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Abstract: In this paper, we consider the existence of positive solutions for a system of fractional g-
difference equations with generalized p-Laplacian operators. By using Guo-Krasnosel’skii fixed point
theorem, we obtain some existence results of positive solutions for this system with two parameters
under some different combinations of superlinearity and sublinearity of the nonlinear terms. In the end,
we give two examples to illustrate our main results.
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1. Introduction

In this paper, we consider the existence of positive solutions for the following system of fractional
g-difference equations with generalized p-Laplacian operators:

~DI(G(D2X)@) = nf (6,x(D),y (1), 0<1<1,
~DI(G(DIN)D) = {8 (6, x(D),y (1), 0 <1< 1,
x(0) = Dyx(0) = 0, D,x(1) = B > 0, DZx(O) =0,
¥(0) = Dyy(0) = 0, D,y(1) = B> 0, Diy(0) = 0,

(1.1)

where 0 <g<1,2<a<3,0<y<1,f g:[0,1] X[0,+00) X [0, +00) — [0, +0c0) are continuous,
n > 0and ¢ > 0 are two parameters, ¢; and ¢, are generalized p-Laplacian operators; D, and Dy are
the fractional g-derivative of the Riemann-Liouville type, D, is the g-derivative.

Due to the extensive application of fractional order equations, many scholars have studied the exis-
tence of nontrivial solutions of boundary value problems for fractional order differential equations. In
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recent years, some authors [1-5] have considered the existence of positive solutions for some Riemann-
Liouville type, tempered type, Caputo type and Hadamard type fractional order differential equations.
The authors [6,7] have considered the existence of nontrivial solution of Hadamard-type singular frac-
tional differential equations. Some authors [8—12] have considered the existence of nontrivial solutions
for some Riemann-Liouville type, tempered type, Caputo type and Hadamard type fractional order
differential equations with p-Laplacian operator. Some authors [13,14] have considered the eigenvalue
problems of fractional differential equations.

Meanwhile, after Jackson [15] introduced the g-calculus, Al-Salam [16] and Agarwal [17] devel-
oped the fractional g-calculus. Many researchers have studied the existence of nontrivial solutions for
fractional g-difference equations these years. The commonly used methods include fixed point theo-
rems, lower-upper solution method, monotone iterative technique, and so on. For example, in [18],
Ferreira studied the following boundary value problem of fractional g-difference equation:

Dgy)(x) = —f(x,y(x)), 0 <x <1,

¥(0) = (Dgy)(0) = 0, (Dgy)(1) =5 =0,
where 0 < g < 1,2 <a <3, f:[0,1]%[0,00) — [0, 00) is continuous; Dg is the fractional g-derivative
of the Riemann-Liouville type, D, is the g-derivative. The author obtained the existence of positive
solutions about the boundary value problem (1.2) by using Guo-Krasnosel’skii fixed point theorem.

In [19], Zhai and Ren applied iterative algorithm and lower-upper solution method to study the
following fractional g-difference equation:

(Dgu)@) + f(t,u() =0, 0 <r <1,
u(0) = (Dqu)(0) = 0, (Dyu)(1) = 0,

(1.2)

(1.3)

where g € (0,1), @ € (2,3). Under some conditions, the authors obtained some existence results of
positive or negative solutions for the boundary value problem (1.3).

In [20], Mao et al. used iterative technique to consider the general fractional g-difference equation
of the problem (1.3) as followings:

{(Dgu)(t) + f(tu(),v(®)=0,0<zr<1,

(1.4)
u(0) = (Dau)(0) = 0, (Dyu)(1) =0,

where g € (0,1), @ € (2,3), f may be singular at v = 0,7 = 0, 1. The existence of a unique positive
solution of the problem (1.4) has been proved.
In [21], Jiang and Zhong studied the following fractional g-difference equation with p-Laplacian
operator:
D ($,(D2x)(1) + [t x(0), D5(1)) = O,
x(0) = (Dygx)(0) = 0, (Dgx)(0) =0, (1.5)
x(1) = {lyx(m),

where a € (2,3), B,q,1n,p € (0,1), ¢,(s) = |s|P=2s is the p-Laplacian operator (p > 1). The authors
used Banach’s contraction principle to prove the existence and uniqueness of nontrivial solution of the
problem (1.5), and also used Guo-Krasnosel’skii fixed point theorem to obtain the existence of positive
solutions of the problem (1.5).
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In [22], Li et al. considered the following boundary value problem of nonlinear fractional g-
difference equation:
Y @ —
D(¢(Dyu)(1)) + nf(u@®) =0, 0<r<1, (16)
u(0) = Du(0) = 0, Dyu(l) =B >0, Dju(0) =0,

where 0 < g < 1,2 < @ < 3,0 <y < 1, ¢ is the generalized p-Laplacian operator; D] and Dy are
the fractional g-derivative of the Riemann-Liouville type, D, is the g-derivative. The authors used the
fixed point theorem to prove the existence of positive solutions of the boundary value problem (1.6).

In [23], Wang et al. investigated the following boundary value problem of fractional g-difference
equation with ¢-Laplacian:

{D§<¢(Dgu<r»> = Af@), 0<r<1,

1.7
u(0) = Dyu(0) = Dqu(1) = 0, ¢(Dgu(0)) = Dy(¢(Dgu(1))) = 0, 40

where 0 < g < 1,2 <a<3,1 <B<2, 1> 0is aparameter, and Dg, DZ are the standard Riemann-
Liouville fractional g-derivatives. The existence and nonexistence of positive solutions of the boundary
value problem (1.7) was obtained based on Guo-Krasnosel’skii fixed point theorem on cones.

Currently, many other authors have studied fractional g-difference equations. Some authors [24,25]
have considered the existence of multiple positive solutions for some fractional g-difference equations.
The authors [26-30] have considered the existence of nontrivial solutions for fractional g-difference
equations with various boundary conditions.

Meanwhile, many authors have studied the existence of positive solutions of systems of some frac-
tional differential equations with various boundary conditions, see [31-35] and the references therein.
For example, in [31], Li et al. investigated the following system of fractional differential equations
with p-Laplacian operators:

D;! (p, (D)) = f(1,v(1),0 < 1 < 1,
D3 (@), (DGVD)) = g(t,u(®),0 <1 < 1,
m-=2
u(0) = Dju(0) = 0, Djfu(l) =" ayDyuln,), (1.8)
=1
m—JZ
v(0) = DEv(0) = 0 Dv(l) = " ayDyv(y)),
j=1

where «;,y; € (0,1],8; € (1,2],D31,D€"+ and Dgi are the standard Riemann-Liouville derivatives,

i = 1,2. The authors derived the conditions for the existence of the maximal and minimal solutions,
and obtained the existence of extremal solutions of the system (1.8).

In [32], He and Song considered the following system of fractional differential equations with p-
Laplacian operators and two parameters:

D;! (p, (Dgtu(®)) = nf 6, v(1),0 <t < 1,
Dy, (Dgv(®))) = Lg(t,u(),0 <1 < 1,
u(0) = 0,u(1) = aju(&), Dyiu(0) = 0, Dy.u(1) = by D u(ny),
v(0) = 0,v(1) = a(&), D2v(0) = 0, DR2v(1) = byD2v(na),

(1.9)
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where «;,8; € (1,2], Dgi and Dﬁi are the standard Riemann-Liouville derivatives, &,n; € (0,1),a;,b; €
[0,1],i = 1,2. n and { are positive parameters. By using the Banach contraction mapping principle,
the authors gave the existence and uniqueness of the solution for the system (1.9).

In [33], Hao et al. investigated the following system of fractional boundary value problems with
p-Laplacian operators and two parameters:

=D (g, (DYLu(e) = Af (t,u @), v (1)1 € (0, 1),

=D (@ (DY) = pg (t,u (@) ,v () 1 € (0, 1),

w(0) = u(l)=u (0) =u (1) = 0,Dg.u (0) = 0, Dbu(1) = by Dt p (m1) ,
v(0) = v(1) =V (0) =v' (1) = 0,D2v (0) = 0, D2v (1) = v (By),

(1.10)

where «; € (1,2], B € (3,4], D, and Dg'; are the Riemann-Liouville derivatives, ¢, (s) =
|s|P2s, pi > 1, f,g € C([0,1] X [0, +00) X [0, +0), [0, +0)), A and u are positive parameters. By
means of Guo-Krasnosel’skii fixed point theorem, the authors obtained various existence results of
positive solutions of the system (1.10).

To the best of our knowledge, limited attention has been devoted to the investigation of systems
of fractional g-difference equations. Inspired by the above literatures, in this paper, we consider the
existence of positive solutions for the system of fractional g-difference equations (1.1) with general-
ized p-Laplacian operators and two parameters. Under some sublinear and superlinear conditions, we
establish some existence results of positive solutions for the system (1.1) by using Guo-Krasnosel’skii
fixed point theorem.

2. Preliminaries

In this section, we firstly introduce Guo-Krasonsel’skill fixed point theorem. Secondly, we give
some knowledge about fractional g-calculus. In the end, we give some lemmas that are used to prove
the main results.

Lemma 2.1. ( [36]) Let E be a Banach space, P C E be a cone. Assume that Q) C E and Q, C E are
bounded open sets with 6 € Q| C Q,, the operator A : PN (Q,\Q,) — P is completely continuous. If
the following conditions are satisfied:

@) JAx | x|, Vx e PN OQ, || Ax || =] x ||, Yx € PN 0y, or
@) [[Ax > x|l,Vx € PN OQ, || Ax [| <] x ||, Vx € PN 0Qy,

then the operator A has at least one fixed point in P N (Q\ Q).

In the following, we give some definitions and lemmas about fractional g-calculus. For the detailed
knowledge about fractional g-derivative and fractional g-integral, we can refer to [15-18].
Define

a

-9
1-q’
The g-analogue of the power function (a — b) with @ € R is

=1 a-bq"
(a—b)® :awl—[aTqZM’ n e N.
n=0

[al, = acR, ge(0,1).
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The g-gamma function is defined by

ERPNE
[(x) = (IL) x € R\{0,-1,-2,...},

O

and satisfies I'y(x + 1) = [x],I'y(x).
The g-derivative of a function f is defined by

J(x) = f(gx)

(D)0 = ==

LDy (0) = im(Dy (),
and g-derivative of higher order by
(DY) = f(x), (D f)(x) = Dy(Dy~" f)(x),m € N.

The g-integral of a function f is given by

0= [ 0 =210 Y S < 10,6,
n=0

where f is defined in the interval [0, b].

Definition 2.1. ( [17, 18]) The fractional g-integral of the Riemann-Liouville type is defined by
(I3 )(x) = f(x), and

1
[y(a)

I, Hx) = fo ) (x —gt)* VfOdt,a > 0,x € [0, 1].

Definition 2.2. ( [18]) The fractional g-derivative of the Riemann-Liouville type order @ > 0 is defined
by (D2f)(x) = f(x) and
(Dg /)(x) = (DFIT )(x), @ > 0,
where m = [«a].
The paper [37] introduced the definition of a generalized p-Laplacian operator ¢, which included
two important cases ¢p(u) = u and ¢(u) = |u|’ _zu(p > 1). In this paper, we assume that ¢, and ¢, are
generalized p-Laplacian operators, namely, ¢, and ¢, satisfy the following condition:

(Hp) ¢; : R — R(i = 1,2) is an odd and increasing homeomorphism, and there exist increasing
homeomorphisms ¥y, ¥, Y3, ¥4 1 (0, 00) — (0, 00) such that

Y1(0)$1(y) < d1(xy) < Y (0)d1(y), ¥ x,y >0,
Y3(0)h2(y) < da(xy) < Ya(X)a(y), ¥ x,y > 0.

In the following, we give the other important lemmas. We list the following fractional g-difference
equation with homogeneous boundary conditions:

{D;(«p(Dzv))(r) +nf) + 1)) =0, 0<t <1, o

v(0) = Dyv(0) = 0, Dyv(1) = 0, Dyv(0) = 0,
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ﬂtarfl
la-11,°

with nonhomogeneous boundary condition

where ¢(f) =

and () is the unique solution of the following fractional g-difference equation

Dip(t)=0,0<1t<1,
! . (2.2)
¢(0) = Dgg(0) = 0, Dyep(1) = B> 0, Dyp(0) =0,
where 0 < g < 1,2 <a <3,0<vy<1,¢isageneralized p-Laplacian operator.

Lemma 2.2. ( [22]) Let v(t) be a solution of the boundary value problem (2.1). Then u(t) = v(t) + ¢(t)
is the solution of the boundary value problem (1.6).

Lemma 2.3. ( [22]) Let 2 < a < 3,0 <y < 1,y € C[0, 1] be a given function. Then the following
boundary value problem of fractional g-difference equation

DI($(D2))@) + ny(0) = 0,
x(0) = Dyx(0) = 0, Dyx(1) = 0, DZx(O) =0

has a unique solution

x(t) = fo G Rt fo (5= gm0y s,
where 02t )
G Tl weiemen
Lemma 2.4. ( [18]) The function G(t, qs) defined by (2.3) has the following properties:
(1) G(t,gs) 20, G(t,qs) <G(l,gs), VO<t,s<1, 2.4)
(2) G(t,g5) > 1*7'G(1,gs), VO < 1,5 < 1. (2.5)

Lemma 2.5. ( [37]) Let (Hy) hold. Then we have
Yo 'y < 617 (i () < 9Ny, Y Xy > 0,

Ua” (X)y < ¢ (X () < Y37 (D)y, VY x,y > 0.
Let E = C[0, 1] x C[0, 1] with the norm ||(x, y)|[z = ||x|| + |[yll, where ||x]|| = trer[lgi(] |x(¢)| and ||y|| =
trer%&ic] ly(¢)|. It is obvious that E is a Banach space.
Set P ={(x,y) € E: x(t) 2 0,y(¢) >0, [IEI[lei’rll](x(t) +y(1) > 6*7Y|(x, y)llg}, where 6 is a real constant

and0 <0< 1.
By [22], we define the following operators A, and A;:

i f S (s = q0) " Vf(x, x(7) + ¢(7),9(7) + ¢(1))d,7)d,s, t € [0, 1],
rq(')/) 0

1
An(x,y)(t):f(; G(t,q5)¢1 ™' (

4
Fq 62

1 s
Alx,y)(0) = f G(t, qs)py~\( f (s — g0 Vg(t, x(1) + (1), Y(T) + @(1))d,7)d,s, 1 € [0, 1],
0 0
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where G(1, gs) is defined by (2.3). Let A(x,y) = (A,(x,y),A(x,y)),(x,y) € E. Then by the literature
[22], we easily know that the fixed points of the operator A are solutions of the system of fractional
g-difference equations (1.1).

Lemma 2.6. A : P — P is completely continuous.

Proof. For (x,y) € P, we easily have A, (x, y)(1) > 0, A(x,y)(1) > 0,V € [0, 1].
By (2.5), for t € [0, 1], we have

1
Ap(x, y)(1) = f G(1, q)¢; ' ( f (s = 0"V (7, x(7) + @(7), y(7) + @(0)dyT)dly s
0

F( )
1
> [ 160, a987 (s [ (5= a0 fr X0 + 6,30 + GO
T
0 q()’) 0

(2.6)
1 s
>0 [ 697 (s [ 5= qn) Va0 + (0500 + 0y
0 I, Jo
= 0" 1A, (x, ).
Similar to the proof of (2.6), when ¢ € [6, 1], we easily have
1 s
Agx, (1) = f G(t,q5)¢, ' ( £ f (s — qn)" Vg(r, x(1) + @(1), y(7) + @(1))d,T)d,s
0 L, Jo
S G (T -1 2.7)
> 1" f G(1, g5)$5'( f (s — q0)" Vg(r, x(7) + (1), y(T) + @(T)d,T)d, s
0 Fq()’) 0
> 0" A (x )l-
By (2.6) and (2.7), we get
min (4, (6 )(0) + A%, y)(0) 2 0 (1A, (x I+ 1A e D = 0 AGE Yl 2.8)

From (2.8), we have A(P) C P.

In the following, we prove A : P — P is completely continuous. Firstly, we prove A is bounded.

Let D c P be bounded. Namely, there exists K > 0 such that ||(x, y)|lz < K,V(x,y) € D. By the
continuity of f and g, we know that there exists M > 0 such that

o |f(2, x(2) + (1), (1) + @(2))] < M, (2.9)

oM g (2, x(2) + @(2), y(2) + @(1)| < M. (2.10)

By (2.9), (2.10) and Lemma 2.4, for (x,y) € D, we get

1
|A,(x, »)(®)] < f G(1,gs)¢;'( f (s — qn)" Vd,v)d,s, (2.11)
0

q()

1 s
|ACx, Y)(@)] < f G(1,95)¢5'( M f (s — q)" Vd,1)d,s. (2.12)
0 0

rq 62
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By (2.11) and (2.12), we easily know that A(D) is bounded. Secondly, we prove A is equicontinuous
on D. Namely, for each (x,y) € D,Ve > 0,36 > 0 such that |t, — #;| < J, we have

A, (x, y)(t2) — Ay, )t < &, A (x, y)(t2) — Ar(x, y)(1)] < &.
In fact, assume that 0 < t; < t, < 1, then we have

A, (x, )(12) — Ay (x, y)(11)]

1
= | f (G(t2.45) ~ Gl11, 45)r™'(
0

Fq](Yy) fo (5= g0V £ X + 60, 3(0) + @)y

nM fs (-1
(s —qn) d,7)d,s
T Jo = 17 Gt

Sfl|(1—QS)(“_Z)(tz"_l—tl"_l)l 1 ¢1_1( iy fs(S—QT)(y_l)qu)dqs
Ly@)™ " Ty(y)

1
S‘fo IG(t2, g5) — G(t1, 95)|¢7 ' (
(2.13)

f I(1 =g @ = 1%") = (1 — g9)* ") )f (s —qn)" Vd,v)d,s

q()

+ f I(l—qS)(“‘z)(tz"‘l—tﬁ"l)lr (a)¢1‘1<r > fo (s_qT)w—nqu)dqs.
5] q q

By (2.13), we have

Ay (x, y)(12) = Ap(x, y)(#1)] = Ot — 1).

Similarly, we also have

1A (x, y)(12) = A (x, y)(1)] = 0@ty — 1).

Hence, by Arzela-Ascoli theorem and the continuity of f and g, we have A : P — P is completely
continuous. O

3. Main results

In the following, we give the denotations that we need in this section.

Let
# = lim sup max @t x+ @),y + ¢(0) g0 = lim sup max gt x + ¢(1),y + (1))
0 x+y—0* 1€[0,1] ¢1(X + y) o0 x+y—0* 1€[0,1] ¢2(X + y)
feo = liminf min flxt o),y + (’D(t)) = liminf min g x + (1), y + ¢(1))
« x+y—oo  t€[6,1] (]51()( + y) ’ x+y—oo  1€[6,1] ¢2(X + y) '
For fy, 80, feos 8 € (0, ), we denote that
2—2a
o v2(57) b, o Ui (i)
fo fo o
22
- Wa(Gr) D, = U3(55)
8o 80
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Let

E limi fx+e@),y+o0) 8t x + (1), y + ¢(1)
fo =liminf min , 20 = liminf min ,
x+y—0* r€[6,1] d1(x+y) x+y—0" r€[6,1] > (x + )

_ tL,x+o@),y+ o) _ ) Lx+e(),y+ ot
7. = lim sup max Jx+ @,y +et) _ limsup max 8t x + ¢(1).y + p(1)).
x+y—oo €[0.1] dr1(x+y) y—co  1€00,1] dr(x +y)

For £y, 80, fa» 8o € (0, ), we give the following denotations:

G hip)
1 — = s 2 — = D
fO foo
2—2a
Ya(Gr) Us(5i)
3= — , Ly = —— ,
80 8o
where
1G1 " 1G1 5
M, = gsW (————)d,s, M, = ,gS W3~ (—)d, s,
1 fo g™ G s, M fo Lo G

1
Fq 62)

1
Fq )

Theorem 3.1. (1) Assume that fy, g0, fes & € (0,00), D < Dy, D3 < Dy, then for each n € (Dy, D,)
and { € (D3, Dy), the system of fractional q-difference equations (1.1) has at least one positive solution.

(2) Assume that fo = 0, g0, feor & € (0,00), D3 < Dy, then for each n € (D, 00) and { € (D3, Dy),
the system of fractional g-difference equations (1.1) has at least one positive solution.

(3) Assume that fy, fw, e € (0,00),80 = 0,D; < D,, then for each n € (D, D,) and { € (D5, ),
the system of fractional g-difference equations (1.1) has at least one positive solution.

(4) Assume that fo = go = 0, fw, & € (0, ), then for each n € (D;, o) and { € (D3, ), the system
of fractional g-difference equations (1.1) has at least one positive solution.

(5) Assume that fy, go € (0, ), foo = 00 or fy, g0 € (0,0), g, = oo, then for each n € (0, D,) and
{ € (0, Dy), the system of fractional g-difference equations (1.1) has at least one positive solution.

(6) Assume that fy = 0, go € (0,00), g, = 00 or fy =0, gy € (0, ), f, = oo, then for each n € (0, c0)
and { € (0, Dy), the system of fractional g-difference equations (1.1) has at least one positive solution.

(7) Assume that fy € (0,00),g0 =0, g0 = 0 0r fy € (0,00), g0 =0, foo = 00, then for eachn € (0, D;)
and € (0, o), the system of fractional g-difference equations (1.1) has at least one positive solution.

(8) Assume that f, = g0 = 0,800 = 0 0r fo = go = 0, foo = oo, then for each n € (0,0) and
{ € (0, 00), the system of fractional g-difference equations (1.1) has at least one positive solution.

1 X
M3=f0 G(L,gs)n\( fg(s—qﬂ(y_”dﬂ)dqs,

1 X
M, = f G(1, g™ ( f (s —qn)" Vd,)d,s.
0 [}

Proof. In the following, we only prove the Cases (1) and (6).
Case (1): Since n € (D, D,) and ¢ € (D5, D,), we easily know that there exists € > 0 such that
lﬁz(%) Ui(5r)

e SN (3.1)

<
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9272&/ L
0 < W4( 2My ) < é’ < 1/13(2M2). (32)
8o — € ote

For the above £ > 0 in (3.1) and (3.2), there exists ; > 0 such that

ft,x+eo,y+0) < (fo+e)di(x+y), tel0,1],0<x+y<r, 3.3)

gt,x+@,y+p)<(go+&p(x+y), 1€[0,1],0<x+y<r. (3.4)

Let W) ={(x,y) € E : ||(x,V)|lg < r}. For (x,y) € PN dW;, we have

0 < x(0) + y(@) < llxl + Iyl = [I(x, Wlle = r1, Y2 €[0,1].
By Lemmas 2.4, 2.5 and (3.1)—(3.4), we have

1 s
Ay(x, (@) = f G(1,95)p7 ' ( 1 f (s = q0)" "V f(1, x(7) + (1), y(T) + @(1))d,T)d,s
0 L,(») Jo

1 X
< f G(1,g5)p7 ' ( 1 f (s — g0 P (fy + )1 (x(7) + Y(1))d,T)d,s
0 Fq(?’) 0
1 s
< f G(l,qsmh—](r? ) f (s — g0 (fy + &)1 (r1)d,7)d,s
0

1
Sf G(l,c]s)tp1 ()f(s—qr)(y 1)(f0+s)d T)dys - 11
0 Loy

<y e + ) fo G(1, 5007

o Iyl
2 2

(3.5)

sY
m)d qs T

and

1
ACey)0) = fo G, 445" - ( ) f (5 = g0 Vg(r, X(7) + (1), Y(T) + G,y
1
< f G(t, qs)67 ( f (5 — g7 D (g0 + E)pa(x(T) + YO, TV
0 Fq(Y)
1
< [ Gata9a EEZD [ 5= a0 Vot
. )

| (3.6)
Sf G(I,C]S)l//3 {(ﬁo f( QT)(y o) Tdys - 11
0 )

sY

L,y+1

<05 (L0 + ) fo G(L, gs)u5\(

<o MG ylle
2 2
By (3.5) and (3.6), we have

)qu A

IACe Wlle = 1A, Ce I+ A (e I < I )lle, Y(x, y) € PO OWY. (3.7)

Electronic Research Archive Volume 32, Issue 2, 1044—-1066.



1054

For £ > 0in (3.1) and (3.2), from the definitions of f,, and g.,, there exists 7, > 0 such that
fOx+0.y+¢0) 2 (fo—p1(x+y),1€[6,1],x+y 27, (3.8)

g, x+ ¢,y +¢) 2 (8o —E)P2(x +y), 1 €[0, 1], x+y > 2. (3.9)
Take r, = max{2r;,0'%R}). Let W, = {(x,y) € E : ||(x,y)llz < r2}. For (x,y) € PN dW,, we have

minejo,11(x(2) + y()) = (X, Yllg = 6*7'ry > 7o
By (3.8), (3.9) and Lemmas 2.4 and 2.5, we have

1Ay (x, VI = Ay(x, y)(6)

1 s
= f G(0,g5)p7'( 1 f (s = g0V f(1, x(7) + (1), y(T) + @(1))d,T)d,s
0 L, Jo

1 X}
> f G(0,95)p7'( 1 f (s — g0V f (1, X(7) + (1), ¥(7) + ©(7))dyT)dys
6 Fq()’) 6

1 s
> f G0, g5)¢7'( ’(7) f (s = gDV (foo — ©)P1(xX(7) + Y(T))d,T)d, s
[ q
1
zf 0°'G(1, g5)¢7'(
0

> o2 f GO, g5 (=
9

(3.10)

e f (5 = g0 D fou = )01 @15, Wl 5
q

—£) f (s = q0)" P OlI(x, y)lledys
q( )

= 705 (s~ ©)) f G s (
0

> lICx, y)llE,
2

(s — T)(V_l)d T)d,s - r
rqug R A

and
A (e, I = Ag(x, y)(0)

1 s
= j; G0, gs)p, l(r é;y) fo (s — qr)(y_l)g(‘r, x(7) + (1), y(7) + @(1))d,7)d, s
q

1 s
> f G0, 43)¢5' (== f (s = g0 Vg(r, x(7) + (1), Y(7) + @(1))d,T)d,s
0 rq()’) 0

rqiy) ‘fen?(s - qT)(Y—l)(goo - 8)¢2(X(T) + y(T))qu)qu

{(iw(_)g) f (s = g0 " V(@ N (x, Wlp)d,7)d, s 3.11)
éu(goo 8)
L,

= "Y1 ({8 — ©) fg G(1, g3 (

= 0"y, ({ (g — €)My - 12

S (€591

2" 2

1
> ¢! f G(1,95)¢;'(
0

1
>0 [ Ga1anes
0

1
> 02@—2[ G(l,qS)WZl( f( qT)(y quT)d s - 10 Ve
0

Ly(y) fe; (5= qT)(y_l)d‘iT)dqs e Yle
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From (3.10) and (3.11), we have
IAC WlE = 1Ay P+ A6 DI = G YllE, Y(x, y) € PN OW,. (3.12)

By (3.7), (3.12) and Lemma 2.1, we know that A has at least one fixed point (x,y) € P N (W,\W)).
So the system of fractional g-difference equations (1.1) has at least one positive solution. The proof of
the case (1) 1s completed.

Case (6): Since € (0, 0) and £ € (0, D), we easily know that there exists £ > 0 such that

2—2a

1 1
0<17<¢1(2—Ml); lﬁ4( )8<§<lﬁ3(_)

3.13
2M, g0+8 ( )

Since f; = 0 and g( € (0, 00), for the above £ > 0 in (3.13), we know that there exists r3 > 0 such
that

ft,x+o,y+p)<ep(x+y),te€l0,1,0<x+y<rs;, (3.14)
gt,x+ @, y+¢)<(go+&eP(x+y),te[0,1,0<x+y<r;. (3.15)

Let W3 = {(x,y) € E : [|[(x,y)llg < r3}. By (3.13), (3.14) and Lemma 2.5, for any (x,y) € PNOW;,t €
[0, 1], we have

1 s
Ay(x, y)(@) = L G(, CJS)¢I1( f (s = g0V f(7, x(7) + @(1), (1) + (7))dyT)dy s

n
q(>
1
< f Gt 947 (o f (5 = g0 Ve (1) + Y(O)dyT)dys
0 q

1
< f G(l,qs)¢fl( () f (s — q0)" Ve (r3)d,)d,s
0 Y

1 (3.16)
< f G, qs);b1 f (s — qT)(7 1)dqr)al S+r3
0 I ( )
1 57
— e [ G (s
0 L,y+1)
rs_ Gyl
y
By (3.16), we have
el < L iy e paws, (3.17)
By (3.13), (3.15) and Lemma 2.5, similar to the proof of (3.16), we easily obtain
11, Wle
1A (x, Il < > V(x,y) € PN OW;. (3.18)
By (3.17) and (3.18), we have
IACe e = 1A e DI+ [TA G DI < 1106 V|, Y(x,y) € PN OW;. (3.19)

Electronic Research Archive Volume 32, Issue 2, 1044—-1066.



1056

Since g., = oo, for € > 0 in (3.13), we know that there exists 7, > 0 such that
1
g, x+@,y+¢) = —da(x,y), 1 €[6,1],x,y 20, x+y > 7y. (3.20)
>

Take r, = max{3r3, 746' 7). Let W, = {(x,y) € E : ||(x,y)llz < r4}. For any (x,y) € P N Wy, we can
easily know that
rr[lgilll](X(t) +y(0) = 07 YllE = 0"y > 7. (3.21)
telo,

Hence, by (3.20), (3.21) and Lemma 2.5, for any (x,y) € P N dW,, we have

1 s
Al(x, y)(0) = j; G(6,95)¢, ' ( j(; (s = q0)" Vg1, x(7) + (1), (1) + @(1))d,T)dys

{
Fq(?’)
1 s
> f G0, qS)¢£1(r i/) f (s = g0 Vg(1, x(7) + (1), y(7) + (1), T)dys
6 q 2

1 S
> 6! fg G(1, g3);' (= : f (s = gD Vo(x(T) + Y(T)d)dlys

4
q()

1
> 6! f G(1,g)¢;'( f (5= 0" 620" lICx, Y)lle)y)dlys (3.22)
H .

q()

1
> 6" f G(1,q5)05'( f (s =q0)" ;7 - 6" 06 l)dys
0

sl"q( )
1

- 2y ) f G(1, gs3 (
€ Jg

f(s —g1)" Vg TdyS - 14
Ly(y)

= 2y om

> 14 = [|[(x, Yl

By (3.22), we have
NACe, WlE = [[A (I 2 NI Wle, VX, y) € PN OW,. (3.23)

_Hence, by (3.19), (3.23) and Lemma 2.1, we can obtain that A has at least one fixed point (x,y) € PN
(W4\W3). So the system of fractional g-difference equations (1.1) has at least one positive solution. O

Theorem 3.2. (1) Assume that fy, 8o, fas 8o € (0, 0), and Z; < Z,, 73 < Zy, then for each ne€(Z,2)
and { € (Z3,Zy), the system of fractional g-difference equations (1.1) has at least one positive solution.

(2) Assume that fy, 8o, fe € (0,00), 80 = 0, and Z, < Z,, then for each n € (Z,,Z,) and { € (Z3, ),
the system of fractional g-difference equations (1.1) has at least one positive solution.

(3) Assume that fy, 8o, 8e € (0,00), foo = 0, and Z3 < Zy, then for each n € (Z;,00) and { € (Z3,Z,),
the system of fractional g-difference equations (1.1) has at least one positive solution.

(4) Assume that fy, 8o € (0,00), foo = 8o = 0, then for each n € (Z;,0) and ¢ € (Z3, ), the system
of fractional g-difference equations (1.1) has at least one positive solution.

(5) Assume that ﬁo,gw € (0, 00),f_0 = o0 or ﬁo,gw € (0,00), 80 = oo, then for each n € (0,7,) and
£ €(0,2y), the system of fractional g-difference equations (1.1) has at least one positive solution.

(6) Assume that fy = 00,8. = 0, foo € (0,00) or foo € (0,0),8., = 0,89 = oo, then for each
n € (0,2,) and { € (0, 00), the system of fractional g-difference equations (1.1) has at least one positive
solution.
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(7) Assume that fy = 00,8, € (0,00), for = 0 0r o € (0,00),8) = 0, fro = 0, then for each
n € (0,00) and { € (0,Z,), the system of fractional g-difference equations (1.1) has at least one positive
solution.

(8) Assume that fo = 0, foo = 8o = 007 foo = 8o = 0,80 = 00, then for each n € (0,c0) and
£ € (0, 00), the system of fractional g-difference equations (1.1) has at least one positive solution.

Proof. We will only prove the Cases (1) and (6). Since the other proofs are similar, so we omit.
We firstly prove the Case (1). Since n € (Z;,2,) and ¢ € (Z3, Z,), there exists € > 0 such that

2—2a 2—2a
Ya(L) *//1(—) 1/14(9 ) U3 (5-)
< 2o <n< oM, ‘ 2M, <r<o 2M, (3.24)
fo—¢& fw+s g —¢€ 8ot &
From the definitions of £, and g,, we easily know that there exists R, > 0 such that
ft,x+@,y+¢) > (fo —e)p(x+y),tel6,1],x,y>0,x+y <Ry, (3.25)
g, x+@,y+¢) =2 (80— &)pg(x+y),1€[0,1],x,y>20,x+y <Ry. (3.26)

Let Wi ={(x,y) € E : ||(x, )|l < Ri}. By (3.24), (3.25) and Lemma 2.5, for any (x,y) € P N oWy,
we can get

1 X
Ay(x, y)(0) = f G(6,g9)¢7'( f (s = q0)""V f(x, x(7) + @(1), Y(7) + @(1))dyT)dys
0 0

n
rq(?’)
1 N
> f G(6,q5)¢;'( 7(7) f (s = g0)" U f (7, x(7) + @(1), ¥(7) + ©(1))dyT)dys
6 q

1
> f G(6,9s5)¢;" "(fo( )) f (s — g0 V1 (x(7) + y(1))d,T)d,s
0 q

1
>0 [ 60,q9t LD [ o @ s
[ q
1 (3.27)
>0 [ G.a9s, (”(f"( 2 [ s a0 Ve 0@ el s
[ q
77(f0

1
> m_lf G(1, g, ( )f(s g0 Pd 06" NI(x, y)lledy s
9

Ly(y)
= 022y, ((fo — &) f G(1, g5 (
7]

= 02"y (n(fo — €)Ms - Ry
 ee e
- 2

.0y )f(s—q‘r)(7 Vg ,T)dgs - R

By (3.24), (3.26) and Lemma 2.5, for any (x,y) € P N dW;, we have
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1
Ag(x,y)(0) = j; G0, g5)¢; ' ( f (s = g0 Vg(r, x(7) + (1), y(7) + @(0)dyT)dys

I ( )
1
> f G(0,g5)$5'( f (s — q0)" Vg(7, x(7) + @(1), y(T) + ©(7))d,T)dys
0 Fq(?’) 0

1 X
> j; G(, q5)9, l(ri ) f (s — g0 P(g0 — &) (x(7) + y(1))dy7)d,s
qa\Y

1
> 6! f G(1,q5)¢; ( f (s = g0 V@0 = 2" lee Dl Ddys 28
0

L)

1.4(8o

o )) f (5 = gD, D0 (Yl s

1
>0 [ G gou'
6

=677y (L(Zo —8))f G(1, gs)5 ' ( e )f(s—qr)(y Vd,t)d,s - 1(x, y)lle
0 ’1
S ||(x,y)||E.
2
By (3.27) and (3.28), we have
IACe WlE = 1A, DI+ A6 DI = G Y, Y(x, y) € PN OW,. (3.29)

Let F(t,u) = max f(t,x+ ¢,y + ¢), G*(t,u) = max g(t,x + ¢,y + ¢). Then we have

O<x+y<u O<x+y<u

ftx+e,y+¢) < F(t,u),t€[0,1], x,y>0, x+y<u,

gt,x+¢,y+¢) <G(t,u),t€[0,1], x,y >0, x+y < u.
Similar to the proof of [33], we know that

z, G*(t
lim sup max UL < fo, limsup max UL < 8-
u—too  1€10,11 ¢y (1) u—too  1€10,11 P (u)

Clearly, we know that there exists Ez > (0 such that

F(t,u) . F(t,u)
< limsup max +
¢1(I/l) u—+oo  1€[0,1] ¢1(M)

G*(t,u) G (1, u)
< limsup max

$a(u) oo (€101 (1)

Hence, we have

ggfm+8,u21_32,l€[0,1],

ssgm+8,uzl_€2,t€[0,l].

F(t,u) < (foo + &)b1(), G*(t,1) < (Boo + E)Po(u) 1 €[0,1],u > R,. (3.30)
Let R, = max {2R;, R,}, and W, = {(x,y) € E: ||(x,)llg < Ry}, for any (x,y) € PN oW,, we get
ft,x+¢,y+¢) < F@,(x, lle), t € [0, 1], (3.31)
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gt x+ ¢,y +¢) <G II(x k), 1 € [0,1]. (3.32)
By (3.30)—(3.32), for any (x,y) € P N 0W,, we have

1
A(x, y)(@) = fo G(1,q9)¢7 " ( f (s = g0V f (7, x(0) + 9(0), (1) + p(1))dyT)dlys

q( )
|

Sf G(l,qs)gbfl( f(S—QT)(y1)F(T,||(X,Y)||E)qu)qu
0 ()

1
< fo G(1,99)¢7'( () f (s = g0 P (foo + ©1 (105 WIe)dyT)dys
q

1
S[) G(1, g5, (U(IJjoo( )S)f(s q0) " Vd 0)(x, )ed,s (3.33)

1
U e + £) fo G(L, as)u7\(

ey )f‘(s—q*r)(7 ) Dy - Ry

sY

1
U + ) f GOL g7 (s - Ro
. T+ D

< lI(x, y)IIE’
2
and

1
A, y)(0) = fo G(1,49)¢;'( f( —qm)" V(T x(7) + ¢(1), y(7) + @(1))d,T)dy s

L)
1
Sfo G(1,99)¢;'( ()f(S—QT)(V_”G*(T,||(x,y)||E)qu)qu
q

1
< fo G(1,99)¢5'( e )f(s— g0V @w + £)2(Il(x, )lE)dyT)dy s
q

1 (3.34)
< f G(1, gsy;! (8=t 2 (g‘”( ) £) f (5 = g0 VDl Vlledys
0 q
4
= 05 (@ + ) fo G, g3 (o (s s R
el
- 2
By (3.33) and (3.34), we have
IAGE e = T4, e+ IACE W < 16l Yk, y) € PO aWs. (335)

By (3.29), (3.35) and Lemma 2.1, we know that A has at least one fixed point (x,y) € PN (Wo\ W),
so the system of fractional g-difference equations (1.1) has at least one positive solution. The proof of
the case (1) is completed.

In the following, we prove the Case (6). Since fo = 00, foo € (0,00),8, = 0, we can easily know
that there exist £ > 0 and R; > 0 such that

220 1
4 )g <n< l/;f(z’”l), (3.36)

%02(
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11
O0<< —_—)—, 3.37
4 w3<2M2)8 (3.37)
and .
fGx+e,y+9) > —¢p1(x+y),1€[0,1],x,y>0,0 < x+y<Rs. (3.38)
&

Let W3 = {(x,y) € E : ||(x,y)llg < R3}. Fort € [0, 1], (x,y) € PN 0W3, we easily know that
min (x(1) + y(1)) 2 0 HICx, )l
By (3.36) and (3.38), we have

n
Fq )
n
Fq )

1
> ¢! f G(1,gs)7(
0

1 S
Ap(x, y)(0) = fo G(6,g9)¢7'( fo (s = g0V f(7, x(7) + @(1), (1) + @(1))dyT)dys

1 X
> f G(6,g5)¢7'( f (s = g0V (7, x(7) + @(7), (1) + @(7))dyT)dly s
0 0

n
Ly()e

1 s
_1 -1 n _ (y-1) a—1
> o fa G019 (= fe (s = g0 V6 ICe VI, 0, s
1

1 S
> 020D [ Gl (s [ - a0 Vo

= 203 DOMs - el = 165Dl

f (5= g0 Vg, (x(0) + Y(0)dyT)d,s
g (3.39)

So by (3.39), we have
A YIlE = 1A, DI = G e, Y(x, y) € PN oW, (3.40)

Similar to the proof of [33], we obtain

_ F(tuy - . G'(t,u)
limsup max < fw, limsup max =
u—too  1€l01] Py (1) u—too €101 ()

So we know that for above & > 0 in (3.36) and (3.37), there exists R, > 0 such that

F(t,u)

+ S_oo—l— ’Vte 071’ ZE,
$1(u) oo 1€[01] ¢y (1) esfote [0,1],u >Ry

G'@tuw _ . G'(t,u)
< limsup max

+8SS,VZ‘€[O,1],L{Z§ ,
¢2(u) u—+oo  1€[01] ¢2(u) 4

so we have
F(t,u) < (foo + &)¢1(u), ¥t € [0,1],u > R4,

G*(t,u) < dr(u),Vt € [0,1],u > R,.
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Let Ry, = max {2R3, R4} and W, = {(x, y) € E : ||[(x, g < R4}. We easily have

f(t7x te,y+ ‘10) < F(ta ”(x’y)”E)’v re [0’ 1],

gt,x+¢@,y+¢) <G I(x,ylle), ¥t €[0,1].
Hence, for any ¢ € [0, 1] and (x,y) € P N Wy, we get

1 s
Ap(x,y)(@) = f G(t, )7 (= f (s — q0) "V f(7, x(7) + @(1), (1) + @(1))d;T)d, s
0 rq(?’) 0

1 S
< fo G147 (= f (5 = g D 16 Wil Dy
1
< fo G(1,g5)d <”(f°°( ) £) f (5 — g Dy (16, Wlle)dy ey s
q
1
< f G(L, gs)0; (”(f""( )8) f (s — g0 Vd,dys - 1106 lle
q
7
U e + £) f G g (s el

+1)
@l
a 2

(3.41)

and

1 s
A, y)(1) = fo G(1, q5)¢51(r€ ) f (s = q0)" V(T x(1) + @(1), Y(7) + 9(1))d,T)dys

1
< fo G(1,45)05'( () f (5 = g VG (@ kWl Ty s
q
1
< fo G(1, 4565 ( () f (5 = g Vaix, W),y s
q

1
< fo G(l,qs)l//?(rq(y) fo (s —q0) " Vd,v)d,s - 1(x Yl

sY

1
- u5' o) f GO g5 (s s
. T+ D)

N yle
2

(3.42)

So by (3.41) and (3.42), we have

ACe WlE = 145G DI+ A6 DI < G YllE, Y(x, y) € PN OW;. (3.43)
By (3.40), (3.43) and Lemma 2.1, we know that A has at least one fixed point (x,y) € PN (W4 \ W)

Hence the system of fractional g-difference equations (1.1) has at least one positive solution O
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4. Applications

Example 4.1. We consider the following system of fractional q-difference equations:
—D%<¢1<D%x))(r> = nf (6 x (), y(1), 0<t<l,
—D2(@aDIYND) = Lg (6, x(1),y (1), 0<r<1, )
x(0) = Dyx(0) = 0, D x(1) =1, sz(O) =
¥(0) = Dyy(0) = 0, Dy(1) = 1, Diy(0) =
where q = L, ¢1(u) = u, ¢o(u) = lul"'u. Take f(t,x,y) = ((x +y — 290(;))2, 9(t,x,y) = t(x +y), where

() = 4+\Ft2 By a simple calculation we get

t, 1), t _
fox+ o).y + 90) = limsup max t(x +y) =0
¢1(-x + y) x+y—0+ t€[0,1]

fo = limsup max
x+y—0* te[0,1]

gt x+ ¢t).y + ¢(1)) = lim sup max Hx+y+20(@)) = —(4 + V2),

= lim sup max
gO x+y—>0P te[0,1] ¢2(x =+ y) x+y—>0* te[0,
t,x+ @),y + ot
= liminf min 8 o).y + () = liminf mm Hx+y+20(t) =
x+y—oo  t€[6,1] ¢2(x + y) x+y—oo  1€[6,

and 1 (x) = Yr(x) = x, Y3(x) = Pa(x) = 1, Dy =~ 0.6465.
Then, for each n € (0,00) and { € (0,0.6465), by Theorem 3.1 Case (6) we obtain that the system

(4.1) has at least one positive solution.
Example 4.2. We consider the following system of fractional q-difference equations:

—D%<¢1<D%x))(r> = nf (tx(),y@), 0<t<1,
—D (D)D) = Lg (. x (D) .y (1), 0<1<1, .
x(0) = qu(O) =0, D x(l) =1, sz(O) =

¥(0) = Dgy(0) = 0, Dyy(1) = 1, Dy y(O)

where g = %, $1(u) = u, ¢a(u) = |ul™u. Take f(1,x,y) = % g1, x,y) = 75, where o(1) =

e ‘fﬂ By a simple calculation we get

ft, x+ @),y + ¢(1))
= liminf min ——
viy—0* rel6,1] arctan(x + y)

x+y—0+ 1€[6,1] d1(x+y)
Lx+ @),y + ot t
8o = lim sup max gt x+ ¢(0).y + ¢(1)) = limsup max ————— =0,
x+y—o0 IE[O ]] ¢2(X + y) x+y—o0 ZE[O ]] X + y + 2(,0(1’)
t,x+ o),y + ot . t 2
foo = lim sup max Jit x4 ¢,y + () = limsup max —— = —;
d1(x+y) rhy—oo €01l arctan(x +y) 7w

Xx+y—o0 1€[0,1]
1.1906, l—‘%(%) ~ 0.9209, M, < 0.2991, 7, >

fo = liminf min

and lﬁl(x) = lﬂz(x) =X (//3()6) = '7[/4(75) =1, F%(%) ~

2.6259.
Then, for each n € (0,2.6259) and ¢ € (0, ), by Theorem 3.2(6) we obtain that the system (4.2)

has at least one positive solution.
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5. Conclusions

The system of fractional g-difference equations plays an important role in the study of many fields,
such as quantum mechanics, mathematical physics equations and so on, for example, see [16,17,24,35]
and the references therein. In [35], by using some classical fixed point theorems, the authors studied the
existence of nontrivial solutions of a system of fractional g-difference equations with Riemann-Stieltjes
integrals conditions. In this paper, we investigate the existence of positive solutions for a system of
fractional g-difference equations with generalized p-Laplacian operators and two parameters. The
system in this paper is different from that of [35]. We give some assumptions which are combinations
of superlinearity and sublinearity of the nonlinear terms f and g. Under those assumptions, by using
Guo-Krasnosel’skii fixed point theorem, we obtain some existence results of positive solutions in terms
of different values of the parameters n7 and . In fact, since the system studied in this paper contains
generalized p-Laplacian operators, the obtained results in this paper can enrich the relevant knowledge
of theories for the system of fractional g-difference equations and expand the range of the possible
applications. However, this study still has certain limitations, as we only investigated the existence
of positive solutions. In the future, some further work can continue to be considered such as the
uniqueness and multiplicity of positive solutions and iterative sequences of positive solutions, the case
where the nonlinear terms may be changing sign or the generalized p-Laplacian operator becomes a
p(t) -Laplacian operator, etc.
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