ERA, 33(11): 6558-6576.

EE DOI: 10.3934/era.2025290

Gieig Electronic Received: 20 August 2025

@ Research Archive Revised: 09 October 2025
Accepted: 28 October 2025

https://www.aimspress.com/journal/era Published: 04 November 2025

Research article

Preconditioned Landweber iteration for nonlinear least-squares conical
surface fitting

Shangzuo Xie, Gangrong Qu* and Liyi Feng
School of Mathematics and Statistics, Beijing Jiaotong University, Beijing 100044, China
* Correspondence: Email: grqu@bjtu.edu.cn.

Abstract: To address the slow convergence and sensitivity to initial values of the traditional
Levenberg-Marquardt (LM) algorithm in 3D point cloud conical surface fitting-issues caused by ill-
conditioned Hessian matrices—this paper developed a preconditioned Landweber iterative framework
for nonlinear least-squares optimization. A residual model based on point-to-cone geometric distances
was constructed, the analytical Jacobian was derived, and a spectral preconditioning strategy was
introduced. Theoretical analysis showed that the preconditioner effectively reduced the condition
number of the normal matrix, thereby improving numerical stability and accelerating practical
convergence. A relaxation-factor rule was further derived to balance stability and efficiency.
Experiments on synthetic and industrial datasets demonstrated that, compared with the Levenberg-
Marquard(LM) algorithm, the proposed method reduced iteration counts by 51.9%, decreased root
mean square error (RMSE) by 98%, and shortened computation time by 73%. It also maintained
robust performance under high-noise and non-uniform sampling conditions, providing an efficient and
reliable tool for accurate conical surface fitting in industrial inspection and reverse engineering.

Keywords: preconditioned Landweber iteration; nonlinear least-squares optimization; conical surface
fitting; spectral preconditioning; convergence analysis

1. Introduction

In modern engineering and geoscience, precise geometric reconstruction and model fitting have
become critical tools for high-accuracy data processing. Applications ranging from mechanical
component design, quality inspection, and digital twins to geological resource assessment and
environmental simulation often involve target objects composed of standard quadric surfaces, such as
planes, cylinders, spheres, tori, and conical surfaces [1-3]. These geometric primitives are ubiquitous
in industrial and geological engineering, where their accurate parameter measurement directly
impacts product assembly precision, service life, and subsurface resource utilization. Particularly
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in geological and environmental modeling—including mining, stratigraphic analysis, and hazard risk
assessment—the accurate reconstruction of conical structures in rock masses or soil bodies not only
reveals subsurface configurations but also provides key insights for resource evaluation and risk
prediction [4].

Traditionally, engineers and geoscientists relied on manual tools (e.g., rulers, calipers, micrometers)
for surface measurements. However, these methods struggle to achieve the required precision when
handling large-scale, high-density point cloud data or complex terrains. With the rapid advancement
of laser scanning, remote sensing, and 3D sensing technologies, high-precision dense point clouds
are now widely used in geological information systems (GIS) and environmental monitoring [5].
Extracting accurate geometric parameters from such massive, often noisy point cloud datasets has
emerged as a pressing challenge.

Among geometric fitting methods, nonlinear least-squares optimization algorithms—particularly
the Levenberg-Marquardt (LM) and Gauss-Newton (GN) methods—are commonly employed for their
theoretical foundation and practical effectiveness [3, 6]. While these methods achieve high fitting
accuracy under favorable conditions, they face significant limitations in practical applications. The
LM algorithm, despite its robustness through damping, is notoriously sensitive to ill-conditioned
Hessian matrices arising from parameter scaling discrepancies and noisy observations [7, 8]. This
ill-conditioning leads to numerical instability during matrix inversion, manifesting as oscillatory
convergence or even divergence. Furthermore, the performance of LM is heavily constrained by
initial parameter selection, with poor initialization often trapping the optimization in suboptimal local
minima [9]. For high-dimensional geometric models like conical surfaces, these issues are exacerbated
due to the complex interaction between vertex coordinates, axial directions, and angular parameters.
Although Random sample consensus(RANSAC)-based methods offer robustness to outliers, they face
efficiency limitations due to the combinatorial explosion of sampling iterations in high-dimensional
parameter spaces [10].

To address these challenges, this study proposes a novel preconditioned Landweber iteration
framework specifically tailored for nonlinear conical surface fitting. While the Landweber method
has proven effective in linear inverse problems such as computed tomography reconstruction [11] and
bundle adjustment [12], its application to geometric surface fitting remains largely unexplored. The
proposed method extends this classical iteration from linear to nonlinear problems by constructing
the objective function based on rigorous point-to-cone geometric distances and deriving the complete
analytical Jacobian matrix. A spectrally-designed diagonal preconditioning matrix is introduced to
adaptively scale gradient steps, effectively improving the Hessian condition number and significantly
enhancing convergence speed and numerical stability.

Comprehensive experiments on synthetic and industrial scan datasets demonstrate that the proposed
method outperforms traditional Levenberg-Marquardt algorithms in iteration count, computation
time, memory usage, and fitting accuracy. Moreover, the method maintains stable convergence
under significant noise and non-uniform point cloud distributions, highlighting its robustness and
engineering applicability.

The main contributions of this paper are threefold:

e Novel Optimization Framework: We develop the first preconditioned Landweber iterative scheme
for nonlinear least-squares conical surface fitting, extending its application from linear inverse
problems to complex geometric optimization tasks.
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e Spectral Preconditioning Strategy: We design an innovative diagonal preconditioner through
geometric analysis of the Hessian matrix structure, with theoretical proof demonstrating its
effectiveness in reducing the condition number of the normal equation system.

e Optimal Relaxation trategy: We derive a theoretically-grounded relaxation factor selection rule
that automatically balances convergence stability and efficiency, eliminating the need for manual
parameter tuning required in traditional LM approaches.

In summary, the proposed algorithm offers a systematic mathematical framework and efficient
numerical implementation for quadric surface fitting in point cloud data. The combination
of theoretical proof and numerical validation demonstrates significant advantages in robustness,
convergence efficiency, and noise adaptability, fulfilling high-precision requirements in industrial
manufacturing and mechanical inspection, while providing a mathematically rigorous and extensible
tool for 3D data processing in GIS and environmental modeling.

2. Related work

Conical surface fitting has extensive applications in engineering, geology, computer vision, and
related fields. This mathematical method aims to fit a set of data points to a conical surface model,
with parameters typically including the cone’s apex, axial direction, and half-apex angle. The objective
is to determine optimal parameters that minimize the distance between data points and the fitted
conical surface.

Rusu et al. proposed semantic 3D object models and demonstrated how to automatically obtain
these models from dense 3D ranging data [5]. Schnabel et al. developed an automated algorithm for
conical point cloud detection based on random sampling theory and plane detection. This method
derives initial values from preliminary data and iteratively optimizes geometric parameters, but suffers
from insufficient accuracy in initial value estimation and prolonged iteration time [10]. Lukdcs
introduced a least-squares fitting method for conical surfaces requiring parameter transformation
for computation [1, 13]. Shakarji proposed an orthogonal distance regression-based algorithm with
stringent initial value requirements and poor robustness during Levenberg-Marquardt optimization [3].
Sun and Tian constructed an objective function using conical coordinates, normal vectors, and
geometric features to transform nonlinear fitting into linear least-squares problems [14, 15]. Gong
iteratively derived conical parameters directly from point clouds via least-squares theory, albeit with
complex parametric modeling [16]. Deng proposed a novel method for optimizing axial direction, half-
apex angle, and apex parameters using Levenberg-Marquardt optimization [9]. Karambakhsh et al.
employed three compact Convolutional Neural Networks(CNN) models combined with geometric
features (surface normals, curvature) and dual neural networks for 3D object recognition [17].
Jiang et al. implemented parametric decomposition for surface fitting to reduce the likelihood of local
minima during iterative optimization [8]. Meghashyam et al. significantly reduced computational time
through Graphics Processing Unit(GPU)-accelerated operations [18]. Mulchrone et al. developed
a Mathematica application for estimating best-fit cones from orientation data [4]. Shakarji et al.
provided practical algorithms and heuristic methods for industrial applications of geometric fitting [19].
Marshall et al. integrated least-squares fitting of quadric surfaces into segmentation frameworks [2].

The Landweber method has been applied to computed tomography (CT) reconstruction [11], light
field restoration [20], and bundle adjustment in 3D reconstruction [12]. However, to our knowledge, it
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has not been applied to conical surface fitting. We therefore propose a novel Landweber-based conical
surface fitting algorithm, representing the first implementation of this approach in the field.

Existing conical fitting methods face three key trade-offs: 1) speed versus geometric distortion
in algebraic fitting, 2) precision versus numerical instability in geometric optimization, and 3)
adaptability versus computational cost in data-driven approaches. This work innovatively introduces
preconditioned Landweber iteration to geometric fitting. By designing diagonal preconditioners
through geometric analysis of Hessian matrix structures, the proposed method theoretically overcomes
the convergence limitations of traditional LM algorithms. Compared to classical approaches, our
framework demonstrates significant improvements in noise immunity , computational complexity, and
reduced sensitivity to initial values.

3. Problem modeling

3.1. Conic parameterization and geometric residuals

c

Figure 1. Schematic of the conical model.

The conical surface model describes a rotational surface formed by a cone, whose mathematical
and geometric properties hold significant practical implications. Conical surface fitting constitutes a
mathematical modeling technique designed to fit a given set of data points to a conical surface model.
In conical fitting problems, clear parametric modeling and well-defined optimization objectives form
the foundation of algorithm design. As illustrated in Figure 1, a cone is uniquely determined by three
parameters: the vertex ¢ € R*, the axial unit vector a € R*(|a|| = 1), and the half-apex angle @ € (0, Z).
Based on the geometric definition of a conical surface, the ratio of a point’s distance to the axis and its
distance to the vertex equals sin @. Consequently, the conical surface comprises all points p satisfying

the following condition:

p—oxal _ g, 3.1)
lp = cll

where X represents the cross product operation between vectors.
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Geometric residuals should be defined to reflect the distance difference between the point and the
conical surface. For any point p;, the distance from the axis ||(p; — ¢) X a|| should be the same as the
theoretical value ||p; — ¢ sin @. The normalized residual formula is defined as:

_ ltpi — o) xall = llpi — cllsin
V1 +sin’
by normalizing the denominator factor, the influence of different @ on the residual dimension is

eliminated to ensure the comparability of residuals under different parameters.
The optimization goal is to minimize the sum of squares of residuals at all points:

d;

(3.2)

E@®) =

N =

N
> &, 0=(caa) (3.3)
i=1

where the unit vector constraint ||a|| = 1 and the half-vertex range constraint @ € (0, 5) must be satisfied.

E(6) measures the overall deviation between the set of points { p,-}fi , and the conical surface model,
and it is a typical residual sum-of-squares function. Since each residual d; is a nonlinear function
of the parameters c, a, and «, the function E(#) exhibits a complex nonlinear dependence on these
parameters. In particular, the directional nature of the axis vector a and the unit vector constraint make
the optimization space a curved nonlinear manifold, while the trigonometric relation of the half-apex
angle «a further increases the nonlinear sensitivity of the residuals. Therefore, the conical surface fitting
problem is a typical nonlinear least-squares problem and needs to be solved by iterative optimization
algorithms, commonly using the Levenberg-Marquardt method. During the solution process, the
parameters 6 are iteratively updated to reduce the residual sum-of-squares E(6), approaching the
optimal fitting solution.

3.2. The bottleneck of LM algorithm

LM algorithm iteratively updates parameters by the damped Gauss-Newton method, and its core
formula is as follows:
A0 =—JTT+uD) ' JTr (3.4)

where J is the Jacobian matrix of residuals against parameters, r is the residuals vector, and u is the
damping factor.

The LM algorithm exhibits critical limitations in practical implementations. First, significant
parameter scaling discrepancies (e.g., differing units between vertex coordinates and angular
parameters) create substantial variations in the L,-norms of the Jacobian matrix J column vectors,
resulting in a high condition number for J7J. This induces numerical instability during matrix
inversion, manifesting as oscillatory step sizes or divergence. Second, the algorithm demonstrates
heightened sensitivity to noise and initial conditions: minor data noise becomes amplified by ill-
conditioned matrices, distorting optimization trajectories, while perturbed residual surfaces exacerbate
local minima entrapment. Third, geometric constraints—specifically the unit vector requirement
(llal] = 1) and half-apex angle domain (@ € (0, 7/2))—necessitate specialized handling. Conventional
constraint-management techniques like parameter projection or variable substitution may compromise
optimization path continuity, potentially degrading convergence rates or trapping iterations in
local minima.
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3.3. Mathematical derivation of Jacobian matrix

In the conical fitting problem, each element of the Jacobian matrix J corresponds to the partial
derivative of the residual d; with respect to the parameter 6. Let v = p; — ¢, then the residual can be
written as:

d = v X all —||v||sina' (3.5)
1 +sin’
The first derivative is:
dlvxal wxa)l dvxa) __(vXa)T(IXa) (3.6)
dc  |lvxadl dc v al| '
where I X a is the cross product of the Jacobian matrix with dimension 3 X 3.
The second derivative is: P . ,
olvlisine) - oV 3.7)
oc vl
So we get:
ad; 1 x a)T (I x T
= CUXDUXD | o Y, (3.8)

o Jiisnia  Ivxadl VI

Since a 1s a unit vector, we need to deal with the constraint ||a|]| = 1, using local parameterization or
directly taking the derivative of a and projecting:

% _ 1 (V X a)T(V X ') (3 9)
da  Trsma Ixal |
Taking the derivative of « directly yields:
od —|llcosa - V1 +sin® @ — (||v X al| — ||| sin @) - LCOZ"
i 1+sin” a
— = . 3.10
da 1 + sin’« (310)
For each point p;, a row of the Jacobian matrix contains:
od; dd; dd;
Ji=[—,—,—1]. 3.11
[6c oa Ha] ( )

4. Preconditioned Landweber iterative algorithm

For the nonlinear least-squares problem, the proposed algorithm linearizes the residual function
at the current parameter estimate 6 in each iteration, transforming the original problem into a linear
least-squares subproblem, which is then solved using a preconditioned Landweber iterative framework.

Many mathematical applications can be approximated as a linear system:

Ax=b. 4.1)

Among them, the b = [b', b?,--- ,b"]" is observation data, x = [x', x?,--- , x"]” is real solutions, and T
is said vector and matrix transpose. Here, the field K can be the real number R or the complex number
C, and the dimension of the system matrix A is M X N.
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For the system of linear equations (4.1), an algebraic reconstruction method has been proposed to
solve iteratively. One widely used approach is the weighted Landweber iteration [7,21-23] :

XD — /an_lATW(b —Ax(")). 4.2)

Forn = 0,1,---,n, parameter A, is known as the relaxation factor and, xQis the initial value.
Here, A* represents the conjugate transpose of A, and V and W are two positive definite matrices with
dimensions of N x N and M X M, respectively. If the y” = V2x® D = W2AV~2,b = W2b, Landweber
iteration (4.2) can be converted to the unweighted Landweber iteration [7,24,25]:

A0 = x4 2, AT (b — Ax™). (4.3)

The Landweber iteration is used to solve the least squares solution of (4.1). The least square
functional is:

1
L(x) = Ellb - AxlP%, (4.4)
where || - || represents the Euclidean norm. We solve this by minimizing the Eq (4.4). The gradient of
L [6] can be written as:
v L(x) = -AT(b — Ax). (4.5)

Therefore, all minima of L satisfy the following normal equation:
ATAx = ATb. (4.6)

The minimizer of the least-squares functional L corresponds to all solutions satisfying Eq (4.6).
This equation is always solvable and possesses a unique minimum 2-norm solution x*, which equals
A"b, where A™ denotes the Moore-Penrose pseudoinverse of matrix A [26]. The Landweber iteration
scheme (4.2) constitutes a method derived from the least-squares functional framework. It has been
proven that under convergence conditions, the Landweber iteration converges to the solution x* +
Pria)(x?) of the normal equations (4.6), where Py a)(x?) represents the orthogonal projection of the
initial value x® onto the null space of A.

4.1. Landweber weighted method

We propose a modified weighted Landweber iteration algorithm based on Eq (4.2), in which
weighting matrices V and W are introduced to reduce the condition number cond(ATA). This
modification aims to accelerate the convergence and reduce the iteration error.

Let {72, be the set of distinct positive eigenvalues of the matrix ATA, arranged in descending
order as py > pp > -+ > pu, > 0. Each eigenvalue y; has algebraic multiplicity py, where 1 < k < m.
For each 1 < j < py, denote by u;; the orthonormal eigenvectors associated with p. According to the
standard eigenvalue-eigenvector relation, we have: ATA u ik = Mg [24].

In addition, if ATA admits zero as an eigenvalue with multiplicity ¢, let {v J};]':l denote a set of
orthonormal eigenvectors corresponding to this zero eigenvalue, satisfying A”Av; = 6, where 0 is the
zero vector. Based on this eigendecomposition, the spectral norm (i.e., the operator 2-norm) of matrix
A is given by ||All, = w.
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Let Uy = (Uip,... upy) for k = 1,...,m, and define V = (vi,...,v,). Construct the matrix
U=(U,...,U,,V). Then, the following diagonalization holds:

UTATAU = diag(ui1,,, - - - il » O,). 4.7)

Here, I; denotes the kxk identity matrix, and O, represents the gXq zero matrix. The set of eigenvectors
{ujp : 1 < j<pr, 1 <k <mpU{y;:1< j< g} forms acomplete orthonormal basis for the Hilbert
space K.

Moreover, the collection {u;,} spans an orthonormal basis for the orthogonal complement N(A)*,
while the vectors {v;} form an orthonormal basis for the null space N(A) of matrix A.

Given that the eigenvalues puy > up > --- > u,, > 0 are strictly decreasing, we refer to Eq (4.7)
and utilize the orthogonal matrix U as the similarity transformation to construct a diagonalized matrix
whose eigenvalues are arranged in ascending order. By applying the same matrix U, if w > u;/2, we
can derive the following:

U QwI — ATA)U = diag(Qw — u)l,,, -+, Qw — )i, , 0,). (4.8)

m?

In this case, the values 2w — p; < 2w — p < -++ < 2w — w,, form a strictly increasing sequence. We
observe that choosing w = (u; + w,,)/2 satisfies the condition w > u; /2. Therefore, the following result
can be obtained:

UT((/JI + ﬂm)l - ATA)U = dlag((ﬂl + Um — :ul)lpl, R (,Ul + U — ,um)lpm’ Oq) (49)

Here, puy + t, — 0 < iy + oy — o < - -+ < yy + y — 1. Therefore, we propose to set the weighting
matrix as V~' = (u; + ) — ATA and W = I. The motivation behind this choice is that the matrix
((u1 + )] — AT A), when used as a preconditioner, effectively compresses the spectrum of AT A into the
interval [ ta,,, (U1 + t4,)/2)*]. Under this choice, the weighted Landweber iteration in Eq (4.2) can be
rewritten as:

XD = X0 4 4, (G + ) T = ATA) AT (b — Ax™). (4.10)

The matrix (u; +u,,)]—AT A is symmetric and positive definite. Accordingly, the corresponding iteration
matrix can be expressed as:

G(/ln) =U dlag((l - /ln(;ul + U — /.11)/.11)11,1, (1 - /ln(ﬂl + Um — ,u2),u2)1pz

r “4.11)
[ ’(1 _/ln(#l + U _:um),um)lpma Oq)U .
Definition 1. The condition number of the matrix A’ A is defined as
T Hi
cond(A"A) = —, (4.12)

HMm
where p; and u,, denote the largest and smallest positive eigenvalues of AT A, respectively.

Theorem 1. The condition number of the matrix (1, + u,, — ATA)AT A is smaller than that of ATA, i.e.,
cond[((u1 + )l — ATA)AT A] < cond(AT A). (4.13)
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Proof. By applying the same similarity transformation matrix U as in Eq (4.7), we obtain:

U (((uy + )l = ATA)AT AU = diag(((1 + ) = o)),
(((ﬂl + ,um) /12)/12) p2s "t (((/Jl + ,um) - ,um),um)lpm’ Oq)
The eigenvalues of the matrix ((u; + wn) — ATA)ATA are given by (u; + thy, — u)p, (g + fhy —

W2, ..y (U + Wy — Um)im. The algebraic multiplicity of each eigenvalue is denoted by p; for
1 < k < m. We denote the eigenvalues of (u; + u,, — ATA)ATA by

(4.14)

A = (U1 + o — pi) e = e Uy + o — i), k=1,...,m. (4.15)
Therefore, the condition number of ((1; + ) — ATA)AT A is given by:

MaXxick<m Ak MaXi<km e (W1 + o — M)
minjg<n Ax - Milqem fx (U1 + W — Hi)

cond(((u; + )l — ATA)ATA) = (4.16)
Let ¢(w) = w(u; + puy —w), For p,, < w < py, the equivalent form of the function ¢(w) can be
expressed as:

M1 +ﬂt71 2 J251 +,um
—_— + _
2 s 2
Therefore, ¢(w) 1s a quadratic function of the variable w, whose axis of symmetry is the line w = ’LZ”’”

It follows directly that:

(W) = —(w ~ )% (4.17)

l’l"’l

Hi +,le, max ¢((U) _(

2 Hm<w<p

argmax, ., P(w) = )2 (4.18)

For p,, < w < py, the points w = u; and w = y,, are equidistant from the axis of symmetry of the
quadratic function. Without loss of generality, we take w = y; as the farthest point from the axis, and,
thus, we obtain:

argmin,, ., #(w) = 1, min  G(w) = iy (4.19)
HmSw<py

So we can obtain:

ma i< Hi+im \2
sz HW) G (4.20)
mlnﬂmswsﬂl ¢(w) lllll’"
Therefore, )
cond (((u1 + pm) T — AT A) AT A) = (k) , 4.21)
MiMm
where,
Ui = arg min 1 o — | - (4.22)
1<k<m
Thus, it can be obtained:
2 2
cond (((u1 + pm) T — AT A) AT A) = W)™ W” B ond (AT A). (4.23)

The theorem has been proved.

According to the conclusion of Theorem 1, the proposed weighting matrix V=! = ((u; +u,,)] —ATA)
can effectively reduce the condition number of ATA.
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4.2. Relaxation strategy

In the Landweber iteration framework, the choice of the relaxation parameter 4, is a decisive
factor that simultaneously influences the numerical accuracy of the solution and the overall rate of
convergence. Previous studies have established rigorous convergence proofs for this method [7, 27].
However, conventional analyses typically focus on bounding A, within theoretical convergence
intervals, without fully exploiting its potential for accelerating iterative performance.

In this work, we introduce a novel formulation of the iteration matrix associated with the Landweber
algorithm, enabling a more explicit characterization of its spectral properties. By systematically
analyzing the relationship between the spectral radius and the convergence behavior, we derive a new
parameter selection methodology that integrates two complementary strategies: minimum spectral
radius relaxation, which minimizes the spectral radius to ensure optimal stability, and accelerated
convergence, which leverages this minimization to enhance iterative speed. This dual-strategy
approach not only generalizes the theoretical convergence guarantees but also provides practical
guidelines for parameter tuning in large-scale computational settings.

Theorem 2. Let the positive eigenvalues of AT A be arranged in descending order as
,U]Z,UZZ"'Z,um>O- 4.24)

Suppose there exists a unique index h such that

max (U1 + fhy — e = (1 + o — L)l (4.25)

1<k<m

Consider the iteration matrix

G(A,) =U diag((1 = Ay (1 + pm = ORI,

r (4.26)
T (1 - An(,ul + Um _/Jm),um)l m? Oq)U P
whose spectral radius is given by
p(G(4,)) = max 1= A + o — p - (4.27)
Then, the relaxation parameter minimizing the spectral radius is
2
A, = , (4.28)
(k1 + M = ) + 1
and the corresponding minimal spectral radius is
o (K1 + o = it = Fapbn (4.29)
(k1 + o = H)M + P M
Proof. Since AT A is orthogonally diagonalizable, we have
ATA = Udiag(u,1,,, . . . il ,0,)U”, (4.30)
where U is orthogonal and p; is the multiplicity of py. So,
(w1 + )] — ATA)AT A =U diag((ur + ptm — M1 L, 431)

ey (/Jl + Um — /Jm),uml m? Oq)UT'
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The iteration matrix can be written as

G(4,) =U diag((1 = Au(u1 + pm — LI,
T (1 - An(,ul + Um — /Jm),um)l m? Oq)UTa

whose eigenvalues are 1 — A,(u; + w, — ti)ux. Therefore, the spectral radius is
P(G(A,) = max |1 = A,(1 = Au(r + o = HOpil-

Consider the function

S Q) = (i + pn — i)

which is a concave quadratic function on the interval [u,,, 1 ]. Its value at the endpoint is:

S =y + o — )1 = fifn

f(/-lm) = (/11 + Um _,um)ﬂm = Hi1lm

and it achieves its unique maximum at u = yu;,, that is,

Sup) = (i + i — g, = max f(u).

i€l msp]

So,

mkin(/ul + M — MM = M1 s m}gX(m + i — MM = (U1 + M — Mp) .

To minimize the spectral radius
P(G(4y)) = max{|l — Apptptyl, |1 = An(ey + ptn = pr)anl},
the optimal A, must satisfy the balance condition
11— Auptrpton] = 11— (i1 + fon = pn)tal-
Since 0 <y, < (Uy + W — wp)in, the equality holds if, and only if,
1= Apptif = —=(1 = (1 + fon = pn)in)-

Solving this yields
3 2
(1 + fon = ) + Hifn

Substituting A, back, the minimal spectral radius is

n

(U1 + o — M) — M1

Pmin = |1 - /ln,ul,uml = |1 - /111(/11 + U —/.lh)/.lh| =

The theorem has been proved.

(L1 + Mo — )i + i

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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Theorem 3. Then, the necessary and sufficient condition for convergence of the iteration is

2
0<4,< , (4.44)
(k1 + o = Hn)ftn
and the accelerated convergence relaxation parameter A, should lie in the interval
1 2
(4.45)

<A, < .
(U1 + oy — Hp)n (M1 + o — Hp)n

Proof. The convergence of the iteration matrix G(4,) requires its spectral radius to be less than one,
that 1s,

P(G(A)) = max |1 — A,y + pm = popd < 1. (4.46)

Foreach k = 1,2,...,m, the inequality

1T = (s + pn — ol <1 (4.47)
is equivalent to
-1 <1 -4, + pm — e < 1, (4.48)
which simplifies to
0 < Au(uy + po — pidpx < 2. (4.49)
Since ;> 0 and (uy + w, — ) > 0 for all , it follows that
0<2a,< 2 Vk (4.50)
B (T TRy 1T '

Hence, the overall convergence condition is

2
0< A4, < min
Isksm (U + W — it

2
T MaX; g1 + H — HOH (3D
2
TR
Next, analyze the behavior of the spectral radius in different ranges of 4,. When
1
O < (1 + Hon = p)Hn” (452)
its symmetric value with respect to the point 4, = m is given by
1 = 2 0, (4.53)
" = "
which satisfies i 5
< 1@ < (4.54)

(U1 + o — i " U o — )M
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We have
1= A0y + ptm = p)n > 0, (4.55)

and, thus, the spectral radius becomes

p(G(A,")) = max (1= APy + o = o) = 1 = AP min(y + = HHie (4.56)
Since
MmN + fn = Wtk = Ho ks (4.57)
it follows that
PGAD)) = 1= APyt (4.58)
When
1 2
<A? < , (4.59)
(k1 + Hon = ) (k1 + Hon = )
1) 2
if /1,1 < m,then we have
p(G(A2)) = 1= AP, < 1= AP pipn = p(G (AV)), (4.60)
(2 2 :
if 4,7 > Tt We can obtain
p(G (A7) = A2 + pn = pdpan) = 1
= 1= AP + o = i) (4.61)
< 1= A = p(G (V).
(1) 1 2 _ 2 Y] 1 2
In sun?mary, for ‘/l" < (O’ (/11+,um—ﬂh)ﬂh) and 4, = o+t —in A € ((111+,um—ﬂh)ﬂh’ (/ll+#m—#h),uh)’ the
following inequality holds:
P(GAD)) > p(GAD)). (4.62)

This completes the proof.

4.3. Algorithm flow

Based on the preceding analysis of the preconditioned Landweber iteration algorithm for conical
surface fitting, the proposed method effectively addresses the numerical instability and ill-conditioning
issues inherent to traditional LM algorithms in cone fitting applications. Algorithm 1 presents the
complete computational procedure, in which the maximum and minimum singular values, oy and o,
are obtained by performing a singular value decomposition (SVD) of J®. The corresponding spectral
parameters are then set as y; = o7 and p,, = 0.
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Algorithm 1 Preconditioned Landweber iteration for conical surface fitting

W

N . initial parameters 69 = (c©,a©,a”), maximum iterations Kpax,

1: Input: Point cloud {p;
tolerance €

Output: Optimal parameters 6* = (c*,a*, a")
fork=0,1,..., K, do

Compute residual vector r® € RV:
0 _ o= xdOlp=cPlsine®
7 - )
! V1+sin? a®

Construct Jacobian matrix J® e RV¥7:
8)‘,‘ (')i (’)I‘,‘

dc? Ba’ da
Build preconditioning matrix V=! = (u; + p,) [ — JOTJO W =1
Calculate step size:
o 2
10: /lk - (U1 =) n 0
11: Update parameters:
12: 65D = 60 1 A (g + )] — JOT JOYJOT (10 _ g0y
13: Apply constraints:
14: o Normalize a**" «— a®*V/|a** V||,

e Project a**V to (0, 7/2)

0 % 3D

15: if |0%*D — 9P|, < € then
16: break
17 end if

18: end forreturn 6* = 6%+

4.4. Complexity analysis

In the conical fitting problem, the Jacobian matrix J € R”™? consists of the partial derivatives
of residuals with respect to the parameters, where m is the number of data points and p denotes the
parameter dimension. As derived above, each row of J corresponds to a single data point and includes
partial derivatives with respect to the cone vertex position ¢ € R?, direction vector a € R?, and the
opening angle @. Since each row computation involves only vector differences, cross products, and
basic algebraic operations, the complexity for calculating the Jacobian for one point is constant, leading
to an overall complexity of O(m) for the entire Jacobian matrix.

The classical LM algorithm requires explicit construction and computation of the matrix J7J
in each iteration, with a computational complexity of approximately O(mp?), followed by matrix
decomposition for solving the linear system, incurring an additional O(p?) cost. Although the
parameter dimension p is relatively small (typically around 7), the computational burden for forming
JTJ grows linearly with the data size m, and the memory requirements for matrix factorization limit its
scalability for large-scale problems.

In contrast, the proposed preconditioned Landweber iterative algorithm exploits the sparsity of the
Jacobian matrix and avoids expensive matrix factorizations. Each iteration mainly consists of several
sparse matrix-vector multiplications, resulting in a computational complexity of approximately O(mp),
where p denotes the average number of nonzero elements per row. This complexity is significantly
lower than that of the LM algorithm, especially for large-scale sparse datasets. Moreover, the
preconditioned Landweber method demands substantially less memory, features a simpler structure,
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and is well suited for parallel and distributed implementation, making it particularly suitable for
resource-constrained environments and massive data processing tasks.

In summary, although the LM algorithm achieves faster local convergence when the parameter
dimension is small, its computational and memory costs increase rapidly with data size, limiting its
applicability to large-scale conical fitting problems. The preconditioned Landweber iterative algorithm
significantly reduces computational complexity through efficient sparse matrix operations, enhancing
scalability and practical usability. It thus offers an effective and efficient solution for large-scale three-
dimensional conical surface fitting.

5. Experimental evaluation

5.1. Experimental setup

Experiments were conducted on a Lenovo Y7000 laptop (Intel i17-9750H, 16GB RAM) using
MATLAB R2021a. The test datasets included synthetic data and industrial scan data. The synthetic
data consisted of 500,000 point cloud points generated with vertex position ¢ = [0,0,0] mm, axial
direction a = [0,0, 1], and half-apex angle @ = 30°, contaminated with Gaussian noise (oo = 0.5
mm) and 30% outliers. The industrial scan data comprised turbine blade point clouds with-520,000
points, containing surface waviness noise and non-uniform sampling. Comparative algorithms
included the classical LM algorithm and the proposed preconditioned Landweber optimization method
(Landweber), evaluated through three metrics: accuracy, efficiency, and robustness.

5.2. Result analysis

Figure 2 presents the visualization results of conical surface fitting on both the synthetic and
industrial turbine-blade datasets, showing that the preconditioned Landweber method delivers stable
and accurate fitting even in the presence of measurement noise. The quantitative comparisons in
Table 1 (synthetic data) and Table 2 (industrial data) reveal that the proposed approach consistently
outperforms the conventional LM algorithm in terms of Root Mean Square Error(RMSE), maximum
error, computation time, iteration count, vertex error, axial error, and angular error.

3D visualization result 3D visualization of turbine blade

19.2102 -

13.2628

13678

62310 T 17387
96682 T 140167
131083 T _— 102948
165424 T 65728
199795 28508

X (mm) Y (mm)

(a) synthesized data (b) Turbine blade data

Figure 2. 3D fitting visualization of synthetic and industrial data.
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Table 1. Comparison of quantitative indicators on synthetic data.

Method RMSE Max error Time Iterations Vertex error Axis error  Angle error
LM 0.97298  6.7368 0.28052 54 4.6592 89.897 59
Landweber 0.017756 0.039024 0.10456 26 2.0493 45.931 32.454

Table 2. Comparison of quantitative indicators on industrial data.

Method RMSE Max error Time  Iterations Vertex error Axis error Angle error
LM 8.883x 107 9.532x 10 15951 35 12.9 156.39 74.898
Landweber 5255x10™% 2226x102 4256 26 7.443 101.5 74

For the synthetic dataset, RMSE is reduced by 98%, the number of iterations decreases by 51.9%,
and computation time is shortened by 62.7%. For the industrial dataset, RMSE decreases by 41%,
the number of iterations is reduced by 25%, and computation time is shortened by 73%. These
improvements not only indicate higher numerical accuracy but also reflect a substantial gain in
computational efficiency, which is critical for large-scale 3D reconstruction tasks.

The RMSE-time curve in Figure 3 exhibits a steep initial drop followed by rapid stabilization,
indicating that the preconditioned Landweber method suppresses noise effects more effectively and
reaches a near-optimal solution in fewer iterations. Similarly, the RMSE-iteration curve in Figure 4
shows a consistently faster error decay rate compared with LM, with the gap between the two methods
widening as iterations proceed. This trend demonstrates that the proposed method benefits from a

more favorable convergence trajectory, which leads to lower residual errors in both synthetic and
industrial scenarios.

Overall, these results confirm that the preconditioned Landweber method offers high accuracy, fast

convergence, and robust performance across diverse datasets, providing a reliable and efficient solution
for complex 3D point cloud processing.

Convergence curve
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Figure 3. A graph of RMSE changes over time for synthetic and industrial data.
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Figure 4. A chart showing the RMSE of synthetic data and industrial data varying with the
number of iterations.

6. Conclusions

This work developed a preconditioned Landweber iterative scheme for nonlinear least-squares
fitting of conical surfaces in 3D point cloud data. By introducing a geometric distance-based residual
formulation, deriving explicit Jacobian expressions, and designing a spectral preconditioning strategy,
the method effectively resolves numerical instabilities and convergence stagnation induced by ill-
conditioned Hessian matrices in conventional LM optimization. Theoretical analysis established that
the preconditioned iteration admits a provable linear convergence rate under an optimally chosen
relaxation factor, highlighting its mathematical rigor as well as computational efficiency.

Beyond its immediate contribution to conical surface fitting, this study also provides insights
into the design of preconditioned iterative solvers for nonlinear least-squares problems. The
spectral compression mechanism ensures favorable conditioning of the normal matrix, which may
be generalized to other classes of nonlinear inverse problems. In particular, the framework reveals a
promising connection between iterative regularization theory and nonlinear geometric model fitting,
bridging methodologies from numerical analysis and computational geometry.

Comprehensive experiments on synthetic and industrial datasets verified the effectiveness of the
proposed approach in terms of convergence speed, accuracy, and robustness to noise. The results not
only confirm its superiority over LM-based methods but also demonstrate the practical relevance of
iterative preconditioning for real-world 3D reconstruction tasks.

Future work will extend the proposed framework in several directions: (i) generalization to broader
families of quadric and higher-order algebraic surfaces, (ii) large-scale point cloud optimization under
distributed or parallel computing settings, (iii) hybridization with adaptive regularization techniques
to further enhance stability and convergence guarantees, and (iv) exploration of synergies with deep
learning approaches, such as using neural networks to provide high-quality initial parameter estimates
or embedding our optimization method as a differentiable layer within end-to-end learning pipelines.
These directions aim to consolidate the role of preconditioned Landweber iteration as a versatile and
mathematically grounded approach within the broader field of computational and applied mathematics.
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