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Abstract. This paper deals with the following competitive two-species and
two-stimuli chemotaxis system with chemical signalling loop

ut = ∆u− χ1∇ · (u∇v) + µ1u(1− u− a1w), x ∈ Ω, t > 0,

0 = ∆v − v + w, x ∈ Ω, t > 0,
wt = ∆w − χ2∇ · (w∇z)− χ3∇ · (w∇v) + µ2w(1− w − a2u), x ∈ Ω, t > 0,

0 = ∆z − z + u, x ∈ Ω, t > 0,

under homogeneous Neumann boundary conditions in a bounded domain Ω ⊂
Rn with n ≥ 1, where the parameters a1, a2, χ1, χ2, χ3, µ1, µ2 are positive

constants. We first showed some conditions between χ1
µ1

, χ2
µ2

, χ3
µ2

and other

ingredients to guarantee boundedness. Moreover, the large time behavior and

rates of convergence have also been investigated under some explicit conditions.

1. Introduction. In this paper, we consider the two-species chemotaxis-
competition system with two chemicals

ut = ∆u− χ1∇ · (u∇v) + µ1u(1− u− a1w), x ∈ Ω, t > 0,
0 = ∆v − v + w, x ∈ Ω, t > 0,
wt = ∆w − χ2∇ · (w∇z)− χ3∇ · (w∇v) + µ2w(1− w − a2u), x ∈ Ω, t > 0,
0 = ∆z − z + u, x ∈ Ω, t > 0,
∂u
∂ν = ∂v

∂ν = ∂w
∂ν = ∂z

∂ν = 0, x ∈ ∂Ω, t > 0,
(u,w)(x, 0) = (u0(x), w0(x)), x ∈ Ω,

(1.1)

where Ω ⊂ Rn (n ≥ 1) is a bounded domain with smooth boundary ∂Ω and ∂/∂ν
denotes the derivative with respect to the outer normal of ∂Ω; a1, a2, χ1, χ2, χ3, µ1

and µ2 are positive constants.
Chemotaxis describes oriented movement of cells along the concentration gradi-

ent of a chemical signal produced by the cells, which is important in a large variety
of fields within the life cycle of most multicellular organisms. Based on a well-known
chemotaxis model for the chemotactic movement of one specie [11], a generalization
of chemotaxis model for multi-species or multi-chemical-signal chemotaxis system
was proposed [9, 24, 42]. System (1.1) describes the communication between breast
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tumor cells and macrophages in close proximity via a short-ranged chemical signal-
ing loop according to the classical Lotka-Volterra dynamics [22], which was proposed
by Knútsdóttir et al. [12]. The key physical variables in (1.1) are assumed to be
the density of the macrophages (denoted by u) and the tumor cells (denoted by
w), the concentration of the colony-stimulating factor 1 (CSF-1, denoted by v) and
the epidermal growth factor (EGF, denoted by z). In their experiment, it was
shown that in a short-term chemical signalling loop, the process is promoted by
the macrophages. More precisely, the tumor cells w secrete CSF-1 v, which can
bind to CSF-1 receptors on the macrophages w. This activates the macrophages to
increasing concentrations of CSF-1 gradient and to secrete EGF z. Then the EGF
can bind to receptors on tumor cells, continuing the chain of activation of them in
return. Furthermore, activated tumor cells release more CSF-1 and partially direct
their movement toward both concentration gradients of the EGF and the CSF-1,
respectively.

From a mathematical point of view, the system (1.1) contains mainly two sub-
systems. When u = z ≡ 0 and a2 ≡ 0, (1.1) is reduced to the chemotaxis-only
system [11]:{

wt = ∆w − χ3∇ · (w∇v) + µ2w(1− w), x ∈ Ω, t > 0,
0 = ∆v − v + w, x ∈ Ω, t > 0,

(1.2)

which describe the aggregation of the paradigm species Dictyostelium discoideum.
Model (1.2) has been extensively studied during past four decades. Boundedness
of global solutions and unbounded solutions for (1.2) have been extensively inves-
tigated (see the surveys [2, 6, 8] and the references therein). When χ3 ≡ 0, (1.1)
becomes the two-species chemotaxis system with two chemicals:

ut = ∆u− χ1∇ · (u∇v) + µ1u(1− u− a1w), x ∈ Ω, t > 0,
0 = ∆v − v + w, x ∈ Ω, t > 0,
wt = ∆w − χ2∇ · (w∇z) + µ2w(1− w − a2u), x ∈ Ω, t > 0,
0 = ∆z − z + u, x ∈ Ω, t > 0,

(1.3)

which describes the spatio-temporal evolution of two populations which on the one
hand proliferate and mutually compete with Lotka-Volterra kinetics and on the
other hand the individuals shall move according to random diffusion and migrate
toward a chemical signal produced by the opposing species. Without kinetic terms,
that is, when µ1 = µ2 = 0, if χ1, χ2 ∈ {−1, 1}, global boundedness and finite time
blow-up was constructed by Tao and Winkler [32]. In particular, when n = 2,
global bounded solutions are proved if max{m1,m2} < C with some C > 0, where
m1 :=

∫
Ω
u0 and m2 :=

∫
Ω
w0; if min{m1,m2} > 4π, the solution may be blow up

in finite time. These results were improved in [45]. When µi > 0 (i = 1, 2), global
bounded solution and stabilization have been addressed by Tu et al. [36]. Recently,
this results were improved by Wang et al. [38]. There are some another results on
various the system (1.3) ([3, 5, 10, 18, 23, 26, 29, 27, 43, 47, 46]).

Compared with the chemotaxis-only system and the two-species chemotaxis sys-
tem with two chemicals, the coupled a competitive two-species and two-stimuli
chemotaxis system with chemical signalling loop the system (1.1) is much less un-
derstood. For the simplified version (1.1) in the unit disk Ω = BR(0) ⊂ R2 with
µi = 0 (i = 1, 2) and the second and fourth equation replaced by

0 = ∆v − m2

|Ω|
+ w and 0 = ∆z − m1

|Ω|
+ u,
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respectively, where m1 :=
∫

Ω
u0 and m2 :=

∫
Ω
w0, global boundedness and blow-up

of solutions were constructed in [16]. In particular, a critical mass phenomenon has
been found: solutions remain bounded if 2m1 + χ3

χ2
m2 <

8π
χ2

, whereas blow-up may

occur if 8π
χ1
m1 + 8π

χ2
m2 < 2m1m2 +

m2
2χ3

χ2
and

∫
Ω
u0|x|2 and

∫
Ω
w0|x|2 are sufficiently

small. Recently, (1.1) with µi = 0 (i = 1, 2) and Ω ⊂ R2 has been considered
in [17]: global boundedness was constructed when χ1χ2m1m2 < (π? − χ3m2)π?,
where π? = 8π when Ω = BR(0) is a disk, otherwise, π? = 4π; for the fully
parabolic system (1.1) with µi = 0 (i = 1, 2) and Ω ⊂ R2, global bounded solution

was considered when χ1χ2m1m2 <

√
1−4χ3C4

GNm2

4C8
GN

, where CGN > 0 is a constant.

Moreover, gradient estimates, blow-up in finite time and asymptotic behavior have
also been established. When n = 3 and µi > 0 (i = 1, 2) are sufficiently large, for
the fully parabolic system (1.1), global bounded solutions were proved by Pan et
al.[25]. Very recently, a symmetric model of (1.1) has been investigated [34, 35],
i.e., replacing the first equation in (1.1) by ut = ∆u−χ1∇ · (u∇v)−χ4∇ · (u∇z) +
µ1u(1− u− a1w).

In order to better understand (1.1), we should mention two biological species
which compete for the resources and migrate towards a higher concentration of a
chemical produced by themselves was proposed by Tello and Winkler [33] ut = ∆u− χ1∇ · (u∇w) + µ1u(1− u− a1v), x ∈ Ω, t > 0,

vt = ∆v − χ2∇ · (v∇w) + µ2v(1− a2u− v), x ∈ Ω, t > 0,
0 = ∆w − w + u+ v, x ∈ Ω, t > 0,

(1.4)

this model has been extensively studied. When a1, a2 ∈ (0, 1), global existence
and the large time behavior were established under some conditions by Tello and
Winkler [33], which was partially improved in [4], and by Stinner et al. [30] for the
case of a1 ≥ 1 > a2. For all a1, a2 > 0, global boundedness solutions were derived
by Mizukami [20], which covers the case that a1, a2 ≥ 1. Moreover, the convergence
rates has been also obtained in the case that a1, a2 ∈ (0, 1) and a1 ≥ 1 > a2.
For the fully parabolic version of model (1.4), which is obtained by replacing the
equation with wt = ∆w − w + u + v, global existence and boundedness has been
established for the space dimension does not exceed two by Bai and Winkler [1]
and the n-dimensional setting by [14, 15, 44]. Moreover, the convergence rates has
been established [1], this conditions were improved by Mizukami [19]. Recently, the
conditions for asymptotic behavior in the case of a1, a2 ∈ (0, 1) were once more
improved by Mizukami [21].

The focus of this paper is to establish the global existence, large time behavior,
and the rates of convergence of solution to (1.1). The first of our result asserts global
existence of a bounded solution based on the comparison methods in [38, 37, 4, 30].

Theorem 1.1. Suppose that Ω ⊂ Rn (n ≥ 1) is a bounded domain with smooth
boundary, and a1, a2, χ1, χ2, χ3, µ1, µ2 are positive constants. If one of the following
conditions holds:
(i) χ1

µ1
≤ a1 and χ3

µ2
< 1;

(ii) χ2

µ2
≤ a2 and χ3

µ2
< 1;

(iii) χ1

µ1
> a1, χ2

µ2
> a2 and χ3

µ2
< 1 as well as χ1χ2

µ1µ2
+ a1a2 − a1

χ2

µ2
− a2

χ1

µ1
+ χ3

µ2
< 1.

Then for the nonnegative initial data (u0, w0) ∈ C0(Ω) × C1(Ω), the model (1.1)
possesses a unique global classical solution (u, v, w, z) which is uniformly bounded in
Ω × (0,∞). Moreover, the solutions u, v, w, z are the Höder continuous functions,
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i.e., there exists some θ ∈ (0, 1) and M > 0 such that

‖u‖
C2+θ,1+ θ

2 (Ω×[t,t+1])
+ ‖v‖

C2+θ,1+ θ
2 (Ω×[t,t+1])

+ ‖w‖
C2+θ,1+ θ

2 (Ω×[t,t+1])

+ ‖z‖
C2+θ,1+ θ

2 (Ω×[t,t+1])
≤M for all t ≥ 1.

(1.5)

The large time behavior and convergence rates of solutions to (1.1) is mathemati-
cally and biologically interesting. We first give the result of competitive coexistence
case a1, a2 ∈ (0, 1).

Theorem 1.2. Let a1, a2 ∈ (0, 1) and Ω ⊂ Rn (n ≥ 1) be a bounded domain with
smooth boundary. Assume that the nonnegative initial data (u0, w0) ∈ C0(Ω) ×
C1(Ω) with u0 6≡ 0 6≡ w0 and (u, v, w, z) is a global bounded classical solution of
(1.1). Let χ1, χ2, χ3, µ1 and µ2 are positive constants and satisfy

µ1µ2a1(1− a1a2)− a2µ2χ
2
1u∗

16
− w∗µ1a1χ

2
3

8
> 0 (1.6)

and

µ1µ
2
2a1a2(1− a1a2)− a2

2µ
2
2χ

2
1u∗

16
− µ1µ2a1a2χ

2
3w∗

8
− µ1µ2a

2
1χ

2
2w∗

8

+
µ2a1a2χ

2
1χ

2
2u∗w∗

128
+
µ1a

2
1χ

2
2χ

2
3w∗

64
> 0,

(1.7)

then one can find C > 0 and µ > 0 such that

‖u− u∗‖L∞(Ω) + ‖v − v∗‖L∞(Ω) + ‖w − w∗‖L∞(Ω) + ‖z − z∗‖L∞(Ω) ≤ Ce−µt

for all t > 0, where

u∗ = z∗ =
1− a1

1− a1a2
, v∗ = w∗ =

1− a2

1− a1a2
. (1.8)

Remark 1. Since a1, a2 ∈ (0, 1), it is easy to check f(µ1, µ2) := µ1µ
2
2a1a2(1 −

a1a2)− a22µ
2
2χ

2
1u∗

16 − µ1µ2a1a2χ
2
3w∗

8 − µ1µ2a
2
1χ

2
2w∗

8 +
µ2a1a2χ

2
1χ

2
2u∗w∗

128 +
µ1a

2
1χ

2
2χ

2
3w∗

64 satisfies

lim
µ1→+∞,µ2→+∞

f(µ1, µ2)

µ1µ2
2

= a1a2(1− a1a2) > 0.

Hence, there exist some constants µ10, µ20 > 0 such that f(µ1, µ2) > 0 for all
[µ10,∞) × [µ20,∞). Thanks to a continuity argument implies (1.7) holds for all
[µ10,∞)× [µ20,∞).

The following result is on the competitive exclusion case a1 ≥ 1 > a2 > 0.

Theorem 1.3. Let a1 ≥ 1 > a2 > 0, χ1, χ2, χ3 > 0, µ1, µ2 > 0, and let Ω ⊂ Rn
(n ≥ 1) be a bounded domain with smooth boundary. Assume that the nonnegative
initial data (u0, w0) ∈ C0(Ω)×C1(Ω) with w0 6≡ 0 and (u, v, w, z) is a global bounded
solution of (1.1).

(i) If a1 > 1 and assume that for some a′1 ∈ (1, a1] such that a′1a2 < 1. Moreover,
let

µ2
2a2(1− a′1a2)− a2µ2χ

2
3

8
+
a′1χ

2
2χ

2
3

64
− µ2a

′
1χ

2
2

8
> 0 and µ2 >

χ2
3

8(1− a′1a2)
,

(1.9)

there exist C > 0 and λ > 0 such that

‖u‖L∞(Ω) + ‖v − 1‖L∞(Ω) + ‖w − 1‖L∞(Ω) + ‖z‖L∞(Ω) ≤ Ce−λt for all t > 0.



TWO-SPECIES AND TWO-STIMULI CHEMOTAXIS SYSTEM 4301

(ii) If a1 = 1 and (1.9) holds with a′1 = 1, there exist C > 0 and κ > 0 such that

‖u‖L∞(Ω) + ‖v − 1‖L∞(Ω) + ‖w − 1‖L∞(Ω) + ‖z‖L∞(Ω) ≤ C(1 + t)−κ for all t > 0.

This paper is organized as follows. In Section 2, we show local existence of a
solution to (1.1) and use comparison methods to prove global existence and bound-
edness of (1.1) (Theorems 1.1). Section 3 is devoted to the proof of asymptotic
stability to (1.1) (Theorems 1.2 and 1.3).

2. Boundedness by comparison methods. The local existence of solutions to
(1.1) which can be achieved similarly by using well-established methods in [30, 31,
41].

Lemma 2.1. Let Ω ⊂ Rn (n ≥ 1) be a bounded domain with smooth boundary,
a1, a2 > 0, χ1, χ2, χ3 > 0, µ1, µ2 > 0. Then for the nonnegative initial data
(u0, w0) ∈ C0(Ω)× C1(Ω), there exists Tmax ∈ (0,∞] such that (1.1) has a unique
local non-negative classical solution

u, v, w, z ∈ C(Ω× [0, Tmax)) ∩ C2,1(Ω× (0, Tmax)), (2.1)

and which is such that either Tmax =∞ or Tmax <∞ and

‖u(·, t)‖L∞(Ω) + ‖w(·, t)‖L∞(Ω) →∞ as t↗ Tmax.

Moreover, if the nonnegative initial data (u0, w0) ∈ C0(Ω) × C1(Ω) with u0 6≡ 0 6≡
w0, then the solution of (1.1) satisfies u > 0,v ≥ 0 w > 0 and z ≥ 0 in Ω×(0, Tmax).

According to comparison methods in [38, 37, 4, 30], we will prove boundedness of
solution to model (1.1). First we let the parabolic operator Li = Li(x, t) (i = 1, 2)
satisfy

L1u := ∆u− χ1∇u · ∇v, (x, t) ∈ Ω× (0, Tmax) (2.2)

and

L2w := ∆w − χ2∇w · ∇z − χ3∇w · ∇v, (x, t) ∈ Ω× (0, Tmax). (2.3)

Thus from the model (1.1) shows that

ut − L1u = u{−χ1∆v + µ1(1− u− a1w)}
= u{µ1 − µ1u− χ1v + (χ1 − a1µ1)w}

(2.4)

and

wt − L2w = w{−χ2∆z − χ3∆v + µ2(1− w − a2u)}
= w{µ2 − (µ2 − χ3)w + (χ2 − a2µ2)u− χ2z − χ3v}

(2.5)

for all (x, t) ∈ Ω× (0, Tmax).
We first consider the conditions χ1

µ1
≤ a1 and χ3

µ2
< 1.

Lemma 2.2. Let τ = 0 and the nonnegative initial data (u0, w0) ∈ C0(Ω)×C1(Ω).
Assume that χ1

µ1
≤ a1 and χ3

µ2
< 1. Then Tmax = ∞ and u, v, w, z are bounded in

Ω× (0,∞).

Proof. Since χ1

µ1
≤ a1 and u, v, w, z are nonnegative, in view of (2.4) and (2.5), we

have

p1u := ut − L1u− u{µ1 − µ1u} ≤ 0, (x, t) ∈ Ω× (0, Tmax) (2.6)
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and

p2w := wt − L2w − w{µ2 − (µ2 − χ3)w + (χ2 − a2µ2)u} ≤ 0, (x, t) ∈ Ω× (0, Tmax),

(2.7)

where L1u and L2w are given in (2.2) and (2.3), respectively. Next, in order to
prove Lemma 2.2, we have two cases to proceed as below:

Case 1. χ2− a2µ2 ≤ 0. We choose A > 0 and let ξ > 0 sufficiently large such that

ξ ≥ max

{‖u0‖L∞(Ω)

A
,

1

A
, ‖w0‖L∞(Ω),

µ2

µ2 − χ3

}
. (2.8)

Hence, we can define constant functions u and w as follows

u = u(x, t) := Aξ and w = w(x, t) := ξ, (x, t) ∈ Ω× [0, Tmax), (2.9)

which satisfy

u(x, 0) = Aξ ≥ u0(x) and w(x, 0) = ξ ≥ w0(x) for all x ∈ Ω. (2.10)

Due to the definition of p1 in (2.6), using (2.8) and (2.9), we have

p1u = −Aξ{µ1 − µ1Aξ} ≥ 0, (x, t) ∈ Ω× (0, Tmax). (2.11)

According to (2.6), (2.10) and (2.11), and from the comparison principle for classical
(sub-/super-) solutions [28, Proposition 52.6], we infer that

u(x, t) ≤ u(x, t) = Aξ for all (x, t) ∈ Ω× (0, Tmax). (2.12)

Using the definition of p2 in (2.7), we deduce from (2.8), χ3

µ2
< 1 and χ2− a2µ2 ≤ 0

that

p2w = −ξ{µ2 − (µ2 − χ3)ξ + (χ2 − a2µ2)u}
≥ −ξ{µ2 − (µ2 − χ3)ξ} ≥ 0, (x, t) ∈ Ω× (0, Tmax).

(2.13)

According to (2.7), (2.10) and (2.13), and from the comparison principle for classical
(sub-/super-) solutions [28, Proposition 52.6], we infer that

w(x, t) ≤ w(x, t) = ξ for all (x, t) ∈ Ω× (0, Tmax). (2.14)

Case 2. χ2 − a2µ2 > 0. Due to χ3

µ2
< 1 and χ2 − a2µ2 > 0, we can find A fulfilling

0 < A <
µ2 − χ3

χ2 − a2µ2
. (2.15)

Let ξ large enough such that

ξ ≥ max

{‖u0‖L∞(Ω)

A
,

1

A
, ‖w0‖L∞(Ω),

µ2

µ2 − χ3 − (χ2 − a2µ2)A

}
. (2.16)

We again let u = u(x, t) := Aξ and w = w(x, t) := ξ for all (x, t) ∈ Ω × [0, Tmax),
as in (2.9), we deduce from (2.16)

u(x, 0) = Aξ ≥ u0(x) and w(x, 0) = ξ ≥ w0(x) for all x ∈ Ω. (2.17)

Similar to (2.11) and (2.12), we infer

u(x, t) ≤ u(x, t) = Aξ for all (x, t) ∈ Ω× (0, Tmax). (2.18)
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Hence, using χ2 − a2µ2 > 0, (2.7), (2.16) and (2.18) yields

p2w = −ξ{µ2 − (µ2 − χ3)ξ + (χ2 − a2µ2)u}
≥ −ξ{µ2 − (µ2 − χ3)ξ + (χ2 − a2µ2)Aξ}
= −ξ{µ2 − [µ2 − χ3 − (χ2 − a2µ2)A]ξ} > 0, (x, t) ∈ Ω× (0, Tmax),

(2.19)

thus by (2.7) and (2.17) we have

w(x, t) ≤ w(x, t) = ξ for all (x, t) ∈ Ω× (0, Tmax). (2.20)

Using (2.12), (2.14), (2.18) and (2.20) along with extensibility criterion in Lemma
2.1, this entails that Tmax =∞ and u, v, w, z are globally bounded. �

Next, we consider the conditions χ2

µ2
≤ a2 and χ3

µ2
< 1.

Lemma 2.3. Let τ = 0 and the nonnegative initial data (u0, w0) ∈ C0(Ω)×C1(Ω).
Assume that χ2

µ2
≤ a2 and χ3

µ2
< 1. Then Tmax = ∞ and u, v, w, z are bounded in

Ω× (0,∞).

Proof. Since χ2

µ2
≤ a2, χ3

µ2
< 1 and u, v, w, z are nonnegative, in view of (2.4) and

(2.5), we have

p3u := ut − L1u− u{µ1 − µ1u+ (χ1 − a1µ1)w} ≤ 0, (x, t) ∈ Ω× (0, Tmax)

(2.21)

and

p4w := wt − L2w − w{µ2 − (µ2 − χ3)w} ≤ 0, (x, t) ∈ Ω× (0, Tmax), (2.22)

where L1u and L2w are given in (2.2) and (2.3), respectively. In the case of χ1 −
a1µ1 ≤ 0 and χ3

µ2
< 1, Lemma 2.2 showed (1.1) has global bounded solution. Hence,

here we need only consider the case χ1 − a1µ1 > 0. We can find A > 0 and ξ > 0
fulfilling

A >
χ1 − a1µ1 + µ1

ξ

µ1

(2.23)

and

ξ ≥ max

{‖u0‖L∞(Ω)

A
, ‖w0‖L∞(Ω),

µ2

µ2 − χ3

}
. (2.24)

We again let u = u(x, t) := Aξ and w = w(x, t) := ξ for all (x, t) ∈ Ω × [0, Tmax),
as in (2.9), we deduce

u(x, 0) = Aξ ≥ u0(x) and w(x, 0) = ξ ≥ w0(x) for all x ∈ Ω. (2.25)

Using (2.22) and (2.24) we conclude

p4w = −ξ{µ2 − (µ2 − χ3)ξ} > 0, (x, t) ∈ Ω× (0, Tmax), (2.26)

so according to (2.22) and (2.25) imply

w(x, t) ≤ w(x, t) = ξ for all (x, t) ∈ Ω× (0, Tmax). (2.27)

Hence, using χ1 − a1µ1 > 0, (2.21), (2.23) and (2.27) yields

p3u = −Aξ{µ1 − µ1Aξ + (χ1 − a1µ1)w}
≥ −Aξ{µ1 − µ1Aξ + (χ1 − a1µ1)ξ} ≥ 0, (x, t) ∈ Ω× (0, Tmax).

(2.28)
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From (2.21), (2.25) and (2.28) and the comparison principle, we infer

u(x, t) ≤ u(x, t) = Aξ for all (x, t) ∈ Ω× (0, Tmax). (2.29)

Then using (2.27) and (2.29) along with extensibility criterion in Lemma 2.1, this
entails that Tmax =∞ and u, v, w, z are globally bounded.

Finally, we consider the conditions χ1

µ1
> a1, χ2

µ2
> a2 and χ3

µ2
< 1.

Lemma 2.4. Let τ = 0 and the nonnegative initial data (u0, w0) ∈ C0(Ω)×C1(Ω).

Assume that χ1

µ1
> a1, χ2

µ2
> a2 and χ3

µ2
< 1 as well as

(
χ1

µ1
− a1

)(
χ2

µ2
− a2

)
+ χ3

µ2
< 1.

Then Tmax =∞ and u, v, w, z are bounded in Ω× (0,∞).

Proof. The conditions χ1

µ1
> a1, χ2

µ2
> a2, χ3

µ2
< 1 and

(
χ1

µ1
− a1

)(
χ2

µ2
− a2

)
+ χ3

µ2
< 1

imply that

χ1 − a1µ1

µ1
<

µ2 − χ3

χ2 − a2µ2
. (2.30)

Hence, we can choose ξ > 0 large enough such that

ξ ≥ max

{
µ1

χ1 − a1µ1
‖u0‖L∞(Ω), ‖w0‖L∞(Ω)

}
(2.31)

and

χ1 − a1µ1 + µ1

ξ

µ1
<
µ2 − χ3 − µ2

ξ

χ2 − a2µ2
,

which enables us to choose A > 0 satisfying

χ1 − a1µ1 + µ1

ξ

µ1
< A <

µ2 − χ3 − µ2

ξ

χ2 − a2µ2
. (2.32)

Hence, (2.32) implies{
−Aξ{µ1 − µ1Aξ + (χ1 − a1µ1)ξ} > 0,
−ξ{µ2 − (µ2 − χ3)ξ + (χ2 − a2µ2)Aξ} > 0.

(2.33)

We again let u = u(x, t) := Aξ and w = w(x, t) := ξ for all (x, t) ∈ Ω × [0, Tmax),
as in (2.9), we deduce

u(x, 0) = Aξ >
χ1 − a1µ1

µ1
ξ ≥ u0(x) and w(x, 0) = ξ ≥ w0(x) for all x ∈ Ω.

(2.34)

Due to u, v, w, z are nonnegative, from (2.4) and (2.5), and in view of (2.33), (2.34)
imply that

ut − L1u− u{µ1 − µ1u+ (χ1 − a1µ1)w} ≤ ut − L1u
−u{µ1 − µ1u+ (χ1 − a1µ1)w},
wt − L2w − w{µ2 − (µ2 − χ3)w + (χ2 − a2µ2)u} ≤ wt − L2w
−w{µ2 − (µ2 − χ3)w + (χ2 − a2µ2)u}

in Ω × (0, Tmax), by the comparison principle for this cooperative systems [28,
Proposition 52.22], it follows that

u(x, t) ≤ u(x, t) = Aξ and w(x, t) ≤ w(x, t) = ξ for all (x, t) ∈ Ω× (0, Tmax).
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Therefore, using the extensibility criterion in Lemma 2.1, we have Tmax = ∞ and
u, v, w, z are globally bounded.

Proof of Theorem 1.1. We only need to use Lemmas 2.2-2.4 to obtain the global
bounded solutions of (1.1). Finally, the Hölder continuity of the solution (u, v, w, z)
comes from standard parabolic regularity theory [13].

3. Stabilization. In this section, we will derive the asymptotic behavior of the
solutions to the model (1.1), the ideas mainly come from [1, 21, 38, 39]. To achieve
our goals, we first recall the following lemma which is important for the proof of
Theorems 1.2 and 1.3 (see [7, Lemma 4.6] or [20, Lemma 3.1]).

Lemma 3.1. Suppose that ϕ(x, t) ∈ C0(Ω× [0,∞)) and there exist constant C > 0
and σ > 0 such that

‖ϕ(x, t)‖
Cσ,

σ
2 (Ω×[t,t+1])

≤ C for all t ≥ 1.

Moreover, assume that there exists some constant M > 0 such that∫ ∞
0

∫
Ω

(ϕ(x, t)−M)
2
dxdt <∞.

Then

ϕ(·, t)→M in C0(Ω) as t→∞.

This following lemma is a straightforward result from [40, Lemma 5.1].

Lemma 3.2. Let a11, a22, a33, a44, a13, a14, a23 ∈ R and satisfy

a11 > 0, a22 > 0, a11a22a33 −
a22a

2
13

4
− a11a

2
23

4
> 0

and

a11a22a33a44 −
a22a44a

2
13

4
− a11a44a

2
23

4
− a22a33a

2
14

4
+
a2

14a
2
23

16
> 0.

Then there exists ε > 0 such that

a11x
2
1 + a22x

2
2 + a33x

2
3 + a44x

2
4 + a13x1x3 + a14x1x4 + a23x2x3

≥ ε(x2
1 + x2

2 + x2
3 + x2

4)

for all x1, x2, x3, x4 ∈ R.

In order to prove stabilization of solutions to (1.1), we will divide the proof into
two cases.

3.1. Competitive coexistence: a1, a2 ∈ (0, 1).
In this subsection, we will study the asymptotic behavior of the solution of (1.1)

with a1, a2 ∈ (0, 1) based on the following energy functional

E1(t) := a2µ2

∫
Ω

(
u− u∗ − u∗ ln

u

u∗

)
+ a1µ1

∫
Ω

(
w − w∗ − w∗ ln

w

w∗

)
, (3.1)

where (u∗, v∗, w∗, z∗) is the constant steady state defined by (1.8).

Lemma 3.3. Under the assumptions of Theorem 1.2, then there exists ε > 0 such
that

E1(t) ≥ 0 and
d

dt
E1(t) ≤ −εF1(t) for all t > 0, (3.2)
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where the function E1(t) defined by (3.1) and F1(t) satisfies

F1(t) :=

∫
Ω

(u− u∗)2 +

∫
Ω

(v − v∗)2 +

∫
Ω

(w − w∗)2 +

∫
Ω

(z − z∗)2. (3.3)

Proof. From Taylor’s formula we see that E1(t) ≥ 0 for t > 0 (for more details, see
[1, Lemma 3.2]). From straightforward calculations we infer that

d

dt
E1(t) =− u∗µ2a2

∫
Ω

|∇u|2

u2
+ u∗µ2a2χ1

∫
Ω

∇u · ∇v
u

− w∗µ1a1

∫
Ω

|∇w|2

w2

+ w∗µ1a1χ2

∫
Ω

∇w · ∇z
w

+ w∗µ1a1χ3

∫
Ω

∇w · ∇v
w

+ µ1µ2a1

∫
Ω

(w − w∗)(1− w − a2u) + µ1µ2a2

∫
Ω

(u− u∗)(1− u− a1w)

=− µ1µ2a2

∫
Ω

(u− u∗)2 − µ1µ2a1

∫
Ω

(w − w∗)2 − u∗µ2a2

∫
Ω

|∇u|2

u2

− 2µ1µ2a1a2

∫
Ω

(u− u∗)(w − w∗) + u∗µ2a2χ1

∫
Ω

∇u · ∇v
u

− w∗µ1a1

∫
Ω

|∇w|2

w2
+ w∗µ1a1χ2

∫
Ω

∇w · ∇z
w

+ w∗µ1a1χ3

∫
Ω

∇w · ∇v
w

.

(3.4)

In order to obtain (3.2), we first deal with the last five parts on the right of (3.4),
by a simple computation we conclude

− u∗µ2a2

∫
Ω

|∇u|2

u2
+ u∗µ2a2χ1

∫
Ω

∇u · ∇v
u

=− u∗µ2a2

∫
Ω

(
∇u
u
− χ1

2
∇v
)2

+
u∗µ2a2χ

2
1

4

∫
Ω

|∇v|2

≤u∗µ2a2χ
2
1

4

∫
Ω

|∇v|2

(3.5)

and

− w∗µ1a1

∫
Ω

|∇w|2

w2
+ w∗µ1a1χ2

∫
Ω

∇w · ∇z
w

+ w∗µ1a1χ3

∫
Ω

∇w · ∇v
w

=− w∗µ1a1

∫
Ω

(
∇w
w
− χ2

2
∇z − χ3

2
∇v
)2

+
w∗µ1a1χ

2
2

4

∫
Ω

|∇z|2

+
w∗µ1a1χ

2
3

4

∫
Ω

|∇v|2 +
w∗µ1a1χ2χ3

2

∫
Ω

∇v · ∇z

≤w∗µ1a1χ
2
2

4

∫
Ω

|∇z|2 +
w∗µ1a1χ

2
3

4

∫
Ω

|∇v|2 +
w∗µ1a1χ2χ3

2

∫
Ω

∇v · ∇z

≤w∗µ1a1χ
2
2

2

∫
Ω

|∇z|2 +
w∗µ1a1χ

2
3

2

∫
Ω

|∇v|2.

(3.6)

Since v∗ = w∗, by the second equation in (1.1) we have∫
Ω

|∇v|2 = −
∫

Ω

(v − v∗)2
+

∫
Ω

(w − w∗) (v − v∗) . (3.7)
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Similar to the fourth equation in (1.1) yields∫
Ω

|∇z|2 = −
∫

Ω

(z − z∗)2
+

∫
Ω

(u− u∗) (z − z∗) . (3.8)

Inserting (3.5)-(3.8) into (3.4) we conclude

d

dt
E1(t) ≤− a2µ1µ2

∫
Ω

(u− u∗)2 − a1µ1µ2

∫
Ω

(w − w∗)2

−
(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

)∫
Ω

(v − v∗)2 − a1µ1χ
2
2w∗

2

∫
Ω

(z − z∗)2

+
a1µ1χ

2
2w∗

2

∫
Ω

(u− u∗) (z − z∗)− 2a1a2µ1µ2

∫
Ω

(u− u∗) (w − w∗)

+

(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

)∫
Ω

(w − w∗) (v − v∗) .

(3.9)

To see (3.2), we will show that there exists ε > 0 such that

− a2µ1µ2

∫
Ω

(u− u∗)2 − a1µ1µ2

∫
Ω

(w − w∗)2 − 2a1a2µ1µ2

∫
Ω

(u− u∗) (w − w∗)

−
(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

)∫
Ω

(v − v∗)2 − a1µ1χ
2
2w∗

2

∫
Ω

(z − z∗)2

+
a1µ1χ

2
2w∗

2

∫
Ω

(u− u∗) (z − z∗) +

(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

)∫
Ω

(w − w∗) (v − v∗)

≤ −ε
(∫

Ω

(u− u∗)2 +

∫
Ω

(v − v∗)2 +

∫
Ω

(w − w∗)2 +

∫
Ω

(z − z∗)2

)
.

(3.10)

To confirm that the assumptions of Lemma 3.2 are satisfied, let

a11 := µ1µ2a2, a22 :=
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2
, a33 := µ1µ2a1, a44 :=

a1µ1χ
2
2w∗

2
,

a13 := 2µ1µ2a1a2, a14 := −a1µ1χ
2
2w∗

2
, a23 := −a2µ2χ

2
1u∗

4
− w∗µ1a1χ

2
3

2
and

x1 := u− u∗, x2 := v − v∗, x3 := w − w∗, x4 := z − z∗.
Since µ1, µ2, a2, χ1 and u∗ are positive constants, we obtain

a11 = µ1µ2a2 > 0, a22 =
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2
> 0. (3.11)

Thanks to (1.6) we have

a11a22a33 −
a22a

2
13

4
− a11a

2
23

4
= (µ2

1µ
2
2a1a2 − µ2

1µ
2
2a

2
1a

2
2)(

a2µ2χ
2
1u∗

4
+
w∗µ1a1χ

2
3

2
)

− µ1µ2a2

4

(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

)2

= µ1µ2a2(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2
)(µ1µ2a1(1− a1a2)− a2µ2χ

2
1u∗

16
− w∗µ1a1χ

2
3

8
)

> 0.

(3.12)
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Using (1.7), we obtain

a11a22a33a44 −
a22a44a

2
13

4
− a11a44a

2
23

4
− a22a33a

2
14

4
+
a2

14a
2
23

16

=
µ2

1µ2a1a2χ
2
2w∗

2

(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

)(
µ1µ2a1(1− a1a2)

− a2µ2χ
2
1u∗

16
− w∗µ1a1χ

2
3

8

)
+
µ2

1a
2
1χ

4
2w

2
∗

16

(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

)(
a2µ2χ

2
1u∗

16
+
w∗µ1a1χ

2
3

8
− µ1µ2a1

)
=
µ2

1a1χ
2
2w∗

2

(
a2µ2χ

2
1u∗

4
+
w∗µ1a1χ

2
3

2

){
µ1µ

2
2a1a2(1− a1a2)− a2

2µ
2
2χ

2
1u∗

16

− µ1µ2a1a2χ
2
3w∗

8
+
µ2a1a2χ

2
1χ

2
2u∗w∗

128
+
µ1a

2
1χ

2
2χ

2
3w∗

64
− µ1µ2a

2
1χ

2
2w∗

8

}
> 0.

(3.13)

Hence, combining (3.11)-(3.13) and Lemma 3.2 we have (3.10), which concludes the
proof of Lemma 3.3.

Next, we will establish convergence rates for the solution to the model (1.1).

Lemma 3.4. Under the assumptions of Theorem 1.2, then there exist C, µ > 0
such that

‖u− u∗‖L∞(Ω) + ‖v − v∗‖L∞(Ω) + ‖w − w∗‖L∞(Ω) + ‖z − z∗‖L∞(Ω) ≤ Ce−µt

for all t > 0.

Proof. The proof is similar to the corresponding proofs of [20, Lemmas 3.5 and 3.6]
or [38, Lemmas 3.4 and 3.5], for the convenience of the readers, we give a sketch
the proof. We divide the proof into two steps.

Step 1. We derive the large time behavior of solution to (1.1).
Integrating the second part of (3.2) and using (3.3) to see that
∞∫
1

∫
Ω

(u− u∗)2 +

∞∫
1

∫
Ω

(v − v∗)2 +

∞∫
1

∫
Ω

(w − w∗)2 +

∞∫
1

∫
Ω

(z − z∗)2 ≤ E1(1)

ε
.

According to Lemma 3.1 and (1.5), we obtain

‖u− u∗‖L∞(Ω) + ‖v − v∗‖L∞(Ω) + ‖w − w∗‖L∞(Ω) + ‖z − z∗‖L∞(Ω) → 0 as t→∞.
(3.14)

Step 2. We derive the convergence rates of solution to (1.1).
Let H(s) := s− u∗ ln s for s > 0, by L’Hôpital’s theorem to see that

lim
s→u∗

H(s)−H(u∗)

(s− u∗)2
= lim
s→u∗

H ′(s)

2(s− u∗)
=

1

2u∗
. (3.15)

Hence, using (3.14) and (3.15) and the definitions E1(t) in (3.1), there exists t1 > 0
such that

min

{
a2µ2

4u∗
,
a1µ1

4w∗

}(∫
Ω

(u− u∗)2 +

∫
Ω

(w − w∗)2

)
≤ E1(t)

≤max

{
a2µ2

u∗
,
a1µ1

w∗

}(∫
Ω

(u− u∗)2 +

∫
Ω

(w − w∗)2

) (3.16)
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for all t > t1. Using (3.16) and (3.2) and the definitions F1(t) in (3.3), one can find
some c1 > 0 such that

d

dt
E1(t) ≤ −c1εE1(t) for all t > t1,

which implies

‖u− u∗‖L2(Ω) + ‖w − w∗‖L2(Ω) ≤ c2e−c1εt for all t > 0 (3.17)

with some c2 > 0. Then by the Gagliardo-Nirenberg inequality with some CGN > 0

‖ϕ‖L∞(Ω) ≤ CGN‖ϕ‖
n
n+2

W 1,∞(Ω)‖ϕ‖
2

n+2

L2(Ω) for all ϕ ∈W 1,∞(Ω), (3.18)

we can find some c3, µ > 0 such that

‖u− u∗‖L∞(Ω) + ‖w − w∗‖L∞(Ω) ≤ c3e−µt for all t > 0. (3.19)

Then by the application of the elliptic maximum principle (see more details (3.21)-
(3.23) in [38]) enables us to obtain

‖v − v∗‖L∞(Ω) + ‖z − z∗‖L∞(Ω) ≤ c4e−µt for all t > 0 (3.20)

with some c4 > 0. Hence, combining (3.19) and (3.20) we can complete the proof
of this lemma. �

3.2. Competitive exclusion: a1 ≥ 1 > a2.
When a1 ≥ 1 > a2, we will prove the competitive exclusion will occur based on

the following energy functional

E2(t) := a2µ2

∫
Ω

u+ a′1µ1

∫
Ω

(w − 1− lnw), (3.21)

where a′1 ∈ [1, a1] satisfies a′1a2 < 1.

Lemma 3.5. Under the assumptions of Theorem 1.3, then there exists ε > 0 such
that

E2(t) ≥ 0 and
d

dt
E2(t) ≤ −εF2(t)− µ1µ2a2(a′1 − 1)

∫
Ω

u for all t > 0, (3.22)

where E2(t) is defined by (3.21) and

F2(t) :=

∫
Ω

u2 +

∫
Ω

(w − 1)2 +

∫
Ω

z2.

Proof. Using Taylor’s formula to see that
∫

Ω
(w−1− lnw) ≥ 0 for all t > 0 (for more

details, see [1, Lemma 3.2]), then using u is nonnegative, which implies E2(t) ≥ 0
for all t > 0. By the straightforward calculations we infer

d

dt

∫
Ω

u =µ1

∫
Ω

u(1− u− a1w)

=− µ1

∫
Ω

u2 − µ1a
′
1

∫
Ω

u(w − 1)− µ1(a′1 − 1)

∫
Ω

u− µ1(a1 − a′1)

∫
Ω

uw.

(3.23)

Using the third equation in (1.1), we obtain

d

dt

∫
Ω

(w − 1− lnw) =−
∫

Ω

|∇w|2

w2
+ χ2

∫
Ω

∇w · ∇z
w

+ χ3

∫
Ω

∇w · ∇v
w

− µ2

∫
Ω

(w − 1)2 − a2µ2

∫
Ω

u(w − 1).

(3.24)
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Combining (3.23) and (3.24), we have

d

dt
E2(t) ≤ −µ1µ2a2

∫
Ω

u2 − 2µ1µ2a
′
1a2

∫
Ω

u(w − 1)− µ1µ2a2(a′1 − 1)

∫
Ω

u

− µ1µ2a
′
1

∫
Ω

(w − 1)2 − µ1a
′
1

∫
Ω

|∇w|2

w2
+ µ1a

′
1χ2

∫
Ω

∇w · ∇z
w

+ µ1a
′
1χ3

∫
Ω

∇w · ∇v
w

.

(3.25)

Using Young’s inequality we infer that

µ1a
′
1χ2

∫
Ω

∇w · ∇z
w

+ µ1a
′
1χ3

∫
Ω

∇w · ∇v
w

≤µ1a
′
1

∫
Ω

|∇w|2

w2
+
µ1a
′
1χ

2
3

2

∫
Ω

|∇v|2

+
µ1a
′
1χ

2
2

2

∫
Ω

|∇z|2.

(3.26)

Multiplying the second equation in (1.1) with
µ1a
′
1χ

2
3

2 (v − 1), we have

µ1a
′
1χ

2
3

2

∫
Ω

|∇v|2 = −µ1a
′
1χ

2
3

2

∫
Ω

(v − 1)
2

+
µ1a
′
1χ

2
3

2

∫
Ω

(w − 1) (v − 1) . (3.27)

Testing the fourth equation in (1.1) with
µ1a
′
1χ

2
2

2 z, we see that

µ1a
′
1χ

2
2

2

∫
Ω

|∇z|2 = −µ1a
′
1χ

2
2

2

∫
Ω

z2 +
µ1a
′
1χ

2
2

2

∫
Ω

uz. (3.28)

Substituting (3.26)-(3.28) into (3.25), we have

d

dt
E2(t) ≤− µ1µ2a2

∫
Ω

u2 − 2µ1µ2a
′
1a2

∫
Ω

u(w − 1)− µ1µ2a2(a′1 − 1)

∫
Ω

u

− µ1µ2a
′
1

∫
Ω

(w − 1)2 − µ1a
′
1χ

2
3

2

∫
Ω

(v − 1)2 +
µ1a
′
1χ

2
3

2

∫
Ω

(w − 1)(v − 1)

− µ1a
′
1χ

2
2

2

∫
Ω

z2 +
µ1a
′
1χ

2
2

2

∫
Ω

uz.

(3.29)

In order to prove (3.22), we will show that there exists ε > 0 such that

− µ1µ2a2

∫
Ω

u2 − 2µ1µ2a
′
1a2

∫
Ω

u(w − 1)− µ1µ2a
′
1

∫
Ω

(w − 1)2 − µ1a
′
1χ

2
2

2

∫
Ω

z2

− µ1a
′
1χ

2
3

2

∫
Ω

(v − 1)
2

+
µ1a
′
1χ

2
3

2

∫
Ω

(w − 1) (v − 1) +
µ1a
′
1χ

2
2

2

∫
Ω

uz

≤ −ε
(∫

Ω

u2 +

∫
Ω

(v − 1)2 +

∫
Ω

(w − 1)2 +

∫
Ω

z2

)
.

(3.30)

Then using the same argument as in the proof of Lemma 3.4, we put

a11 := µ1µ2a2, a22 :=
µ1a
′
1χ

2
3

2
, a33 := µ1µ2a

′
1, a44 :=

µ1a
′
1χ

2
2

2
,

a13 := 2µ1µ2a
′
1a2, a14 := −µ1a

′
1χ

2
2

2
, a23 := −µ1a

′
1χ

2
3

2
and

x1 := u, x2 := v − 1, x3 := w − 1, x4 := z.
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Since µ1, µ2, a
′
1, a2, χ3 are positive constants, we obtain

a11 = µ1µ2a2 > 0, a22 =
µ1a
′
1χ

2
3

2
> 0. (3.31)

Thanks to the second part of (1.9) we have

a11a22a33 −
a22a

2
13

4
− a11a

2
23

4

=(µ2
1µ

2
2a
′
1a2 − µ2

1µ
2
2a
′2
1 a

2
2)
µ1a
′
1χ

2
3

2
− µ1µ2a2

4

(
µ1a
′
1χ

2
3

2

)2

=µ1µ2a2

(
µ1a
′
1χ

2
3

2

)(
µ1µ2a

′
1(1− a′1a2)− µ1a

′
1χ

2
3

8

)
> 0.

(3.32)

By the first part of (1.9), we infer that

a11a22a33a44 −
a22a44a

2
13

4
− a11a44a

2
23

4
− a22a33a

2
14

4
+
a2

14a
2
23

16

=µ1µ2a2

(
µ2

1a
′2
1 χ

2
2χ

2
3

4

)(
µ1µ2a

′
1(1− a′1a2)− µ1a

′
1χ

2
3

8

)
+
µ3

1a
′3
1 χ

4
2χ

2
3

32

(
µ1a
′
1χ

2
3

8
− µ1µ2a

′
1

)
=
µ4

1a
′3
1 χ

2
2χ

2
3

4

{
µ2

2a2(1− a′1a2)− a2µ2χ
2
3

8
+
a′1χ

2
2χ

2
3

64
− µ2a

′
1χ

2
2

8

}
> 0.

(3.33)

Then collecting (3.31)-(3.33) we have (3.30), which implies the end of the proof. �
According ideas come from [20, Lemmas 3.8, 3.9 and 3.10] or [38, Lemmas 3.7

and 3.8], we shall give the convergence rates for the case a1 ≥ 1 > a2.

Lemma 3.6. Under the assumptions of Theorem 1.3.
(i) Let a1 > 1 and a2 ∈ (0, 1), then there exist C > 0 and λ > 0 such that

‖u‖L∞(Ω) + ‖v − 1‖L∞(Ω) + ‖w − 1‖L∞(Ω) + ‖z‖L∞(Ω) ≤ Ce−λt for all t > 0.

(ii) Suppose that a1 = 1 and a2 ∈ (0, 1), then there exist C > 0 and κ > 0 such that

‖u‖L∞(Ω) + ‖v − 1‖L∞(Ω) + ‖w − 1‖L∞(Ω) + ‖z‖L∞(Ω) ≤ C(1 + t)−κ for all t > 0.

Proof. (i) This part can be proved by a similar proof in Lemma 3.4.
(ii) Since a′ = 1, then the second part in (3.22) can be rewritten as

d

dt
E2(t) ≤ −εF2(t) for all t > 0. (3.34)

Similar to (3.14), integrating (3.34) and using Lemma 3.1 enable us to obtain

‖u‖L∞(Ω) + ‖v − 1‖L∞(Ω) + ‖w − 1‖L∞(Ω) + ‖z‖L∞(Ω) → 0 as t→∞. (3.35)

Hence, by the definition of E2(t) in (3.21), using L’Hôpital’s theorem and Hölder’s
inequality, we can find t1 > 0 such that

E2(t) ≤a2µ2|Ω|
1
2

(∫
Ω

u2

) 1
2

+ µ1|Ω|
1
2

(∫
Ω

(w − 1)2

) 1
2

≤2|Ω| 12 max{a2µ2, µ1}
(∫

Ω

u2 +

∫
Ω

(w − 1)2

) 1
2

for all t > t1.

(3.36)
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Combining (3.34) and (3.36), using the definition of F2(t) in Lemma 3.5, one can
find some C1 > 0 such that

d

dt
E2(t) ≤ −C1εE

2
2(t) for all t > t1,

which implies there exists C2 > 0 such that

E2(t) ≤ C2

t+ 1
for all t > t1. (3.37)

By L’Hôpital’s theorem and (3.37), we can find C2 > 0 such that∫
Ω

u+

∫
Ω

(w − 1)2 ≤ C2

t+ 1
for all t > 0.

By (1.5) and the Gagliardo-Nirenberg inequality, we can find C3, κ > 0 such that

‖u‖L∞(Ω) + ‖w − 1‖L∞(Ω) ≤
C3

(t+ 1)κ
for all t > 0.

Using the application of the elliptic maximum principle (see more details (3.21)-
(3.23) in [38]) implies

‖v − 1‖L∞(Ω) + ‖z‖L∞(Ω) ≤
C4

(t+ 1)κ
for all t > 0

with some C4 > 0. Hence, the proof of Lemma 3.6 is completed.

Proof of Theorem 1.2. The proof of Theorem 1.2 follows from Lemma 3.4.

Proof of Theorem 1.3. We only need to use Lemma 3.6 to obtain the proof of
Theorem 1.3.
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[29] G. Ren and B. Liu, Global boundedness and asymptotic behavior in a two-species chemotaxis-

competition system with two signals, Nonlinear Anal. Real World Appl., 48 (2019), 288–325.
[30] C. Stinner, J. I. Tello and M. Winkler, Competitive exclusion in a two-species chemotaxis

model, J. Math. Biol., 68 (2014), 1607–1626.
[31] Y. Tao and Z. Wang, Competing effects of attraction vs. repulsion in chemotaxis, Math.

Models Methods Appl. Sci., 23 (2013), 1–36.

[32] Y. Tao and M. Winkler, Boundedness vs. blow-up in a two-species chemotaxis system with

two chemicals, Discrete Contin. Dyn. Syst.-Ser. B , 20 (2015), 3165–3183.
[33] J. I. Tello and M. Winkler, Stabilization in a two-species chemotaxis system with a logistic

source, Nonlinearity, 25 (2012), 1413–1425.
[34] X. Tu, C. Mu and S. Qiu, Boundedness and convergence of constant equilibria in a two-species

chemotaxis-competition system with loop, Nonlinear Anal., 198 (2020), 111923.

[35] X. Tu, C. Mu and S. Qiu, Global asymptotic stability in a parabolic-elliptic chemotaxis system
with competitive kinetics and loop, Appl. Anal., 2020.

[36] X. Tu, C. Mu, P. Zheng and K. Lin, Global dynamics in a two-species chemotaxis-competition

system with two signals, Discrete Contin. Dyn. Syst., 38 (2018), 3617–3636.
[37] L. Wang, Improvement of conditions for boundedness in a two-species chemotaxis competition

system of parabolic-parabolic-elliptic type, J. Math. Anal. Appl., 484 (2020), 123705.

http://www.ams.org/mathscinet-getitem?mr=MR3925816&return=pdf
http://dx.doi.org/10.1016/0022-5193(70)90092-5
http://www.ams.org/mathscinet-getitem?mr=MR3232531&return=pdf
http://dx.doi.org/10.1016/j.jtbi.2014.04.031
http://dx.doi.org/10.1016/j.jtbi.2014.04.031
http://www.ams.org/mathscinet-getitem?mr=MR0241822&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3664701&return=pdf
http://dx.doi.org/10.3934/dcdsb.2017094
http://dx.doi.org/10.3934/dcdsb.2017094
http://www.ams.org/mathscinet-getitem?mr=MR3449654&return=pdf
http://dx.doi.org/10.1002/mma.3429
http://www.ams.org/mathscinet-getitem?mr=MR3927106&return=pdf
http://dx.doi.org/10.1007/s00332-018-9494-6
http://dx.doi.org/10.1007/s00332-018-9494-6
http://www.ams.org/mathscinet-getitem?mr=MR4111817&return=pdf
http://dx.doi.org/10.1007/s00526-020-01777-7
http://dx.doi.org/10.1007/s00526-020-01777-7
http://www.ams.org/mathscinet-getitem?mr=MR4304814&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2021.125609
http://dx.doi.org/10.1016/j.jmaa.2021.125609
http://www.ams.org/mathscinet-getitem?mr=MR3664704&return=pdf
http://dx.doi.org/10.3934/dcdsb.2017097
http://dx.doi.org/10.3934/dcdsb.2017097
http://www.ams.org/mathscinet-getitem?mr=MR3745368&return=pdf
http://dx.doi.org/10.1002/mma.4607
http://dx.doi.org/10.1002/mma.4607
http://www.ams.org/mathscinet-getitem?mr=MR4043693&return=pdf
http://dx.doi.org/10.3934/dcdss.2020015
http://dx.doi.org/10.3934/dcdss.2020015
http://www.ams.org/mathscinet-getitem?mr=MR1239892&return=pdf
http://dx.doi.org/10.1007/b98869
http://www.ams.org/mathscinet-getitem?mr=MR3926158&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2019.02.007
http://dx.doi.org/10.1016/j.jmaa.2019.02.007
http://www.ams.org/mathscinet-getitem?mr=MR2515965&return=pdf
http://dx.doi.org/10.1007/s11538-009-9396-8
http://dx.doi.org/10.1007/s11538-009-9396-8
http://www.ams.org/mathscinet-getitem?mr=MR4177147&return=pdf
http://dx.doi.org/10.1002/mma.6621
http://dx.doi.org/10.1002/mma.6621
http://dx.doi.org/10.1007/s00033-020-1248-2
http://dx.doi.org/10.1007/s00033-020-1248-2
http://www.ams.org/mathscinet-getitem?mr=MR3927469&return=pdf
http://dx.doi.org/10.3934/dcdsb.2018220
http://www.ams.org/mathscinet-getitem?mr=MR2346798&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3910537&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2019.01.017
http://dx.doi.org/10.1016/j.nonrwa.2019.01.017
http://www.ams.org/mathscinet-getitem?mr=MR3201907&return=pdf
http://dx.doi.org/10.1007/s00285-013-0681-7
http://dx.doi.org/10.1007/s00285-013-0681-7
http://www.ams.org/mathscinet-getitem?mr=MR2997466&return=pdf
http://dx.doi.org/10.1142/S0218202512500443
http://www.ams.org/mathscinet-getitem?mr=MR3402687&return=pdf
http://dx.doi.org/10.3934/dcdsb.2015.20.3165
http://dx.doi.org/10.3934/dcdsb.2015.20.3165
http://www.ams.org/mathscinet-getitem?mr=MR2914146&return=pdf
http://dx.doi.org/10.1088/0951-7715/25/5/1413
http://dx.doi.org/10.1088/0951-7715/25/5/1413
http://www.ams.org/mathscinet-getitem?mr=MR4091310&return=pdf
http://dx.doi.org/10.1016/j.na.2020.111923
http://dx.doi.org/10.1016/j.na.2020.111923
http://dx.doi.org/10.1080/00036811.2020.1783536
http://dx.doi.org/10.1080/00036811.2020.1783536
http://www.ams.org/mathscinet-getitem?mr=MR3809095&return=pdf
http://dx.doi.org/10.3934/dcds.2018156
http://dx.doi.org/10.3934/dcds.2018156
http://www.ams.org/mathscinet-getitem?mr=MR4042626&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2019.123705
http://dx.doi.org/10.1016/j.jmaa.2019.123705


4314 RONG ZHANG AND LIANGCHEN WANG

[38] L. Wang and C. Mu, A new result for boundedness and stabilization in a two-species chemo-
taxis system with two chemicals, Discrete Contin. Dyn. Syst. Ser. B., 25 (2020), 4585–4601.

[39] L. Wang, C. Mu, X. Hu and P. Zheng, Boundedness and asymptotic stability of solutions

to a two-species chemotaxis system with consumption of chemoattractant, J. Differential
Equations, 264 (2018), 3369–3401.

[40] L. Wang, J. Zhang, C. Mu and X. Hu, Boundedness and stabilization in a two-species chemo-
taxis system with two chemicals, Discrete Contin. Dyn. Syst. Ser. B., 25 (2020), 191–221.

[41] M. Winkler, Boundedness in the higher-dimensional parabolic-parabolic chemotaxis system

with logistic source, Comm. Partial Differential Equations, 35 (2010), 1516–1537.
[42] G. Wolansky, Multi-components chemotactic system in the absence of conflicts, European J.

Appl. Math., 13 (2002), 641–661.

[43] L. Xie and Y. Wang, Boundedness in a two-species chemotaxis parabolic system with two
chemicals, Discrete Contin. Dyn. Syst. Ser. B , 22 (2017), 2717–2729.

[44] L. Xie and Y Wang, On a fully parabolic chemotaxis system with Lotka-Volterra competitive

kinetics, J. Math. Anal. Appl., 471 (2019), 584–598.
[45] H. Yu, W. Wang and S. Zheng, Criteria on global boundedness versus finite time blow-up to

a two-species chemotaxis system with two chemicals, Nonlinearity, 31 (2018), 502–514.

[46] Q. Zhang, Competitive exclusion for a two-species chemotaxis system with two chemicals,
Appl. Math. Lett., 83 (2018), 27–32.

[47] Q. Zhang, X. Liu and X. Yang, Global existence and asymptotic behavior of solutions to a
two-species chemotaxis system with two chemicals, J. Math. Phys., 58 (2017), 111504.

Received August 2021; revised September 2021; early access October 2021.

E-mail address: zhangrong@cqupt.edu.cn

E-mail address: wanglc@cqupt.edu.cn

http://www.ams.org/mathscinet-getitem?mr=MR4175100&return=pdf
http://dx.doi.org/10.3934/dcdsb.2020114
http://dx.doi.org/10.3934/dcdsb.2020114
http://www.ams.org/mathscinet-getitem?mr=MR3741393&return=pdf
http://dx.doi.org/10.1016/j.jde.2017.11.019
http://dx.doi.org/10.1016/j.jde.2017.11.019
http://www.ams.org/mathscinet-getitem?mr=MR4043602&return=pdf
http://dx.doi.org/10.3934/dcdsb.2019178
http://dx.doi.org/10.3934/dcdsb.2019178
http://www.ams.org/mathscinet-getitem?mr=MR2754053&return=pdf
http://dx.doi.org/10.1080/03605300903473426
http://dx.doi.org/10.1080/03605300903473426
http://www.ams.org/mathscinet-getitem?mr=MR1949727&return=pdf
http://dx.doi.org/10.1017/S0956792501004843
http://www.ams.org/mathscinet-getitem?mr=MR3651256&return=pdf
http://dx.doi.org/10.3934/dcdsb.2017132
http://dx.doi.org/10.3934/dcdsb.2017132
http://dx.doi.org/10.1016/j.jmaa.2018.10.093
http://dx.doi.org/10.1016/j.jmaa.2018.10.093
http://www.ams.org/mathscinet-getitem?mr=MR3755877&return=pdf
http://dx.doi.org/10.1088/1361-6544/aa96c9
http://dx.doi.org/10.1088/1361-6544/aa96c9
http://www.ams.org/mathscinet-getitem?mr=MR3795666&return=pdf
http://dx.doi.org/10.1016/j.aml.2018.03.012
http://www.ams.org/mathscinet-getitem?mr=MR3724095&return=pdf
http://dx.doi.org/10.1063/1.5011725
http://dx.doi.org/10.1063/1.5011725
mailto:zhangrong@cqupt.edu.cn
mailto:wanglc@cqupt.edu.cn

	1. Introduction
	2. Boundedness by comparison methods 
	3. Stabilization
	Acknowledgments
	REFERENCES

