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Abstract: We study positive solutions to the two point boundary value problem:

Lu=-u"= /1{% + M[u® + u5]} ; (0,1)
u(0) =0=u(l)

where A < 0,2 € (0,1),6 > 1,y € (0, 1) are constants and A > 0, M > 0 are parameters. We prove that
the bifurcation diagram (A vs ||u||) for positive solutions is at least a reversed S-shaped curve when
M > 1. Recent results in the literature imply that for M > 1 there exists a range of A4 where there
exist at least two positive solutions. Here, when M > 1, we prove the existence of a range of A for
which there exist at least three positive solutions and that the bifurcation diagram is at least a reversed
S-shaped curve. Further, via a quadrature method and Python computations, for M > 1, we show that
the bifurcation diagram is exactly a reversed S-shaped curve. Also, when the operator L is replaced by
a p-Laplacian operator with p > 1, as well as p-g Laplacian operator with p = 4 and g = 2, we show
that the bifurcation diagram is again an exactly reversed S-shaped curve when M > 1.

Keywords: two-point boundary value problems; infinite semipositone reaction terms; positive
solutions; multiplicity results; reversed S-shaped bifurcation curves
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1. Introduction

We consider the two-point boundary value problem

Lu= - = Af(u) = /1{% - Ml + ué]} . (0, 1)
u(0) =0 =u(l)

(1.1)

where A < 0, @ € (0,1), 6 > 1,y € (0,1) are constants and 4 > 0, M > 0 are parameters. Note
that l1m f(s) = —oo and such problems are referred in the literature as infinite semipositone problems

(when f (0) < 0 and finite they are referred as semipositone problems). Recent results in [1] imply that
for M > 1, there exists 4; > 0; i = 1,2,3 with 4; < A, < 43 such that (1.1) has a positive solution
for A € (0, A3) and at least two positive solutions for A € (1, A;) conjecturing the following bifurcation
diagram (A vs ||u||.) (Which turns back to the left).

llulleo

A Az Az A

Figure 1. Bifurcation diagram for positive solutions to (1.1) based on the results in [1].

In [1] the authors studied more general classes of such problems (infact, systems of equations with
weights in the reaction term). However, here in the autonomous single equation case, we will show
that for M > 1, the bifurcation diagram not only bends back to the left, but will again bend forward to
the right (see Figure 1.2). Namely, we prove:

Theorem 1.1. Let « > v and ad < 1. Then for M > 1, there exists u; > 0; i = 1,2,3,4 with
U1 < pp < uz < uy such that (1.1) has a unique positive solution for A € (0, u,), at least one positive
solution for 1 € (0,uy), no positive solution for 1 > u4, and at least three positive solutions for

A € (U, 43).

Corollary 1.1. For M =~ 0, there exists u* > 0 such that (1.1) has a unique positive solution for
A € (0, "] and no positive solutions for A > u*.

Clearly the bifurcation diagrams corresponding to Theorem 1.1 are reversed S-shaped curves as fol-
lows:
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Figure 2. Bifurcation Diagrams for positive solutions to (1.1) based on our results.

We will establish Theorem 1.1 via the quadrature method discussed in the [2, 3]. Further, via Python
computations, we note that the reversed S-shaped curves in Figure are infact exact. We also consider
the following two problems:

—(WP2uwy = /l{% + M[u® + u5]} :(0,1), p>1
u(0)=0=u(l)

(1.2)

and

Py = (Y = S M ]} 0.1, p=4, g =2
u(0) =0 = u(l).

Via quadrature methods and Python computations, we obtained bifurcation diagrams of (1.2) and (1.3)
which again are exactly reversed S-shaped for M > 1. For (2.1), based on our computational results,
we conjecture that the critical value of M = M, beyond which the bifurcation curve is revered S-
shaped, is a decreasing function of p. See also [4] where another example with reversed S-shaped
bifurcation diagram was discussed via the quadrature method, and [7-9] for results on existence and
multiplicity of positive solutions for semilinear elliptic equations with singular non-linearities.

The rest of the paper is organized as follows: In Section 2, we will recall the quadrature method
discussed in [2,3]. In Section 3, we will establish Theorem 1.1 and Corollary 1.1. In Section 4 and 5,
we will obtain exact bifurcation diagrams of (1.1) and (1.2) respectively, via the quadrature method
and Python computations. Finally, in Section 6, we will obtain exact bifurcation diagrams of (1.3) via
the quadrature method described in [S] and Python computations.

(1.3)

2. Preliminaries

Here we recall the quadrature method first introduced in [3]. Note that if u is a positive solution
of (1.1) then u must be symmetric about r = 1, ' > 0; (0,1) and ' < 0; (3,1). Multiplying the
differential equation in (1.1) by ', we obtain

W ®)*

> I = AFu®)y

-
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G F(s)

Figure 3. Graphs of functions f and F.

where F(u) = fou f(s)ds. Let S and 8 > 0 be the unique positive zeros of f and F respectively.
Further, integrating we obtain

W (1) = \2AF(p) = Fu()] ; 1 € (0, 3) 2.1)

where p = u(%) = ||ull. By (2.1) we get u’(0) = /24F(p). This implies p > 6. Integrating (2.1) again

and setting 7 — 1~ we obtain

v ds

G(p) = \A(p) = V2 f S — (2.2)
0 VF()—F(s)

It was established in [3] that G is well defined and continuous on D = {p > 0[f(p) > 0, F(p) > F(s) :

s € [0,p)}. Further, it was established that if (4, p) satisfy (2.2) then (1.1) has a positive solution with

u(%) = |lull = p. Also, in [2], authors proved that G(p) is differentiable in D and its derivative is given

by

o) _ f H0)~ By 03

Flp) - F(owP2""

where H(s) = F(s) — —s f(s). We will deduce information on the nature of the bifurcation curve by
analysing the sign —= dG(p) . Note that %ﬁf’) has the same sign as %f). From (2.3), a sufficient condition for

dg(p) to be positive is:
o
H(p) > H(s) forall s € [0, p)

and a sufficient condition for 22 to be negative is:
H(p) < H(s) for all s € [0, p).
3. Proofs of Theorem 1.1 and Corollary 1.1

Proof of Theorem 1.1: First we note that lim /A(p) = 0 since lim @ = oo (superlinear) (see [3,4,6]).
p—0 §—00

gy+1

Next we note that there exists a unique # such that F(6) = 0 since liI(r)l+ f(s) = —c0 and f'(s) = —

+ M[+% + 05°7!'] > 0, and D = (0, ). It is sufficient to show that H has the shape as shown in the
Figure 4, namely:
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H(s)
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Figure 4. Graph of function H for M > 1.

(a) If @ > y then there exists € > 0 such that H'(s) < 0 for all s € [0,6 + €) (this implies “° < 0
for p € (6,0 + €)).

(b) Further, if @d < 1 then H(1) > 0 for M > 1 and hence there exist some p* € (6, 1) such that
H(p*) > 0 and H(p") > H(s) for all 5 € (6, p") (this implies 22 > 0 at p = p°).

(c) There exists a unique solution of (1.1) for A = 0.

Sl—y Sa+1 s6+1
Proof of (a): F(s) = A(1 ) + M( + ) < 0on (0, 0) gives
-y

a+l o6+1
é _(1 _Y)Msa _ (1 - ’)/)MS(S (31)
sY (1+a) (1+9)
By combining (3.1) with
sy =AMy e (- e, 3.2)
2sY 2

we obtain

Msa(,yZ _ a,2) . MS(S(,}/Z _ 52
2 1+a 2 \1+6
Note that lir(l)l+ H'(s) = —oo. Thus H’(s) < 0 on [0, 6) for « > y. Next, we will prove that H'(8) < 0.
Assume to the contrary that H'(6) = 0. Now (3.2) gives

H'(s) < ) < 0on (0,0) fora > y.

A+ 1]f,yey[(l —)"+(1-6)¢]=0 (3.3)
and F(6) = 0 gives
o 6
A+M(1—y)07[a+1+5+—1]:0. (3.4)
By (3.3) and (3.4) we obtain
o [@=Ma+y) (6= +Y) 5,.]
Moo [(1 T +y)  A+96+ oY ] =0

>0
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This is a contradiction since > 0,M >0, 6 > 1,0 <y < 1 and for @ > y. Thus H'(f) < 0. Hence by
continuity, there exists € > 0 such that H'(s) < 0; s € [0,0 + €).

A(l+7y) M (1 - af)
Proof of (b): H(1) = +

roofof (0): H(D) = 5 ) Y v Do+ D
we see that 8 < 1 for M > 1. Hence for M > 1 there exist some p* € (6, 1) such that H(p*) > 0 and
H(p*) > H(s) for all s € [0, p").

> (0 when @ < 1 and for M > 1. Now by part (a),

A(l + M d+/4
% + 7[(1 —a)s® + (1 — 0)s°] = —oo implies T(p)
p > 1. Thus there exists a unique solution for A = 0.

Proof of (c): hm H'(s) = lim < 0 for

Proof of Corollary 1.1: Here it is sufficient to prove that

Al M
H'(s) = % + ?[(1 —a)s?—(6-1)s°] < O0forall s > 0 for M ~ 0. Let A, y, @ and 6 be fixed. Let

p(s) = (1 —a)s® — (6 — 1)s°. Itis easy to see that p(0) = 0, lim p(s) = —co and lir(r)l+ p'(s) = lirgl+ a(l —

a)s* ' =6(6-1)s°"! > 0. Moreover, p is concave since p”’(s) = a(1-a)(@—1)s*2-5(5—1)*s°~2 < 0 for
1

L . _rd-o)5s
]°* and unique zero at s* = [m]*’ .

s > 0. Thus p achieves unique positive maximum at s; = [‘;E;—:f;

Since 6 > a it is easy to see that s* > s;. Now choosing M so that

A(l +vy) M _ .
‘2—5‘7 > ?P(Sl) ; s €(0,5%),

we conclude that H'(s) < O for all s > 0 for M ~ 0. Hence by (2.3) we obtain dd—‘z(p) < O forp € (0, )
when M =~ 0 and the corollary is proven.

Remark 3.1. In [1] it was established that for M > 1 there exists a range of A where there exist two

d+\[2p)

dp

Combining this fact, a Y jp) < 0forp € (0,0 + €) and lim +/A(p) = 0 we can also conclude that the
p—)OO

bifurcation diagram is at least a reversed S-shaped curve for M > 1. This indirect approach (using
the result in [1]) does not require ad < 1 for the bifurcation curve to be at least a reversed S-shaped
curve when M > 1. Note that in the proof Theorem 1.1, ad < 1 was used only in the proof of part (b).

positive solutions for (1.1). This implies there must exists a p* > 6 such that > 0 when p = p*.

4. Computational result of (1.1)

Using (2.2) and Python computations we obtain the following exact bifurcation curves of (1.1)
wheny =0.3, « =0.32, 6 =3.05and A = —4.
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Figure S. Evolution of bifurcation diagrams for positive solutions to (1.1) when M varies.

5. Computational results of (1.2)

It follows easily that if u is a positive solution of (1.2), then u must be symmetric about ¢ = %
u > 0;(0,3), w < 0;(3,1) and u(3) = |lullw := p. Now we recall the quadrature method described
in [4]. Multiplying the differential equation in (1.2) by " and integrating, we obtain

-1 1
(pp )l ) = AF(p) = Fw) s 1€ (0. 5).

where F(s) = fos f(2)dz. Further integrating from 0 to 2, we obtain

GALpM:A;—ﬂp_lﬁjw———gi——Tzo. (5.1)
P o (Flo) - (s

It can be shown that that for 4 > 0 and p > 6, G,(4, p) is well defined and the bifurcation diagram for
positive solutions to (1.2) is given by:

S ={(4,p) | 1> 0,p>08&G,(A,p) =0}

Using (5.1) and Python computations we obtain the following bifurcation curves for positive solutions
for (1.2) wheny = 0.3, @ = 0.32, 6 = 3.05 and A = —4 for multiple values for p and M.
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Figure 6. Evolution of bifurcation diagrams of positive solutions to (1.2) when M and p
vary.

Remark 5.1. Our computational results show that the critical value of M = M. beyond which the
bifurcation curve is reversed S-shaped, is a decreasing function of p.

6. Computational results of (1.3)

In this section, for the case when p = 4 and ¢ = 2 of (1.3), namely for the two-point boundary value
problem:

A
LW = O = S M+l ©,1) 6.1
u(0) =0 =u(l),

we compute the bifurcation diagram for positive solutions. It follows easily that if u is a positive
solution of (6.1), then ¥ must be symmetric about ¢ = %, u’ > 0; (0, %), u < 0; (%, 1) and u(%) = ||ul|eo :=
p. Now we recall the quadrature method described in [S]. Multiplying the differential equation in (6.1)
by u’ and integrating we obtain

3 1
—Z[(u')4]' - 5[(u’)2]' = A(F(u))"in (0,1)

Electronic Research Archive Volume 31, Issue 2, 1147-1156.
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where F(s) = f(; f(z)dz. Further integrating we obtain

3/ ()] + 2[u (O = 4A[F (p) — F(u(®)] ; 1 € [0, 5]

and hence
1
1+ 12A(F(p) — Fu())]2 - 1
o I+ 124(F(p) — FGu) el ©2)
V3
Noting that u’(0) = —,[1+12fg(m]2—1 This implies p > 6. Integrating (6.2) from 0 to 1, we obtain
v ds 1
G(,p) = (6.3)

° \/[1+12/1(F(p)—F(s))]%—1 273

It can be shown that that for 4 > 0 and p > 6, G(4, p) is well defined and the bifurcation diagram for

positive solutions to (6.1) is given by:

S ={,p)[1>0,p260&G(A,p) = ;5.

Thus using (6.3) and Python computations we obtain the following bifurcation curves of (1.3) when
vy=0.3,=0.32,6 =3.05and A = —4 as M varies.

; — M=45
—— M =475
6 _ M=
5 — M=5.25
a, —— M=55
— M=5.75
3 M =
2
1
12 14 16 18 20

Figure 7. Evolution of bifurcation diagrams of positive solutions to (1.3) when M varies.
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