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ABSTRACT. This paper deals with the following competitive two-species and
two-stimuli chemotaxis system with chemical signalling loop
ut = Au—x1V - (uVo) + piu(l —u — ajw), z € Q, t > 0,
0=Av—v+w,z €N, t>0,
wg = Aw — x2V - (wVz) — x3V - (wVv) + pow(l —w — agu), x € Q, t > 0,
0=Az—z4u,z€Q, t>0,
under homogeneous Neumann boundary conditions in a bounded domain Q C

R™ with n > 1, where the parameters a1, a2, x1,Xx2, X3, K41, 42 are positive

constants. We first showed some conditions between X1 X2 X3 and other

H1?op2? p2
ingredients to guarantee boundedness. Moreover, the large time behavior and

rates of convergence have also been investigated under some explicit conditions.

1. Introduction. In this paper, we consider the two-species chemotaxis-
competition system with two chemicals

up = Au—x1V - (uVo) + pu(l —u—aqw), =€ Q,t>0,

0=Av—v+4+w, z€Qt>0,

wy = Aw — x2V - (wVz) — x3V - (wVv) + pow(l — w — agu), z € Q,t > 0, (1.1)

0=Az—z4+u, z€Qt>0, ’

Gu—Gv_dw_208_0 ge€00t>0,

(u,w)(z,0) = (uo(z), wo(x)), = €Q,
where @ C R™ (n > 1) is a bounded domain with smooth boundary 992 and 9/dv
denotes the derivative with respect to the outer normal of 09; ay,as, X1, X2, X3, M1
and puo are positive constants.

Chemotaxis describes oriented movement of cells along the concentration gradi-
ent of a chemical signal produced by the cells, which is important in a large variety
of fields within the life cycle of most multicellular organisms. Based on a well-known
chemotaxis model for the chemotactic movement of one specie [11], a generalization
of chemotaxis model for multi-species or multi-chemical-signal chemotaxis system
was proposed [9, 24, 42]. System (1.1) describes the communication between breast
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tumor cells and macrophages in close proximity via a short-ranged chemical signal-
ing loop according to the classical Lotka-Volterra dynamics [22], which was proposed
by Knutsdéttir et al. [12]. The key physical variables in (1.1) are assumed to be
the density of the macrophages (denoted by u) and the tumor cells (denoted by
w), the concentration of the colony-stimulating factor 1 (CSF-1, denoted by v) and
the epidermal growth factor (EGF, denoted by z). In their experiment, it was
shown that in a short-term chemical signalling loop, the process is promoted by
the macrophages. More precisely, the tumor cells w secrete CSF-1 v, which can
bind to CSF-1 receptors on the macrophages w. This activates the macrophages to
increasing concentrations of CSF-1 gradient and to secrete EGF z. Then the EGF
can bind to receptors on tumor cells, continuing the chain of activation of them in
return. Furthermore, activated tumor cells release more CSF-1 and partially direct
their movement toward both concentration gradients of the EGF and the CSF-1,
respectively.

From a mathematical point of view, the system (1.1) contains mainly two sub-
systems. When v = z = 0 and ay = 0, (1.1) is reduced to the chemotaxis-only
system [11]:

{ wy = Aw — x3V - (wVv) + pow(l —w), z€Q, t>0, (12)

0=Av—v+w, re, t>0,

which describe the aggregation of the paradigm species Dictyostelium discoideum.
Model (1.2) has been extensively studied during past four decades. Boundedness
of global solutions and unbounded solutions for (1.2) have been extensively inves-
tigated (see the surveys [2, 6, 8] and the references therein). When x3 = 0, (1.1)
becomes the two-species chemotaxis system with two chemicals:

ug = Au— x1V - (uVo) + pu(l — u — agw), reQ, t>0,
0=Av—v+w, e, t>0, (1.3)
wy = Aw — x2V - (wVz) + pow(l —w — agu), re, t>0, '
0=Az—2z+u, rzeQ, t>0,

which describes the spatio-temporal evolution of two populations which on the one
hand proliferate and mutually compete with Lotka-Volterra kinetics and on the
other hand the individuals shall move according to random diffusion and migrate
toward a chemical signal produced by the opposing species. Without kinetic terms,
that is, when 1 = ps = 0, if x1, x2 € {—1,1}, global boundedness and finite time
blow-up was constructed by Tao and Winkler [32]. In particular, when n = 2,
global bounded solutions are proved if max{mi, ma} < C' with some C' > 0, where
my := [quo and mg 1= [, wo; if min{my,my} > 4m, the solution may be blow up
in finite time. These results were improved in [45]. When p; > 0 (i = 1,2), global
bounded solution and stabilization have been addressed by Tu et al. [36]. Recently,
this results were improved by Wang et al. [38]. There are some another results on
various the system (1.3) ([3, 5, 10, 18, 23, 26, 29, 27, 43, 47, 46]).

Compared with the chemotaxis-only system and the two-species chemotaxis sys-
tem with two chemicals, the coupled a competitive two-species and two-stimuli
chemotaxis system with chemical signalling loop the system (1.1) is much less un-
derstood. For the simplified version (1.1) in the unit disk Q = Bg(0) C R? with
i =0 (i =1,2) and the second and fourth equation replaced by

mo my
0=Av——+4+w and 0=Az— — +u,
€2 1€2]
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respectively, where my := [, ug and mg := [, wo, global boundedness and blow-up
of solutions were constructed in [16]. In particular, a critical mass phenomenon has
been found: solutions remain bounded if 2m; + %mg < %’ whereas blow-up may

occur if i—’:ml + i—:mg < 2mymg + % and [, u|z|* and [, wolx|?* are sufficiently
small. Recently, (1.1) with p; = 0 (i = 1,2) and Q@ C R? has been considered
in [17]): global boundedness was constructed when xjyxamims < (7% — xzmz) 7,
where 7 = 87 when Q = Bpg(0) is a disk, otherwise, 7* = 4m; for the fully
parabolic system (1.1) with pu; = 0 (i = 1,2) and Q C R?, global bounded solution

105
Moreover, gradient estimates, blow-up in finite time and asymptotic behavior have
also been established. When n = 3 and p; > 0 (¢ = 1,2) are sufficiently large, for
the fully parabolic system (1.1), global bounded solutions were proved by Pan et
al.[25]. Very recently, a symmetric model of (1.1) has been investigated [34, 35],
i.e., replacing the first equation in (1.1) by u; = Au—x1V - (uVv) — x4V - (uV2) +
pu(l —u— aqw).

In order to better understand (1.1), we should mention two biological species
which compete for the resources and migrate towards a higher concentration of a
chemical produced by themselves was proposed by Tello and Winkler [33]

was considered when yi1yamims < , where Cgny > 0 is a constant.

up = Au—x1V - (uVw) + pru(l — u — agv), xeQ, t>0,
vy = Av — x2V - (vVw) + pov(1 — asu — v), z €, t>0, (1.4)
0=Aw—w+u-+w, re, t>0,

this model has been extensively studied. When aj,as € (0,1), global existence
and the large time behavior were established under some conditions by Tello and
Winkler [33], which was partially improved in [4], and by Stinner et al. [30] for the
case of a; > 1 > ay. For all a1, as > 0, global boundedness solutions were derived
by Mizukami [20], which covers the case that aq,a2 > 1. Moreover, the convergence
rates has been also obtained in the case that aj,as € (0,1) and a1 > 1 > as.
For the fully parabolic version of model (1.4), which is obtained by replacing the
equation with w; = Aw — w + u + v, global existence and boundedness has been
established for the space dimension does not exceed two by Bai and Winkler [1]
and the n-dimensional setting by [14, 15, 44]. Moreover, the convergence rates has
been established [1], this conditions were improved by Mizukami [19]. Recently, the
conditions for asymptotic behavior in the case of aj,as € (0,1) were once more
improved by Mizukami [21].

The focus of this paper is to establish the global existence, large time behavior,
and the rates of convergence of solution to (1.1). The first of our result asserts global
existence of a bounded solution based on the comparison methods in [38, 37, 4, 30].

Theorem 1.1. Suppose that Q@ C R™ (n > 1) is a bounded domain with smooth
boundary, and a1, a2, X1, X2, X3, 11, lbe are positive constants. If one of the following
conditions holds:

(i) %+ < ar and X2 <1;

(i) 22 < az and 32 < 1;

(i13) ﬁ > aq, ij—; > ag and ﬁ <1 as well as ﬁiﬁz +aias —alﬁ —agi% + ﬁ < 1.
Then for the nonnegative initial data (ug,wp) € CO(Q) x C1(QQ), the model (1.1)
possesses a unique global classical solution (u,v,w, z) which is uniformly bounded in
Q x (0,00). Moreover, the solutions u,v,w,z are the Hoder continuous functions,
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i.e., there exists some § € (0,1) and M > 0 such that

HUHCHG*H%(QX[LNA]) + HUHCHG.H%(EX[MJFI]) + ”wHC”"*”%(ﬁx[t,t+1])

1.
<M forallt>1. (1.5)

+ ||Z||Cz+e,1+%(§x[t,t+1])

The large time behavior and convergence rates of solutions to (1.1) is mathemati-
cally and biologically interesting. We first give the result of competitive coexistence
case a1, as € (0,1).

Theorem 1.2. Let aj,az € (0,1) and Q@ C R™ (n > 1) be a bounded domain with
smooth boundary. Assume that the nonnegative initial data (ug,wo) € C°(Q) x
CH(Q) with ug Z 0 # wo and (u,v,w,z) is a global bounded classical solution of
(1.1). Let x1,Xx2, X3, p1 and po are positive constants and satisfy

azuzxfu* _ w*ﬂﬂlX%
16 8

papear (1 —ajaz) — >0 (1.6)

and
adpdxiu.  pippaiasX3w. g peaixiw,
16 8 a 8
p2arasxiX3uws | praix3x3w.
128 64
then one can find C > 0 and p > 0 such that

,ulugalag(l —ajaz) —
(1.7)
+

>0,

[ = il oo (@) + [0 = vill Lo @) + 1w — will o (@) + |2 = 2ull Lo () < Ce™*
for allt > 0, where

l—al 1—(12
Uy = Zx = Ve = Wy =

= — 1.
170,1(12’ ( 8)

- 1-— a1a9 '
Remark 1. Since aj,az € (0,1), it is easy to check f(ui,pu2) = pipdaras(l —

2 2 2 2 2. 2
a. u aila w a w aila U W a w .
alag) o 2;1«21%(1 * _ MH1p2 18 2X3Wx _ H1M2 81X2 * + H2a1 21(21562 * W + M1 1)((51)(3 * satlsﬁes

1- f(ll'l/17 /“LQ)
1m - 5
p1—oo,pa—r400 g 15

= a1a2(1 — alag) > 0.

Hence, there exist some constants pig, oo > 0 such that f(u1,p2) > 0 for all
[10,00) X [p20,00). Thanks to a continuity argument implies (1.7) holds for all
(1110, 00) X [p20, 00).

The following result is on the competitive exclusion case a; > 1 > ay > 0.

Theorem 1.3. Leta; > 1 > as > 0, x1,Xx2,Xx3 > 0, pu1,p2 > 0, and let Q@ C R™
(n > 1) be a bounded domain with smooth boundary. Assume that the nonnegative
initial data (ug, wo) € C°(Q) x CH(Q) with wy # 0 and (u,v,w, 2) is a global bounded
solution of (1.1).

(1) If a1 > 1 and assume that for some a} € (1, a1] such that ajas < 1. Moreover,
let

X3
8(1 — afas)’
(1.9)

aaneXd | 03X 201X
8 64 8

paaz(1 — ajag) — >0 and pz >

there exist C' > 0 and A > 0 such that

HuHLoo(Q) —+ HU — 1||Loo(Q) —+ Hw — 1||L:)<>(Q) —+ ||Z||Lao(Q) < CeiM fO?" allt > 0.
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(i) If ay = 1 and (1.9) holds with a} =1, there exist C > 0 and k > 0 such that
[ull Lo (@) + [[v = Lee(@) + [[w = L[ (@) + [[2ll Lo (@) < CA+ )" for allt > 0.

This paper is organized as follows. In Section 2, we show local existence of a
solution to (1.1) and use comparison methods to prove global existence and bound-
edness of (1.1) (Theorems 1.1). Section 3 is devoted to the proof of asymptotic
stability to (1.1) (Theorems 1.2 and 1.3).

2. Boundedness by comparison methods. The local existence of solutions to
(1.1) which can be achieved similarly by using well-established methods in [30, 31,
41].

Lemma 2.1. Let Q@ C R™ (n > 1) be a bounded domain with smooth boundary,
a1,az > 0, x1,x2,x3 > 0, pi,ue > 0. Then for the nonnegative initial data
(ug,wp) € C°(Q) x C1(Q), there exists Tpnaz € (0,00] such that (1.1) has a unique
local non-negative classical solution

u, v, w, 2 € C(Q % [0, Thnaz)) N C*HQ x (0, Traz)), (2.1)
and which is such that either Ty,ap = 00 017 Thae < 00 and

[u(, )l Lo @) + lw(, Bl Lo @) = 00 ast /7 Trnaa-
Moreover, if the nonnegative initial data (ug,wp) € C°(2) x CH(Q) with ug # 0 #
wo, then the solution of (1.1) satisfiesu > 0,0 > 0w >0 and z > 0 in Q% (0, Tpnas)-

According to comparison methods in [38, 37, 4, 30], we will prove boundedness of
solution to model (1.1). First we let the parabolic operator £; = L;(x,t) (i = 1,2)
satisfy

Liu:=Au—x1Vu-Vov, (x,t) € Qx (0, Thaz) (2.2)
and
Low = Aw — xoVw - Vz — xsVw - Vo, (x,t) € Q x (0, Thaz)- (2.3)

Thus from the model (1.1) shows that

ur — Lru = u{—x1Av + 1 (1 — u — aqw)}
(2.4)
=ufpr — pu— xav + (xa — ayp)w}

and
wy — Low = w{—x2Az — x3Av + p2(l —w — agu)}
= w{pa — (p2 — x3)w + (x2 — azp2)u — x22 — x3v}

for all (x,t) € Q x (0, Thaz)-

We first consider the conditions ﬁ < a; and ﬁ < 1.

(2.5)

Lemma 2.2. Let 7 =0 and the nonnegative initial data (ug, wo) € C°(Q) x C1(Q).
Assume that X—i < a; and ﬁ < 1. Then Tpee = 00 and u,v,w,z are bounded in
Q2 x (0,00).

Proof. Since -

+ < ap and u,v,w, z are nonnegative, in view of (2.4) and (2.5), we

have

piu:=ur — Lyu—u{p — pu} <0, (x,t) € Q% (0, Trnaz) (2.6)
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and
pow 1= we — Low — w{pz — (p2 — x3)w + (x2 — azpz)u} <0, (2,t) € Q@ x (0, Tmaz),
(2.7)
where L£iu and Low are given in (2.2) and (2.3), respectively. Next, in order to
prove Lemma 2.2, we have two cases to proceed as below:

Case 1. x2 —agus < 0. We choose A > 0 and let £ > 0 sufficiently large such that

l[wol| pe(o) 1
§Zmax{(),A,||w0||Loo(Q), Ha L (2.8)

A M2 — X3
Hence, we can define constant functions u and w as follows
=1z, t) := A¢ and W =w(z,t) =€, (2,t) € Q% [0, Trmaz), (2.9)
which satisfy
u(x,0) = AE > up(z) and w(z,0) =& > we(x) for all x € Q. (2.10)
Due to the definition of py in (2.6), using (2.8) and (2.9), we have
p1t = —A&{pu1 — A} >0, (z,t) € Q x (0, Thnaz)- (2.11)

According to (2.6), (2.10) and (2.11), and from the comparison principle for classical
(sub-/super-) solutions [28, Proposition 52.6], we infer that

u(z,t) <u(x,t) = A€ for all (z,t) € Q x (0, Thaz)- (2.12)
Using the definition of py in (2.7), we deduce from (2.8), ﬁ < 1and x2 —agus <0
that
P2 = —&{{p2 — (p2 — x3)€ + (x2 — aspz)u}
> 75{#‘2 - (NQ - X3)£} > 07 (xat) €O x (Ovaam)'

According to (2.7), (2.10) and (2.13), and from the comparison principle for classical
(sub-/super-) solutions [28, Proposition 52.6], we infer that

(2.13)

w(z,t) <w(z,t) =¢& for all (z,t) € Q% (0, Thnaz)- (2.14)

Case 2. x2 —aspe > 0. Due to ﬁ < 1 and x2 — aspe > 0, we can find A fulfilling

H2 — X3

0< A< .
X2 — Q22

(2.15)

Let & large enough such that
[uollLe () 1 2 }
>maxq ———, —, ||lwol| oo (), . 2.16
‘= { A A lrwollz=-ce 12 = x3 — (X2 — azpz)A (216)

We again let @ = u(z,t) := A and W = w(x,t) := £ for all (z,t) € Q x [0, Thnaz),
as in (2.9), we deduce from (2.16)

u(z,0) = A€ > up(x) and w(x,0) = & > wp(x) for all x € Q. (2.17)
Similar to (2.11) and (2.12), we infer
u(z,t) <u(x,t) = A€ for all (x,t) € Q x (0, Taz)- (2.18)
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Hence, using xo — agug > 0, (2.7), (2.16) and (2.18) yields
P2 = —&{p2 — (u2 — x3)€ + (X2 — azp2)u}
—&{p2 — (p2 — x3)€ + (x2 — azp2) AL} (2.19)
= —&{p2 — 2 — x5 — (X2 — azp2) AlE} > 0, (2,1) € Q@ x (0, Tnaa),
thus by (2.7) and (2.17) we have

Y

w(z,t) <w(z,t) =& for all (z,t) € Q x (0, Thaz)- (2.20)

Using (2.12), (2.14), (2.18) and (2.20) along with extensibility criterion in Lemma

2.1, this entails that T}, = 0o and u, v, w, z are globally bounded. O
X

Next, we consider the conditions ;TZ < as and % < 1.

Lemma 2.3. Let 7 = 0 and the nonnegative initial data (ug, wo) € C°(Q) x C1(Q).
Assume that X—; < as and ﬁ < 1. Then Tyee = 0 and u,v,w,z are bounded in
Q2 x (0,00).

Proof. Since % < ag, ﬁ < 1 and u,v,w, z are nonnegative, in view of (2.4) and
(2.5), we have

psu = ur — Lyu —u{ps — pu+ (x1 —arp)w} <0, (z,t) € Q x (0, Thnaz)
(2.21)

and
Paw = wy — Low — w{pe — (2 — x3)w} <0, (z,t) € A x (0, Tnaz), (2.22)

where £yu and Low are given in (2.2) and (2.3), respectively. In the case of x1 —
aipr < 0and £ <1, Lemma 2.2 showed (1.1) has global bounded solution. Hence,
here we need only consider the case x; —ajp1 > 0. We can find A > 0 and £ > 0
fulfilling

X1 —aip + %

A> . (2.23)
1
and
||UO||L°° Q
¢ > max {A“ Jowo ey —22— V. (2.24)
M2 — X3

We again let @ = (x,t) := A¢ and W = w(z,t) := £ for all (z,t) € Q x [0, Thnaz),
as in (2.9), we deduce

w(x,0) = A€ > up(x) and w(x,0) =& > wy(z) for all x € Q. (2.25)
Using (2.22) and (2.24) we conclude
PawW = —&{p2 — (p2 — x3)6} >0,  (2,t) € Q x (0, Thnaz), (2.26)
so according to (2.22) and (2.25) imply
w(z,t) <w(z,t) =& for all (z,t) € QA x (0, Thaz)- (2.27)

Hence, using x1 — a1p1 > 0, (2.21), (2.23) and (2.27) yields

p3u = —A&{p1 — Al + (x1 — a1 pn)w}

> CAE{u — mAE (o — )€} 20, (00) € QX (0. Tpar). 2D
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From (2.21), (2.25) and (2.28) and the comparison principle, we infer

u(z,t) <u(x,t) = A€ for all (x,t) € Q x (0, Taz)- (2.29)

Then using (2.27) and (2.29) along with extensibility criterion in Lemma 2.1, this

entails that T}, = 0o and u, v, w, z are globally bounded. O
Finally, we consider the conditions % > aq, ﬁ > as and ﬁ < 1.

Lemma 2.4. Let 7 = 0 and the nonnegative initial data (ug,wo) € C°(Q) x C1(Q2).
Assume that% > aq, ﬁ > as andﬁ <1 as well as (% —al) (% )+X3 <1.
Then Trae = 00 and u,v,w, z are bounded in Q x (0, 00).

ti X1 X2 X3 X1 _ X2 _ X3
Proof. The conditions a0, g > Az, g < 1 and (m al) ( ag) + i < 1

H2
imply that
i P27 X8 (2.30)
31 X2 — Q22
Hence, we can choose £ > 0 large enough such that
£ > L 2.31
Z maxq o [uollze< (@), llwoll L= (0) (2.31)
and
X1*G1M1+“§ MQ*XS*LZ
231 X2 — Q2f42
which enables us to choose A > 0 satisfying
X1 —arpn + p2 —x3 — ¢
¢ <A< € . (2.32)
251 X2 — Q22

Hence, (2.32) implies

{ —A&{p1 — AL+ (x1 — arp)§} > 0, (2.33)
—&{p2 — (p2 — x3)§ + (X2 — agu2) AL} > 0. '

We again let u = u(z,t) := A¢ and W = w(x,t) := £ for all (z,t) € Q x [0, Thnaz),
as in (2.9), we deduce
X1~ aip

u(x,0) = A > o

& > up(z) and w(x,0) =& > we(x) for all z € Q.
(2.34)

Due to u, v, w, z are nonnegative, from (2.4) and (2.5), and in view of (2.33), (2.34)
imply that
— Liu—u{p — v+ (x1 —arp)w} < — LT
—u{p — i+ (x1 — arpn)w},
— Low — w{pz = (g2 — x3)w + (X2 — azpz)u} < Wy — Low
—w{pg — (2 — Xx3)W + (X2 — azp2)u}
in Q x (0,Tjnqz), by the comparison principle for this cooperative systems [28,
Proposition 52.22], it follows that

u(z,t) <u(x,t) = A and w(z,t) < w(x,t) =& for all (x,t) € Q x (0, Traz)-
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Therefore, using the extensibility criterion in Lemma 2.1, we have T},,, = oo and
u, v, w, z are globally bounded. O

Proof of Theorem 1.1. We only need to use Lemmas 2.2-2.4 to obtain the global
bounded solutions of (1.1). Finally, the Holder continuity of the solution (u, v, w, z)
comes from standard parabolic regularity theory [13].

3. Stabilization. In this section, we will derive the asymptotic behavior of the
solutions to the model (1.1), the ideas mainly come from [1, 21, 38, 39]. To achieve
our goals, we first recall the following lemma which is important for the proof of
Theorems 1.2 and 1.3 (see [7, Lemma 4.6] or [20, Lemma 3.1]).

Lemma 3.1. Suppose that ¢(z,t) € CO(Q x [0,00)) and there exist constant C > 0

and o > 0 such that
||<p(x’t)HC“'%(ﬁx[t,tH]) <C forall t>1.

Moreover, assume that there exists some constant M > 0 such that

/ / (p(x,t) — M)? dadt < co.
0 Q
Then
o(t) = M in C°(Q) as t — occ.
This following lemma is a straightforward result from [40, Lemma 5.1].
Lemma 3.2. Let a1, a9, a33, G44, @13, a14, 023 € R and satisfy

2 2
22073  A11G33

0
1 1

ai1 > 0,a22 > 0,a11a22033 —

and

2 2 2 2 2
22044073 (11044053 (22033074 a714053

4 4 4 16
Then there exists € > 0 such that

> 0.

(11022033044 —

anxf + azzmg + 033ZE§ + a44l”421 + 137173 + A1471%4 + Q232273
> e(af + 23 + 23 + o)
for all x1,x9, 23,24 € R.
In order to prove stabilization of solutions to (1.1), we will divide the proof into
two cases.

3.1. Competitive coexistence: aj,as € (0, 1).
In this subsection, we will study the asymptotic behavior of the solution of (1.1)
with a1,as € (0,1) based on the following energy functional

E\(t) = ag,ug/ (u—u*—u*lnu> —i—al,ul/ (w—w*—w*lnw>, (3.1)
Q Ux Q Wy

where (s, Vs, Wy, 24 ) is the constant steady state defined by (1.8).

Lemma 3.3. Under the assumptions of Theorem 1.2, then there exists € > 0 such
that

Ei(t) >0 and %El(t) < —eFy(t) forallt >0, (3.2)
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where the function E1(t) defined by (5.1) and Fy(t) satisfies

At) = /Q(u—u*)Q+/Q(v—v*)2+/Q(w—w*)2+/9(z—z*)2. (3.3)

Proof. From Taylor’s formula we see that Ey(t) > 0 for t > 0 (for more details, see
[1, Lemma 3.2]). From straightforward calculations we infer that

d |Vul? Vu - Vo |Vw|?
EEl (t) = — usp2a 5t Uspioaax1 [ ——— —wipan 5
t Q u Q u Q w
Vw-Vz Vw - Vv
T wytnarxe | ———— FWipna1x3 [ ————
Q w Q w
+ p1poay / (w—wi)(1 —w — agu) + p1foas / (u—u)(l — u— ayw)
Q Q
Vul|?
= — i1 202 / (u— ) = prp2ay / (w —w,)? = u*uzaz/ %
Q Q u
Vu- Vv
— 2u1ph2a1a2 (U — ) (W — wy) + Upiga2xs | ————

| Vw-Vz Vuw - Vu
— Wy 109 — Fwip1a1X3 EE—

(3 4)

In order to obtain (3.2), we first deal with the last five parts on the right of (3.4),
by a simple computation we conclude

|Vul? Vu - Vv
= Usfl202 | —5— T Usf2d2X1 [ ———
Q u Q u
_ Vu  x1 2 upsanx? 2
= — Uy U202 — —=Vv | + ——"= [ |V (3.5)
Q u 2 4 Q

2
SW/ Vo2
4 a

and

|Vwl|? Vuw-Vz Vuw - Vv
— Wk h101 w2 + wip1a1X2 —— + Wy p1a1X3 EEE—
Q Q

Q w w
v 2w, 2
v [ (0w Xgy) 4 NG [ gy
Q\w Q
2
+M/ mmw/vy.w (3.6)
4 Q 2 Q

2 2
SM/|VZ‘2+M/‘VU|2+W/VU~VZ
4 Q 4 Q 2 Q@
< [ gy S0 [ g
2 Q 2 Q

Since v, = ws, by the second equation in (1.1) we have

/|V1}|2: /v—v* —l—/ w—ws) (V— ). (3.7)
Q o
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Similar to the fourth equation in (1.1) yields

/Q|VZ|2:_/Q(Z_Z*)Q‘*‘/Q(U—u*)(z—z*). (3.8)

Inserting (3.5)-(3.8) into (3.4) we conclude

d
() =~ a2M1M2/ (u—u)” - almuz/ (w—w.)?
t Q Q
a 20s Wi 11 X3 a 200,
_ ((G2p2Xius | Wei101X5 / (v — p,)? — X / (2= 2.)?
4 2 o 2 /g

2
A1 1 X oW

+f/ﬂ(u—u*)(z—z*)—2a1a2u1uz/ﬂ(u—u*)(w—w*)

2 2
+ a2 2 X1 Usx + Wy 41a71X3 / (U/ o w*) ('U _ ’U*) )
4 2 o

(3.9)

To see (3.2), we will show that there exists € > 0 such that

—a2M1M2/ (u—u*)Q—al,uluz/ (w—w*)Q—Zalagul,ug/ (u— uy) (W — wy)
Q Q

Q

2 2 2
[ Q2p2X1Us + W« 101X 3 / (v — U*)Q G XoWx / (2 — Z*)Q
4 2 Q 2 Q

2 2 2
N %/ (6= ) (2 — 22) + (a2H2X1u* n w*,u1a1X3) / (w—ws) (v —vs)
o Q

4 2

g—s</Q(u—u*)2+/ﬂ(v—v*)2+/Q(w—w*)2+/ﬂ(z—z*)2).

(3.10)
To confirm that the assumptions of Lemma 3.2 are satisfied, let
L L aguzx?u* w*MNlX% L L alﬂlxgw*
ail = Hi1p2a2, G22 = ; 33 = (1201, Q44 1= ———
4 2 2
2 2 2
o __ G1HIXaWs . G2MaXiU.  WiH101X3
a3 := 2p1 120102, Q14 = ———————, (23 = — -
2 4 2
and
T1:=U— Uy, T2 =V — 0V, T3:=W—Wys, T4:=2— 2.
Since p1, t2, az, x1 and u, are positive constants, we obtain
2 2
agp2X1U Wy h1a7
a1 = pijpeaz >0, az = HaXit + HIXS ), (3.11)

4 2
Thanks to (1.6) we have

2 2 2 2
990 ajia Az 2 XU Wy fh1G1X
ervamary — 208 _ O (20,0, - 3ot g | o
2
pap2as (aspiaXiu. N Wy 101 X3
4 4 2
agpoXius | Wip1a1X3 AgploX3Us  Wip1arX3
= papizas( J(p1pzai (1 — araz) — - )

4 2 16 8

> 0.
(3.12)
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Using (1.7), we obtain

2 2 2 2 2
(22044073 (11044053 (220330714 014053

111022033044 —

4 4 4 16
2 2 2 2
_ MHip2a102X3Ws [ G2fl2X]Ux n Wy Hh1a1X3 (M1u2a1(1 — a1a)
2 4 2
agpoxfus. w*ulalxﬁ)
16 8
L pabaed (azppdue | wimand) (Gpexiue | wgnas o
16 4 2 16 8 fkizt
2.2 2 2 2,22
HUTa1XoWx [ Q22 X7 Usx Wy h1G1X a5 b3 X1 Ux
_ M 22 ( 41 n : 3) {um%al@(l—al%)— 2 361
_ Mp20109XGWs | pa@1azX XU | PATXGXEWs | H20TXGWe Y
8 128 64 8 )
(3.13)
Hence, combining (3.11)-(3.13) and Lemma 3.2 we have (3.10), which concludes the
proof of Lemma 3.3. O

Next, we will establish convergence rates for the solution to the model (1.1).

Lemma 3.4. Under the assumptions of Theorem 1.2, then there exist C,u > 0
such that

[t = | oo () + [0 = vill Lo @) + 1w — will o (@) + [[2 = 2ill Lo () < Ce™
for all t > 0.
Proof. The proof is similar to the corresponding proofs of [20, Lemmas 3.5 and 3.6]

or [38, Lemmas 3.4 and 3.5], for the convenience of the readers, we give a sketch
the proof. We divide the proof into two steps.

Step 1. We derive the large time behavior of solution to (1.1).
Integrating the second part of (3.2) and using (3.3) to see that

7/Q(u_u*)Q"_?/Q(v_U*)Q+7/Q(U’—w*)2+7/52(z—z*)2gElg(l)'

According to Lemma 3.1 and (1.5), we obtain

[u—usllzoe(@) + [[v = vil[Loo (@) + [lw — willpee (@) + 12 = 2|1 (@) = 0 as T — oo,

(3.14)
Step 2. We derive the convergence rates of solution to (1.1).
Let H(s) := s — uyIns for s > 0, by L’Hopital’s theorem to see that
H(s) — H(ux H’ 1
fi T ZH ), HS) (3.15)

s (8 — Uy sou.2(s —uy)  2uk
Hence, using (3.14) and (3.15) and the definitions E(t) in (3.1), there exists t; > 0

such that

oz wnd ([ ) <50
<o {22 (gt [ 0 0.)2)

(3.16)
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for all ¢ > ;. Using (3.16) and (3.2) and the definitions Fj(¢) in (3.3), one can find
some ¢; > 0 such that

d
&El( ) < —cieEq(t) for all t > ¢4,
which implies
Ju—usllr20) + [w — willp2(0) < c2e” " forallt >0 (3.17)

with some ¢y > 0. Then by the Gagliardo-Nirenberg inequality with some Cgn > 0
_n_ 2
ol oy < Canllol Py ol iz, for all p € WH(9), (3.18)
we can find some c3, 4 > 0 such that
lu = sl oo (o) + [w — wi| o (o) < cse™* for all ¢t > 0. (3.19)

Then by the application of the elliptic maximum principle (see more details (3.21)-
(3.23) in [38]) enables us to obtain

v = vl L) + 12 = 2l Lo () < cae™ for all t >0 (3.20)

with some ¢4 > 0. Hence, combining (3.19) and (3.20) we can complete the proof
of this lemma. O

3.2. Competitive exclusion: a; > 1 > as.
When a; > 1 > as, we will prove the competitive exclusion will occur based on
the following energy functional

Es(t) := agu2/ u+ alp / (w—1-Inw), (3.21)
Q )

where af € [1,a4] satisfies ajas < 1.

Lemma 3.5. Under the assumptions of Theorem 1.3, then there exists € > 0 such
that

d
Es(t) >0 and %Eg(t) < —eFy(t) — prpoaz(al — 1)/ u  forallt>0, (3.22)
)

where E5(t) is defined by (3.21) and

:/Qu2+/ﬂ(w—1)2+/ﬂz2

Proof. Using Taylor’s formula to see that [,(w—1—Inw) > 0 for all £ > 0 (for more
details, see [1, Lemma 3.2]), then using u is nonnegative, which implies E2(t) > 0
for all ¢ > 0. By the straightforward calculations we infer

— uz,ul/u(l—u—alw)
Q Q

== [t = pa [ ww=1) =l =1) [ plor—a) [ .

(3.23)
Using the third equation in (1.1), we obtain
d |Vw|2 Vw-Vz Vw - Vv
% (w —1- lnw + X2 + X3 _—
@ (3.24)

— 2 /Q<w— 1)? — azpz /Qu<w 1),
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Combining (3.23) and (3.24), we have

d
P2t < *,LLLUZQZ/ u® — 2u1u2aiaz/ u(w — 1) — pypoaz(al — 1)/ u
Q Q Q
Vwl|? Vw-Vz
—muza'l/(w— 1)? —Mlaﬁ/ | 2' +Mla’1X2/ — (3.25)
9! o w Q w

Vw - Vv
+ ulaiX3/ —_—
Q w

Using Young’s inequality we infer that

Vw-Vz Vw - Vo Vw|? a2
e [ TV g [T < [T 100 e
Q w Q@ w Q 2 Q

w

/5,2
+H101X2/|VZ|2.
2 Q

(3.26)

r .2
Multiplying the second equation in (1.1) with #2%X% (v — 1), we have

/2 !\ 2 /2
ﬁ%ﬁ£/ﬂvm?:—ﬁﬁgé/kv—n2+ﬁ%§3/Xw—1Mv—n. (3.27)
Q Q Q

’ 2
Testing the fourth equation in (1.1) with #2%4X22 we see that
/\2 /N2 /N2
Hiay X3 / |Vz|2 _ _Ha1x3 / 22 4 Hiay X3 / uz. (3.28)
2 Ja 2 Ja 2 Ja

Substituting (3.26)-(3.28) into (3.25), we have

d
—Es(t) < — M1uza2/ u® — 2M1M2a'1a2/ u(w — 1) — pypoas(ay — 1)/ u
Q Q

dt o

~ s, [ (=17 = G [ g2 1 gy - 1)
Q 2 Q 2 Q
a3 / 24 [11aix3 / us

2 o 2 o

In order to prove (3.22), we will show that there exists ¢ > 0 such that

2 / / 2 /~L1a/1X§ 2
— ppaz [ u® —2upgaiay [ w(w —1) = ppga; [ (w—1)7 - 5 z
Q Q Q Q

/2 /N2 /N2
_ H107 X3 / (’U _ 1)2 + H1a1X3 / (IU _ 1) (’U _ 1) + H107 X2 / uz
2 2 Jq 2 Jq

Q
<—5</Qu2+/ﬂ(v—1)2+/ﬂ(w—1)2+/Qz2>.

(3.29)

(3.30)
Then using the same argument as in the proof of Lemma 3.4, we put
_ _ maix3 _ , _ mdix3
a1y = fHip20a2, a2 = B y A33 1= [1H207, Q44 = 5
/2 /2
Hia1X H1ay X
a1z = 21 figalag, ayg = —"T22 ) ggy = 108

2 ' 2
and
Tyi=u, To:=v—1, xz3:=w-—1, x4:= 2.
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Since p1, p2, ay, az, x3 are positive constants, we obtain

a 2
ai; = papeaz >0, age = MTM:; > 0. (3.31)

Thanks to the second part of (1.9) we have

2 2
G22073 (11033

a11a220a33 — 4 4
12 132\ 2
(W i3aias — ptpdaiad) NS — FIEEEE (“1612“3) (3.32)
/1,2 ! .,2
=H1H202 (MI?XB’) </~L1M2a'1(1 — ajas) — %) > 0.

By the first part of (1.9), we infer that

2 2 2 2 2
A22044073 111044053 122033047 a714053
11022033044 — - -

1 4 4 16
2. 712.2.2 /.2
a a
i <u114><2><3> (muza’l(l Cdlag) 81><3)
3.33
L Matxexs (maxg o (3.33)
32 8 12t
4 13.,2.,2 2 12,02 ! \,2
piax3x aspoXd  aix3x3  pedlx
:71 14 2A3 {u%ag(l 70,/1@2) — 8 3 16421 3 — 81 2} > O

Then collecting (3.31)-(3.33) we have (3.30), which implies the end of the proof. OJ
According ideas come from [20, Lemmas 3.8, 3.9 and 3.10] or [38, Lemmas 3.7
and 3.8], we shall give the convergence rates for the case a1 > 1 > as.

Lemma 3.6. Under the assumptions of Theorem 1.3.
(i) Let a1 > 1 and ag € (0,1), then there exist C > 0 and X > 0 such that

[l Lo @) + o = oo @) + 1w = Ul zoe (@) + 2]l o) < Ce™ for allt > 0.
(i) Suppose that ay =1 and ag € (0, 1), then there exist C > 0 and k > 0 such that
[ullee (@) + v = 1o (o) + lw = 1L (0) + [2llLe @) < C(L+8)7"  forall t > 0.

Proof. (i) This part can be proved by a similar proof in Lemma 3.4.
(ii) Since a’ = 1, then the second part in (3.22) can be rewritten as
d

aEQ(t) < —eFy(t) forallt > 0. (3.34)

Similar to (3.14), integrating (3.34) and using Lemma 3.1 enable us to obtain
[ull Lo () + v = L[zo() + [lw = Llz=(@) + [[2lLe@) =0 ast—oo.  (3.35)

Hence, by the definition of Ex(t) in (3.21), using L’Hopital’s theorem and Hélder’s
inequality, we can find ¢; > 0 such that

E(t) <azpz|Q* </Qu2>é + o)t (/Q(w_ 1)2)5

i (3.36)
§2|Q|% max{agpa, 1} (/ u? + / (w— 1)2> for all ¢ > ;.
Q Q
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Combining (3.34) and (3.36), using the definition of F5(t) in Lemma 3.5, one can
find some C7 > 0 such that

d
%Eg(t) < —CieE3(t) forallt >ty

which implies there exists Co > 0 such that

C
Es(t) < t—|—721 for all ¢ > ¢;. (3.37)

By L’Hoépital’s theorem and (3.37), we can find Cy > 0 such that

By

/u+/w—1 < Cl for all t > 0.

(1.5) and the Gagliardo-Nirenberg inequality, we can find C5, x > 0 such that

C
]l Lo ) + lw = 1| poe(y < 2 for all ¢ > 0.

(t+ 1)~

Using the application of the elliptic maximum principle (see more details (3.21)-
(3.23) in [38]) implies

C
lv = 1|Lee () + 12l Loe (@) < ﬁ forallt >0

with some Cy > 0. Hence, the proof of Lemma 3.6 is completed. O
Proof of Theorem 1.2. The proof of Theorem 1.2 follows from Lemma 3.4.

Proof of Theorem 1.3. We only need to use Lemma 3.6 to obtain the proof of
Theorem 1.3.
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