2g}.
Thus, there are two cases. First, assume that p = 3. Considering the adjacency method and the
cardinality of the elements in each order, we get W = {W), Wo,), Wi ). If we consider that 3 < p < 8
and 2p < g, then we see the elements of order g are adjacent to the elements of order p and order 2p.
Moreover, the elements of order 2p are adjacent to the elements of order 2q. Thus, since W4 and W,
are disconnected, we see that W = {Wy), W), W,. Otherwise, as |4 — p| > min{4, p}, which implies
that W = {Wy, Wiy, Wiag), Wen ). Therefore, the result is shown using the fact that ¢(2p) = ¢(p) for
any prime p > 3. O

2.4. Planar, Eulerian, and Hamiltonian

In this part of the research, the planarity, Eulerianess, and Hamiltonianess of equitable graph of
Type II for some finite groups are studied. We have the following results.

Theorem 2.25. [13, Theorem 8.4.3] K33 is nonplanar.

It is clear that any star graph is planar. The next theorem outlines the other cases in which the graph
is planar.

Theorem 2.26. Let G be any finite group such that E,(G) is not a star graph. Then &,(G) is planar if
and only if G satisfies one of the following:

1) G is a cyclic group of order 4.
2) G is isomorphic to the quaternion group Qs.

Proof. Let G be any finite group. The proof will be by contradiction. Suppose that G does not satisfy
any of the given conditions, and hence |G| > 6. If |G| = 6, according to the list of groups of small order,
the only Abelian group of order 6 is Zs, which is isomorphic to Z, X Zs, and the only non Abelian
group of this order is the dihedral group D¢, where n = 3. This group is isomorphic to the symmetric
group S'3. As isomorphic groups have isomorphic graphs and since &,(Z¢ and E,(Dg) are isomorphic
(as will be presented in the last section), we see that E,(G) has K33 as a subgraph. This implies that
&E,(G) is nonplanar. This can be detected in Figure 3.

For |G| = 8, if we remove the case Qg and Z,s (as E;(Zy3) is a star graph), the only Abelian groups
are Zg and Z, X Z,. For the non Abelian case, there is only the dihedral group Dg where n = 4.
Considering that the equitable graph of Type II of Dg and Zg are isomorphic. This will be shown in the
last section. It can be shown in Figure 4 that E,(G) in each case has a subgraph isomorphic to K33 and
hence it is nonplanar.
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Since the graph is not a star graph, there are nonidentity elements u;, v; that are adjacent. It follows
that u; and v; have distinct orders. Hence, for any finite group G of order greater than 8, as there exist
at least three elements u;, u,, and u3 share the same order, say d;, and at least two elements v; and
v, have the same order d,, hence the subsets of vertices U; = {u;,up, u3} and U, = {vy,v,, e} form a
subgraph isomorphic to K33 by removing certain edges. Thus, we can always construct a subgraph of
&,(G) which is isomorphic to the graph K3 3. Therefore, the equitable graph of Type II is nonplanar for
any finite group G that does not satisfy the given conditions. On the other hand, in the case where G is
a cyclic group of order 4 or G = Qg, Figure 5 presents the planar graph of £;(G) in these two cases.

Figure 3. Nonplanar of the graph &,(G) where |G| = 6.

(@) £,(6); G = Zg (b) £,(6);6 =27, X Z,

Figure 4. Nonplanar of the graph &,(G) where |G| = 8.
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(a) Plane graph of €,(G); G = Z, (b) Plane graph of €,(G); G = Qg
Figure 5. The planarity of &,(G) where G = Z, or Qs.

O

Theorem 2.27. [13, Theorem 6.2.2] For the nontrivial connected graph I, the following statements
are equivalent:

1) T is Eulerian.

2) The degree of each vertex of T is an even positive integer.

3) T is an edge-disjoint union of cycles.

Proposition 2.3. Let G be a finite group, and assume that one of the following holds:
1) E,(G) is a star graph.

2) |G| is an even number.

3) G is a cyclic group with an odd order.

Therefore, E,(G) is not Eulerian.

Proof. Let G be a finite group of order n. The proof is then clear for the first and second points. Now
let G be a cyclic group of odd order, say n, then |[n — 4| > min{n.5}, where d is the smallest prime
dividing n. Therefore, d(v(,)) = 1, which proves the result. O

Proposition 2.4. Let G be the dihedral group D,,. Then E,(D,,) is Hamiltonian if and only if n = 3.

Proof. Let G be the dihedral group D»,. If n = 3, then &,(Dg) is Hamiltonian since b — a — ab — a* -
a*b — e — b is a Hamiltonian cycle in E,(Dg). Conversely, let C be a Hamiltonian cycle in &,(Ds).
We need to show that n = 3. Let W, be the set of elements of order 2 and let NW(,, be the set
of the neighbors of the elements of Wy). As [Wy)| > n and W(;) and NW, are disjoint sets, we have
INW2)| < |Gl=|W)| < n. Moreover, W, is an independent set, so any two elements of W, in C must be
separated by at least one element of their neighbors, so [W(y)| < INW(y)|; thatis, n < |Wy)| < [INWp)| < n.
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Thus we get [Wy)| = INWy)| = n. As G has n elements of order 2, n is odd, and hence any element
of G — W, belongs to NW(,), which is the case of the elements of order n in particular. Therefore,
|n — 2| < min{n, 2}, which implies that n < 4; therefore, n = 1 or n = 3. But n cannot be 1, since the
group in this case has only two elements, and it has no cycle. Hence n = 3. O

Proposition 2.5. Let G be the dicyclic group Qu4,, n > 1. The equitable graph of Type II of G is
Hamiltonian if and only if n = 3.

Proof. Let G be the dicyclic group Q4,, n > 1. If n = 3, E(Q;,) contains a Hamiltonian cycle
b—a—ab-a —a*bh—-a*-a’b-a* —a*b—a’ — a’b — e — b, so it is Hamiltonian. On the other hand,
let C be a Hamiltonian cycle in &,(G). We need to show that n = 3. Let W4 be the set of elements
of order 4 and let NW(,, be the set of the neighbors of the elements of Wy). As [W)| > 2n, and Wy,
and NW, are disjoint sets, we have INW)| < |G| — [W)| < 2n. Moreover, Wy, is an independent
set, so any two elements of W) in C must be separated by at least one element of their neighbors, so
Wiyl < INW); that is 2n < [Wiy| < INW4)| < 2n. Thus we get [Wy)| = INWy)| = 2n. As G has 2n
elements of order 4, 2n is not divisible by 4; therefore, n is odd, and hence any element of G — Wy,
belongs to NW4, which is the case of the elements of order 2n in particular. So [2n — 4| < min{2n, 4};
this implies that n < 4; and therefore, n = 3 asn > 1. O

3. Topological indices

Topological indices play a crucial role in analyzing chemical compounds’ physical and chemical
characteristics. They include molecular structures based on degree and distance, as well as hybrid
formulations. The identification of the physical properties, chemical reactivity, and biological activities
of compounds can be achieved using these indices as the leading tools. In the context of algebraic
graphs, topological indices are essential for understanding and exploring the graph’s structure, which
reflects the properties of the algebraic structure itself. Furthermore, algebraic graph invariants have an
effective role in analyzing protein interaction networks and molecular symmetry, where Zagreb indices
serve as predictors of molecular stability and complexity. Many researchers have conducted research
in this field (see [19,20]). The most useful topological indices are the first and second Zagreb indices,
which are defined as M;(I') = Z (a’(u))2 and M,(I') = Z d(u)d(v) for any graph I'. In this section,

ueV uvek
we derive formulas for the first and second entire Zagreb indices as well as formulas for the first and

second Zagreb indices for the equitable graph of Type II of various finite groups. Additionally, we
provide some examples. For further information on the entire topological indices, we refer to [21,22].

Through this section, e denotes the vertex that is associated with the identity element of G, and ev;,
[or v(;v(j)] means the edge which joins e with vy (or v(; with v(;)).

Definition 3.1. [21] Let I' = (V,E) be a graph. The first and second entire Zagreb indices are
defined by
M= Y (@),

xeV(DUE(T)

and

MiD= > dWd).

~ xiseither
adjacent or incident to 'y
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Let G be any finite group such that &,(G) is a star graph. The computation of the entire indices,
along with the first and second Zagreb indices, can be derived from the subsequent results.

Proposition 3.1. [21] For the star graph I of order n, we have

1) M5(T) = (n — 1)[n% = 3n + 4].

2) M) = 3(n—D[* —nBn—4) — (n - 3)* - 11.

Theorem 3.1. [23] The first and second Zagreb indices of the star graph T of order n are

MDD =m-12+m-1) and MyT)=n-1)>

Theorem 3.2. Let G be a cyclic group of order 2%, where k > 4. Then &,(G) has the
following properties:

1) M{(&:(G)) =

2) M5(&,(G)) =

22— 2n + 108 + (7)2%70 + 2471 (1 + 222 + (n — 2 + 2527
+22(1+ (527 + (n + (52 - 2)’]

k-1

+ Z [221'—1((15)21'—2)2 + 21‘—1((1 + (5)2i—2)2 + (n + (5)2i—2 _ 2)2)]
i=2
(117)2F + 7(2% = 2%%79) 4 (35)2%8 4+ (241 4 2%79)

k—1
X[262(5 + (1)259) = 2] + 2452 + 52 + 227%) + 3 27 d(vevee) |
i=4
k
+2E = D[97 + (724 + D27 (dwey) + devy) |

i=4
k-1

+(242 + 32)[30 + 8(d(veryvian) + d(vevin)) + (5)2273 = 2k + Z 27 d(vevey)|

i=5
k-1

+ Z 2! [d(v(z;))(d(vev(zi)) + 27 d(vanvan) + 2(d(vamy) + d(v(zi)v(2i+l))))
i=4

+d(VeV(2i))(2i_2d(V(2iI)V(zi)) + Zid(V(zi)V(zHl)) + Z 2j_1d(vev(2.f)))]

j=i+1

k-2
2i—-1 i+1
+ Z 2 ! d(V(zi)V(zHl))[zH d(V(2i+1)V(2i+2))]

3

k
)@ = 2 (dovevey)) + (4732 = ) (dvaryven)]

i=4

+44[38 + 2K 4 8(d(V(24)) + d(V(23)V(24)))] + 960 d(V(zS)V(24)) + 6328.

Proof. Let G be a cyclic group of order 2¢ and let k > 4 (the case of k = 2 or 3 is included in
Example 3.1). Since the equitable graph of Type II of G is of the form

Kl \Y (W(2) \Y W(22) V...V W(zk)).
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According to the definition of the entire indices, we get

k
M{(E(G)) = (W) + (de))’ + (@A)’ + D e2)|(dre)) + (dvevey))’]

i=2
+ 90(2)90(22)(d(v(2)v(22)))2 + 90(22)90(23)(d(v(zz)v(23)))2 T
+ ‘P(zk_l)90(2k)(d(v(zk-l)V(zk)))2~
Now, using the fact that the cardinality of the elements that share the same order in a cyclic group is
equal to the Euler function of that order and ¢(2°) = 2~!. In this graph, we have d(vip)) = 1+¢(2%) = 3,
dvay) = 1+ 25N, dveve) = n =2+ ¢(2%) = n, dwevay) = n =2 + ¢(2K"), and for each
1 <i<k dvay) =1+@2™) + 2™, dvevay) =n—2+ @27") + (2. Moreover, d(vayvo2) =
1+140(2%)—1+¢(2°) = 7, d(vor-1yvar) = 1414025 =142 = 1+9p(2572) = p(25)+p (25 +¢p(242),
and d(voiveen) = (27N +9(2) + (21 + p(27+%). By making some mathematical operations, taking
into consideration that symmetric vertices and edges have the same degree in this graph, the formula

is obtained.
For the second entire index, according to the definition and the adjacency criteria, we get that

M5(E2(G)) = d(vo)|d(viy) + d(vevin) + ¢ Ad(v2) + d(vevaey)) + ..
+e2(d(va) + dev)| + dva)|dWeve) + e@2)d(ve) + dvever))]
+ o) (V(Zz))[ d(vevey) + d(vayva) + 923 (d(ves)) + d(v<22>w23>))] +...
+ 0(2)d ()| dWevan) + @2 TdWamnvay) + eV + dvayveey)| + ..
+p(29dvan)[dvevan) + 92 AV | + dev)|e@)drere) + ¢2)deve) + ..
+ @A) + 20y + -
.\ gp(zi)d(VgV(zi))[()o(zHl)d(vev(zm)) +...
+ 90 veve) + 927NV + @ 0@+
+ <p(2k)d(vew2‘))[90(2k‘l)d(v<2k*1>v(2k))] + ‘1"(22)‘1("@)"(22))[¢(23)d(v(22)v(23))] e
+ 92PNy ¢ dr )| + ..
+ (221 x d(wzH>V(2k*1>)[¢(2k)d(v(2k*‘)v(2k>)] + (d(vev(ﬁ)))z T

¢(2)-1

+ Y idvve))
j=1

@(2%-1

44 -1 22-1
+ Z j(d(VeV(zk)))z + (d(V(z)V(22)))2 + [2 . ( ) +4- ( )
=1

2 2

](d(V(zZ)V(23)))2 + ...
2i—1(2i—l _ 1) o 21‘—2(21‘—2 _ 1)
f +2 L. f](d(V(zi—l)V(zi)))z + ...

2k—l(2k—l _ 1) . 2k—1 2k—2(2k—2 _ 1)
2 2

+ [Zi‘z .
+ [2"‘2 : ](d(V(zkfl)V(zk)))z-

nn+1)

n
Observe that Z j = . As the first entire index, use the degree values and make some
=1

computations to get the desired result. O
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Theorem 3.3. Let G be a cyclic group of order 2%, where k > 4. The first and second Zagreb indices
for E(G) are

k-1
1) M{(EXG) =9+ (n—1)* +251[1 +25*@ + n)] + Z 2711 + (5)2172).

i=2

k=1
2) May(&x(G)) = 36+ 213+ 281+ 22%0) + 3 (27 4+ (5)22)[n— 1+ (527 + 2],

i=2

Proof. Let G be a cyclic group of order 2¥, where k > 4. According to the definition of the first and
second Zagreb indices and the adjacency method in this graph, we have

k
Mi(ExG)) = (n— 17 + ) ¢2)(d(v)’,

i=1

and

k k—1
Ma(Ex(G)) = (n = D[ D 6(2)dva)| + )| ¢y [p2*Nd(wem)].
i=1 i=1

Hence, by substituting the degrees as in Theorem 3.2 and performing some calculations, we obtain the
required result. O

Theorem 3.4. Let G be a cyclic group of order pq, where p < q are distinct prime numbers. The
equitable graph of Type Il of G has two cases as follows:

1) If p=2and|2 — g| > min{2, g}, then
(a) M{(E(G)) = 4g* + 4q® — 244q* + 269 — 8.

(b) M5(Ex(G)) = 4¢° + 11¢* - 53¢° + 76¢* — 49q + 12.
2) If p>2and|p — q| < min{p, q}, then

(@) M{(EG) = (pg—1*+(p—D|g* + (pg+q—37|+(g-1)
X|p? + (pg+p =32+ (p— (g - D|1 +(pg =27+ (p+q-27].

(b) M5(Ex(G)) = (pq - V|p*a* +2pq = 4p —4q + 5| + (pa — 9| @ + 3pg - 2p - 2 — 1|
+(pq - p)|P* +2pg - 2p - q— 1]
+(P*q-3p - q+3)|P*¢* - P’q+ ¢* - 4q + 3]
+pq* - 3q-p+3)|P°¢ - Pa+ p* pq2—p+q]
+E222 | % (pg + g - 3) + [ L322 3"+2](1t761+p 3)”
| ee=partt D (pg - 2)% + [(p = DESEL + (g - DEZ |(p + g - 27
+p’q* — p*q — pq® — pq +2p +2q - 2.
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Proof. Let G be a cyclic group of order pg where p < ¢ are distinct primes and assume that p = 2
with |2 — g| > min{2, g} (the only case in which |2 — ¢g| < min{2, g} is when ¢ = 3, which is included
in Example 3.1). Then, in this case, we have |¢ — n| < min{qg,n} and the first entire index has the
following form:

ME(E(G)) = (A1) + (dv@))’ + e(@)(dv)) + 9Q2a)(d(vay)) + (dWevey))
+ (@) (dWevi)) + 2 Ad(Vevag)) + @@ (d(vigviag)) -

The second entire one will be determined via the following formula:

M5(Ex(G)) = dvo)|d(vey) + d(vevie) + 9(@)(d(vig) + d(veviy)) + 92)(d(viag) + d(veviay))]
+d(ve)|dveve)| + @@ [dverg) + $29)(d(vag) + d(vgvey)))|
+ $2q)d(vag) | d(veviag) + $(@)d(igVep) | + dWeve)| @ @d(vevg) + 92g)d(vevay))|
+ p(@)d1ev)|¢2Avevay) + dVigvieg)| + ¢V e@dvgvay)]

w(@)-1 (29)-1
+ D dvrg) + D f(dveveg))
j=1 j=1
-1(g-2 -1(g-2
+ [(f] - 1)% + (6] - 1)%](([(\1((1)\/(2(1)))2.

Since ¢(q) = ¢(2q) = q — 1, we have d(vp) = 1, d(vy) = dvpoy) = q, dveve) = 29 — 2,
d(vev) = dveveg) = 3q — 3, and d(vy)vog) = 2g — 2. Therefore, similarly to Theorem 3.2, we
substitute these values. After performing the necessary calculations, we obtain the intended formula.
On the other hand, if p > 2 and |p — g| < min{p, g}, then |pg — g| > min{p, g}, and hence the first and
second entire indices can be computed from the following equations:

M{(Ex(G)) = (d(v))’ + ¢(p)|(d(v))* + (dvevip))’ | + ¢(@)] (A1) + (d(vevi))’]
+ 0(pg)|([d(vp)) + ([AVev(pg))’| + e(PE@(A ()

and

M3(E:(G)) = d(Ve)[w(P)(d(V(p)) +d(Vevip) + @(@)(d(vig) + d(vevi)) + (P (d(vipg) + d(VeV(pq)))]
+ @(P)d ()| dvevip) + ¢(@)d(vg) + dvipyvig)| + YD) derig) + PPV Vi)

+ Q(PQAV(pg)|dVeV(p)| + PPV @@ (A(Vevig) + AV Vig)) + E(PPAVeV(pg)|
e(p)-1 e(g)-1

+ @A) #(PDAVV (o) + PPV V()| + Z Jdvevip)) + Z Jdevig))®
=1 =1

! (p—D(p- 2)]
2

Y jdevp) +[(p -1

(g-1(g-2)
: 2 7
j=1

-1 (dVpvi))-

In this case, we have ¢(pq) = ¢(p)p(q) = (p — 1)(q — 1); hence d(v(,)) = g, d(vy) = p, d(Vpg) = 1,
dWevpy) = pq+q—3,dWevy) = pg+p—3,dVevipg) = pg—2, and d(v,)v(g) = p +q — 2. Therefore,

The final equation is revealed after the required computational operations are performed. O
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Theorem 3.5. Let G be a cyclic group of order pq, where p < q are distinct prime numbers. The first
and second Zagreb indices of the equitable graph of Type Il of G are as follows:

1) If p=2and|2 — g| > min{2, g}, then
(a) M(EXG)) =2 + 2> —4q + 2.

(b) Mx(Ex(G)) = ¢* +2¢° = 5¢° +4q — 1.

2) If p>2and|p — q| < min{p, q}, then
(a) M\(EX(G)) = p*q* + p*q + pq* — pqg— (P> + >+ p+q) + 2.
(b) Mx(EX(G)) = 4p*°q* — 3(p*q + pq*) — pg + 2(p + q) — 1.

Proof. Let G be a cyclic group of order pg, where p < ¢ are distinct prime numbers. Consider the first
case in which p = 2 and ¢ > 3. The first and second Zagreb indices can be obtained from the following
equations and by similar arguments as in Theorem 3.4 as follows:

M(E:(G)) = d(e)* + d(v)* + d(@d(vy)* + M)AV,

and
My(&(G)) = d(e)|d(va) + $(@)d(vg) + pm)d(vin) | + @AWy,

Now, assume that p > 2 and |p — ¢q| < {p, ¢g}. In this case, we have
M(Ex(G)) = d(e)* + p(p)d(v()* + $(@)d(vy)* + p(m)d(v)?,

and
Ma(Ex(G)) = d(e)|¢(p)d(vp) + H(@)d(vig)) + S ()| + B(P)A () [B(@)d(vi))].

Thus using the same degrees as in the previous theorem, the result will be obtained. O

Theorem 3.6. Consider the dihedral group D»,, where n = 2* and k > 3. Then E,(D»,) has the
following properties:

1) M2(Ey(Dy,)) = 6n° +58n” + 191n + 198 + 2"‘1[(1 +22 + 2n -2+ 2"‘2)2]

k-1
#223((7)24) 4 D27+ (39272 + 2n -2+ (527
i=3

k=2
+ Z 22711 + (7)21),
=2

n+1 ifi=2;

where t = { 2 ifis 2,
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2) M5(Ex(Dyy)) = 3n* + 1813 + 96n% + 208n + 127

k
+2n = D202+ 130421+ > 27 2n - 1+ (527h)]
i=3
+Q2n 4 12)[n? + 14n + 13 + 4{dvs) + dveve))]
k

+2n2 +2m)[2n + 14+ )" 27 d(vv)]

i=2
k
+(6I’l + 6)[ Z 2i_ld(VeV(2i)) + n2 +8n+7+ 4d(V(22)V(23))]

i=3
+(2F1 4+ 22320 — 2 + 282 4+ (7)2%75) + (7)23%6(2n — 2 + 2F2)
k-1

+ Z 2i_1 [d(V(zi))(d(VgV(zi)) + 2i_2d(V(2i—l)V(2i)) + 2i(d(V(2i+1>) + d(V(zi)V(ziH))))
i=3

k
+d(vev(2i))(2i‘2d(v(2i_1)v(zi)) + 2l d(vaiyvaen) + Z 2j_1d(vev(2j)))]

Jj=i+1

k-1
+Z(22’ ~ 272 d(vev(zt)) £ (373G 2 = 8)dayvan)’
i=2
k 2

+ Z 2 d(v(zl)V(2!+l))d(V(2l+l)V(ZH-Z))] + (8”2 + 64n + 56)d(V(22)V(23)).

i=2

Proof. Let G be the dihedral group D,, and let n = 2¥ where k > 3. Since 7,(G) = {1,2,2?%,...,2%}, the
proof is similar to Theorem 3.2 considering that the number of the elements of order 2 in this group is
n+ 1 and ¢(2') elements of order 2/ for each 2 < i < k. O

Theorem 3.7. Consider the dihedral group D»,, where n = 2% and k > 3. The first and second Zagreb

indices of E,(D»,) are
k-1

1) M(Ex(Dsy)) = 60 +29n + 82 + 25 1(1 + 1)* + Z(l +(5)2720,
i=3
n -+ 1 lf‘k:j)’

where, t = { k-2 ifk> 3

k—1
2) My(Ey(Doy)) = 160 +67n +21 + (2n — 1)[2’<—‘ 4023 4 Z(zi—l + (5)22"-3)]

i=3
k-1
+ Y [@ + ()21 + T,
=2

2k=2 ifi=k-

where, T = ‘ ‘ .
{ 20 4 2L otherwise.

Proof. Consider the dihedral group D.,,, where n = 2 and k > 3. The proof is similar to Theorems 3.3
and 3.6. O

Theorem 3.8. Let G be the dihedral group D,,, where n = 3% and k > 2. Then & (G) has the
following properties:
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k
1) M2(EX(G)) = 6n® +32n* = Tn+ 11 +2 Z 37 [4n* — 8n + 5].

i=2
k—1 k
2) M5(Ex(G)) = 3n* +30n> + 71n® = 1n+2+4 > 371[ 3" 37720 - 2)?]
i=2 j=i+l

(2)3i-1((2n S 440+ 8 — 180 + 6) + ((2)32"—2 - 3"—1)(211 _ 2)2].

k
")
i=2

Proof. Consider the dihedral group D,, where n = 3 and k > 2. Since we have |2 — 3| < min{2, 3},
|37 — 31| > min{3’, 3"*!} for each 1 < i < k — 1, and considering that D,,, in this case, has n elements
of order 2, we find that the first and second entire indices of &,(D,,) can be computed via the
following equations:

MEEDa)) = (1))’ + n[(dva))’ + (@dreve)] + 6B (e + [dvva)]
+ 90(32)[(01(1)(32)))2 + (d(VeV(32)))2] ..
+ 939 (@a))’ + [dvevey)’] + ne3)dvave))s

and

M5(Ex(Dyy)) = d(Ve)[n(d(V(Z)) +d(vev)) + @(3)d(vz)) + d(vevz)) + ...
+ 93N d(vz) + dev))| + nd(ve)[d(veva) + eB3)d(va) + dvaye))
+ 0(3)d ()| d(vev) + nd(veyve)| + eB3Hdv)|dvev)| + ...
+ (33| dWevan)| + nd(eve)|e(3)deva) + eB3HdWev) + ...
+¢(35dWevay) + 93)d(vaa)| + ¢(3)drera)|e(BDdveve) + ...
+ 9(B3Nd(evan) + nd(vayve)| + @(B32dmeva)| (3))dveven) + ...
+ 93 d(Wevin)| + ..

n—1 4p(32)—1
Hdee)) + @) + Y fdwev)) + ...
1 j=

J

+ (3N dWeva)| e(3Hdmev)| +
J=

0(39-1
+ Z j(d(ng(3k)))2 + [n

J=

22-1)
2

+2n(nz— 1)]

(dvayve))’.

The degree values of the vertices in E;(D,,) are as follows:
dvp) =3,dvz) =n+1,dWveve) = 2n,dv.vs) =3n-2,dvoyva) =n+2,dvay) =1,
and
d(vevisiy) =2n—2forall 2 <i<k.
By substituting these values and making some calculations, we get the desired formula. O

Theorem 3.9. Let G be the dihedral group D,,, where n = 3% and k > 2. Then the first and second
Zagreb indices for E,(G) are
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k
1) M(E(G)) =6n>+9n +3 + 22 31

i=2
k
2) My(E(G)) = 16n* +5n—2 + (4n —2) Z 3t
i=2

Proof. Let G be the dihedral group D,, where n = 3% and k > 2.The desired outcome can be
determined by applying a similar argument to that used in Theorem 3.8 to the following equations:

k
My(Ex(Day) = d(e) + nd(ve))* + Y $(3)d(vix),

i=1

and

k
Ma(Ex(Dsy) = d(e)|nd(va) + ) ¢(3)d(ve)| + nd(va)[d(3)d(ve)]
i=1

O

Theorem 3.10. Consider the dihedral group D,,, where n = pq; p < q are distinct primes. The
equitable graph of Type II of this group has the following cases:

1) If n = 2q and q > 3, then
(a) M5(Ex(Dyy)) = 4¢* + 68¢° — 884* + 48q — 8.
(b) M5(Ex(Dyy)) = 4¢° + 1064* — 14847 + 75¢* + 29 — 6.

2) If n =3qand q > 5, then
(a) M5(Ex(Dyy)) = 270¢° + 108¢* + 664 — 4.
(b) M5(Ex(Day)) = 729¢* + 3364 + 563¢* + 364 — 3.

3) If p>3and|p — q| < min{p, q}, then

(@) M3(Ex(Da)) = (2pg — 1) + pq|4pq® — 8pq + 3|
+Hpg-p—q+D[1+Q2pg—-2"+(p+q-2)]
+p - D|@ + 2pg+q -3+ (@-D|p*+ 2pg+p-3)].
(b) M3(Ex(Do)) = (2n=D|4n® +n - pg* —4p—4q + 5|+ (n— q)[4n—2p - 2q + ¢ - 1]
#2n|(n =1 = 1|+ (= p)3n+b* - 2p - g — 1]
+(2n* - 21/1)[2712 -2n—-2p—-2q+ 4]
+(g - 1)(2n+q-3)|2n* = 2p*q = 2pg* + p* + pq — p + 4
+(P* = 3p+2)2n+q-37 + (@ -3¢ +2) x 2n+ p—3)?
+(n-p—-q)n—p-q+1)2n-27]
Hp - D+ (g - DEZE(p + g - 2)?
+4n? - 2p*q — 2pq* +2p + 2q — 2.
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Proof. Let G be the dihedral group D,, and n = pg, where p < g are distinct primes. If n = 2q and
|2 — g| > min{2, g}, then the proof is similar to Theorem 3.4, considering that G in this case has n + 1
elements of order 2.

Now assume that p = 3 and |3 — g| > min{3, g}. As |n — g| > min{n, g} and the cardinality of the
elements that has order 2 is n, we get

M{E(G)) = () + n[(dva))? + [dvove)) ] + 3| (d0)) + (@) ]
+ QO(Q)I:(d(V(L])))Z + (d(VeV(q)))z] + 90(3Q)[(d(v(3q)))2 + (d(VeV(3q)))2] + ncp(3)(d(v(2)v(3)))2,

and

M5(Ex(G)) = d(vo)|n(d(vp) + d(vev) + 9(3)(d(v) + d(vev) + P(g)(d(vig)
+d(vevig)) + 9B3g)d(vag) + d(vevy))]
+ nd(V(z))[d(VeV(g)) +o(3)(d(va)) + d(v(z)v(3)))] + 90(3)d(v(3))[d(vev(3)) + nd(v(z)v(3))]
+ 9(@)d(vg)|dvevig) | + ¢Bd(vag)|dvevig)|
+ nd(vev)|#B3)d(ev) + d(vave) + P(@d(vevig) + ¢Ba)d(vevag))|

+ 9(3)d(vev) | nd(vaye) + 9(@)d(vevy) + P(B3g)d(vevsy)|
n—1 w(g)-1
1

+ p@dv)|¢BDdVa)| + D j(dreve)) + Y j(dreg)’

p= =
#Gg)-1 22— 1 ~1
+ ) j(dWevag) + ( 5 - Zn(nz )](d(v<2>v<3>))2-
=1

According to the adjacency method in this graph, we have d(v)) = 3, d(va) = 3q + 1, d(v)) =
d(V(3q)) = 1, d(VeV(z)) = 21’1, d(VeV(:;)) =3n-— 2, d(VeV(q)) = d(VeV(3q)) =2n-— 2, and d(V(z)V(3)) =n+2.
Therefore, by calculating these equations using the previous values, we obtain the required outcome.
Furthermore, consider that n = pg, where p > 3 and |p — ¢| < min{p, g}. Then |2 — p| > min{2, p}
and |n — ¢| > min{n, g}. Hence, by a similar argument to the previous case, we get the result. O

Theorem 3.11. Consider the dihedral group D,,, where n = pq; p < q are distinct primes. Then the
first and second Zagreb indices of the the equitable graph of Type Il of G are as follows:

1) If n =2q and q > 3, then

(a) Mi(Ex(Dyy)) =2¢° + 144> — 6q + 2.
(b) My(Ex(D2y)) = ¢* +6¢° — ¢* +4g — 1.

2) If n =3q and q > 5, then

(a) M\(Ex(D2y)) = 544° + 30q.
(b) My(Ex(Dyy)) = 162¢* — 6g + 1.
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3) If p >3 and |p — q| < min{p, q}, then

(a) Mi(Ex(Dyy)) =4p*¢* — (p+q)* + PP+ pg* — (p + q) + 2.

(b) Mx(Ex(D2y)) =9pq* — 5(p*q + pq*) — pq +2(p + g) — 1.

Proof. Let G be the dihedral group D,,, where n = pg; p < g are distinct primes. Assume that n = 2q,
where g > 3. Since G in this case has n + 1 elements of order 2, we have

M(E:(G)) = d(e)* + (n + Nd(vp)* + d(@)d(viy)* + d(n)d(vim)?,

and

My(Ex(G)) = d(e)|(n + Dd(ve) + (@)d(vg) + p)d(vin) | + H(@d ) [ (i)].

Thus, similarly to Theorem 3.4, the result will be achieved.

Now, if p = 3 and |3 — ¢g| > min{3, g}, we have

M1(Ex(G)) = d(e)* + ¢(3)d(v)* + ¢(@d(vg))® + d)d (V)

and

Ma(Ex(G)) = d(e)|¢(3)d(ve) + (@ (vig)) + $MAW(r) | + nd(va) PRV

Therefore, by substituting the degrees used in Theorem 3.10 with some calculations, the formula will
be obtained.

Consequently, by applying an analogous methodology to that used in the previous case, the
necessary result can be discerned. m|

Theorem 3.12. Let G be the generalized quaternion group Qu,; n = 2% and k > 3. Then &,(G) has the
following properties:

1) M{(EXG)) = T2n +872n% + 3136n + 2738 + 25| (1 + 271)° + (4n — 2+ 271
k

R D227 ]+ D27 (1 + (5272 + (4n -2+ (5277
i=4
k-1
+ 22 (2 e,
i=4

m+2 ifi=4

where t = { pi-2 ifi> 4
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2) M5(Ex(G)) = T2n* +1092n° + 71080 + 154581 + 322n + 11D)[d(ves)|
+(128n7 + 13441 + 1568)[d(ves ves)|

+2K d(V(2k+1))(d(VeV(2k+l)) + 2k_1d(V(2k)V(2k+l)))

+d(VeV(2k+l))(6l’l + 2k_1d(V(2k)V(2k+l )))]

k
+ Z 2i_1|:d(V(2i))(d(VeV(2i)) + 2i_2d(V(2i—1)V(2i)) + zi(d(V(ziH)) + d(V(zi)V(2i+1))))

i=4

k+1
+d(VeV(2i))(2i_2d(V(2iI)V(zi)) + 2id(V(2i)V(2i+l)) + Z 2j_ld(VeV(2j)))

Jj=i+l
k+1
+22i_2(d(V(2i—1)V(zi))d(V(zi)V(ZiH))) + Z 2i_] [(4]’1 - 1)((1(\)(2:)) + d(VeV(zi)))
i=4

+(8n% + 38n + 38)d(vev) + 25! (d(vev<2f>))2]
k
+ > [27 Omdvevey) + (473 - 2 = 8)(d(vayvem))’| + 9265,

i=3

Proof. Let G be the generalized quaternion group Qu, where n = 2 and k > 3 (Example 3.1 includes
the case of k = 1,2, or 3). Observe that 7,(G) = {1,2,22,...,2% 21} and G has 2n + 2 elements of
order 4, one of order 2, and ¢(2') elements of order 2/ for all 2 < i < k + 1. Using the same method of
proof mentioned in Theorem 3.2, we obtain the desired result. O

Theorem 3.13. Let G be the generalized quaternion group Qu,; n = 28 and k > 3. The first and second
Zagreb indices of E;(G) are

k+1
1) M(E(G)) = 201 + T6n + 82 + Z 2711 + 1),
i=3
Wl fi=k+ 1
where 1 = { (5)217%2  otherwise.

k k
2) My(E(G)) = 176n2+730n+549+(4n—1)[2k+22k-1+Z(2"-1+(5)22"-3)]+Z(22f-1+(5)23"-3)(1+T),
i=3 i=3
2k—1 lfl — k’.

where T = { (5)212  otherwise.

Proof. Let G be the generalized quaternion group Qu,; n = 2* and k > 3. The proof will be conducted
using the same method outlined in Theorems 3.3 and 3.12. O

Theorem 3.14. Consider the dicyclic group Qu, where n = p* and p > 3; k > 1. We then have
the following:

1) Ifp=5SorTandk =1, then

Electronic Research Archive Volume 33, Issue 11, 6805—-6843.



6836

(a) M:(Ex(Qan)) = 48p* + 58p* — 66p* + 46p — 8.

(b) ME(Ex(Qun)) = 96p° + 197p* — 268p° + 246p* — 82p + 12.

2) Ifp=5o0rTandk > 2, then

(a) M5(Ex(Qun)) = 56n> —28n+6 + 2n(4p3 +8np? —5p® +4n*p +3p + 160> — 12n + 4)
+(p — 1)(4]93 + 8np? — 8p* + 4n’p + 8np + 52n* — 52n + 14)
k
, . . . \3
23T e(pH[(1+ @(p)? + (4n + o(p) = 2% + 2(0(p)) |
i=2
(b) M:(Ex(Quy)) = 8pn® + 16p°n* — 4p*n* + 24pn* + 8p*n — 4p°n + 12p°n
~14pn + 16n* + 6n +4p* — 10p> +4p> +2p -2
+(2n* = n)|(4n + p - 2 + (2n + p)’|
+E222[(6n + p — 3 + (4n + p - 3)?|
+(Bp* - 6p* +3p) x 2n+2p —1)?
+(pP —4p>+5p-2)2n+2p —2)?
2
+{e(Ph)) (4n + o(p*) = 2) X (4n + Sp(p") - 2)
+(4n — 1)[8n? + 16pn — 6n + 4p* — 10p + 5 + |
+(6n—2)[12n% — 14n + 14pn +2p* - 8p + 6 + 3|
+(8n + 2pn — 4n) x [4p? = 10n + 12pn — 10p + 7 +
+(p— 1)(6n+ p—3)[3p* + 4n®> = 8n + 10pn —8p + 5 + |

+(p2—4p+4np—4n+3)[2p2—2n+2pn—4p+2+,8]
k=1

+ > @(phdn +¢(p) = 2| e(p)(4n + 5¢(p) - 2)

i=2

k
+ ), @(ph(16n + 4e(p’) - 8)]

j=itl
k

+ Z ¢(p")
i=2

+((p(p) = 1) x (4n + o(p') = 2)°) + (4e(p))(P*2(p = DX(p' = p~' - 1))],

(1+ @(p))(8n + 5(P)) + 3¢(p) — 4)

k
where 3 = Z go(pi)[Sn +20(p") - 4].

i=2

3) If p>Tandk > 1, then
(a) M5(Ex(Qu)) = 40n® +48n* — 16n + 6

k
#23" o) (1 + @(p) + (4n + @(p') = 2)° + 4p(p")’]

i=1
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(b) M5(Ex(Q4r)) = 40n* +96n° + 70n% — 10 — 1
+(p(PN) (1602 + 24n@(ph) — 160 + 50(p*)? — 12¢(p) + 4)

k
£ so(p")[<4n — D)(8n + 4¢(p) - 2)
i=1

+(1 + @(p))(8n + 5(p(p))* + 3¢(p) — 4) + 8n + 2¢(p’) — 4)(6n* + 4n — 2)
+4o(p)(p*2(p = D*(p' = P = 1) + (e(p) = D(@n + (p') - 2)*

k-1

£ o(pdn + g(p)) - 2)[¢<p")(4n +5¢(p) - 2)

i=1

k
+ ) @(p)(16n + dg(p!) - 8)].
Jj=i+l

Proof. Let G be the dicyclic group Qy, and let n = p*, where k > 1. In this case, G has 2n elements of
order 4, one of order 2, and ¢(p') elements of order p' for each 1 < i < k. If |4 — p| < min{4, p} and
k = 1, the equitable graph of Type II in this case has the following form:

Ky v (Woy vV Wy V W V Wep).

Hence, the proof is a similar argument to that in Theorem 3.2.
Furthermore, assume that £k > 1, then the entire indices can be computed from the following
two equations:

M;(Ex(G)) = (d(v))’ + (d(v))’ + (dvev)) + 2n[(d(va)” + (dvevia)’ |
k k
+ 3 PO ([@d) + @)Y ]+ Y PO [Ae)) + ([@evey))]
i=1 i=1

+ Zn(d(v(2>v(4)))2 + 2nga(p)(d(v(4)v(,,)))2 + <P(P)<P(2P)(d(v(p)V(zp)))z,

and

k k
M;5(E,(G)) = d(Ve)[d(V(z)) +d(v,vo) + 2"(d(V(4)) + d(VeV(4))) + Z ‘P(Pi)(d(V(pi)) + d(VeV<pf))) + Z SD(ZPi)(d(V(zpf)) + d(VeV(zpf>))]

i=1 i=1
+ d(V(z))[d(VeV(Z)) +2n(d(vy) + d(V(Z)V(4)))] + 2nd(v(4))[d(vev(4)) +d(voyva) + @(p)dv,) + d(V(4>V(p)))]

+ Q(P)A(v(p)|dVevp) + 2nd(viayvi) + 92PN A(ap) + dviyvap))| + 92P)AVE)|d(vevan) + e(P)dVevap)]

k k
+ PN )[devn) + CPNAV ) + A0 vep)] + Y eCPIm [ + @A vem)]

i=2 i=2

k k
+ d(veve)[20(d(vevis) + dWay@)) + Y devpn) + L¢PV a)]

i=1 i=1

k k
+ 2nd(vev(4))[d(va>v(4>) +@(P)AVevip) + dVayvi)) + ©2p)d(vevey) + Z @(Pd(veviy) + Z <p(2pi)d(veV<z,,i))]

=2 i=2

k k
+ P )| 20d Vi vip) + $2PNAVp) + dWGvep) + D PV n) + D eP AV a)]
i=2 i=2
k-1 ) ) k ) k )
+ D P AW ) PPN Aera) + v + Y ePIAGr ) + Y 2PV )]
) J=it+] J=i+l
k-1 k k

+ > PN )| @A) + D @PAG ) + D e2P)dve,)]

i=2 Jj=itl Jj=itl
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+ ‘P(Pk)d(VeV(pk))[‘P(zpk)(d(vev(zpk)) + d(V(pk)V(zpk)))] + SO(ZPk)d(VeV(2pk))[90(Pk)d(V(pk)V(zpk))]
+ 21 d(vaya)| @)V V)| + 21 @(P)Awve)| 2PV vep))|

2n-1 ko e(ph-1 e(2p)-1

+Zj(d<vev(4>>)2+2[( D ideew))+ (D) idewe)))]
_ 2\ £

J=1

e, D(p -2 2 2
+Zj(d(v(2)v<4>)) +(2 # +(p-1) nen -

)(d(V(4) Vi)’

e(p)(e(p)

d e (e(2p') — 1 . 1
+ Z M ¢(2p')f))(d(v(,,i)v<2,,f)))2].
-1

Now, as ¢(p’) = ¢(2p’) for each 1 < i < k, we have the following:

d(V(z)) =2n+ 1, d(V(4)) =p+ 1, d(V(p)) =2n+ p, d(V(zp)) =p, d(VeV(z)) = 6n — 2,
dWeva) =4n+p—2,dWv.v)) =6n+p—3,dVv.vep) =4n+p =3, dveyve) = 2n + p,
dWVayv)) =2n+2p -1, d(v(p)v(zp)) =2n+2p—2,dv,) = d(v(zpi)) =1+ @(p),
d(vevpy) = d(veviapy) = 4n + @(p') — 2, and d(v(,i)vapi)) = 2¢(p') forall 2 < i < k.

Therefore, the result will be found using these degree values in the last two equations with
some calculations.

For the latter case, if p > 7 and k > 1, we have |p —4| > min{p, 4}, which means that this is the same
as in the previous case, except that there is no edge between the vertices of order 4 and the vertices of
order p. Hence, following a similar argument will yield the desired outcome. O

Theorem 3.15. Consider the dicyclic group Qu,, where n = p* and p > 3; k > 1. The first and second
Zagreb indices of E(Q4,) are as follows:

1) Ifp=5orTandk =1, then

(a) M\(Ex(Qun)) = 12p° + 14p*> — p + 2.
(b) My(E5(Q4n)) = 9p* +22p° —3p* +6p — 1.

2) Ifp=5or7andk > 2, then

(@) Mi(Ex(Qu)) = 2p*(p+3n—1)+4n* 2+ p) = 2n+2 +2 Z ¢(p)(1 + $(p"))’.
i=2

(b) Mo(Ex(Qu) = 81 +4n + (p* + 2np)? +[2p* + 10np](2n = 1) = (p = 1)?
k
+ 9N+ (pN[$(p)(1 +d(p)) +8n - 2].
i=2
3) Ifp>Tandk > 1, then
k
(@) Mi(Ex(Qun)) = 20m% +4n +2+2 > ¢(p)(1 + ¢(p))*
i=1

k
(b) Ma(Ex(Qun)) = 3207 +2n = 1+ >~ ¢(p)(1 + $(pN[@(P)(1 + §(p") + 8n - 2].
i=1
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Proof. Let G be the dicyclic group Qg, where n = p* and p > 3; k > 1. Consider that n = 5 or 7,
according to the definition of the Zagreb indices, we have M{(Ey(G)) = d(e)* + d(v2))* + 2nd(vy))* +

d(M)d(vi)* + $2n)d(va,)* and Mr(E(G)) = d(e)[d(v(z)) + 2nd(vg)) + p(m)d(v) + ¢(2n)d(V(2n))] +
d(v)[2nd(va)] + 2nd(vay)[¢(n)d(viy)] + ¢(n)d (v )[¢(2n)d(van)]. Thus, using a similar argument as
in Theorems 3.3 and 3.14, the result will be determined.

Now, assume that n = p* and p > 5. We then have two cases.

e If |p — 4| < min{p, 4}, then the Zagreb indices can be found via the following equations:
1) Ml (82(G)) = d(€)2 + d(V(z))z + 2nd(v(4))2 + ¢(p)d(V(p))2 + ¢(2p)d(V(2p))2
+ Z S(PA(v ) + d2pd ()]

2) My(Ex(G)) = d(e)[d(v@) +2nd(v) + G(P)A(v) + $2p)d ()|
+d(@)2nd(v)] + 2nd BP0+ HPI)ICP)V)]

* Z SN BRPI ).

o If [p — 4| > min{p, 4} Wthh is similar to the previous point except that the elements of orders 4
and p are not adjacent.

Consequently, the demonstration of the latter two cases utilizes the same approach as the proof
presented in Theorem 3.14. O

Example 3.1. Let G be a finite group. Table 1 presents the values of some topological indices for the
equitable graph of of Type 1l of certain groups with orders not covered by the theories in this section.

Table 1. The value of some topological indices of &E,(G) for some groups G.

G M?(E,(G)) M’ (E,(G)) M1(E,(G)) M»(E,(G))
Zg 440 1661 84 157
Zg 1218 5881 166 369
Zys 3408 24,449 290 540
D¢ 440 1661 84 157
Dy 1218 5881 166 369
Dy, 4598 31,529 402 1057
Dy 46,368 654,269 1820 5325
Os 845 3913 122 217
Q6 18,930 175,065 1190 5025
Ox 158,746 2,656,563 5086 26,561

4. Isomorphism of equitable graphs
This section discusses the isomorphism of any two finite groups and their associated equitable graph
in its two types. It is known that two graphs I and A are isomorphic if and only if there is a bijective

map, say @ : V(I') - V(A), such that ® preserves adjacency from one graph to the other.
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Observation 4.1. Let G and H be any two finite groups and consider that G and H are isomorphic.
Then E;(G) and E;(H) are isomorphic, where i = {1,2}.

Proof. The proof is straightforward by the definition of the graph. O

The other direction of this theorem for the equitable graph Type I of finite Abelian groups follows
from Theorem 4.1.

Theorem 4.1. [24] Two finite Abelian groups G and G’ are isomorphic if and only if |G| = |G’| and
Jfor each positive integer k, k divides |G|, and ny, = n;,.

Here, n; and n; denote the number of elements of order k in G and G’, respectively. Thus, we have
the following.

Theorem 4.2. Let G and H be any two finite Abelian groups. Then G = H if and only if 6,(G) = &E,(H).

The following counterexamples show that the reverse direction of Observation 4.1 does not hold for
the first type of equitable graph for any finite non Abelian group in general.

Exampled.l. 1) Let G = Z, x Qg and H = {(x,y : x* = 1 = y*,y'xy = x*). Then each G and
H has one identity element, three elements of order 2, and twelve elements of order 4. Hence

2) LetG = {x,y,z: x* = 1=y =2, xy = yx,xz =25,y "2y = 2 and H = (x,y,z : x* = 1 = y* =
2, Xz = zx,y2 = 2,y 'xy = xz). Then each G and H has one identity element, seven elements of
order 2, and eight elements of order 4. Thus &,(G) = E(H), while G # H.

Now, as any finite cyclic group of order n is isomorphic to Z,, the following counterexamples show
that the reverse direction does not hold for the equitable graph of of Type II of any finite group.

Example 4.2. &,(Dg) and E,(Zg) are isomorphic.

To prove this, let V(E:(Dg)) = {vay = e,va = b,vp = ab,vo = da’b,va = a,vs = a°} and
V(82(26)) = {M(l) = O, Uy = 1, Upy = 3-”(6) = 5, Uz = 2, Uugy = 4}, where 120) and Ug) denote the
element of order i. Let W(;, denote the set of elements of order i. The isomorphism then follows, since
Ey(Ze—1€}) is a complete bipartite graph between the three elements of WU W s, and the two elements
of W), and E(Dg — {e}) is a complete bipartite graph between the three elements of Wy and the two
elements of W 3).

Example 4.3. &,(Dg) and E,(Zg) are isomorphic.

Let V(Ey(Dg)) = {vay = e,vp) = a*, v = b,vp = ab,vy = a*b,vo) = a’b,vyy = a,vy) = a’}
and V(SQ(Zg)) = {Lt(l) = 0, ugy = 1, ugy = 3, Upy = 4, ugy = 5, ug = 7, Uwgy = 2, Uy = 6} Then,
the isomorphism follows since E,(Zg — {e}) is a complete bipartite graph between the five elements of
Wioy U Wiy and the two elements of Wy and E,(Dg —{e}) is a complete bipartite graph between the five
elements of Wy and the two elements of W4,

Example 4.4. Consider the Abelian groups G = Z¢ and H = Z3 X Z3. These two groups are not
isomorphic, since G has six elements of order 9 and two elements of order 3, but in H, all nonidentity
elements have order 3. The equitable graphs of Type Il of G and H are isomorphic, as both of them
are star graphs of order 9.
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Remark 4.1. According to the isomorphism established in Examples 4.2 and 4.3, these isomorphic
graphs exhibit the same topological characteristics as elucidated in Example 3.1.

Remark 4.2. Note that the equitable graph Type I of the groups De and Ze (Dg and Zg) are not
isomorphic. The reason for this is that in Type I equitable graphs of any cyclic group of an even order,
there is a pendant vertex (of degree equal to 1), while its existence is precluded in the resultant graph
of the dihedral groups.

5. Conclusions

This work has significantly contributed to the ongoing development of equitable graphs by
introducing the concept of an equitable graph of Type II on finite groups. We conducted a thorough
investigation into the theoretical properties of equitable graphs of Type II for various classes of
groups, including cyclic, dihedral, and dicyclic groups. By deriving general formulas for
degree-based graph indices such as the first and second entire indices and the first and second Zagreb
indices, we provided robust mathematical frameworks for analyzing these indices within the context
of specific group classes. These formulations not only enhance our theoretical understanding but also
offer practical tools for computational analysis. Moreover, we explored the isomorphism property,
and analyzed the conditions under which it can be established that two arbitrary finite groups are
isomorphic if and only if their corresponding equitable graphs (of both types) are also isomorphic.
This result was substantiated with illustrative examples, reinforcing the validity and applicability of
our findings. This connection between group isomorphism and graph isomorphism opens new
avenues for studying the structural similarities and differences between groups using graph-theoretic
methods. As this represents the initial exploration of equitable graphs, numerous open problems and
potential research directions remain to be addressed. Future studies could focus on the classification
of groups derived from equitable graphs, which could lead to a deeper understanding of group
structures and their graphical representations. Additionally, computing the spectral properties of
equitable graphs, such as eigenvalues and eigenvectors, could provide insights into the graphs’
connectivity, stability, and other intrinsic properties. Establishing connections between equitable
graphs and other well-known graphs derived from groups, such as Cayley graphs or power graphs,
could further enrich the interplay between group theory and graph theory. The potential applications
of this research are vast. In theoretical mathematics, equitable graphs could serve as a bridge between
group theory and graph theory, enabling researchers to leverage techniques from one field to solve
problems in the other. For instance, the derived graph indices could be used to classify groups or
predict their properties on the basis of graphical representations. In applied mathematics and
computer science, equitable graphs could find applications in network analysis, where understanding
the symmetries and structures of networks is crucial. For example, in social network analysis,
equitable graphs could help identify isomorphic subgroups or communities within a larger network,
providing insights into social dynamics and interactions. Furthermore, the spectral properties of
equitable graphs could be utilized in machine learning and data science for dimensionality reduction
or clustering tasks. By representing data points as nodes in a graph and leveraging the spectral
decomposition of equitable graphs, one could develop more efficient algorithms for pattern
recognition and data classification. In chemistry, equitable graphs could be applied to the analysis of
molecular structure, where the symmetry and connectivity of molecules play a critical role in
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determining their properties and reactivity. In summary, this work lays the foundation for a rich and
interdisciplinary research area with significant theoretical and practical implications. By addressing
the open problems and exploring the potential applications outlined above, future research can
advance our understanding of finite group theory, graph theory, and their interconnectedness, while
also contributing to real-world applications in diverse fields such as network analysis, data science,
and molecular chemistry.
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