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Abstract: This paper studies the existence of normalized solutions for the following Schrodinger
equation with Sobolev supercritical growth:

—Au+ V(x)u+ Au = f(u) + plul’~2u, in RV,
fRN [ul*dx = a?,

where p > 2* := %, N > 3,a > 0, A € R is an unknown Lagrange multiplier, V € C(RV,R), f

satisfies weak mass subcritical conditions. By employing the truncation technique, we establish the

existence of normalized solutions to this Sobolev supercritical problem. Our primary contribution lies

in our initial exploration of the case p > 2*, which represents an unfixed frequency problem.

Keywords: normalized solution; truncation technique; Sobolev supercritical growth

1. Introduction and main results

In this paper, we study the existence of L?>-normalized solutions to the following equation:

—Au+ V(x)u + Au = f(u) + ululP>u, in RY, (L1
fRN [ul*dx = a?, .
where p > 2% := %, N > 3, f : R = R is a nonlinear function, that is not necessarily of the power

type, and the mass a > 0 is given, while a pair (1, u) € R x H' (RN ) is unknown.
Problem (1.1) appears when searching for standing waves to the following nonlinear
Schrodinger equation

Moy = —W* Ay + VY — f() = pll’ ™y, (1,x) € (0,T) xRN (1.2)
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i.e. solutions to (1.2) of the form (¢, x) = eV'u(x) for some A € R. The constraint fRN lul*dx = a*> comes
from the fact that, under suitable assumptions on f, a solution ¢ of (1.2) preserves such a quantity in
time [ [ (t, x)Pdx = [, (0, x)Pdx forall 1 € (0, T).

To date, two distinct perspectives have emerged regarding the frequency 4 in Eq (1.1). One approach
views A as a predetermined constant, leading to the so-called fixed frequency problem. Extensive
research has been conducted on the existence, multiplicity, and concentration of nontrivial solutions
to (1.1) under various assumptions on the nonlinearity f and the potential V, encompassing Sobolev
subcritical, critical, and supercritical growth regimes (see [1-3]).

Alternatively, A can be considered an unknown quantity within Eq (1.1). In this context, it is
natural to prescribe the value of the mass, allowing A to be interpreted as a Lagrange multiplier.
Notably, the mass possesses a clear physical significance. For instance, in Bose-Einstein condensates,
A corresponds to the chemical potential, representing the energy required to add one particle to the
system. In nonlinear optics, A reflects the refractive index shift induced by nonlinear effects. Thus, A4
is not merely a Lagrange multiplier in the mathematical model but is also closely tied to the system’s
physical properties, offering insights into its dynamics and characteristics.

Furthermore, such solutions offer valuable insights into the dynamical properties of the system,
including orbital stability or instability, and can effectively describe attractive Bose-Einstein
condensates. In the mathematical literature, these types of solutions are commonly referred to as
prescribed L?-norm solutions or normalized solutions. We refer to [4—6] and references therein.

In recent decades, the existence of L?*-normalized solutions has been a topic of active research,
resulting in a substantial body of literature. The L2-critical exponent p, defined as

4
=2+ — 1.3
p N (1.3)

plays a key role in analyzing (1.1) and the stability properties of (1.2), as discussed in [7]. Note that
p € (2,2%), where, as usual, 2* = % for N > 3, and 2* = oo for N = 2.
To illustrate the importance of the L?-critical exponent p, consider ¢ € (2,2*) and A > 0. Recall that
the equation
-AQ+ 10 =101"?Q inR",

has a unique positive solution up to translations (see Kwong [8]). Its unique positive radial solution is
denoted by Q, . Itis easily observed that

D=

Qq,/l = /lqlfz Qq,l (/l

where Q,; is the unique positive radial solution of
-AQ+Q=10"?Q inR".

Setting the mass

Mu) = %f u’dx,
RN

1 1
E,(u) = Ef |Vul>dx — —f |u|?dx,
RN q Jr¥
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it follows from the Pohozaev identity that
M(Qu) = 5570 0(0,.).

E(04a) = 47738, (04a)

and
B N(g - p)
&(Qur) = (N+2)—(N-2)(q- 1)M(Q“)'

Thus we see that p =2 + % plays a special role. Indeed, considering three cases

(Dge@,p), 2 qge(p2), Bqg=p,

then the energy &,(u) of a solution (4, u) for (1.1) satisfies

<0 for Case (1),
Ey(u)3>0 for Case (2),
=0 for Case (3).

Recent studies have concentrated on normalized solutions of the Schrodinger equation, with
particular attention to the Sobolev subcritical case. Soave [9] examined the existence and properties
of ground states for the nonlinear Schrédinger equation involving combined power nonlinearities:

—Au+ Au = plu|u + ulPu, xeRY

S(a) := {u e H'R") : f wldx = a2},
]RN

where N > 1,2 < g <2+ % < p < 2*. Yang et al. [10] obtained the existence and multiplicity of
normalized solutions to the following Schrodinger equations with potentials and
non-autonomous nonlinearities:

on

{—Au + V(X)u + Au = f(x,u), in RV,

29, _ 2
fRNudx—a,

where f(x, s) satisfies Berestycki-Lions type conditions with mass subcritical growth. Claudianor,
Alves and Thin [11, 12] investigated the existence of multiple normalized solutions to the following
class of elliptic problems:

—Au+ V(X)u+ Au = f(u), in RY,
fRN uldx = a?,

under different assumptions about potentials, but f verifies weak mass subcritical growth. For Sobolev

critical case, Soave [13] considered the Sobolev critical problem

{—Au + Au = plu)?u + |ul* u, xRV, (1.4)

fRN [ul*dx = a?,
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where 2 + + < g < 2*, N > 3, but the upper boundedness of x - a4 is essential. Li and Zou [14]
obtained the existence of ground states for (1.4) that does not depend on the range of y - a'!~79), which
improves and extends the result in [13]. Bieganowski and Mederski [15] proposed a simple
minimization method based on the direct minimization of the energy functional on the linear
combination of Nehari and Pohozaev constraints to prove the existence of normalized ground states to

—Au + Au = g(u)

for the Sobolev subcritical equation.

Existing research predominantly concentrates on normalized solutions within the context of Sobolev
subcritical or critical problems. To the best of our knowledge, the Sobolev supercritical case has not
been explored in relation to normalized solutions. In this paper, we delve into this intriguing subject
and introduce the following assumptions:

(V) Ve CRM,R),0< Vy:= inf V(x) < V(x) < Vg := |lim V(x) < +oo for all x € RV.
xeRN

x| —00
(fi) f € C(R,R) is odd, and there exist m € (2,2 + %) and a € (0, +00) such that
lf@l
im =«
t—0 |t|m—1

(f>) There exist two constants C;, C, > 0and g € (m,2 + %) such that
lf()] < Cy + Calt™", Vt € R,

(f3) % is an increasing function of ¢ on (0, +00).

Theorem 1.1. Suppose that (V) and (f)-(f3) are satisfied. Then there exists some uy > 0 such that for
w € (0, pol, problem (1.1) admits a couple of weak solutions (u,A) € H'(RV) x R* with |, [ul*dx = a.

2. Some lemmas and proof of Theorem 1.1

Define a function

|tP=21, It < M,
¢(1) = P=q|¢|9-2
MP=eT7e, |t > M,

where M > 0. Then
¢ € C(R,R),
()t > qO(t) := qf d(s)ds >0
0

and
lp()] < MP~9|¢t|""" for all ¢ € R.

Set h,(t) = ug(t) + f(¢) for all t € R. Then h,(7) possesses the following properties:

(h1) hy, € C(R,R) is odd, and lim kOl _
11—

| t|’"71

(ha) M (D] < pMP~4197" + C + Cyt|*! for all 7 € R.
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(hs3) % is an increasing function of 7 on (0, +0c0).
(ha) h,(Dt > qH (1) := q fot h,(s)ds > 0 forall r € R.
By (V) and (h;)-(h3) and [11], the following problem
—Au+ V(x)u + Au = h,(u), in RV,
Jox luPPdx = a2,

admits a couple (u,, 1) € H'(RY) x R* of weak solutions with fRN lu,[*dx = a*. Let

1 1
Jo(u) == f \VuPdx + = f V(x)uldx - f H,(u)dx.
2 RN 2 RN RN

Then
J,U|.,S‘(a)(ull) =0
and
Jy(uy) =Yoau = uégl(f;) JO,y(u)’
where

1
Jou) == | |VuPdx - f H,(u)dx.
2 RN RN
Consequently, there exists A € R such that

—Au, + V(X)u, + Au, = hy,(u,).

1 1
J(u) = —f \Vul*dx + —f V(x)uzdx—f F(u)dx
2 RN 2 RN RN

= inf
Yo.a uélsl(a)JO(”)’

Moreover, set

and

where .
Jo(u) = = |Vul*dx —f F(u)dx.
2 RN RN

Then, youu < Yoa-

2qyo.q+da’)

Lemma 2.1. The solution u, satisfies ||Vu,||3 < =

Proof. By (2.1), we have
0= | [|Vu,ldx+ f V(x)lul*dx + 2 f |, |*dx — f By (w,)u,dx.
RN RN RN RN
Therefore,

-2 -2
qYo,au :q— f |Vuy|2dx + qT f V(x)luy|2dx + ,uf [¢(uu)uy - q(D(uy)]dx
RN RN RN

2
+f [f(u#)uﬂ—qF(u#)]dx—/lf |, |*dx
RN RN

—2
>1-< f T f lu,Pdx.
2 RN RN

Which implies that the lemma holds.

2.1)

O
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Lemma 2.2. There exist two constants B, D > 0 independent of u such that ||u,||;~ < B(1 + wP.
Proof. Letb : R — R be a smooth function satisfying:

o b(s)=sfor|s|<T -1,

® b(—s) = —b(s);

e b(s)=0fors>T,;

e b'(s)1s decreasing in [T — 1, T].

SetT >2,r>0,and ﬁl{£ = b(u,). It is easy to see that
~Z =u, for u,|<T -1,
|L~‘;| = |b(u,)| < |u,| for T -1 <|u,| <T;

IﬁZI =Cr >0 for |u,|>T,

where T — 1 < Cy < T. Moreover, 0 < Sf(/g) <1,V s#0. Lety = u,|i|*. Theny € H'(R"). Taking
Y as the test function, there holds

f hy,(u,)pdx
RN

:f Vuﬂ-Vtﬁdx+f V(x)uﬂwdx+/lf updx
RV RV RN

> f Vuty, - Vit [ 1dx + f V(i) | dx
RN N

R

> f (1 + Pl 7' |Vu,*dx + f it} 7'\ Vu, P dx + f V)l i) | dx
[y |<T—1 |y |>T N

R

+ f it P + 2ru,b(u, )b’ (w2 Vo, *dox
T—1<u,|<T

> f i PV, [ dx + f i P |V, [ dx + f V()| liiy, [ dx
[u|<T—1 [uy|=T RN

+ f i) 1P + 2ru,b(u, )b’ (w,) i), [PV, | dox
T—1<u,|<T

> |V (i) 1 dx + f |V [, (i8] ) 1Pl x + f ) V()| i) | dx

2
(r+1)° Ju<r-1 =T R

+ f i) + 2r (B (w,)) it P =21V, Pd x
T—1<u,|<T

> > |V (i) 1P dx + f |V [0, (i8] ) 1Pl x + f V()| i) | dx
(r+1)° Ju<r-1 li|>T RN
r
+ ~T2r+ 2 Zbl 2~T2r—2V 2d
fT_1<|u,,|<T[<r+ Dl G 2 o IV
1
= . IV, (7)1 Pdx + f IV, @]) 1Pdx + f VOl Pl dx
(r+ 1) Ju<r-1 li|>T RN
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1 2
+ [ b (u,)|Vu,|* + W2 |Vb (u,)*1dx
L 1<|u,|<T (r+ 1)2 . . ( )2 a .
1
>
(r+ 1) I |<T—1
2C,

(r+ 1)2 T-1<u,|<T

|V L (i) 1P dx + f |V (i) 1 dx + f V()| lii], | dx

[uy, =T RN

IV Lty (it ) 1 dlx + f |V Lt (it ) 1P dlx + f V() Pt | dx

[uy|=T RN

(67 () Vil + | VD' (w,)*1dx

2 2
(r+1) lug, |<T -1
Ci

(r+1) T—1<lu,|<T

G ~T\r7|2 f 2\~T 2
> \v4 r T dx.

As a consequence, from (h;) and (h,), for fixed 4 > 0 and small £ > 0,

IV [, () Pl

I (6)] < Voltl + (1 + p)Cle* ™, Yt e R.

Combining with the above equations, we obtain

1 ~T\r(2 24\ ~T2r
T 7 LN V[, (i2,) 1I°dx < (1 +,u)CfRN || 12, | dx.

By the Sobolev embedding theorem,

(+1)2[ f ol W Ean < 5 1)2 f IVl (@Y 1Pl

As a result,

. o .
[ f |u,,|2‘|a§|2f~%dx]2 < (1 +wC(r+ 1) f oy | |it] "l x.
RN RN

Take ro > O and r, = ro(3)* = r,_, - 5. Then

* L
[ f | 12, [P dx] >
RN

<[VI+uVC(riy + D] [fN ot ¥ 625 P )

k-1 L
<| |[Vl+u \/_(rl+1)]’z[f [ RTARNS

i=0

k=1 | k-1 : %
=] [A+p* l_[[‘/E(rﬁl)]’i[f ot 1t P dx] ™

i=0 i=0 RY

k-1 k-1 %
= (1+y)2'rexpzfln[\/_(r,+l) [f Ju P |62] [P0 dx]

i=0 i

i=0
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Notice that
o

T2 N2
uZIZ’O N2dx]

[f leay,
RN

<C(rp + 1)? f Ju | |i1], [P0 dx
RN

<C(ro + 1) f Ju | |61] [P0 dx
[ug ()| <p
* 2 * N N-2
+C(ro + D*( f | dx) ¥ ( f o | | P "2 dox) W
RN
[u (X)|=p

Take p > 0 be such that C(ro + )*( [ |u,[*'dx)¥ < L. Then

()2

* N N-2 *
[ f ) (i@ P52 dx] T < Clrg + 1) f | Jit, [dx < C.
R

[ () <p

Set
k-1

dip = exp{z rl In[ VC(r; + D]}
i=0 !

and
k-1

+ a2 -G
e = | |a+w¥ =1+ pFmE
i=0

Then dy — ds as k — oo and ¢, — e, = (1 +,u)(2"*22)2’O as k — co. By Lemma 2.1, we have

* L
[ f | i1, [P dx] 7
RN
. 1
<diesl f 4l 127 P x]
RN
1
2\ 2 25\ ~T 1250 w5 N2 7ry
Sdkek[(f || )N(f ¥ 1] P 7 dx)
RN RN
w1
SCdkek(f lu [*) 0
RN

SCdkek.

Using Fatous lemma in 7 — +o0, we obtain

2%+2ry

2ry
2*+2”k S Cdkek.

|77
Consequently, let k — oo, we obtain
luyllze < Cdoeo = Cdu(1 +,U)<2**22>2r0 := B(1 + p)”.

This completes the proof.

O

Electronic Research Archive Volume 32, Issue 12, 6761-6771.



6769

Proof of Theorem 1.1: For large M > 0, we can choose small 1y > 0 such that [ju,||;~ < B(1+u)? <
M for all u € (0, po]. Which indicates h,,(u,) = uluﬂll"zuﬂ + f(u,). Consequently, problem (1.1) admits
a couple of weak solutions (u,, 1) € H'(RV) x R* with fRN |u,|*dx = a*. This completes the proof.

3. Conclusions

In this paper, we study the existence of normalized solutions for the following Schrodinger equation
with Sobolev supercritical growth:

{—Au +V(u + Au = f(u) + plulPu, in RV, G.1)

fRN [ul*dx = a?,

where p > 2* = % N > 3,a > 0, 4 € R is an unknown Lagrange multiplier, V € C@RM,R), f

satisfies the following assumptions:
(V) Ve CRM,R),0<V,:= xlerIgN V(x) < V(x) £ Vg = |}|1£20 V(x) < +oo for all x € RV.
(fi) f € C(R,R) is odd, and there exist m € (2,2 + %) and a € (0, +00) such that

lfl _

lim =«
t—0 |l‘|m_l

(f>) There exist two constants C;, C; > 0and g € (m,2 + %) such that
|f(t)| <C;+ C2|t|q_l, VYt € R.

(f3) % is an increasing function of 7 on (0, +c0).

By employing the truncation technique, we establish the existence of normalized solutions to this

Sobolev supercritical problem. In particular, there exists some uy > O such that for ¢ € (0, o],
problem (3.1) admits a couple of weak solutions (u, 1) € H'(RY) x R* with fRN lul*dx = a*.
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