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ABSTRACT. We prove the existence of regular optimal G-invariant partitions,
with an arbitrary number ¢ > 2 of components, for the Yamabe equation on a
closed Riemannian manifold (M, g) when G is a compact group of isometries
of M with infinite orbits. To this aim, we study a weakly coupled competitive
elliptic system of £ equations, related to the Yamabe equation. We show that
this system has a least energy G-invariant solution with nontrivial components
and we show that the limit profiles of its components separate spatially as
the competition parameter goes to —oo, giving rise to an optimal partition.
For ¢ = 2 the optimal partition obtained yields a least energy sign-changing
G-invariant solution to the Yamabe equation with precisely two nodal domains.

1. Introduction. This paper is concerned with the existence and asymptotic be-
havior of solutions to the weakly coupled competitive Yamabe system

4 « «
Lyui = —Agu; + Ky Squ; = Jug | ~2u; + > /\”|uj\27|u,|27u1 on M,
i=1
i#i (1)
w £0,  i=1,...,0

where (M, g) is a closed Riemannian manifold of dimension m > 3, S is its scalar
curvature, A, := divyV, is the Laplace-Beltrami operator, k,, := #‘721), 2% =
=™ is the critical Sobolev exponent, and A;; = Aj; < 0. We assume that the
quadratic form induced by the conformal Laplacian % is coercive.

This system was recently studied by Clapp, Pistoia and Tavares [10]. Here we

complement the results obtained in [10] by considering manifolds with symmetries.

2m
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Let G be a compact group of isometries of M and let Gp := {yp : v € G} denote
the G-orbit of a point p € M. Recall that a subset X of M is said to be G-invariant
if Gp C X for every p € Q and a function v : X — R is called G-invariant if it
is constant on every G-orbit of 2. We shall say that a solution (uq,...,us) to the
system (1) is G-invariant if every component u; is G-invariant.

We prove the following result.

Theorem 1.1. If 1 < dim(Gp) < m for every p € M, then the system (1) has a
least energy G-invariant solution and infinitely many G-invariant solutions.

To describe the limit profile of least energy G-invariant solutions to the system
(1) as A\;j = —oo, we consider the Dirichlet problem

ZLyu=u* "2u  inQ,
u=70 on 012, (2)

u is G-invariant,
in a G-invariant open subset 2 of M, and set
1 «
c§ = inf{—/ [ul* dpg = u# 0, u solves (2)} (3)
mJm
Let Pf ={{Q,...,Q}: Q; #0is a G-invariant open subset of M and Q;NQ; =

0 if i # j}. We shall say that {Qy,...,Q¢} € PE is an optimal (G, {)-partition for
the Yamabe equation

Lyu = |ul* "2u on M, (4)
if
¢ ¢
D= g D
im1 {@1 ..... 65}67?2 i—1

The relation between variational elliptic systems having large competitive inter-
action and optimal partition problems was observed by Conti, Terracini and Verzini
in [13, 14] and Chang, Lin, Lin and Lin in [5], and has been extensively studied
ever since. An ample list of references is given in [10]. Our next result describes
this relation for the system (1).

Theorem 1.2. Assume 1 < dim(Gp) < m for every p € M. Let A\, < 0 be such
that A, — —oo. For each n € N, let (tn,1,...,Une) be a least energy G-invariant
solution to the system (1) with Aij = A for all i # j, such that u,; > 0 for all
ne€Nandi=1,...L. Then, after passing to a subsequence, we have that
(1) Un,i = Uco,i strongly in H} (M)NC**(M) for every e € (0,1), where use; > 0,
Usoi 7# 0, and us ilq, is a least energy G-invariant solution to the problem
(2) inQ; :={p €M : usx(p) >0} for eachi=1,...,¢. Moreover,

2* 2
2 2 y Y
/ Anty, U, s — 0 as n— oo whenever i # j.

(i1) Uco,i is G-invariant and us ; € C¥Y(M) for eachi=1,... /.

(iii) {Q,...,Q} € PE and it is an optimal (G, {)-partition for the Yamabe equa-
tion on (M, g). In particular, each €; is connected.

(tv) M~ Ule Qi =RV, where #NS =0, Z is an (m — 1)-dimensional C1-
submanifold of M and 7 is a closed subset of M with Hausdorff measure
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< m —2. In particular, M = Uleﬁi. Moreover, given py € % there exist
1 # j such that

lim_ [Vyu,(p) = lim [V, () #0,

P—Dg P—Dg

where p — poi are the limits taken from opposite sides of %, and for py € ./
we have

lim |V,ui(p)|> =0 for everyi=1,...,L
P—Po

(v) If =2, then uso1—Uoo,2 1S @ least energy G-invariant sign-changing solution
to the Yamabe equation (4).

In the nonsymmetric case, the existence of a solution to the system (1) was
recently shown in [10, Theorem 1.2] under the additional assumptions that (M, g)
has either dimension 3 and is not conformal to the standard 3-sphere, or (M, g) is
not locally conformally flat and dim M > 9. A nonsymmetric version of Theorem
1.2 was also established in that work, provided (M, g) is not locally conformally
flat, dim M > 10, and satisfies a further geometric condition whenever dim M = 10;
see [10, Theorem 1.2].

The existence of a least energy sign-changing solution to the Yamabe equation
(4) was established by Ammann and Humbert in [1] for manifolds of dimension > 11
that are not locally conformally flat, without any symmetry assumption, whereas
the existence of infinitely many G-invariant sign-changing solutions to (4) when
1 < dim(Gp) < m for every p € M was shown by Clapp and Ferndndez in [7,
Theorem 1.1].

Theorems 1.1 and 1.2 apply to many manifolds that are not covered by the
results in [10], for instance, to locally conformally flat manifolds like the standard
sphere S™ or the m-dimensional flat torus T™. The group I' := O(nq) X O(ng) with
ni,ne > 2 and n; + ny = m + 1, acting on S™ C R™*! = R™ x R™ in the obvious
way, satisfies the hypothesis of Theorems 1.1 and 1.2 for any m > 3. This example
will be discussed in detail in Section 4. One may also consider the action of S' on
S?k=1 c CF given by complex multiplication on each complex coordinate. In this
case, every orbit has dimension one.

An immediate consequence of Theorems 1.1 and 1.2 is the following result.

Theorem 1.3. If 1 < dim(Gp) < m for every p € M, then for every £ > 2 there
exists an optimal (G, £)-partition {Q1,...,Q} for the Yamabe equation on (M, g)
with the properties stated in items (iii) and (iv) of Theorem 1.2.

When M = S™ and I is the group defined above, the optimal partition admits a
more accurate description, as shown by Clapp and Pistoia [8] and Clapp, Saldana
and Szulkin [11]. We give an account of this and other known results for the
standard sphere in Section 4. Section 2 is devoted to the proof of Theorem 1.1 and
Section 3 to that of Theorem 1.2.

2. Existence of multiple solutions. Let H, gl (M) be the Sobolev space of square
integrable functions on M having square integrable first weak derivatives. We write
(-, -) for the Riemannian metric in (M, g) and denote the induced norm by | - |.
For u,v € Hy(M) let

(u,v)g 1= /M ((Vgu, Vgv) + Kpm Squv) dug and llullg == 1/ {u, )y,
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where V is the weak gradient. Since we are assuming that the conformal Laplacian
%, is coercive, || - ||y is a norm in H} (M), equivalent to the standard one.
Let G be a closed subgroup of the group of isometries of M and set

1 G . 1 . . . .
Hy(M)” :={u € H;(M) : u is G-invariant }.

If dim(Gp) < m for p € M then, for any given k € N, we may choose uq,...u; €
H; (M)€ having pairwise disjoint supports. Hence, Hg1 (M)€ has infinite dimension.
The following result will play a crucial role in the proof of Theorem 1.1.

Lemma 2.1. If dim(Gp) > 1 for every p € M, then the embedding H;(M)G —
2 :

L; (M) is compact.

Proof. See [24, Corollary 1]. O

We assume from now on that 1 < dim(Gp) < m for every p € M. Set HE :=
(H;(M)G)e and let J : H® — R be given by

Y4 14 Y4
1 2 1 2% 1 2% 2%
Flareecun) =g S sl = 50 30 [l g = 50 50 [ sl ¥ i ¥ .
i=1 i=1 M M

i,j=1
J#i

()

This functional is of class C! and its partial derivatives are

e * *
0T (u1, ..., ue)v = (Ui, v)g — / s w0 dpg — Z/ )\i]"u]"% |ui|27_2uw dpg.
M —idm
J#L
So, by the principle of symmetric criticality [26], the critical points of J : HE — R
are the G-invariant solutions to the system

‘
9% _o 22 .
.,uni:|ui| u; + E /\ij|uj|2\ui\2ui on M, i=1,...,4.
=1
J#i
We are interested in solutions (ui,...,us) such that every w; is nontrivial. They

belong to the set
N ={(u,...,up) € HE 1u; #0, 0T (us, ... ,u)u; =0, Vi=1,....0}. (6)
Note that J(u1, ... ue) = = S0 [Jugl|2 if (uy,...,ue) € NC.

m

Lemma 2.2. There exists dg > 0 such that ||u;||2 > do for every (uy, ..., ug) € NC
andi=1,...,0. Therefore, N is a closed subset of HE and infxe J > 0.

Proof. As )\;; <0, the Sobolev embedding yields a positive constant C' such that
||u2|\3 < /M g ?" dpy < C'Hquf7 for every (uy,...,us) €N, i=1,...,¢,
and our claims follow. O

A solution @ € N'¢ to the system (1) satisfying J (@) = inf e J is called a least
energy G-invariant solution.

The variational approach introduced in [12] can be immediately adapted to es-
tablish the existence of infinitely many fully nontrivial critical points of 7. We
sketch this procedure.
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Given @ = (uy,...,us) and 5 = (s1,...,80) € (0,00)", we write 54 := (syu1,...,
spug). Let 8¢ = {u € Hgl(M)G ully =1}, T¢ :=(8%)¢, and
U :={ueT7%: 50 € N for some 3¢ (0,00)"}.
Lemma 2.3. (i) Let u € TC. If there exists 55 € (0,00)¢ such that 5,0 € NC,

then 33 is unique and satisfies

J(8z14) = max ,J(5u).

5€(0,00)
(ii) UY is a nonempty open subset of the Hilbert manifold TC.
(iii) The map UE — N'C given by @+ 551 is a homeomorphism.
Proof. The proof is exactly the same as that of [12, Proposition 3.1]. O
Define ¥ : Y% — R by
V() := J(5z0).

U
If W is of class C! the norm of W'(@) in the cotangent space T%(TY) to T at @ is
defined as

' (7)o
W@, = sup L@
€T (U) ”UHQ

570

where Ty () is the tangent space to U at 4.

A sequence (i) in U is called a (PS)S-sequence for W if ¥(u,) — ¢ and
W (@) ||« — 0, and W is said to satisfy the (PS)S-condition if every such sequence
has a convergent subsequence. Similarly, a (PS)S-sequence for J is a sequence
(iin) in HY such that J(ii,) — 0 and || T’ ()| (ey — 0. J satisfies the (PS)S-
condition if any such sequence has a convergent subsequence. As usual, (H%)’
stands for the dual space of HC.

Lemma 2.4. (i) ¥ € CY(U% R),
V(@) = J'(54)[5a0) for allw € UC and v € To(UY),
and there exists dyg > 0 such that
do 17" Gai)ll ey < N @ls < [5aloo |7 Gadll 30y for all @ € UC,
where |50 = max{|si|,...,[sq|} if 5= (s1,...,54).
(ii) Let i, € UC. If (i) is a (PS)S-sequence for W, then (34, 4y) is a (PS)S-
sequence for J.
(iii) Let u € UC. Then, 4 is a critical point of V if and only if 554 is a critical
point of J if and only if 3zu is a G-invariant solution of (1).
(iv) If (@) is a sequence in UG and @, — @ € UT), then ¥ (u,) — co.
(v) @ €U if and only if —u € U, and V(a) = ¥(—a).
Proof. The proof of these statements is exactly the same as that of [12, Theorem
3.3]. O

Lemma 2.5. U satisfies the (PS)S-condition for every c € R.

Proof. Let (v,) be a (PS)%-sequence for J with 9, € N¢. A standard argument
shows that this sequence is bounded. Then, using Lemma 2.1 as in [8, Proposition
3.6], one sees that (¥,) contains a convergent subsequence. The claim now follows
from Lemmas 2.4(ii) and 2.3(4i%). O
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Let Z be a nonempty subset of 7¢ such that @ € Z if and only if —a € Z.
Recall that the genus of Z, denoted genus(Z), is the smallest integer k > 1 such
that there exists an odd continuous function Z — S¥~! into the unit sphere S¥~!
in R¥. If no such k exists, we define genus(Z) := co. We set genus(f) := 0.

Lemma 2.6. genus(U®) = co.
Proof. This is shown following the argument in [12, Lemma 4.5]. O

Proof of Theorem 1.1. Lemma 2.4(iv) implies that U< is positively invariant under
the negative pseudogradient flow of ¥, so the usual deformation lemma holds true
for U in UC, see e.g. [27, Section I1.3] or [30, Section 5.3]. As U satisfies the
(PS)%-condition for every c € R,

inf ¥ =inf J

uc NG
is attained, i.e., the system (1) has a least energy G-invariant solution. Moreover,
since W is even and genus(U“) = oo, a standard variational argument shows that
¥ has an unbounded sequence of critical values. O

3. The limit profile of minimizers. We assume throughout that 1 < dim(Gp) <
m for every p € M. Let Q be an open G-invariant subset of M, H, () be the
closure of C2°(Q) in Hj(M) and H} () be the space of G-invariant functions
in H; ((Q). The solutions of (2) are the critical points of the C*-functional Jg :
H} ,(2)¢ — R given by
1 1 .
Tolw) i= 3l = 5 [ ful® dy
M
The nontrivial ones belong to the Nehari manifold
NG ={ue H} () :u+0and Jy(u)u =0},

which is a natural constraint for Jo. So, a minimizer for Jq over ./\/g is a nontrivial
solution of (2). We call it a least energy G-invariant solution. A standard argument
using Lemma 2.1 shows that a minimizer does exist. Note that Jo(u) = = |lul2 =
L[ dpg if u € N§, so the quantity defined in (3) is
G .
cg = inf Jg(u).

@ ueN§ Q( )

Proof of Theorem 1.2. Let \,, — —oco. We write J,, and N for the functional and
the set defined in (5) and (6) with A;; = A, for all ¢ # j. Let

ME {0 € HO 0 20, uil = [ o
M
L

. 1
¢ = inf —ZH@ZH?J

(v1,..,00)EMe M P

¥ dpg, viv; =0on M if i # j},

Since dim(Gp) < m for p € M, the set M? is nonempty and, so, c? < 0.

Let %y, = (Uun1,---,une) € NS be such that 7, (i,) = inf e Jn and u,; > 0
for every n and i. Noting that M$ C N& for every n € N and recalling Lemma
2.2, we see that

. 1 ¢ 2 G
O<}\I/1§fjn:E;Hun,i”g§Ce < o0 for every n € N.
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Applying Lemma 2.1 and passing to a subsequence, we get that u, ; — U ; weakly
in HY(M)®, tn; = too,; strongly in L?]* (M) and uy,; — uso,; a.e. on M, for each
i=1,...,0. Hence, u; > 0.

As @, € NF, we have that

fM |Un,i|2* dpg < C

" < for each pair j # 1,

2% 2"
0< [ sl sl sy <
M
and, letting n — oo, we obtain
2% 2%
/ [thoo,j] 7 |too,i| T dptg = 0.
M
50 Uso, jUso,; = 0 a.e. on M whenever ¢ # j. We also have that
0<dy < ||unl||3 < / tni|* dpg for every n €N and i=1,...,7,
M
with dy as in Lemma 2.2. Passing to the limit as n — oo, we see that us; # 0 and
||uooz||3 < / [tUoo.i|* dptg for every i=1,...,¢.
M

Hence, there exists ¢; € (0,1] such that [[tius llZ = [y, |tittoo,i|? dpgy.  Conse-
quently, (t1Uoo 1, .-, teliooe) € MEG and

4 4 14
1 1 1.
o < — 3 titinoall2 < — 3 il < — liminf > flun,i2 < o
=1 =1 =1

It follows that ¢; = 1 and u,; — us,; strongly in H; (M). But then, ||uooz||3 =
Jas Iuoo,il* dpg and, passing to the limit in

£ £ L - -

* = =
S sl = 3 i+ 3 [ Al ¥ sl %
i=1 i=1 M

ij=1
i

we obtain

lim /\n|uoo,j|% |uwl|27 =0 for every i # j.
n—0o0

Moreover, (oo 1, .- -, Uoor) € MF and

1
*E [[too,i
m 4

1=1

We have now all assumptions needed to apply [10, Lemmas 4.3 and 4.4] and
conclude that (uy, ;) is uniformly bounded in the Hélder norm, i.e., for any a € (0, 1)
there exists C,, > 0 such that

2 _ G
nge.

l|1tn,illco.o(ary < Ca for every n €N and i=1,...,¢

As a consequence, U, ; — Us,; in C¥*(M) for every i. In particular, ue; is
continuous and G-invariant, so the set Q; := {p € M : us ;(p) > 0} is open and
G-invariant. Since Ueo Uso,; = 0 if @ # j, we have that Q; N Q; = (. This shows
that {Q,...,Q} € PE.

We claim that ueo; is a least energy G-invariant solution to (2) in ©; for all

i. Otherwise, Jo,(Uoo,i) > cgi for some i and there would exist v; € Ng with
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cgi < Jo,(vi) < Ja,(tso,i). But then, setting v; := ue ; for j # 4, we would have
that (vi,...,v) € M§ and

14 4
1 1
Sl < D 2 = f
=1 i=1

contradicting the definition of cf. Hence, Jo, (tso,i) = cgi foralli =1,...,¢, as
claimed. A similar argument shows that €); is connected.

As a consequence, if {O1,...,0,} € P{, taking w; € N§ with Jo, (w;) = ¢§,
we have that (wy,...,w) € M$ and, therefore,

¢ ¢ ¢ ¢
S8 = 3 fusell2 = f < iz i3 = 37§,
P m & m & -
This shows that {1, ...,$} is an optimal (G, £)-partition, and completes the proof
of statements (i) and (4i7).

Statements (i) and (iv) are local. In local coordinates the system (1) with A;;
replaced by \,, becomes

—div(A(z)Vv;) = fi(z,v;) + alx Z)\ |v;] k2 |vz| T2y, x €,
3751

where Q C R™ is open and bounded, a(z) := +/|g(z)|, Az lg(2)|(g" (x)),
fi(w,s) == a(z)(|s]> 725 — kmSy(x)s) and, as usual, |g| denotes the determinant
of the metric ¢ = (gi;) in local coordinates and (g*') its inverse. Applying [10,
Theorem C.1] we conclude that (i¢) and (iv) are true locally on M, hence also
globally.

A standard argument yields the proof of statement (v). Namely, the G-invariant
sign-changing solutions to the Yamabe equation (4) belong to the set

‘SM ;:{uGNJ\%SU EN]\/[ and uigNM}a

where ut := max{u,0} # 0 and v~ := min{u,0} # 0. Moreover, as shown in [4,
Lemma 2.6], any minimizer of Jy; on EZ\C/'} is a G-invariant sign-changing solution
of (4). For every u € £5j, we have that (u™,u™) € M§ and Jy(u) = = (|Ju' |2 +
[u=]%). Therefore,

. 1
lgfg Ju > 5 = E(Huoo,l”f; + Jluco2l12)-

As Uso1 —Uso,2 € EIGV[, it is a minimizer of Jy; on EJCV'}. This completes the proof. [

4. The Yamabe system on the standard sphere. In this section we give an
account of some known results for the system (1) on the standard sphere.

The stereographic projection o : S™ ~ {N} — R™ from the north pole N is
a conformal diffeomorphism. The conformal invariance of the operator .%; (see
[23, Proposition 6.1.1]) allows to establish a one-to-one correspondence between
solutions to the system (1) on the standard sphere S™ and solutions to the system

7A’Ui = "Ui|2 vz + Z )\zJ|,U]‘ 2 "UZ| 2 UZ
]751 (7)
v; € DY2(R™), v #0, i=1,...,4,
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where DV2(R™) := {v € L* (R™) : Vo € L*(R™, R™)}; see [8, 11].
Let us first consider the case of the single equation

— Au = |u)? 2u, u € DV2(R™). (8)

It is well known [2, 25, 29] that all positive solutions to (8) are the so-called standard
bubbles

—2
572
m—2 )

Cm
(02 + |z —yl?) 2

The existence of sign-changing solutions was first established by W.Y. Ding in
[17). He considered solutions that are invariant under the action of the group
[ :=O(n1) x O(ny) with ny,n > 2 and nq +ny = m + 1, acting on S™ C R™*! =
R™ x R™ in the obvious way. Using a variational approach he proved the existence
of infinitely many I-invariant sign-changing solutions to the Yamabe equation (4)
on S™ or, equivalently, to the equation (8) on R™.

In [15, 16], del Pino, Musso, Pacard and Pistoia exploited the symmetries of
the sphere to build solutions to (8) which have large energy and concentrate along
some special submanifolds of S™. In particular, for m > 4 they obtained sequences
of solutions to the Yamabe equation whose energy concentrates along one great
circle or finitely many great circles that are linked to each other (corresponding
to Hopf links embedded in S* x {0} C S™), and for m > 5 they also obtained
sequences of solutions whose energy concentrates along a two-dimensional Clifford
torus in S3 x {0} < S™. These solutions are built via gluing techniques (e.g.,
a Ljapunov-Schmidt procedure) and can be described as the superposition of the
constant solution to (4) with a large number of copies of negative solutions of
(4) which are highly concentrated at points evenly arranged along some special
submanifolds of the sphere.

Recently, using ODE techniques Ferndndez and Petean in [19] established the
existence of solutions to the Yamabe problem (4) on S™ with precisely ¢ nodal
domains for each ¢ > 2, whose nodal set consists of isoparametric hypersurfaces.

Regarding the competitive system (where all A\;; < 0), Guo, Li and Wei [21]
established the existence of solutions for (7) with £ = 2 and A\j5 < 0 in R?, and using
the approach developed in [15] they built a sequence of positive nonradial solutions
whose first component looks like the constant function and the second component
resembles a large number of copies of positive solutions of (4) concentrated at
points that are placed along a circle. The argument of their proof, which relies on
the Ljapunov-Schmidt procedure, cannot be extended to higher dimensions because
the coupling terms have linear (if m = 4) or sublinear (if m > 5) growth.

Following the variational approach presented in the previous sections, succes-
sively Clapp and Pistoia [8], Clapp and Szulkin [12] and Clapp, Saldana and Szulkin
[11] found T-invariant solutions to the competitive Yamabe system (1) on S™ for the
groups considered by Ding, and described the limit profile of least energy solutions
as \j; — oo. In this particular case, Theorems 1.1 and 1.2 were proved in [8, 12]
and [8, 11] respectively. In addition, a more accurate description of the optimal
(T, £)-partition of S™ is provided in [8, 11]. Note that the I'-orbit of a point p € S™
is diffeomorphic to either S 1, or S"1~1 x §"2~! or S§"~! and that the map
q:S™ — [0, 7] given by

Usy(z) = z,y €R™, §>0.

q(z,y) := arccos(|z|? — |y|*), where z € R™, y € R"2, (9)
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is a quotient map identifying each I'-orbit in S™ to a single point. So ¢ maps a
(T, £)-partition of S™ onto a partition of [0, 7] by relatively open subintervals. This
last partition can be ordered. Taking advantage of this fact, the following result
was proved in [8, 11].

Theorem 4.1. Let T := O(ny) x O(na) with ny,n2 > 2 and ny +ng = m+1 and
let M := S™. Then, the optimal (T,¢)-partition {Q,...,Q} € PL of S™ given
by Theorem 1.2 has the following properties: €, ..., are smooth and connected,
QU---UQy =8S™ and, after reordering,

o )y 2 Sm-lx B2 =2 Su-txSulx(0,1)ifi=2,....0—1, and

Qp 2B x Snz_l,
[ ﬁimﬁi_i_lggnlflxgnzfl and ﬁlﬂﬁjzﬂ Zf |]7@|22,
e the function

= Z(—l)iiluoo,i

i=1
is a T-invariant sign-changing solution to the Yamabe problem (4) on S™ with
precisely ¢ nodal domains, and u has least energy among all such solutions.

As shown by Theorems 1.2 and 4.1 the competitive Yamabe system (1) gives
rise to one or even multiple solutions to the Yamabe equation (4). The opposite
question has been also considered in the literature. Let us call a solution u =
(uq,...,u) to the Yamabe system (7) fully synchronized if there exist ¢; # 0 and
a nontrivial solution u to the single equation (8) such that u; = c;u for all ¢ =
1,...,¢. Tt is readily seen that (ciu,...,cpu) solves (7) for any solution u of (8) iff
c=(c1,...,ce) € RY solves the algebraic system

¢
ci = leil* e + Z)\ij|cj|27|ci|27*2q, ¢ >0, forevery i=1,...,¢ (10)
g

There are several results concerning the solvability of (10). The easiest case is when
m =4 (ie., 2* =4) and £ = 2. Indeed, a straightforward computation shows that
a solution to (10) exists if and only if A\ > —1 and A;5 # 1. Bartsch proved
in [3, Proposition 2.1] that, if 2* = 4 and £ > 2, a fully synchronized solution to
(10) exists when A;; == A # 1 for all i # j and A > A for some A < 0, while
Chen and Zou [6, Theorem 1.1] showed that if m > 5 (ie., 2* < 4) and { =2 a
fully synchronized solution to (10) always exists provided A2 > 0. Recently, Clapp
and Pistoia complemented these results in [9] showing that, if the system is purely
cooperative (i.e., A;; > 0 for all 4,5 = 1,...,4, i # j), there exists a solution to
(10). We recall that in the purely cooperative case every positive solution of (7)
with ¢ = 2 is fully syncronized, as shown by Guo and Liu in [22]. On the other
hand, it is shown in [8, 12] that there exists A* < 0 such that the system (7) does
not have a fully synchronized solution if A;; < A* for all pairs ¢ # j.

System (7) with mixed couplings (i.e., A;; can be positive or negative) has been
recently studied by Clapp and Pistoia [9]. Let A;; = 1 and assume the matrix (\;;)
is symmetric and admits a block decomposition as follows: For some 1 < ¢ < £
there exist 0=/{y < {1 <--- </{y_1 <{; ={ such that, if we set

In={ie{l,...; 0} : b1 <i<{Lp},
Ty, = I, x I, Kn={(,5) €l x Iy : ke {l,....,q} ~ {h}},
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then
Xij >0 if (4,j) €Z, and A <0if (4,5) € K, h=1,....q.

According to the above decomposition, we shall write a solution u = (uy,...,us) to
(7) in block-form as

u=(a,...,u) with ap = (ug, _,+41,---,Ue,)-

u is called fully nontrivial if every component u; is different from zero. In [9] it
is proved that if, either m > 5, or m = 4 and A\;; =: by, > 1 for all 4,5 € I, with
i # j, the system (7) has a fully nontrivial solution if max; j)ex, |Aij| < A for some
A > 0. This solution is invariant under the conformal action on R™ of the group I’
defined above.

Finally, we would like to mention a couple of results, one of them by Grossi, Glad-
iali and Troestler [20] where they give sufficient conditions on the matrix (\;;) to
ensure the existence of solutions bifurcating from the bubble of the critical Sobolev
equation, and another one by Druet and Hebey [18] where they study the stability
of solutions to (7) under linear perturbation.
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